
INCOMPRESSIBLE FLOW lN ISOTROPIC 

GRANULAR POROUS MEDIA lN A TIME 

DEPENDENT DOMAIN 

João Paulo Lukaszczyk Carlos Antonio Taschetto 
Leonardo Prange Bonorino 

Abstract 

ln this work we study the existence ofweak solutions to Navier-Stokes 
type equations defined in a noncylindrical domain Q, where Q is the 
image of a cylinder Q of mn+l and Q is not necessarily increasing or 
decreasing in time. 

1 Introduction 

ln this '~rork we will prove results concerning the existence of \Veak solut.ions of a 

system of partial differential equations corresponding to a generalization of the 

classical N avier-Stokes equations on a noncylindrical domain. The equations 

are the following: 

(tt) PUt +pu· \7 ry - fl~U + ry\i"p + t-tF (ry) u = pryf 

div u = O in Q, 

in Q, 

(Pl\C) 
u (x, O) = Uo(x) ' Vx E no, 
u (x, t) =O , Vt E (0 , T) , Vx E t. 

Let T > O be a real number and { Dt}, O -<; t -<; T a family of bounded open 

sets of IRn with boundary ant. Let us consider the noncylindrical domain of 
JRn+l 

Q = U flt X {t} with lateral boundary Í; = U 8Qt X {t}. 
O<t<T D<t<T 

The unknowns in the problem are u(x, t) E JRn and p(:r, t) E IR , which 

denote, respectively, the ftuid velocity and the hydrostatic pressure at a point 
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:~: E O, at time t E [0, T]. vVe assume that the fluid viscosity, p., is a posi­

tive constant. The density, p, without loss of generality, will be assumed to 

be normalized to be one. The porosity q(:r, t) at a point. :r E n, at a time 

t E [0, T], is defined in rough terms as the void volume divided by t.he total 

volume of small regions in the neighborhooel of x at. a time t. Thus, ry(x, t) 
assumes real values bet.ween :zero anel one. \Ve observe that. t.he porosity is 

one in cavities, where, therefore, the flow is free. At points (x, t) such that 

the porosity is :zero, the material meelium is purely soliel anel can be exclueleel 

from the flow region. Throughout this work, we will assume that the porosity 

satisfies O < 'Tl(x, t) _::::; 1. F is a force term elue to the friction between the 

granular porous meelium anel the fluid. On physical grounds, F is a continuous 

function satisfying limz--+l F(z) =O and limz--+O F(z) =ex:: (see Prieur du Plessis 

and Ma.sliyah in [8] for an expression for F.) Vle rernark that our results will 

not depenei on t.ha.t particular expression for F. A known external force ficld, 

such as gravity, is denoted g(x, t) anel ma.y be acting on the flmv. ln cartesia.n 

coordinates, we have 

~
n OU 

( U · \l~l)i = U·-
1
· 

J o:.c 
j=l J 

Observe that the classical :-.Javier-Stokes equations are a particular case of 

these equa.tions when r7 1. There exist several -vvorks for N avier-Stokes equa­

tions in noncylindrical domains, among them the works of J.L. Liom; [6], R. 

Salvi [9] and, recently, :\L Milla Miranda and J. Límaco Ferrel [7]. 

This 'vork is organized as follows: for the next section (Preliminaries) "\Ve ;vill 

present the notation, introduce the many functions that -vvill be used through 

the text. ln the third section we establish the transforrnation between the 

cylindrical and the noncylindrical problems. ln the fourth section we define 

weak solution and finally in the fifth section we prove our fundamental result 

of existenee of weak solution. 

2 Preliminaries 

Let. K : [0, T] ---+ IR.n2 
be a function such that t;·.(t) is a n x n matrix. Let O be an 

bounded open set of IRn with a smooth boundary r. vVe can suppose without 

loss of generality that O E O. Consider the sets 

Ot = {X = K ( t) y, y E 0} , 
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where K; (t) = (o:ii (t))nxn' y = (Y1 , ... ,Yn) E O C lRn and 

( 

n n ) 
x = "'(t) y = ?; ct1j (t) YJ, ... ,?; ctnj (t) Y.i E nt. 

n 

\Ve use the notation rYíf3í = L ryJJí, 
i=l 

"' (t) = ( ni.i ( t)) anel K--l ( t) = (.Bi.i ( t)) , 

73 

(1) 

(2) 

where n.iJ (t) are C 1 functions defined on [0, T] such that det "'(t) > O. To 

transforrn a noncylindrical problem in one defined in a cylindrical domain, we 

introduce the functions: 

·u (x, t) = ·u (,-1 (t) :r, t), f (x, t) = g (,-1 (t) x, t), (3) 

p (x, t) = q (K--1 (t) x, t), ·u0 (x) = ·u0 (K;-1 (O) :r), (4) 

TJ (x, t) = N (,-t (t) x, t), F (TJ (x, t)) = G (N (,-l (t) x, t)). (5) 

\Ve introduce the following spaces to obtain the main results: 

1/t = {'P E (D (Ot)t ; rhv 'P =O} and 

ln the special cases s = O and s = 1, we use V (Ot) = Ví (Ot) and H (Ot) = 

% (Dt)· The inner product of 1/ (nt) , H (Ot) and (H·s (nt)tare defined by: 

