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Abstract

In this work we study the existence of weak solutions to Navier-Stokes
type equations defined in a noncylindrical domain (), where () is the
image of a cylinder Q of R*"! and Q is not necessarily increasing or

decreasing in time.

1 Introduction

In this work we will prove results concerning the existence of weak solutions of a
system of partial differential equations corresponding to a generalization of the
classical Navier-Stokes equations on a noncylindrical domain. The equations

are the following:

U A
puy + pu-V (77) —pAu+nVp+ pF (n)u=pnf in Q)
divu=0 inQ, (PNC)
@ (2,0) = u,(x) , Yz € Qy,
w(z,t) =0, ¥Vt (0,T) ,Vz € X.

Let 7" > 0 be a real number and {{,},0 < ¢ <7 a family of bounded open
sets of IR" with boundary 8¢%. Let us consider the noncylindrical domain of
Rn+1

Q= U ) x{t} withlateral boundary ¥ = U T(‘)Qt x {t}.
-

0<t<T o<t

The unknowns in the problem are u(z,¢) € R™ and p(x,t) € IR, which
denote, respectively, the fluid velocity and the hydrostatic pressure at a point
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x € €, at time ¢ € |0,7]. We assume that the fluid viscosity, p, i1s a posi-
tive constant. The density, p, without loss of generality, will be assumed to
be normalized to be one. The porosity n(z,#) at a point z € Q, at a time
t € [0,7], is defined in rough terms as the void volume divided by the total
volume of small regions in the neighborhood of x at a time ¢t. Thus, n(z,1)
assumes real values between zero and one. We observe that the porosity is
one in cavities, where, therefore, the flow is free. At points (z,?) such that
the porosity is zero, the material medium is purely solid and can be excluded
from the flow region. Throughout this work, we will assume that the porosity
satisfies 0 < n(z,1) < 1. Fis a force term due to the friction between the
granular porous medium and the fluid. On physical grounds. F is a continuous
function satisfying lim, ,; F(2) = 0 and lim, ,, F(z) = oc (see Prieur du Plessis
and Maslivah in [8] for an expression for F.) We remark that our results will
not depend on that particular expression for F. A known cxternal force ficld,
such as gravity, is denoted g(z,t) and may be acting on the flow. In cartesian

coordinates, we have

n
Au = (Auy, ..., Au,) and (u-Vu); = Zuaa
j=1

Obsecrve that the classical Navier-Stokes cquations arc a particular casc of
these equations when 1 = 1. There exist several works for Navier-Stokes equa-
tions in noncylindrical domains, among them the works of J.L. Lions [6], R.
Salvi [9] and, recently, M. Milla Miranda and J. Limaco Ferrel [7].

This work is organized as follows: for the next section (Preliminaries) we will
present the notation, introduce the many functions that will be used through
the text. In the third section we establish the transformation between the
cylindrical and the noncylindrical problems. In the fourth section we define
weak solution and finally in the fifth section we prove our fundamental result
of existence of weak solution.

2 Preliminaries

Let % : [0, 7] — IR™ be a function such that x(t) is a 7 x n matrix. Let {2 be an
bounded open set of K" with a smooth boundary I'. We can suppose without

loss of generality that 0 € £2. Consider the sets

0= fo=r(Hy, v},
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,,,,,,

r=k(t)y= (Z avyy (1) Y5, ---:Zan;’ (t) ..Uj) € Q. (1)

7
We uge the notation o;3; = > a;/f3;,
i=1

k() = (o (1) and k() = (8 (1)), (2)

where «;;(t) are C! functions defined on [0, 7] such that det s(t) > 0. To
transform a noncylindrical problem in one defined in a cylindrical domain, we

introduce the functions:
u(z,t) =v (™" (t)z,1), fla,ty=g(x"" (t)z,1), (3)
pla,t)=q (s () a,1), ug (x) = v (7 (0)2) , (4)
nx,t) =N (Kfl (t) w,t) : Fnlet) =G (N (ﬁ:’l (t) x, t)) . (B)
We introduce the following spaces to obtain the main results:
m={pe (D))" ;div o =0} and

Vi (£2;) the closure of 1, with the norm of (H*® (2,))", s € R..

