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Abstract. Results from plasma wave experiments in spacecraft give support to nonlinear interactions involving Langmuir
waves, electromagnetic waves and ion-acoustic waves in association with type III solar radio bursts. In this paper we present
a theory of the fundamental plasma emission of type-III solar radio bursts. Starting from the generalized Zakharov equations,
considering the pump wave as a pair of oppositely propagating Langmuir waves with different amplitudes, and the excitation of
electromagnetic and induced Langmuir waves, we obtain a general dispersion relation for the coupled waves. We numerically
solve the general dispersion relation using the pump wave amplitude and plasma parameters as observed in the interplanetary
medium. We compare our results with previous models. We find that the stability properties depend on the pump wave numbers
and on the ratio of wave amplitude between the forward and backward pump wave. The inclusion of a second pump wave
allows the simultaneous generation of up and down converted electromagnetic waves. The presence of a second pump with
different amplitude from the first one brings a region of convective instability not present when amplitudes are the same.
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1. Introduction

According to the presently accepted ideas, type III solar ra-
dio bursts are produced by a two-step process: first, an ener-
getic electron beam excites electrostatic oscillations, Langmuir
waves, at the fundamental plasma frequency f;,, and then the
Langmuir waves are converted into electromagnetic radiation
via non-linear wave-wave interactions.

Several wave-wave interaction models have been proposed
to explain the second step that generates the electromagnetic
radiation. In a classical paper, Ginzburg & Zhelezyakov (1958)
proposed that an electromagnetic wave at the fundamental
plasma frequency could be produced by a three-wave pro-
cess, involving a nonlinear coupling of a Langmuir pump
wave and an ion-acoustic daughter wave. Akimoto (1988)
and Abalde et al. (1998) extended the three-wave model of
Ginzburg & Zhelezyakov (1958) to a four-wave model based
on a modulational hybrid (electromagnetic-electrostatic) insta-
bility in which either Stokes or anti-Stokes electromagnetic and
Langmuir daughter waves are simultaneously excited.

Lashmore-Davies (1974) was the first to show that the
fundamental plasma emission can result from the nonlin-
ear coupling of two wave triplets due to counterpropagating
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Langmuir waves. A theory of type III solar radio-bursts was
formulated by Chian & Alves (1988), based on the idea of
Lashmore-Davies (1974), for the case of two-pump Langmuir
waves with the same wave amplitudes. In the models of
Lashmore-Davies (1974) and Chian & Alves (1988) only one
grating (ion-acoustic mode) was included. Rizzato & Chian
(1992) improved their models by self-consistently including a
second grating that assures the symmetry of the wave kinemat-
ics. Moreover, Rizzato & Chian (1992) investigated the simul-
taneous generation of electromagnetic and Langmuir daugh-
ter waves, thus we treat their model as a two-pump version of
the hybrid instability studied by Akimoto (1988) and Abalde
et al. (1998). Glanz et al. (1993) modified the model of Chian
& Alves (1988) to allow for different amplitudes for the two-
pump Langmuir waves and included a second grating.

The aim of this paper is to generalize the model of Rizzato
& Chian (1992) to the case of two oppositely propagating
Langmuir pump waves with distinct wave amplitudes. This is
accomplished by deriving a general dispersion relation based
on the generalized Zakharov equations. The present paper may
also be regarded as a generalization of the model of Glanz et al.
(1993) to include the excitation of Langmuir daughter waves.

This theory will provide a better framework for understand-
ing the observed features of type III solar radio bursts which of-
ten indicate the signature of two populations of Lagmuir waves
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traveling in opposite directions. In real situations, the two coun-
terstreaming type III Lagmuir waves are expected to have dif-
ferent amplitudes.

This paper is organized as follows: in Sect. 2 we derive the
general dispersion relation. In Sect. 3 we present the previous
one-pump models and in Sect. 4 the previous two-pump mod-
els. In Sect. 5 we discuss the results and Sect. 6 presents the
conclusions.