(u, z)H(O.l) =./ui (x) zi (x) d:r, (( )) -;·aui(x)ozí(x)d 
u, z v(ni) - a . a . .r 

, .1:1 .1:1 
Ot nt 

and ((·u,z)L = (ui , zi)H'(Dt) ' 
Rcmark: V s (Ot) is continuously imbcddccl in (HJ (Ot) f for s ~ n/2, sincc 

s ~ 1, v~ Y 1-' Y H= H' Y \/' Y V: . 

ln a similar way, we have the spaees over 0: 

V (O) the closure of lJ with the norm of (Hs (D)t, 
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and, for s =O and s = 1, \ve also define V= V1 (D) and H= ''Ó (0), provided 

with the following inner products 

(v, w)H =I vi (x) 'Wi (x) dx, (( )) l a1}i(x)awz(x)d 
v,w v= x, 

OXj B.Tj 
n n 

and with thc norms [[v[[H =(v, v)~2 and [[v[[v = ((v, v))Ü2
• vVc introducc now 

the bilinear and trilinear forms corresponding to the variat.ional formulation to 

the cylindrical and noncylindrical problems. 

ln the noncylindrical case >ve define 

A ;· a ui ( x) a ( 1 ) 
a1 (i; U, z) = a _ Zi (x) ~ - dx, 

. .rJ uXJ l} 
!l:t 

~ ;· u- (x) a (z·) b (i; u, z, Ç) = --~-. --- _1_ Çj (x) dx, 
. T} axi 1} 
!l:t 

d (t; u, w) = F (rJ) ui (x) -~~_-_' dx, I '11'" (T) 

• TJ 
nt 

é ( t; u, w) = I 'Ui (:r) 
11

2

1 

wi (:r;) d:r;, 
TI 

n1 

and in the cylindrical case 

b1 (t· v w 'IJ) = - 81- t - 1/'·dy , ) ;· Vi . ( ) OWj . 
' ' ' · 1V2 . ~ By1 n ' 

n . J vi aN b2 (t: V . W 'dJ) = - - !Jl- (t) - _-'W ·'1/J ·(h'j . ' ' · 1'P ' .~ ay
1 

J · .i . ' 

n 

/

• 1 0Vi (y) 'Wi (y) 
c (t; v , w) = /31r (t) O:rj (t) Y) a i\T dy, 

. Yl lv 
!1 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 
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d (t; v, w) =I G (N) vi (y) w~~1J) dy, 
!1 

e (t· v w) = v· ('l'J) -
1 

w· ('I'J) (h'j. I v' 
, ' ~ . iV2 1. • • 

!1 

Lemma 1 If K(t) satisfies the hypotheses as .stated before7 then 

(dct K(t))' (( _1 ))' ( )) d ( ) = -tr r.; (t K t . ct r.; t 

3 The Equation in Q 

If X E rlt and y E r2 satisfy (1), using (2) WC havc 

:I;r = Clrj (t) J/i e J)l = /lzr (t) J:.r, 

~J = ,B;r (t) Xr = Pfr (t) O!rj (t) Y.il 

Dyl o ( ) ~ = }Jlj t 
UXj . 

Frorn (3), ui (:r, t) = ví (y, t) , we get 

Dui (x, t) Dvi (y, t) Dy, 

and using (20) we obtain 

aui (x, t) - (:J . ( ) avi (y, t) 
[) , - PlJ t fJ· , 
.rj Yi 

For j fixed, we also have 

a
2
ui (:r, t) =_!!____(a. ()avi (y , t)) = 3 . ()_!!____(avi (y, t)) 
D 2 n , 11 t D , 11 t D D , 
xj uXj Yl Xj Yl 

a2
ui (x, t) = 0 . ( ) a2

vi (y, t) OYr 
8 2 ~-''J t 8 a ~ , X · y. ·yl ux· J , r , .1 

so 

( ) , ( ) ( ) 0
2 
Vi ( Y 1 t) 

!).ui x , t = .BtJ t f3rJ t D D . 
Yr Yl 
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(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 
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On the other hand, 

( ) a ( u) ( ) ui (:1:, t) ou ( ) ( ) a ( 1) ( ) Ui X, t ~ - X, t = !'1 X, t + Ui X, t ~ - U :r;, t = 
UXi I7 7J UXi UXi lJ 

- Ui (X' t) a. u (· ) - ui( X' t) D. n ( ) - a x, t 2 a u x, t 
TJ Xi TJ Xi 

Then 

a ( u) ui ( x , t) au j ·ui ( x: t) ar7 ui (x, t) ~ - (x: t) = ~ (x, t) - 2 ~uj (x, t) 
uXi 7J 7J uXi 7J u:L'i 

for j = 1, 2, ... , n and using (22) 

( ) !!___ (7!.) ( ) =Vi (y, t)(3' . () avj (y, t)- Vj (y , t)(3, . () aN. )· (· ) 
Ui X' t a· . . X' t T . lt t ;:), T2 . lz t ;:). t J y' t . 

. Li T} ]\ UlJl ]\ U!}l 

(24) 

S .. Dui (x: t) _ Dvi (y, t) Dyt avi (Y: t) .· ( ) ·' . 
mce a - a !') + a ' usmg 19 v,e get 

t Yt ut t 

Dui(x, t) _ B' ( ) , . ( ) avi (y, t) 81)i(y, t) 
Dt - I lr t Ctr} t YJ a + Dt . 