In the special cases s = 0 and s = 1, we use V (£,) = V. () and H () =
o (§4). The inner product of V' (£%) , H (€) and (H* ())"are defined by:
g "Ou; (1) 9z ()
(. 2) g, = / u; () 2 (z) de, ({u; 2))via,y = ] o, ox, dx

o, 0

and ((u, z}}, = (wi, %) gocay) -
Remark: V (€) is continuously imbedded in (H (§%))" for s > n/2, since
s>, Vi» Vs H=H <3 V' <> V!,

In a similar way, we have the spaces over
v={ye (D))" ;div(s'(t)¥') =0} and

V() the closure of v with the norm of (H*® (Q))",
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and, for s = 0 and s = 1, we also define V = V| (@) and H = V5 (), provided

with the following inner products

('U: w)H = /Ui (L) Wi ("L) dl‘, ((’U} w))V - f ag,x( ) 612);()51&!

Q Q

and with the norms ||v||; = (v, )4/ and ]y, = ((v," ))1/2 We introduce now
the bilinear and trilinear forms corresponding to the variational formulation to
the cylindrical and noncylindrical problems.

In the noncylindrical case we define

a(tu, z) = / 1 ui (x) 0z (x) da, (6)

n Ox; O
y
o (,5) = [ 250 5 (2) )
Qs
. “u (1) O ’
b(tu,2,8) = / uy(];,)am (Z )@- (x) da, (8)
d (t; u, w) /F 7 qu(”)d
i, 1) w; i (9)

é(tu,w) = /u@- (x) ngwz- (x) dz, (10}
Q

and in the cylindrical case

Ov; dw,
trvaw) = B (¢ Bl k) 11
o) = [ 080 5 o (1)
Q
81‘- anN W;
o (v, w) = — | 3 (£) B ——y, 12
i 150, 0) [uu () GGy (12)
o . i v aﬂ,’j ;
bl (t* v, U)) - ﬁﬁh (t) a—ygvjdy ; (13)
0
U; oON
be (G0, w, ) = — / N—;,Bh- (%) a'—ytwj thidy, (14}

] dv; '
i) = [ o (o 0350 Py, (15)
o )
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( )

—Ldy,

d (45 v, UJ)—/G (N)w y)

I

N
e(tv,w)= | v (y) — 2 i {17) dy.

Q

Lemma 1 If s(t) satisfies the hypotheses as stated before, then

(det k(1))

Gt gy = GO0,

3 The Equation in Q
If 2 € Q and y € Q satisly (1), using (2) we have

T Sive (H & 5 =0k L) B,
dy,

7—8’

o= By @ = B W on; (O 15

dy,
a$j [3]? ( ) .

From (3), u; (x,%) = v; (g, t}, we get

aui (.I’,t) at? (ya ) ayi
i A 8.173

and using (20) we obtain

dus(n,t) ., . Oyl
d; =B (1) oy

For j fixed, we also have

Oy (x,t) J ( du; (y 1‘)) d (6'{.;2- (y, 1)
— = | B¢ = =0 () =— =
023 oz; \'" ©) Ay, Fus () dx; Oy
8 u; (x,1) . %v; (y, ) Oy
FER A0
i YrOYi i

S0 )
azvi (yu t)

A (@,8) = By (&) By (8] —5 5 =

5

(16)

(17)

(18)
(19)

(20)

(21)

(22)

(23)
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On the other hand,

d [fu w; (€, 1) Ou d (1
u; (x,1) oz; \n (z,8) = %% (z,1) +u; (2, 1) . (I—]) u (@, 1) =
_u(w,t) Ou u; (z, 1) On

T o ) = R @)

Then

d {u u; (x, t) du; wu; (x, 1) O
u; (2,1) (T—?) (x,t) = yé’:cj (2,t) — ( )8 ]uj (z,1)

O U 7’ O

for j =1,2,...,n and using (22)
: (1. g i 4 N
w; (IL‘t) a (:;) (mt) — vy (y ﬂgh (f) aq’ﬁ (th) o UJ (yu ﬂﬁlz (t) a i’j (y,t) .

01, N Ay NZ Oy
(24)
. du; (, f) Avi (y,1) ay; Oui (y,t) .
. : s 1 —
Since B oy ot T ot using (19) we get
u; (x,t) ; dvi (y, 1) O (y, 1)
— = i () 5 . 2
: . Op(w,t) _ Odqlw. )0 _ , ., Oq(y. ) 1o
From (4) we have P e T B (1) By hence and by {20),
dp (z,t) dq (y.t) Oy, t) o
= - - et gmg = - 5
et) (P, PO (), (6)) = (V™ 1)
that is Vp(z,t) = Vg(y,t) .~ (1). (26)

For each 4 fixed, from (22), the following relations hold:

i
Oui (@,8) _ Z,BM (t) O (v, 1) and div u (z,1) Z Oui (2, %)

Jz; = dyy Jz;