2. Derivation of the general dispersion relation

The nonlinear coupling of Langmuir waves (L), electromag-
netic waves (T) and ion-acoustic waves (S) is governed by
the generalized Zakharov equations (Akimoto 1988; Rizzato
& Chian 1992; Chian & Abalde 1997; Robinson 1997; Abalde
et al. 1998; Barta & Karlicky 2000)
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where E is the high-frequency electric field, n is the ion den-

sity fluctuation, wf, = noe?/ (mesy) is the electron plasma fre-

quency, c is the velocity of light, vy, = (kgTe/mc)"/? is the
electron thermal velocity, vs = (kg (YeTe + ¥iT}) /m)V? is the
ion-acoustic velocity, v is the damping frequency for elec-
trons (ions), Y. is the ratio of the specific heats for electrons
(ions), and the angle brackets denote the fast time average.

In order to derive a dispersion relation from Eqgs. (1) and (2)
we assume that the electric field of the Langmuir pump wave is
given in the form

1 + —>
2o = 3 (ﬁoexp(i(ko P~ wot)
+ Ez(;exp(i(——lgo - a)ot))) +c.c.,

which represents two oppositely propagating waves of equal

frequencies and opposite wave vectors, the amplitude of two
pump waves can be different, l?o ‘2 =r ’f;’z, with0 <r<1.
Each of the two pump waves can generate the Stokes (wy — w*)
and the anti-Stokes (wo + w) modes, either electrostatic or elec-
tromagnetic, as known in three-wave processes. We consider
the coupling of four triplets. Each two triplets have in common
the Langmuir pump wave (forward or backward wave) and a

pair of independent density gratings, n1(2), given by
1 .=
n= znl(z)exp (l( k 1) R 0.)[)) +c.c.,

with ngl ’ = ng' The electric fields of the daughter waves obey
the relation

1 _ —
E = 3 (f:)( )exp(i(_k>:)( : - w;(_)t))) +c.c.,

where the subscript w represents either electromagnetic (T) or
Langmuir (L) daughter wave, respectively; the superscript +(—)
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Fig. 1. Wave-vector knematics for our model: kar ©) are related to the
pump Langmuir waves, k() to ion acoustic waves, k; & ki are the
electrostatic (oblique to ka’ ) or electromagnetic (L to ka’ ) Stokes
modes and k; O 4 ki2) are the electrostatic (oblique to k; ) or elec-
tromagnetic (L to ka' ) anti-Stokes modes.

represents the anti-Stokes (Stokes) mode, respectively. Figure 1
illustrates this coupling and also shows the wave-vector match-
ing conditions we have assumed.

The assumption of two oppositely propagating pumps im-
plies the need of some process to cause the Ej-waves to be scat-
tered into the backward direction. High time resolution electric
field waveform measurements from the Galileo spacecraft have
shown that Langmuir waves associated with type III solar radio
bursts have a characteristic beat pattern (Gurnett et al. 1993).
This beat pattern is produced by two closely spaced narrow-
band components. One of these components is believed to be
the beam-driven Langmuir wave, E; , and the other is believed
to be the oppositely propagating Langmuir wave generated by
the parametric decay of Ej. For the sake of simplicity, we as-
sume in this paper that the two pump waves are anti-parallel. It
is worth to point out that the Langmuir decay process can gen-
erate a spectrum of % not collinear with 7<)0. This difference
can influence the results and should be studied in the future.

The dispersion relation, considering the wave number and
frequency matching conditions, can be obtained using either
the propagator technique or the Fourier transform technique of
the assumed electric fields. It has been shown that these two
techniques lead to the same results (Rizzato & Chian 1992).

The chosen kinematics implies that the two Langmuir
pumps propagate oppositely along the longitudinal x-axis,
generating two opposite induced electromagnetic modes that
primarily propagate along transverse y-axis, plus induced
Langmuir modes that mainly propagate along the x-axis.
Writing the total high-frequency fluctuating field in terms of its
transverse and longitudinal component, E = fL + ?T, impos-
ing perfect_k>—matching but allowing for frequency mismatches
between the interacting waves and using the kinematic condi-
tions presented in Fig. 1 in Eq. (1), we can write the variations
of the induced waves as follows

2 2
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In Egs. (3-5) sub-indexes L1(2) refer to the Langmuir wave
daughter due do the first (second) grating.