Yt 
(25) 

F ( ) l op (x, t) oq (y, t) oyl n ( ) oq (y. t) h d b ( ·) 
rom 4 we lave a = a' ;'! .. = f-Jli t a' ' ' ence an y 20 ' 

Xi Jll UXí Yl 

Dp(x,t) (aq(y,t) oq(y,t)) -1 a . = a , ... , 
8 

CBtdt), ... ,/7ndt)) = ('Vq.r;, (t))i, 
x.t Y1 Yn 

that is \Jp (x, t) = \Jq (y, t) .rt.- 1 (t). (26) 

For eaeh i fixed, frorn (22), the follmving relations hold: 

aui (x, t) _ ~ B .. ( ) Dvi(y, t) d d. ( ) _"'"' aui (x, t ) 
a - ~. h t a an W U X, t - ~ a 

Xi l=l Yl i Xi 

) ()
avi(y.t) 

Therefore div u (x, t = /]li t 
0 

, . 
Y1 

(27) 

So 
. [ a . a ] dw n (x, t) = ~. (,Blivi (y, t)) + ... + ~ CBnit'i (y, t)) , 

UlJl UlJn 

div u (x, t) = [(-1---, ... , ;:)a ) (r;,-1 (t).v 1 (y, t))] = \1. (r;,-1 (t).v 1 (y, t)), 
uy1 uyn 

therefore 

(28) 
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Dry DN Dy1 
Frorn (5) -a. =-a -a. , by (20), we have 

.rj Yl .rj 

ary aN 
-
8 

= /3tj (t) -a . 
Xj Yl 

(29) 

ary aN ayz aN 
On thc othcr hancl, -a = -a -a +-a , using (19) wc gct 

t Yt t t 
ary , aN aN 
at =f3u(i)Ctrj(t)yjay, + at. (30) 

Replacing (23) to (30) in (Pl\C), we conclude for i = 1, ... , n 

1 ( ) ( ) a'L'i (y, i) avi (y, i) , ( ) ( ) a2
vi (y , t) 

,Bzr t a,.J t YJ a + a - p/]IJ t /3rJ t a a + 
Yz t Yr Yz 

·u · (y t) av- (y t) v· (y t) aN 
J ) ~ () l ' J ' o() ( ) + JI.T /Jlj t a - i\T2 /JZj t -a. Vi y,t + 

1V Y1 H Y1 

+ 1V (y, t) aq (y, 2 .K:-

1 

(t) + G (N (y, t)) vi (y, t) = N (y, t) Yi (y, t) in Q . 
Yt 

So 

' I- ~ (e . ( ) (.} . ( ) a·u (y , t)) 'Uj (y , t) (.} . ( ) av (y, t) v p . l; t f..J1") t + f..Jl] t 
a~ a~ N a~ 

vJ (y, t) r. aN 0 . . av (y, t) 
- T\12 Bu (t) -a v (y, t) + f31r (t) etrJ (t) YJ a + 

1 Y1 Yt 
N (y, t) \lq (y, t) .K-

1 (t) + pG (N (y, t)) v (y, t) = N (y, t) g (y, t) m Q 

div [K: - 1 (t) .vt (y, t)] =O in Q 
v= O in I: 
v (y,O) = v0 (y) with y E O. 

4 Definition of Weak Solution 

Definition 1 Notion of wea.k solntion to the pmblern (P NC). 

(PC) 

To define thc vvcak solution of (Pl\C) wc will climinatc thc prcssurc as in clas­

sical Navier-Stokes equations. For that, we make the inner product in L2 (O) 

of the equation ( divided by í/) by a function of 1/ and observing that 

d. ( ·u ) _ ·u1 ·ur!' 
dt ~ - TJ - --:;J2 
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we can rewrite (P:-JC) in the following wa.y: 

For f, TJ and u0 givcn, \vith f E L2 (0, T, V (Ot)') and u0 E H (Ot) wc havc 

to find n satisfying 'IL E L2 (0, T, 1l (Ot)) and: 

- (u, ~;) + ( ~: n, Ç) + ( ~ ·V ( ~) , Ç) + p (V (u), V ( ~) Ç) 
( 1) (F(TJ) ) ,. +p. V' ('u), V (Ç) -ry + 11. -

1
-n, Ç = (f, Ç) VÇ E \1 m D' (0, T) 

(31) 

·u(O) = u0 E H. 

Integrating in [0, T], and making use of (6) and (10), ~;ve obtain 

u E L2 (0, T, 1/ (nt)) n L 00 (0, T, H (Dt)) 
-I~ (u, ç' /N)H(Ot)dt +!L I~ â (t; u, Ç) dt + fJ. I~ â1 (t; u, Ç) dt+ 

I~ b (t; u, u, ç) dt + J~ d (t; u, ç) dt +I~ ê (t; u, ç) dt =I~ u, ç)n(nt) dt 
VÇ E L2 (0, T; V (Ol) n Ln (nlr), Ç' E L2 (0, T; H (01)) 
Ç (O) = O, Ç (T) = O 
'IJ. (O) =no. 