Therefore div u (z,t) = 5 (1) avgj’t) (27)
Y

So

div u (z,t) = 9 (B0 (y,1) + .. + o (Brivi (1, 1))

ele Bnlstigdes — 3?}1 AV Y, T ayﬂ Pt LY, T 3

div v {z,t) = 9 9 (7' (0.0 (g 1)) | = V. ({8} (g, 1))

’ ayl o i ' ' ’

therefore

div u (z,t) = div (¢ ()" (9. 1)) . (28)
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0 JaN o
NN by (20}, we have

E 5
rom (5) an dyi Dz’

— = G (t) —- 2
=5 (20)
on ONOdOy O8N )
On the other hand, E 0 ot + g using (19) we get
on ' ON ON
5 = Pt (t} oy (2) Yiu T a5 (30)

Replacing (23) to (30) in (PNC), we conclude fori=1,...,n

dv; (y, 1) Ov; (y,1) 0%v; (y,1)
By (8) o () 3 o 8t 1 (t) Brj (1) “ouoy |

v; (. 1) Ovi (1, 1) v (1. 1) N
+ N B (1) 3y, N2 B (2) ay =i (4, 1) +

e O GV @) ) = N @) in Q.

+ N (y~ t)

So

v (y,1)
Ay

0, oo (.0 vt
=g (8 0y (0 2420 ) 4 00

vyt ON o v (y, 1)
N2 Jl, (t) —y'U (Uu ) + 3, (t) Qg (t) Y By +

< N(M)W(y,t)-, (8) + 4G (N (1)) v (1.0 = N (1,0 g (,1) i @
div[x ™ (B0 (1, 0)] =0 in Q

v=0in X
v (y,0) = vy (y) with y € €.

i

\

4 Definition of Weak Solution
Definition 1 Notion of weak solution to the problem (PNC).

To define the weak solution of (PNC) we will eliminate the pressure as in clas-
sical Navier-Stokes equations. For that, we make the inner product in 72 (2)
of the equation (divided by n) by a function of V' and observing that

d fu) _u _uyf
dt\n) 7 n?
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we can rewrite (PNC) in the following way:
For f,n and uy given, with f € L2 (O,T, V (Qt)’) and ug € H (€;) we have
to find u satisfying w € L (0, T,V (£4)) and:

~(+5) = (F9) = (v (3)- 9 +n (v () )
+4 (V (u), V() %) + (F(ﬂ) i, (f) ={f,&) YEeVinD(0,T)
1(0) = up € H.

(31)

Integrating in [0, 7], and making use of (6) and {10), we obtain

'uELQ(DTV(Qt))ﬂL"O(OTH(SZt))

—IO(Uf/i\ Qfdt+,uf0 tufdt—l—ufoal(tuf)dt+
<f0 tuufdt—!—fod(tufdt—l-fo“tufdt—fo (F,E) iy At
VE € L2(0,T;V () N L (Q)™), € € L2(0,T; H ()
£(0)=0.£(T) =

w (0) = .

(PNC1)
Definition 2 Notion of weak solution to the problem (PC).

In this case we divide (PC) by N, then multiply by a suitable function ¥

and integrate in {2, obtaining

Y dy— [ B9 AW nt), )
IQ N Wdy fﬂ N 8 (jl', ( ) Hrj (t) ay ) T#dy + fﬂ ?Vz /jlj (t) ayl l@’dy

v; (1, t) N
- IQ JNg 5)39 (f)

+[aValy 1) ()Uderfu

1 B
vyt )UdHIQV Bir (1) ey () yig iy +
( )

l

vipdy = [, g Yy

Making use of (11) to (17), we have
; v N oN' v ,
f”Ntdy fﬂ((i\r 1\12) 4+ NE )dy——(ﬁ:w)‘i‘@(t“a@)
1 0 dv dv; 0 [y
. : —_— f1 = 1. i (2] —— | — Yy =
.f&z Nr au ('Bij (t) BTJ (t) Ui) U dy fgz 1‘313 (t) ﬁrj (t) ayr 3y; (;\T) dy

aw aw@ du; ON ¥
rQ VB” (t ﬁrg (t) [Q ﬁl..’ (t) 3‘"3 ( ) 8yr ayt A_TQdy —
= ay (tv,9) +a (t v fg))
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1, 0 v, v
fq ﬁ‘dﬁ (t)v 28 (’V) vdy = [ B (t) vi Jj\‘rjzd

v Y dV
Lo Bldt) ;5 o vithidy = by (G o, v,9) + b (G v, 0, 1)

8'0 ; c avtvt
jg N . (1) o (t) yja_m‘?.‘«"d? = o (o )yj'aJ de =c(v,9)

S o Vet () pdy = [ q.div (7 (t)") dy = 0.

