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Destacamos que muitos resultados desta tese foram demonstrados considerando

se as propriedades à direita sobre os anéis. Porém, os mesmos resultados podem ser 

provados considerando-se as mesmas propriedades à esquerda. 
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J(R[x; α]) = J(R) ∩ I +
�

i≥1

(Si ∩ I)xi.



J(R < x; α >) = J(T < x; σ >) ∩R < x; α >

= L < x; σ > ∩R < x; α >

= (L ∩R) < x; α > .

L ∩ R ⊆ J(T ) ∩ R = J(R)

K = L ∩R α α R J(R)

J(R < x; α >) = K < x; α > .

R[x; α] =
�

i≥0

Six
i

Z

R[x; α]

A M R[x; α]

Sixi � M i ≥ 1 B

R[x; α] A(R[x; α]) =
�

M∈A M B(R[x; α]) =
�

M∈B M

A(R[x; α]) = {f ∈ R[x; α]; fSix
i
⊆ J(R[x; α]),∀i ≥ 1}

R[x; α] R[x; α]

J(R[x; α]) = A(R[x; α]) ∩ B(R[x; α]).



B(R[x; α])

R[x; α]

R[x; α]

M ∈ B M = (M ∩R)+
�

i≥1 Sixi M ∩R

R

B(R[x; α]) = J(R) +
�

i≥1

Six
i.

R[x; α]

R

R

M ∈ B f =
�n

i=0 fixi ∈ M Sixi ⊆ M

i ≥ 1 f0 = f −
�n

i=1 fixi ∈ M ∩ R f ∈ (M ∩ R) +
�

i≥1 Sixi

M ⊆ (M ∩R) +
�

i≥1 Sixi

(M ∩R) +
�

i≥1 Sixi ⊆ M M ∈ B

M = (M ∩R) +
�

i≥1

Six
i.

R[x; α]/M � R/(M ∩R) M ∩R

R

M = (M ∩R)+
�

i≥1 Sixi M ∩R

R Sixi ⊆ M i ≥ 1 R[x; α]/M � R/(M ∩ R)

M ∈ B

B(R[x; α]) = J(R)+
�

i≥1 Sixi N

R M = N +
�

i≥1 Sixi ∈ B

M = N +
�

i≥1

Six
i = M ∩R +

�

i≥1

Six
i.



N = M ∩R

B(R[x; α]) =
�

M∈B

M =
�

M∈B

(M ∩R) +
�

i≥1

Six
i = J(R) +

�

i≥1

Six
i.

R[x; α] R[x; α]

R[x; α]

T [x; σ]

R[x; α] T [x; σ]

k T = ke1 ⊕ ke2 ⊕ ke3 e1, e2, e3 ∈ T

σ : T → T

σ(e1) = e2 σ(e2) = e3 σ(e3) = e1 σ|k = idk

R = ke1 α Z R Si = R

αi = idR i ≡ 0(mod3) Sj = 0 αj = 0

R[x; α] =
�

i≥0 ke1x3i

eiσ(ei) = 0 i ∈ {1, 2, 3}

(e1 + e2)σ(e1 + e2)σ
2(e1 + e2) = (e1 + e2)(e2 + e3)(e3 + e1) = 0

e1, e2, e3, e1 + e2 ∈ N(T ) 1T = e1 + e2 + e3 /∈ N(T ) N(T )

T T [x; σ]



α Z R

(T,σ) a ∈ R i ∈ Z

aαi(a1i1−i) = aσi(a1Rσi(1R)σ−i(1R)) = aσi(a)σ2i(1R)1R

= a1Rσi(a)1Rσ2i(1R) = aαi(a1−i)12i.