(PNC1) 

Definition 2 Notíon of weak solutíon to the problem (PC). 

ln this case \Ve divide (PC) by iV, then multiply by a suitable function 'ljJ 

and integrate in n, obtaining 

I 
'1/. I d - I 1-l· a (e . ( ) (.J • ( ) av) . l,d I Vj (y, t) (-{ . ( ) av (y, t) i·d· 

n N lp y n N Dyl , t:~ t i..J1.:J t Dyl lf· y + n JV2 f..llJ t Dyz 11, y 

·u · (y, t) DN , 1 Dv , 
-I 0 

1 í\f3 .Bzj (t) -
8
. v (y, t) ·tpdy +I 0 1\ T ;3;r (t) o:rj (t) yJ-

8
. ·~Hly+ 

J. yl H f/l 

+I n V'q (y, t) .K-1 (t) Tj;dy + I n Jl·~~N)vTj;dy = Ing ~;dy. 

Making use of (ll) to (17), we have 

't'' ( ( '1', '~~ rv') ·u.N' ) (v ) Jn ~-?!)dy = In J~ - J~2 .~;+ JV2 ·1/J dy =- N'~/ + e(t;v,7i') 

1 a ( av ) . a v,. a ( ·1/J · ) In N & ,Blj (t) l3rj (t) & 'lj!dy = Jn /3lj (t) !3rj (t) a ~a i\; dy = 
Yt Yl Yr Yt 

1 Dv a1f;- av-DN w Jn i\,/3u (t) !3r1 (t) -8 
l-a· 1dy - Jn /3lJ (t) .BrJ (t) -a 1

-
8 

~ /2 dy = 
lV ~ ~ ~ ~lV 

= a 1 (t; v, 1/J) + a2 (t; v, 'lj') 
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1 a ( v ) av .. 1b -8 t V- - 1!Jd - 8 · t 'U· _J _J d -J 0 !\T• lt ( ) '·a "'T • y- J l1. l1. ( ) 1. a M2 y 
.! v Yt H Yt iV 

j ' Q ( ) Ví aN . d b ( I) b ( ) !jz· t -· - 'u ·•IJ· y = 1 t·v v "'J + 2 t·v v 1h o. l !\T3 a J" J , , , '! ., , , y 
1 ,. Yz 

J. 1 I ( ) ( ) a·u ' j' I I ( ) ( ) avi 7/Ji . ( . ) - 1A t a t y·-wdy = !3 t a· t y·--dy =L t·v "'' n JV ·lr TJ J oyz ' n. lr TJ J OYt N ' ' 'r 

G(N) ~ r -·-v,hdy = r G (N) v·__!:_dy = d (t· t' ,;,) and r .. g •t,dy = r g· •1•·dy = (g ti!) . n JV -r • n t iV ' '-r . . n ·y • n 1.·'-Vz ' , 

so 

v E L2 (0, T; V) n L00 (0, T; H) 
T T T T 

-/ C~r·'I/J')dt+{ll a(t;v,'ljJ)dt+.f bl(t;v,v,'ljJ)dt+ / b2 (t;v,v,1jJ)dt 
o o o o 
T T T T +/c (t; t', '1/J) dt + p, I d (t; v, 'lfJ) dt +I e (t; v, '1/J) dt =I (g, VJ) dt 
o o o o 

V'ljJ E L2 (0, T; 1l n Ln (O)n), w1 E L2 (0, T; H) 
·V; (o) = o, ·V; (T) = o, v (o) = vo 

Theorem 1 Problems (PNCJ) and (PCJ) are equivalent. 

Proof. R.ecalling from (1),(2) and (3) we have 

:r:=K.(t)y, 

we have established that u (x, t) =v (K--1 (t) x, t). 
Let Ç(x,t) = ldet~>;- 1 (t)ll/J(~>;- 1 (t)x,t). Then 

(PC1) 

açi(x,t)=ld _1 ()i(awi(y,t)Dyz 87/Ji(y,t)) ld -1()!~ 1 •. () fJ et ~>; t fJ fJ + fJ + et K t 'liJ1 y, t , t Yt t ·t 

(32) 
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~ow ,we compute each integral in Ot of problern (PNCl) and rnaking use of 

(32) we ha.ve 

On the other hand .Bfro:rl = tr ((K-1 (t))' K (t)) then, by lemma 1 

1 (det K(t)) 1 

;31,.nrl = - l ( ) , < et K t 

where tr (A) denotes thc trace of thc n x n matrix .4. 

(34) 

. ( ~~ I ) Let F be the followmg vector field O, ... , N /31rCtrj YJ, O, ... , O where the 

non null component ocupies the l-position , then 

but 

. 1 0Vi , . 1 0 (1/Ji) 1 1 (det K(t)) 1 
, 

dwF = 7\ r -8, 'lfJi/3lrO:rjYj +Vi !:.·L 1\. T ,BlrCtrjYj - "' l t (t) V(l/Ji · 
.i. V .IJl U!Jl 1 V 1V ( e , K , 