Introducing Egs. (3-5) in Eq. (2), we obtain the following
equations for the density fluctuations
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In Egs. (6) and (7) we have:
DS1(2) = w2 + iv,w - Uf,k%(z),
Di = ((cu0 + W) + ivy (W, + ) — Pk — wf,) ,

+ 2, 240 2
Diip = ((w0 + w)" + v (Wo + W) = Vgki 1) — wp).

Observe that WH = I?i2|, and l_k);' = l?;|, as shown in
Fig. 1.

Using the high-frequency approximation D5 = +2w,(w +
(wo—wr)+ivr/2), Dim) = +2w, (w + (wo — wr) + iv/2) with
wir) representing the linear relation for the Langmuir (electro-
magnetic) wave, l_k>1| = l_k)2| and normalizing w by ws and k
by kAp we introduce

D, = (w2—1+iv,~/2)
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where i = me/mj, and 7 = (y.T. + ¥iT;) / Te. Finally, assuming
-2 +12 +12

|?0| = r|f0| , and defining Wy = & I?O' / 2nokgT.), and

Wro = (1 + r)Wy, we obtain the general dispersion relation
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In the next section, we present the dispersion relations and
wave vector kinematics used in previous models for the wave-

wave interaction that generates the electromagnetic radiation in
solar type III radio bursts and their relation with Eq. (8).

Fig.2. Wave-vector matching conditions for the Akimoto (1988)
model; k7 is the wave vector of the pump wave, k; of the ion acoustic
wave, ki —k; of the Stokes mode (electromagnetic daughter wave) and
kj + ki of the anti-Stokes mode (Langmuir daughter wave).

3. Comparison with the previous one-pump
models

Various mechanisms have been suggested for generating the so-
lar fundamental radiation considering the pump as a traveling
Langmuir wave. Traditionally, type III events are interpreted
in terms of a three-wave process (Ginzburg & Zheleznyakov
1958). However, some recent studies indicated that hybrid
parametric instabilities, involving the nonlinear coupling of
two or more wave triplets are usually produced by a Langmuir
pump wave.

Akimoto (1988) treated the case where the one-pump
Langmuir wave can decay into a Langmuir wave and an elec-
tromagnetic wave, via L — L*+ T~ +S§ . The wave vector ge-
ometry he considered, with _k): =~ _k)l is shown in Fig. 2. In his
model, the excited electromagnetic wave is the Stokes mode,

. . —- -t =
with frequency given by wy—w and wave vector kt = k,— k|
with l_k)T’ < l_k): s ’73] ' The Langmuir daughter wave is the
anti-Stokes mode, with frequency given by wy + w and wave

- -+ =
vector kv =k, + k.

The dispersion relation obtained by Akimoto (1988) is

given by:

DS_L(L_L)zo_ ©)

4v(un)'? ko \D{ Dy

Observe that Eq. (9) can be obtained from Eq. (8) considering
. . —> —+
r = 0, the presence of only one density grating (k| ~ k),
and assuming that only the modes 7~ and L *are excited.
Abalde et al. (1998) treated a similar process, where a
Langmuir pump wave can also generate a Langmuir wave and
an electromagnetic wave through L — L™ + 7" + S. The dif-
.t — .
ference here is k, = —k,, and as a consequence, the excited
electromagnetic wave is the anti-Stokes mode with frequency
— -t = .
wo + w and wave vector kr = k, + k», and the Langmuir
daughter wave is the Stoke mode with frequency wy — w and
—+ —-> . . .
wave vector k, — k. The wave vector kinematic for this pro-
cess is shown in Fig. 3. In their model it was also assumed that

7o <[ e
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Fig. 3. Wave-vector matching conditions for the Abalde et al. (1998)
model; & is the wave vector of the pump wave, k; of the ion-acoustic
wave, ki —k; of the Stokes mode (Langmuir daughter wave) and kj +k,
of the anti-Stokes mode (electromagnetic daughter wave).

Fig. 4. Wave-vector matching conditions for the Barta & Karlicky
(2000) model; kj is the wave vector of the pump wave, k; of the ion-
acoustic wave, k§ —k; of the Stokes mode and k7 +k, of the anti-Stokes
mode.

The dispersion relation obtained by Abalde et al. (1998) is
given by:

1 1
DS_L(_——):O.