G(N) | W, r ; '
fo (V vipdy = [, G (N) viﬁdy =d(t;v,¢) and [, g9dy = [, g:40:dy = (g,

50

((ve I2(0,T;V)N L= (0,T; H)

7 T T T
—/(;,w')dt—ku/atvudt—&-/bltvv +/bg(t;1;,v,tp)dt
| 2 ] 2 :
+/r‘(?‘,1*,tf/)df+;1/d(f v, ) dt + /P (t; v, df—/(g,?f)df
0 0

0
Vi € L2(0,T;V L™ (™), ”€L2 0,7; H)
L (0)=0,9(T)=0, v(0)=

(PC1)

Theorem 1 Problems (PNC1) and {PC1) are equivalent.
Proof. Recalling from (1),(2) and (3) we have

x=r(t)y, y=x1 0z, 2 =0y, W= Bna,

we have established that u (z,t) = v (k7' {{) 2. t).
Let £ (z,t) = |[det &™" ()] (k' ( )a,t). Then

06 (z,t) _ 1 N (Y1) Oy | i (y, 1) . .
o = laetaT @ T Ty ) FldebnT (@ i (00,

657 ( ot _ ‘dPT (?‘)‘ (6W7 6),' i + 65:7) + ‘det Hfl (?‘) !’Ljﬁiu (32)

ot o

V)
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Now we compute each integral in €); of problem (PNC1) and making use of
(32) we have

5’ U 8@)1 ' U 81,’)1 1 (det "ﬁ(“t)).r ‘ -1
, = = BhCnilfs + o — o tgtly | dy |det 677 (¢
(u' n)H(m [(Va Pt N ot N detw(t) yldet s ()

(33)
On the other hand #,a = ¢, ((x7! () s ()) then, by lemma 1

(det k(1))

ki 8 34
det x(t) ’ )

!
Blyore = —

where ¢, (A) denotes the trace of the n x n matrix A.

Let. F' be the following vector field (0, ey i‘:;ﬁ5{,"&,,“,'1;5,',01 wees 0) where the
non null component ocupies the [—position , then
o (v 0 [ vak vy O
dikF = — 8?1 ( N [ lrarjyj]) ay ( N ) [[h“ Qrjlf J} o N a (( aijj) -
1 dv; d [y W, 0
= i\? 8 wl‘ l'r'OATJ’yJ + b?a (l\‘) Sir(MTJJJ + twrl 3;7'8 (erj'yj) !
but,
a Jd o, 7
% (urjyj) = 07")'1 (Cl!-,q h T Of'r'u.yn) = Ky,
then

(91,2 J 1U1
divl = Nay Jﬂ Ol + Uea ( ’\r) jl'r NN i - N .jf rCirl s

and making use of (34)

_ 1 O, a (¢ 1 (det w(2))" |
divF = Wa %ﬁgrar;yg - U?()H (1\,2) ;Blrarjyj - Nww%-

From Green’s Theorem, f o div Fdy = f ¢ I ds = 0, then

1 Ju; a [ 1 (det (1))’
’I/ ('3 ey - Y- e’/*’- f —
[ (i\ oy Vi iy + vig (V) Airrils = N Gt wt) ) W =0

and

v O L, 1 (det x(t))
- — B Y — dy =
/ (N oy’ i TN o k(1) wuyi | gy

a g

/‘ 9 (1N, . By i\, (35)
= Y; ) el I rO"T U Y (125 y

.‘Q lll a ]\Jr s _?Jj' J_'V Jj ayl u y
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combining (35) and (33), we get

gt Yi 3?;’)2 Bl’rafj alz 8 1 Y g
ly — - = i ’ 1 == Jj)’ " d d t K _t )
(ﬂ’ 7 "o, A N ot N Yi gy, ay —v) ‘ayl N/ 1 Cr g U y\ et K ( )‘ ’

1]

(uyé) _ [( l'[):)Jrc(tU )+ ey (t; v, w} |det st (¢)|,  (36)
M7 woy "N

where

g 71 ,
/ 2@/18 (I'V) S,T(ETJJde ‘d(‘t K™ - (f)| = (t, U, '?JJ) 3
Q

From (6) and making use of (22) we have

b (L) = l/ '&K?Tj Siis O d'y] ‘det g (t)| = o (t;v, %) ‘det w1 (t)‘ s Tl

ayl ayr
0
but
5 T Ju; () a (1 B
al(t,u,f)—/ B &()8%( )dw—
0y
= / ;rzﬁlj (t) 85 (1) aq;,;q(y) g)\,[% y) dy |det k™t ()] = as (F0,9) [det s~ (1)].