Frorn Green's Theorern, J 0 div Fdy = J t F.·ij ds = O, then 

and 

(35) 
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(36) 

where I V(l['i :vl c~) t3{ro:rjYjdy ldct K-l (t) I = ct(t; v, 'lf;). 
!1 

From (6) and making use of (22) we have 

A ( ) [1 ,BtjÔrj avi a'lj;i ]1 -1 ( ) I ( ') I -1 ( ) I ( ) a t; u, ~ = n ~ ayl ayr dy det K t = a, t; v' '1/J det K t ' 37 

but 

A I Dui ( x) a ( 1 ) al (t; u, Ç) = a . çi (x) -a . - dx = 
XJ XJ TI 

ílt 

I 1 Bvi(y)8N _ , _ 
=- -~r:/hj(t) t3rj(t) a -a ·~;i(J;)rl:uldetK: 1 (t)l =n2(t;·u,v;)ldetK: 1 (t)l. 

i\ J/l Yr 
!1 

(38) 
From (8), b(t;u,u,~) = 

= [1 ~:2 .Blj (t) 
8
8

1
':i '1/Jj (y) dy- ;· ~:3 Plj (t) v1 

8
8
N '01 (y) dylldet K -

1 (t) I 
l\1 · '!Jl · J.v Yl 

!1 !1 

then by (13) and (14), 've have 

b(t;u, 'II.,Ç) = (b1 (t;v,·o,·1;) +b2 (t;v,v,·1;)) ldetK-1 (t)l. (39) 

From (9) 

d (t; u, ~) = ./ G (N) vi (y) l/Ji1~y) dy ldet , - 1 (t) I = d (t; v; 1/!) ldet ,-1 (t) I· (40) 
!1 

Wc also havc from (10) 

[ 
'/)· ('IJ) I DN . '() · ('IJ) DN ] 

ê(t;u,Ç)= fn 
2

l\r~ Ptr(t)o:rjYJ -a. 'l};i(y)dy+fn zl\T~ -
8 

'lj;i(y)dy fdetK;- 1 (t)[ 
H Yl lV t 

= [-c, (t; v, 'lj;) +e (t; v, lf;)]fdet K -
1 (t) I 

(41) 
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Finally, integrating both flidefl of expresflionfl (36) to (41) and adding term by 

tenn we condnde that problemfl (PNC1) and (PC1) are eqnivalent. 

D 

Define the forms conceming to the cylindrical problern: 

a(t;v,w) = a1 (t;·u,w)+ a2(t;v,w) = f,alj (t)prj (t) &&vi&& (~Ui) dy. (42) 
Yr Yl N 

fl 

b(t ·,v,·w,?l)•) = b1 (t·,1!1'W 1'1/;) + b (t·v 'V 11)')- ;· 0 (t)v a (1l!j) '1/Jjdy 
'I 'f 2 ' . ' .• ' 'f - fJli . i &yl JV IV . . 

n 
(43) 

Definition 3 Let A (t) : (HJ (D)t--+ (H- 1 (D)t be the opendor defined by 

1 a ( &v ('!J. t) ) . 
A(t)v=-1\T-a .. Bu(t),Brj(t) a" for vE(H(}(D)r' (44) 

H Yl Yr 

Lemma 2 The linear form a (t; v, w) defined in (42) and the operator A (t) 

defined in (44) satisfy 

z. (A(t)v, w) = a(t;v,w) , Vv ,w E V 
ii. [a (t; v, w)[ :S C llvffffwff , Vv, w E V. 

Lemma 3 The linear form a.1 (t; v, w) as defined in {11} is coercive and con­

tinuous, that is, 

i. a1 (t; v, v) 2-> ao [[v[[ 2
, Vv E V , where ao >O 

ii. a1 (t; v, w) :S C llvlfllwf[, Vv ,w E V. 

Lemma 4 Let b (t; v, w, 'lj;) , c (t; v, w), d (t; v, w) ande (t; v, w) the multilinear 

forms defined by (4.1), {15), {16) and {17} respectively. Then 

i. fb (t; v, w, '1/J)I :S C lfv[[[[w[[[['lbflvn(Ln(n))" Vv, w E V and '1;0 E V n (Ln (n)t. 
n 

ii. b (t; v, ·v, w) = -b (t; v , w, v) Vv E V and w E l18 (D) , where s = 2. 
n 

iú. For v E i/, the linear· forrn ·w H b ( t; ·o, v, w) is continnons on ils ( D) ( s = 2) 
and b (t; ·u, v, w) = (B (t) v , w)v;v., where B (t) t' E v: (O) and 

ffB (t) vff~~ :S C ffvff~LP(H)) 
1 1 1 

wíth- =-- -. 
p 2 2n 

(45) 

7/i!. [c(t;v,·w)[ :S C[fvlllfwfl Vv , w E H. 

v. For v E V, the linear form w 1---+ c(t;v ,w) is continuous on H and 

c (t; ·v, w) = (C (t) v, w)H'H =(C (t) v, w), 
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wher·e C (t) v E H'= H and IC (t) vi ~C llvii-
V't. For- 'U E 1/, the linear- fonn ·w H d (t; 'U, ·1n) is contirl/lwns on H, 

d (t; v, w) = (D (t) v, w)H'H = (D (t) v, w), 

arul ID (t) vi ~C ll'ull. 
vu. For v E F, the linear form w H e (t; v, w) Í8 continuous on H, 

e(t;,u,w) = (E(t)v,w)n•rr = (E(t)v,w) 

and IE (t) vi ~ C llvll-
viii. L2 (0, T; 1/) n L00 (0, T; H) c L4 (0, T; (IJ'(D)Y'), where p is given by (45). 