10
47 ()P ko \ D 1o

Observe that Eq. (10) can be obtained from Eq. (8) considering

r = 0, the presence of only one density grating (732 ~ —733 ),
and assuming that only the modes 7" and L~ and are excited.
More recently, Barta & Karlicky (2000) derived a disper-
sion relation for hybrid processes with one Langmuir pump
wave. They included an angular dependence, previously intro-
duced by Akimoto (1988), represented by «. in Fig. 4, which
shows the wave vector kinematics for their process. Observe

that depending on the value of a., the angle between 7; and

—k); + _k>1 , we can have the model of Akimoto (1988), or Abalde
et al. (1998). In Barta & Karlicky (2000) model there is no re-
strictions a priori about the magnitude of the wave vectors.

4. Comparison with the previous two-pump
models

In a pioneer work, Lashmore-Davies (1974) demonstrated that
an efficient process for converting intense Langmuir waves into
fundamental electromagnetic waves could be achieved by two
counterstreaming Langmuir pump waves.

Chian & Alves (1988) considered the process induced by
two counterstreaming Langmuir pump waves with equal am-
plitudes (» = 1) including both decay-type (L — T + ) and
fusion-type (L+S — T). The kinematics of wave-vector they
used is shown in Fig. 5.
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k + k,

T

Fig. 5. Wave-vector matching conditions for the Chian & Alves (1988)
model; k;;’ is the wave vector of the pump waves, k, of the ion-acoustic
wave, ki — k; of the Stokes mode and kj + k, of the anti-Stokes mode,
both electromagnetic waves.

Chian & Alves (1988) obtained the following dispersion
relation:

DS—L(L—L_)zo. (11)
2t (ur)' ko \Dt  Dg

Observe that Eq. (11) can be obtained from Eq. (8) by setting
r = 1, considering one density grating, _k>2, and only the exci-
tation of electromagnetic waves T=.

Rizzato & Chian (1992) adopted the generalized Zakharov
equations to re-examine the decay-type electromagnetic para-
metric instabilities driven by counterpropagating Langmuir
waves of equal amplitudes. They considered that the instabil-
ity excites both high-frequency electromagnetic and Langmuir
waves. They used the same wave-vector matching conditions
we presented in Fig. 1. The dispersion relation they obtained is
given by:

Wo 1 1 1 1

Dy - ——F 12| —=—-—|+|—=-=—]|=0. (12)
4t (un)' 2 ko [ (D$ DT) (D{ Dy )}
In that case, we should expect that by setting r = 1 in Eq. (8)
we would recover Eq. (12). In reality, we observe that this is not
the case. It is important to point out that the assumption of r = 1
in Egs. (6) and (7) allows us to write two uncoupled equations
in terms of two independent solutions, (n; + ny), purely elec-
trostatic modes, and (n; — nz), hybrid modes (electrostatic and
electromagnetic). Equation (12) is obtained from the equation
for (n1 - nz).

Glanz et al. (1993) investigated the electromagnetic in-
stability from two counterpropagating Langmuir waves with
different amplitudes. They did not consider the presence of
the Langmuir daughter waves, thus they used the wave-vector
matching conditions presented in Fig. 6.

Glanz et al. (1993) obtained the following dispersion rela-
tion:

W 11
2ol
dr(un)'?ky \Dp  Dip
o Wh (a=ny 1 13
163k \(1+ 7)) DiDy
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Fig. 6. Wave-vector matching conditions for the Glanz et al. (1993)
model; kj is the wave vector of the pump waves, k() of the ion acous-
tic wave, k;;’ — ki) of the Stokes mode and kf + k() of the anti-Stokes
mode, both electromagnetic waves.

Notice that Eq. (13) reduces to Eq. (11), Chian & Alves (1988)
model, for r = 1 (W9 = 2Wy). Moreover, Eq. (13) is recov-
ered from Eq. (8) when we consider that only electromagnetic
waves, T* , are excited, and r = 1.

5. Discussions

In order to compare the several models we discussed in the pre-
vious sessions we present next the numerical solutions for some
of the dispersion relations. Numerical results are obtained us-
ing parameters relevant to type III solar radio bursts (Thejappa
& MacDowall 1998). We use a fixed value of ky = 0.0451,
Wo =107, u=1/1836,v3 =2.2%x 10°m/s, T, = 1.6 x 10° K,
and T; = 5% 10* K. For the sake of simplicity, we set the damp-
ing frequencies to zero in our computations.