Q
A (38)
From (8), b(f; v, u, &) =

B v, Ov; " ON | i
| [ a0 520y - [t O )| Jdern™ 1)
Q 0
then by (13) and (14), we have
b (40,1, E) = (by (0, v,9) + bo (830, 0, ¢)) |det &= (2)] - (39)

From (9)

I 8] = /'G(N) 5 1) @’ZT(_"J)dy\det (1)) = d(t0;) [det st (8)] . (40)

We also have from (10)

ON v () ON
tu f) |:fsz L\rz ﬂtr arjyijvﬁ fﬂ N2 ()T ( )dy |detﬁ‘, 1(t)|

= [—¢ (v, ¥) + e (t;v,¢)] |det g ()l

(41)
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Finally, integrating both sides of expressions (36) to (41) and adding term by
term we conclude that problems (PNC1) and (PC1) are equivalent.

0
Define the forms concerning to the cylindrical problem:
ovi & rw,
alt;u,w)= a (&v,w)+ ax(tv,w) = | 55 () 50 (1) — — (—v)d 42
(so,0) = a1 (o) + an(o) = [ 0850 5 () dy . (42
Q
bt;v,w, ) = b (tv,w, )+ ba (v, w, ) :/. :’)’-(?‘)v-i (ﬂ) ﬁdy
3 Uy tly 1 AEs Uy ey 2 4 Uy, Hli \t tayz N/ N
Q

(43)

Definition 3 Let A(f): (H: ()" — (H7H(Q)" be the operator defined by
19 dv (y, t) : n
A0 =g (5005 02LD) for ve@m@) . @
Lemma 2 The linear form a(i;v,w) defined in (42) and the operator A (%)
defined in (44) satisfy

i. AWv, wy=alt;v,w), YVo,weV
i, |a(o,w) SOl |lwl . YoweV.

Lemma 3 The linear form ay (t; v, w) as defined in (11} is coercive and con-
tinuous, that is,

ioay (G, v) = ag|v]]?, Yo € V, where ag > 0

. ay (t;v,w) < C|lo|| ||w||, Yo,w e V.
Lemma 4 Let b (t;v,w,v) , c(t;v,w), d(t;v,w) and e (¢;v,w) the multilinear
forms defined by (43) , (15), (16} and (17) respectively. Then
< CllellleHglyngagy: Yoow €V andy € VN (L™ ()"
it. b(t;v,v,w)=—b(t;v,w.v) Yo eV and w € V,(Q), where s = ;

6o (v, w, )

it Forv € V, the linear formw — b (t;v, v, w) is continuous on V. {Q) (s = E)
and b(t;v,v,w) = (B(t)v, w)vy,, where B(t)v € V] (Q) and
1 1 1

1B () vlly; < Clloligogy — with p 2 on (45)

w. |e(tio,w)] <Ol |w|| Yo, w e H.
v. Forv €V, the linear form w v c(t:v,w) is continuous on H and

cltyv,w)= ({Ct)v,w)gwu = (C(t)v,w),
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where C (v e H'=H and |C(t)v] < C|v.

vi. Forv €V, the linear form w — d (& v, w) is continuous on H,

dt;v,w)= (D) v, wygyg = (D) v,w),

and |D(tyv| < Cv|.

vit. Forv €V, the linear form w v e(t;v,w) is continuous on H,
e(tiv,w) = (EQ@)v,wymm = (E(t)v,w)

and |E (B v| < C||v||.
vitt. L?(0,T; V)N L0, T; H) C L*0, T; (I*())™), where p 45 given by (45).

The three last lemmas can be found in MIRANDA [7], pg 253-254.