The three last lemmas can be found in 1!1IRANDA [7], pg 253-254. 

5 Existence of Solution 

ln this scction wc will prove thc follmving rcsult 

Theorem 2 ( existence of weak solutions) 

Let O c 1Rn,with n = 2, 3, be an open bounded set with regular boundary 

and T > O. Also, let be given, u0 E H (Dr) , g E L2 (0, T , v; (Dr)) and a 

continuous function F : (0, 1] ---+ JR+. Supposc that thc porosity n : Q ---+ (0, 1] 
satisfies 

O < n0 ~ n(:.r, t) < 1 V(x, t) E Q 
n' E L2 (O, T, L ~ (Dr)) n L1 (0, T , Dx' (Dr)) 
\7n E L2 (0, T, L cç (Dr)) n L00 (0, T, L3 (Dr)) 

Then, there exists a solution u E L2 (0, T, V (Dr)) n Loc (0, T, H (Dr)) of 

(PNCl). 

Proof. For s = n/2 the injection Yç Y H is compact, since Vç c Yí = V Y H 

and HJ (D) is compactly imbedded in L 2 (D) (see Lions[6], pg 66). 

This result guarantees the existence of solution to the spectral problem 

((w, v))H•(D) =À ('w, v) Vv E v~ (O). (46) 

Considcr an orthonormal basis of Fs (O) gcncratcd by a countablc sct of cigcn­

vectors (wn) corresponding to the set of positive eigenvalues (\J \Ve will use 

( wn) in Galerkin's methods. For each m we define an approximate solution v.m 
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to the problern (PCl). Let Vm be the ::;;ub::;;pa.ces genera.ted by the fir::;;t vectors 

'IL'I, ... , 'Wm, that i::;;, if Vm (t) E V~n, then 

m 

Vm (t, !J) = 2::: hjm (t) Wj (y), 
j=l 

whcrc h1m are ::;;calar function::;; dcfincd m [0, T]. Considcr thc approximatc 

problcm 

------;v-' 'Wj + f-ta (i; 'Vm (t), Wj) + b (i; 'Vm (t), Vm (i), Wj) + C (t; Vm (t), Wj) {(
v:n(t)) 

+~-td (t; Vm (t) , Wj) = (g, Wj) j = 1, ... , m and Vm (O) = Vom, Vom ---+ Vo in H. 
(47) 

Observe tha.t ( 4 7) is a systern of nonlinear differential equa.tions where hjm are 

the unknowns. ln faet, we ha.ve 

Since w.i are linearly independent, the matrix -..vith the entries given by 

( ;, %) . . is nonsingular. Thcn wc can use thc invcrsc of this matrix 
v1'v v1V 1<1,1<n 

to obtain the nonlÚtear systern 

{ 
hjm (t) =:_ ~ji (t) - (aji (t), + /Jji (t) ~~i (t)) ~·im (t) - /'k-ik (t) him (t) hkm (i) 
hjm (O) - 7,th cornponent Vom .J - 1, ... , rn 

whcrc a1i (t) , /31i (t), 61i (t), / kik (t) E IR . From Carathcodory's thcorcm (scc 

Halc [4] pg 28), this systcm has a maximal solution dcfinccl in some intcrval 

[0, tm). If tm < T, then [hju1.[ diverge to +oo as t ---+ tm, but this cannot 

happcn duc to thc first cstimatcs that will bc provcd furthcr. So tm = T. Sincc 

the applications t ---+ (g( t), WJ) belong to L 2 (0, T; H), the sarne result holds to 

the functions hjm, hence 

Vm E L2 (0, T; ~") and v~. E L2 (0, T; V), (48) 

for any m. N ow \Ve will show the first estimates, that not depend on m, to the 

functions Vm. Aftcr that wc 1vill makc thc limit. 

First Estimates 
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If we rnultiply (47) by hjm (t) and surn for j = 1, ... , m, we have 

( -~~, Vrn) + pa (t; Vrn, Vm) + b (t; Vrn, Vm, Vrn) + C (t; Vrn, Vrn) + pd (t; Vm, Vrn) 

= (g, Vm): 

From part (ii) of Lemma 4, b (t; Vrn, Vm, vm) =O and, by (48) 

( 
v~1 ) 1 d I Vrn ( t) 1

2 
1 -, Vm = -- 17\T +-e (t; Vm, Vm), 

N 2 dt vN 2 

so 

1 d I Vm ( t) 1

2 
1 2 dt yN + 2e (t; Vm, Vm) + J.Lnt (t; 'Um, 'Um) + fU1,2 (t; Vm, Vm) + 

C (t; Vm, Vm) + f,Ul (t; Vm, 'Um) = (g, Vm) 1 

hence 

1 d I Vm, (t) 1

2 

2 dt yN + JUl,l (t; 'Um, 'l!rn) + Jld (t; Vm, Vm) = (g, 'Um)-

- [~e (t; Vm, 'l'm) + pa2 (t; Vm, Vm) +C (t; Vm, Vm)] . 