It has been shown that a three-wave electromagnetic insta-
bility, with the ion-acoustic wave as a resonant mode (Re{w} ~
ws), in the case of one-pump wave, takes place when ky >
(2/3) (ut)'’? (Akimoto 1988; Abalde et al. 1998). For the ex-
perimental parameters, we note that this condition is satisfied.

Using the parameters above we find the numerical solutions
for the Akimoto (1988) model, Eq. (9) and for the Abalde et al.
(1998) model, Eq. (10). Figure 7 presents the results. Figures 7a
and 7b present the real part of w, w, and Figs. 7c and 7d the
imaginary part (or growth rates) of w, denoted by I, as a func-
tion of krAdp. We see that instability occurs for the same in-
terval of krAp and has the same growth rate for both models.
Notice that the real part of the frequency is >0 for the Akimoto
(1988) model, (a), and <0 for the Abalde et al. (1998) model,
(b). However, as in the Abalde et al. (1998) model the fre-
quency of the electromagnetic wave is given by wy + w; (anti-
Stokes mode) and in the Akimoto (1988) model by wy — w;
(Stokes-mode), the final results are the same. Both leads to
down converted electromagnetic waves. This fact has already
been pointed out by Barta & Karlicky (2000).

It was also shown that for one-pump model, within the
limit kg < (1/ 3)W01/ 2, the ion- acoustic wave is a non-resonant
mode (Refw} # ws). In order to investigate this we find nu-
merical solutions for Eqs. (9) and (10), for ky = 107, keep-
ing all the other parameters the same. Figure 8 presents the
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Fig. 7. Numerical solutions for one-pump models within the limit &y >
2/3) (/J‘r)l/z; a) and c) for the Akimoto (1988) model, and b) and d)
for the Abalde et al. (1998) model; a) and b) plot the real part of the
solution and ¢) and d) the growth rate, as a function of krAp.
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Fig. 8. Numerical solution of equation for the Akimoto (1988) (a)
and ¢)) and Abalde et al. (1998) (b) and d)) models, within the limit
ko < (1/ 3)WS/ 2. a) and b) show the real frequencies, and ¢) and d) the
growth rates.

solutions. Figures 8a and 8b presents the real frequency and
Figs. 8b and 8d the growth rates. Observe that within this limit
we have nearly purely growing instability with w, < O for the
Akimoto (1988) model ((a) and (c)), and with w, > 0 for the
Abalde et al. (1998) model ((b) and (d)), again showing that
both models lead to the same result. Within this limit we can
obtain up-converted electromagnetic waves for high values of
krAp, as shown in Fig. 8.

We now discuss the two-pump models. Using the obser-
vational parameters, ko = 0.0451, Wy = 107, u = 1/1836,
v = 22%x 100m/s, T, = 1.6 x 103 K, and T; = 5 x 10* K
(Thejappa & MacDowall 1998) and r = 1, we solved the
general dispersion relation, Eq. (8), derived in this paper and
the equation for the Rizzato & Chian (1992) model, Eq. (12).
Figure 9 presents the solution for Eq. (8), which is the same as
the solution of Eq. (12). The real part of the solution, Fig. 9a,
encompass the Akimoto (1988) and the Abalde et al. (1998)
models. The growth rate, Fig. 9b, is similar to both models. The
inclusion of the second pump wave allows the simultaneous
generation of up and down converted electromagnetic waves.
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Fig. 9. Numerical solutions for the Rizzato & Chian (1992) and the

present model within the limit ko > (2/3) (ur)"/?; a) shows the real

part of the solution and b) growth rate.
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Fig. 10. Numerical solutions for the Rizzato & Chian (1992) and the
present model; a) shows the real part of the solution and b) growth
rate, within the limit k < (1/3)W,/?, with ky = 107,

Up converted electromagnetic waves can readily propagate in
the surrounding regions of slightly higher plasma density with-
out being absorbed.

Since Eq. (8) is not trivial to treat analytically, even to
look for purely growing solutions, we find solutions for a dif-
ferent set of parameters, basically changing the value of k.
We use the same set of parameters used to check the limit
ko < (1/ 3)W(;/ 2 for the one-pump wave model, looking for so-
lutions where the ion-acoustic wave is a non-resonant mode
(wr # wy).