5 Existence of Solution
In this section we will prove the following result
Theorem 2 (existence of weak solutions)

Let @ C I?*,with n = 2,3, be an open bounded set with regular boundary
and T > 0. Also, let be given, uy € H(Qr) , g € L*(0,7,V! Q7)) and a
continuous function F': (0,1] — IR*. Suppose that the porosity n : 0 — {0, 1]

satisfies A
0<mg <nlx,t) <1 Vi t)eR

w € 10,1, L} (00)) 01 L1 (0,7, L% ()
Vne L*(0,T, L% (Qr)) N L>(0,T, L* (7))
Then, there exists a solution u € L2(0,T,V (7)) N L= (0, T, H (Qr)) of
(PNC1).
Proof. For s = n/2 the injection V; — H is compact, since V, CV, =V < H
and Hg () is compactly imbedded in Z? (Q) (see Lions[6], pg 66).
This result guarantees the existence of solution to the spectral problem

((w, ) oy = Alw,w) Vo € V(). (46}

Consider an orthonormal basis of V, (€2) generated by a countable set of cigen-
vectors (wy,) cotresponding to the set of positive eigenvalues (A,). We will use
(w,) in Galerkin’s methods. For each m we define an approximate solution ,,
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to the problem (PC1). Let V;, be the subspaces generated by the first vectors
UH, .oy W, that is, if o, (£) € Vi, then

Vi 4l Y= th T

where Ay, arce scalar functions defined in [0,7]. Consider the approximate

problem

il
0 0, ) 4 i () 00) 1 b i () (). 10) 1 (B () )
+ud (6 vm (), wy) = (g,w;) §=1,...,m and vy, (0) = tom, Vom — vo in H.
(47)
Observe that (47) is a system of nonlinear differential equations where f;,, are

the unknowns. In fact, we have

Wy
Ty (8 + (pea (85 wy, wy) + pd (G w0y, wy) + ¢ (8 wi, w;) B, (2
(70 B (6 G 0 0) 6 05) -6 000) o, 1)

+b (t; wi, wy,105) Ban () i (F) = (g, w;) §=1,..,mand b, (0)w; = vy

Since w; are linearly independent, the matrix with the entries given by

w; Wy } X X :
is nonsingular. Then we can use the inverse of this matrix
A ?V \ 1<, 5<n

to obtain the nonlinear system

{ o ( )) ( ) (“ﬂ () ﬁﬂ; (T) =+ (5;}'5 (f)) Tt (?L) — Ykik (?L) P (?f) Piern (f)

(0 fh component vy, 4= L T

where ay; (t), 85 (1), 65 (t), Y (f) € IR . From Carathcodory’s theorem (sce
Hale [4] pg 28), this system has a maximal solution defined in some interval
0,t,). Ift, < T, then |h;,| diverge to +oc as t — £, but this cannot
happen due to the first estimates that will be proved further. So t,, = T'. Since
the applications ¢ — (g(t),w;) belong to L? {0,7; H), the same result holds to
the functions Ay, hence

U € L2 (0,75 V) and v, € L* (0,T; V), (48)

for any m. Now we will show the first estimates, that not depend on m, to the
Tunctions v,,. After that we will make the limit.

First Estimates
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If we multiply (47} by fijm () and sum for j = 1, ..., m, we have

o
( Tﬂ: Um) + Ha (t; Ui vm) + b (t; Vs Vs 'Um) + c (t; Uins Um) = Ju'd (t; Vs 'Um)
= (gn 'Um) 5

From part (11) of Lemma 4: b(ta Uris Urp,y U’m) =0 and, b}' (48)

! 1d |va () 1
S0
1d o (O 1
27 W + 2¢ (; Uy Om) + p1 (85 Vs V) + 102 (55 Upny U ) +
C1E Uiy U ) 18 (85 B, Bin) = (G, 0m ),
hence
LL [ O e ] 0 i B
—— : 1 (Vs V) =+ 1l (0, ) = {9, U) —
24t v N (49)

1
— {56 (%3 Vens Vo) =+ paiz (& Vs V) + € (5 V05 V)

Now observe that, from part (ii) of lemma 3,
o || vm ||2 < ay (£ Uy Um)

from part (iv) of lemma 4 and Young's inequality,

2
Vyn

Vm
Vin
MVN T

(9, Vm) < Nlgll =1 llomll < Ce llgl g1 + € lloall”

e (£ Vi )| < C <& |lvmll® + C-

OV | |ON | | Vs
|@mmemfd%un%@Nam‘%£Nz_
. a’b‘m i () N . . , ‘ ~
‘“”na%‘@J%“@m%VAEHmJ@ ()

Sy
’b'fﬂ’t

<C|vN L (0)) fﬂ W
A7

[Ui| dy < C||VN

‘LO‘J(EE) [vmll [om| <

y 2
Umn,

N

< elltm |2 + C: ”v*N“iOO(Q)
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1 !
‘26 (ta U 'Um) S [Q ‘Umi \72 ‘Ume‘ dy <
2
. ; i Um,
< CJQ ‘ Nf”LOO(Q) \/I\_T
.GV i [
g )| & | [t | dyy < C
G(N
or |d (t; v, )| = ’(\7 )’bm