(49) 

Now observe that, from part (ii) of lemma 3, 

from part (iv) of lemma 4 and Young's inequality, 

lc (t; Vm, Vm) I :::; c llvmiii:JN I :::; é llvm.ll 2 
+ c€ 17Ft 1

2 

(g, Vm) :::; llgiiH-1 llvmll :::; CE llgll~-1 +E llvmll2
, 

I ( ) I J I ( ) I I ( ) I 
I 

OVnâ li a N li 11m i I a2 t; Vm, Vm :::; !1 /3tj t .Brj t Dyr Dyl N2 dy 

:::; C foi 0
0
Vmi li 0

0
'·N lvmíl dy using \lN E L2 (0, T; Lco (O)) 

Yr Yt 

:::; c II\7NIIr.""(H) J !1 a;mi I h nil dy:::; c II\7NIIr.=(n) llvmlllvml:::; 
Yr 

:<=::é llvmll 2 
+CE IIV.ZVIIioo (f1) I7NI

2 



86 .J.P. LUKA.SZCZYK C.A.. TA.SCHETTO L.P. BONORJNO 

Replacing the last six inequalities in ( 49), we get 

Take E > O such tha.t {tao- 3E >O , then 

d I 'Um (t) 12 li 112 11 112 li· r' li I 'Um 12 dt VN + Vm :S: C g H - 1 + C 1\ L""(H) VN 

C (IIV'NII~oo (r!) + 1) I~ 1"2 
o r 

2 2 

d I Vm (t) I li 112 li 112 ( ) I 'Vm I dt .jN + Vm ~ C g n - 1 + <P t .JN , (50) 

where <P(t) =C [[N' [[L""(r!) +C (IIV'NII~""(n) + 1). Csing Gronwall a.nd observ­
ing that <P is integrable in [0, T], we get 

'Um (t) 'Um (O) t 2 2 ( t ) ( 2) I v'N I < cxp [ <P (s) ds JN (O) + 1 C IIYIIrr-' ds <C 
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Hence 'Um E L 00 (0, T; H) o Integrating expression (50) in [0, t] with t < T we 

have Vm (t) E L 2 (0, T; V), therefore 

(v~)) is uniformly bounded in L 00 (ü, T; L2 (S1)) and (51) 

Vm (t) is unifonnly bounded inL2 (0, T; 1l ) 

ti (Vm,)l2 _ ti\7Vm , (]_)1 2 

< I O \7 N T~2 dt - I O ;V + t:m \7 N r_2 dt -

I tl 12 Um 2( o 1(-)) C+C 0 \7N dt then N EL O,T,H0 n o 

Second Estimates 

Lct Pm : H---+ Vm bc thc orthogonal projcction of H onto Vm, that is, 

m 

Pmcp = L (cp, Wj) Wjo 

j = l 

Note that Pm E J: (v~, Vs)o ln fact, since 11: is dense in H and Vs '---+ V '---+ H, 

we can restrict Pm to the space V~ for our estimateso Consider the orthonormal 

basis ( w i) and ( ~) of H and V:,, respecti vely. Then, using ( 46), we gel 

= sup 
II 'PIIv. :S l 

thcrcforc 

thus, by standard argumcnts: 



88 .J.P. LUKA.SZCZYK C.A.. TA.SCHETTO L.P. BONORJNO 

Hence, if we rrmltiply the equation ( 47) by w1 and sum for j = 1, ... , m, we 

have 

m ( v~, (t) ) m . m . L 
1

, 1 'Wj 'Wj + fl L fl (t, 'Um (t), 'Wj) 'Wj + L b (t, Vm (t), Vm (t) 1 'Wj) 'lDj+ 
J=l JV J=l j=l 

rn m m 

+ L C (t; Vm (t), Wj) 'Wj + fl L d (t; Vm (t), Wj) 'Wj = L (g, Wj) 'Wj 
j=l j=l j=l 

Since 

and using thc notation of lcmmas 2 and 3 

( 
Vm)' m 

Pm N +<E (t) Vm, Wj > Wj + .:; (!"<A (t) Vm, Wj > 'Wj+ < B (t) Vrn, Wj > 'Wj) 

rn m 
+L (<C (t) Vm, Wj > Wj + fl < D (t) Vm, Wj > Wj) = L (g, W:í) Wj; 

j=l j=l 

hence, and from (52), 

, m 

( ~) =L < g- (11A (t) + B (t) +C (t) + pD (t) +E (t)) Vm, 'Wj > 'Wj, 

j=l 

since g- flA (t) Vm- B (t) Vm- C (t) Vrn- tiD (t) Vm- E (t) Vrn E F;, we have 

I 

( ~~) = P:n (g- tJA (t) 'Um- B (t) V.rn - C (t) Vm - tJD (t) Vrn - E (t) Vrn). 

(53) 

( 
'I' )' Then taking the norm of "~' in v;, applying the triangular inequality, using 

IIP;7 1Lc(V' V') '<::: 1 anel applying thc Young's incquality rcpcatcclly, it follmvs that 
8 ' 8 

li ( ';:; )' [(n) 5: 1 (III' A ( t) "'" ll~;(n) + IIB ( t) "m li ~;(n) + li C ( t) Vm ll~;(n)) + 

+4 (llt~D (t) Vmll~';:(o) + IIE (t) Vmll~;(o) + llgll~';(o)) · 

Now wc cstimatc cach tcrm of thc right hand sidc of thc last cxprcssion: 

• from part (iii) of lcmma 2, 
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and 

2 2 2 1T 1T 1T 
0 

IIJ-LA (t) '~~mllv;(n) ds :S: C 
0 

llvmllv;(n) ds :S: C 
0 

llvmll~r(n) ds < oo, 

since, from (51), Vm E L 2 (0, T; V) and V'---+ i/;. 