Figure 10 presents the solutions for the Rizzato & Chian
(1992) and the present model, Eq. (8), for ky = 107*. Solutions
for both models are the same except by the solution w;/ws = 1,
not present in the Rizzato & Chian (1992) model. This is due
to the fact that in the Rizatto & Chian (1992) model it was
possible to decouple pure electrostatic modes, (n; + n), from
the hybrid ones, (n; — ny). Equation (12) gives the solution
only for the hybrid modes. Figure 10a shows the real part of
the solution and Fig. 10b the growth rates. All the dashed lines
are real solutions. Instability within the limit &y < (1/ 3)W(;/ 2
is purely growing, different from the one-pump models (see
Fig. 8).
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Fig. 11. Numerical solutions for the Chian & Alves (1988) or Glanz
etal. (1993) model; a) shows the real part of the solution and b) growth
rate, within the limit ko < (1/3)W}/%, with ky = 107*.
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Fig. 12. Numerical solutions for the present model with different val-
ues of r; a) and b) show the real part of the solution and b) and d) the
growth rates, with ko = 107, within the limit ky < (1/ 3)Wé/ 2. a) and
¢) refers to » = 0.5, and b) and d) to r = 0.95.

The inclusion of Langmuir wave daughters leads to a
broadening in the krAp region of instability as compared to the
Chian & Alves (1988) or the Glanz et al. (1993) model that only
includes excited electromagnetic waves. Solution of Egs. (11)
or (13) for the same parameters used in Fig. 10 is presented in
Fig. 11, that shows a limited range for a purely growing insta-
bility. All the dashed lines are real solutions.

In order to verify the relative importance of the second
wave pump amplitude, we solve Eq. (8) for different values
of r. Figure 12 shows the results for » = 0.5 ((a) and (c)), and
for r = 0.95 (b) and (d)). The presence of a second pump wave
with different amplitude from the first one introduces a region
of convective instability (w; # 0), not present when r = 1
(see Fig. 10). For small values of k1Ap, the instability is purely
growing, w; = 0. For a critical value of k1 Ap the real part of the
frequency bifurcates off the line w; = 0, while still presenting
an imaginary part I' # 0. The critical value of krAp decreases
as r decreases.
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6. Conclusions

In conclusion, we derived a general dispersion relation for the
parametric generation of fundamental plasma emissions due
to two counterstreaming Langmuir waves with different wave
amplitudes. We performed a comparison among several mod-
els present in the literature. We observed that the inclusion of
a second pump wave permits the excitation of up and down
converted electromagnetic waves. Up converted electromag-
netic waves can readily propagate in the surrounding regions
of slightly higher plasma density without being absorbed.

We showed that within the decay limit, ko > (2/3) (ut)'/?,
all models treated here give similar results. We also showed
that Akimoto (1988) and Abalde et al. (1998) models lead to
same results concerning to the frequency of electromagnetic
wave generation.

When the ion-acoustic wave is off resonance we verify that
the inclusion of Langmuir wave daughters gives a broader re-
gion of instability compared to the Chian & Alves (1988) or
the Glanz et al. (1993) model that includes only excited elec-
tromagnetic waves. The presence of a second pump wave with
different amplitude from the first one, » # 1, a more realistic
situation, brings a region of convective instability, not present
for r = 1. The critical value of ktAp where the transition from
purely growing to convective instability occurs decreases as r
decreases. There is an evidence that there is a transition from
hybrid modes and purely electrostatic or electromagnetic ones.
In order to verify that we have to obtain the relative amplitude
among the several daughter waves, which will be done in the
near future.

There are a number of observational reports of a
close correlation of Langmuir and ion- acoustic waves in
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connection with type III radio bursts (Lin et al. 1986; Gurnett
et al. (1993). Recently, Thejappa & MacDowall (1998) pre-
sented experimental results for type III radio burst with clear
evidence of occurrence of ion-acoustic waves in association
with Langmuir waves. The theory presented in this paper pro-
vides a detailed picture of nonlinear wave-wave interaction pro-
cesses which may be responsible for the excitation of type III
solar radio emissions.
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