Replacing the last six inequalities in (49), we get

1d G (N .
Ed_ ,(V.) T fag ||"U1fn||2 + H %Uﬂb i]*l ER ”U'm-HZ +
v | U |
+C IV e | —= B |
¥l | 7 Tl +ellonl
T
+C, | —
VN
d v (82 o) [
gt | | 2 a0 = 32) fonll® 2 [y = )| < Colglg-i +
9 2
" [HI Um Vrn
+C||A Les () m +CHVV||L°°(SI) \/T I3 \/1-'\_7'
Take ¢ > 0 such that yay — 32 > 0, then
i Um, (t) ? Um i
dt ﬁ o) \W
VN||7eorey + 1
0 (19N oy +1) | 22
or - \ \
U (T 2 2 Um
— + || ||” < Cllg|[77-1 + ® (£ , 50
where ®(¢) = C | N'|| ., o TC (||VN im(n) + 1). Using Gronwall and observ-

ing that @ is integrable in [0, T], we get

t

expf@(s) ds

U (0)

vV (0)

o [cugnH \ds < C
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Hence v, € L™ (0,15 H) . Integrating expression (50) in [0,¢] with ¢ < T we
have v, (1) € L2 (0,7T;V), therefore

Um (t)) . . . 2
is uniformly bounded in L™ {0,T; L< (1)) and 51
(1t | (0.7 12 (@) 51

Uy (1) is uniformly bounded inL? (0,7;V)
dt <

t U 2 _ Vt'm 1
fﬂv(f\r) 4= fo| 7% “’“v(ﬁ) "

C+ Cfg |V17V‘ dt then ”i\]' e LQ ([]T H& (SE))

2

4

Second Estimates

Let P 0 H — V, be the orthogonal projection of H onto V,,,, that is,

m
Pop = Z (0, wy) wy.

i=I
Note that B, € £(V;,V,). In fact, since V, is dense in H and V; <» V <> H,
we can regtrict Py, to the space V, for our estimates. Consider the orthonormal

basis {w;) and Yi ) of H and Vi, respectively. Then, using (46), we get

\/)Tj
£, %

535

”‘PHVS<1 j=1

”PmH,e(v;,Vs] = SUP HPm ”u = sup
leelly, = [y, <1

(%)), ] <

| Pall ey < 1

2

= sup Z

llelly, <L\ 5=

therefore

thus, by standard arguments:

125l vz vy

Observe that

! 3 ! 7 m m R
B i [ N -
P, (7 = > |~ Umagg Wi Juy =3 > 5 {w;, wyyw;—
' 4 i=1

1?\] =1

AL A‘T’ N / Ar’ i
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Hence, if we multiply the equation (47) by w; and sum for j = 1,...,m, we

have
m ol (t) m m
5 (m\’, fwj) wi+ @y a (o, (£),w;) w4+ Dbt v, (8) . vn (1), w;) w+
o= . E |V = I & :
+ Zl ¢ (5 vm () , wy) wy + po 21 d (B om (8) , wj) wy = 21 (g, wj) w;
i= = =
Since

! Nt

m t) m vm) N U
D=3 (Y o) wy = 1 ()
;; - ,fw:,)w] E((V +mez,fwj W m
m
+ 3" et vy, ) Wy
i=1

4

and using the notation of lemmas 2 and 3
—) + < E ) Um.wy > wyi+ X (0 < A) Vns wy > it < B (2) vy wy > wy)
F=t
m
+3 (< C@) v w; > wj+ p < D) vy, wy > wy) = Z (g, w;) w;;
i=1

=1

hence, and from (52),

( “‘;m) =Y <g— (A} + B() +C (1) + uD (&) + E () v, > 1,
b =

since ¢ — pA () vy — B(t) vy — C () vy — D (t) vy — E (t) v, € V], we have

(%) = Pq:1 (Q‘ - JUJA (t) BB, (t) Uy = G (t) Vm — JUD (t) U — E (t) Um) ’
] (53)
{N}n) in V{, applying the triangular inequality, using

Then taking the norm of (
|1 P2 s <1 and applying the Young's incquality repeatedly, it follows that

< 4 (
H N vI(Q)

2 2
4 (1D (8) vy + 1B (8) o gy + 1905001 -

BA ) oy 0y + 1B (8) vy + 1€ (2) vl ) +

Now we estimate cach term of the right hand side of the last expression:

e from part (iii) of lemma 2,

[|10A (¢ )Ume = 5Sup |< pA () vy, w > < C ||UmHV' ”’vas <C ”"'Jm”w’ ’

llly, <
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and

9
V(Qj du')' < oQ,

T 5 T . T
| 1A @ el ds <€ [ lomliyads <6 [ fom
0 0 0

since, from (51), w, € L? (0,7T:V) and V < V.
e from part (iii) of lemma 4

| B (t) vm

1
2n’

B | =

1
2
V;(Q) S C va”(LP(Q))n 1 Wh(‘r(‘ ; —

Then
T 2 T 4
f 1B (t) Um”v;(sz) ds < /{; C ”U?n”(rjp(sz)j“ ds.