• from part (iii) of lemma 4 

Then 

1 1 1 
whcrc - = - - -. 

p 2 2n 

{T IIB (t) Vmll~;(n) ds :S: {T C ll 'umll~r,P ( n))n ds. 
~~ Jo 

By (31) , it holds that vm E L2 (0, T; V) n L00 (0, T; H). Thus, from part (viii) 

of lcmma 4, Vm E L4 (0, T: (LP (D))'"). Hcncc and from thc last incquality, 

1'1' IIB (t) vmii~;(O) ds < oo 

• from part (i v) of lemma 4 

that implies 

1T 1T 2 2 
IIC (t) Vmllv'(n) ds :S: C llvmllv' (n) ds < oo. o s o 8 

Therefore 

( l.:]\'mT), is bounded in L 2 (0, T ; v: (D)). (54) 

Define 

r 'Urn 2 1 'Um 2 ri { , } vv = vm; N E L (O,T;H0 (D)) and Cv) E L (O,T;vs (D)) , 

with the norrn llvmiiP(ü,T;F(n)) + llv;niiP(ü,T;Vj(n)). Since V'---+ H and HJ (O) '---+ 

L 2 (D) '---+ v; (D) compactly, by Aubim-Lions thcorcm H' '---+ L 2 (0, T; L 2 (D)) 

compactly. From t.his and by (51) t.here exist.s a subsequence of (~::;), st.ill 

denoted by ( ·~~·), and a function v such that : 

v,,.----'" v ;veakly in L 2 (0, T; V) (55) 
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t'm V . 2 ( 1 ( ) ) N ---'- JV weakly m L O, T; H0 O 

v.m ---'-* v weakly -st ar in L 00 (O, T; H) 

Vm ---'-* 3!__ \veakly-star in L 00 (o. T: L2 (n)) N N . , 

{ 

·~~ ---+ 1~ strongly in L2 (0, T; L2 (O)) 

(
v . v ) i~ ---+ N strongly in L2 (0, T; L 2 (O)) and n.e. in Q 

I I 

(·urr:.·) ---'- ( ·u_) wcakly in L 2 (0, T; v; (O)) 
N N · 

(56) 

(57) 

(58) 

(59) 

(60) 

Let w (t) be in ego (0, T); multiplying the equation ( 47) by w (t) and integrating 

with respect to t, \Ve have 

.{~ ( (:~ )', Wwj) dt + .{~ J_ia (t; Vm, Wwj) dt + .{~ b (t; Vm, Vm, Wwj) dt+ 

.{~c (t; Vm, 'Wj ) Wdt + .{~ jJd (t; Vm, Wwj) dt + .{~ J_ie (t; Vm, Wwj) dt = .{~ (g, Wwj) dt . 

Taking the limit for each term, by (58) 

1
'1 ' 1'1'1 (O'Vmi O ('IJJ·i)) 1 '.1.' a (t; 11m, ww1 ) dt = ,Btj,Brj ~~ w~ ~ dydt---+ a (t; v, wwJ) dt 

o o n U.IJr U.lfr N o 

by (56), dueto lemma 3.2 TK'viAN [10], pg 285. 

T T 

I I I 1 OVmi (y) Wji (y) 
c (t; 'Um , 'IL'j) wdt =. /3lr (t) O'.rj (t) YJ Dyt N wdydt 

o o n 

( 1 () () 'Wji(Y) 1() () Ot'rni(Y) 2 F t) = /3zr t O:rj t YJ . T E Ho n and Gm t = a E L (O) so 
J.\ Yt 

T T T I c (t; Vrn, 'W_j) wdt =I (F (t)' Gm (t)) dt =I (F (t)' Gm (t)) dt 
o o o 

converges (see pg 248 TEMA.'J [10]). 

'1' '1' 

I, ( . ) ;·;· (, T) , ( ) Wji (y) . d t, Vrn, Wwj dt ---+ . . G i\ Vi y N Wdydt 
o o n 
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dueto (59) 

Ir/ v' 
sincc (v mi (y) - vi (y)) ~2 'Wji (y) \J! dydt ---7 O 

o n 

N' 
duc to (57) with thc following statcmcnt: JV

2 
Wji (y) w E L1 (0, T, L2 (!:1)) sincc 

T T I 11 z~'Wji (y) wll dt ~c I IIJV'IIoo llwji (y)ll dt < 00 from N' E L
1 

(0, T, L
00 

(n)) o 

o o 

Therefore, the theorem holds. The initial condition v (O) = v0 is achieved from 

(55) and (60), that is, vm ~v wcakly in L 2 (0, T, v:) and v~1 ~v wca.kly-* in 

L2 (0, T, v:) hence v E vV1
'
2 (0, T, v:) :::;. u E C (0, T, v~) a.nd Vs c H c v~, 

v E V and w E H, (v, w)v,y~ = (v, w)w 

o 
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