0
By (51) , it holds that v, € L? (0, T; V)N L* (0, T; H). Thus, from part (viii)
of lemma 4, v,,, € L* (0,7 (L* (2))"). Hence and from the last incquality,

-
2
/0 1B (2) vl y7s(ey ds < 00
e from part (iv) of lemma 4
”G (f) ’UmHVGJ(Q) < ‘C (t) U'm‘ < C H"U’m“‘v’;’(ﬂj ’

that implies

i 76
2 2
/0 1€ (2) vmllyq) ds < /0 Clom|[7q) ds < oc.

8 ”9”1{;(9) < ||9HH(Q)'
Therefore

!

(?\—m) is bounded in L? (0,7; V! (). (54)

Define

W= {L TP OTHE©) md (F) e POV (Q))}’

with the norm (vl 22 70y + 10l 20y (@) - Since Vo= H and Hy () <
L2 (Q) = V! () compactly, by Aubim-Lions theorem W < L% (0,T: L* ()

compactly. From this and by (51) there exists a subsequence of Wm , still

denoted by (U{;) and a function v such that :

Uy — v weakly in L? (0, T; V) (55)
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% — % weakly in L* (0, T; Hy () (56)
Uy, —* v weakly-star in L™ (0,7 H) (57)
U?;r” —* % weakly-star in L (0,7 L* (Q2)) (58)
Vm
y — ? strongly in L? (0, T; L* () (59)
T e 2 2 i 3
(1\; - N strongly in L7 (0, T L” (Q2)) ) and g.e. n
vm) (v ; r i 200.T: V!
(N) (N) weakly in L2 (0, 73V, (Q)) (60)

Let ¥ {¢) be in CF° (0, T); multiplying the equation (47) by ¥ () and integrating

with respect to ¢, we have

fo ( ( ) QETIP ) dt + fOT;,La (£; v, Wwy) df + fUTb(t' Upn Uy Y05 di+
fo ¢ (t; Uy, W) \IJdt—I—fD pd (£ vy, Tuy) dt-l—fo pe (8 v, Pr0;) dt = fu (g, Pw;) dt .

Taking the limit for each term, by (58)

8 Um ’ ! Um
fo ((N),‘Il-wj)dt:/(; ( L w dt%/ qwj dt
/Ta(m. qu.)dt_/]l/,ﬁ.g . (a”m“ v ? (”“))d drﬁ»/ (0, W) dt
o s Yins 3o 1 o QJ Liry 8}7- af/r N J

by (56), due to lemma 3.2 TEMAN [10], pg 285.

T

f,(t U, W5 ) Vel = /f(i’h (1) o ()1 qjavm( )uﬁ?\’( )\Ifdydf
l i

0

5
o, € L7 (f1) so

F (0= By (0 0y (15,22 € B (0) and G (1) =

15 7 g
/ (L3 0y, 1) Wl = f (1) G W) Jelt = f (F(t), G (t)) dt
0 0 0

converges (see pg 248 TEMAN [10]).

o

.
/d(t;-vm,llle) dt / /G(N) v (y )%J;V( ) gyt
"o 0w
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due to (59)

T T
/,u, (t; Vi, Tuy) dt—)//bz uﬂ y) Wdydt
0 0

T
l]"

. N _
since /[(bm (¥)— v () — B wy; (y) Udydt| — 0
(O

!

N

due to (57) with the following statement: e

——wy (y) W € L0, T, L? () since

T
N , :
vz i (y) ‘1" dt < C/ ‘ N Hw | (y)]| dt < oc from N € L' (0,7, L™ ().
0

Therefore, the theorem holds. The initial condition v (0) = g is achieved from
(53) and (60), that is, v,, — v weakly in L% (0,7,V;) and v,, — v weakly-*
L?(0,7,V,) hence v € W (0,T,V,) = v € C(0,7,V,) and V, C H C V/,
veVand we H, (v, w)VHV; =; [oat)
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