Nα(R) R[x; α]

R[x; α]

Nα(R) = A(R[x; α]) ∩R = {a ∈ R : a1ix
i
∈ J(R[x; α]),∀i ≥ 1}

α R

a ∈ Nα(R)

i ≥ 1 n ≥ 1 aαi(a1−i)...αni(a1−ni) = 0

u = a1ix
i + J(R[x; α]) ∈ R[x; α]/J(R[x; α]).

un+1 = (a1ix
i)n+1 + J(R[x; α]) = aαi(a1−i)...αni(a1−ni)x

(n+1)i + J(R[x; α]) = 0.

R[x; α]/J(R[x; α]) u = 0

a1ixi ∈ J(R[x; α]) i ≥ 1 a ∈

A(R[x; α]) ∩R



a ∈ A(R[x; α]) ∩ R

a1ixi ∈ J(R[x; α]) i ≥ 1

α α I R

J(R[x; α]) = J(R) ∩ I +
�

i≥1

(Si ∩ I)xi

a1i ∈ I i ≥ 1 a1i α

i ≥ 1 n ≥ 1

a1iαi(a1i1−i)α2i(a1i1−2i)...αni(a1i1−ni) = 0.

a1iαi(a1i1−i)α2i(a1i1−2i)...αni(a1i1−ni) = aαi(a1−i)α2i(a1−2i)...αni(a1−ni)1(n+1)i

aαi(a1−i)α2i(a1−2i)...α(n+1)i(a1−(n+1)i) = 0 a ∈ N i
α(R)

i ≥ 1 a ∈ Nα(R)

A(R[x; α]) R[x; α]

Nα(R) = A(R[x; α]) ∩R α R

R[x; α] J(R[x; α])

J(R[x; α]) = A(R[x; α]) ∩ B(R[x; α]).

I α R I[x; α] =
�

i≥0(I ∩ Si)xi

I[x; α] R[x; α]

Nα(R)[x; α] R[x; α]



R[x; α]

J(R[x; α]) ⊆ Nα(R)[x; α] = A(R[x; α]).

J(R[x; α]) = A(R[x; α]) ∩ B(R[x; α]) ⊆ A(R[x; α]).

Nα(R)[x; α] = A(R[x; α]) f =
�n

i=0 aixi ∈

Nα(R)[x; α] ai ∈ Nα(R) ∩ Si 0 ≤ i ≤ n

ai ∈ A(R[x; α]) ∩ Si 0 ≤ i ≤ n A(R[x; α])

R[x; α] f ∈ A(R[x; α]) Nα(R)[x; α] ⊆ A(R[x; α])

f =
�n

i=0 aixi ∈ A(R[x; α])

f1ixi ∈ J(R[x; α]) i ≥ 1

J(R[x; α]) R[x; α] a0 ∈ A(R[x; α])

a0 ∈ Nα(R)

n�

i=1

aix
i = f − a0 ∈ A(R[x; α]) ∩ B(R[x; α]) = J(R[x; α]).

ai ∈ I α R 1 ≤ i ≤ n

ai ∈ Nα(R) 1 ≤ i ≤ n

f ∈ Nα(R)[x; α]

S {Si|i ∈ I}

i ∈ I ϕi : S → Si

�
i∈I kerϕi = 0

α Z R U ⊆ V

R V α U +
�

i≥1(V ∩ Si)xi



R[x; α] R[x; α]/(U +
�

i≥1(V ∩ Si)xi)

R/U R[x; α]/V [x; α]

U +
�

i≥1(V ∩ Si)xi R[x; α]

V α R α α Z

R/V 1.2.2

ψ : (R/V )[x; α] → R[x; α]/V [x; α]

ψ(
�n

i=0(ri + V )xi) =
�

i=0 rixi + V [x; α]

[U +
�

i≥1

Six
i] ∩ V [x; α] = U +

�

i≥1

(V ∩ Si)x
i

ϕ : R[x; α]/(U +
�

i≥1

(V ∩ Si)x
i) → R/U +

�

i≥1

Six
i

ϕ(
n�

i=0

aix
i + (U +

�

i≥1

(V ∩ Si)x
i)) = (a0 + U) +

n�

i=1

(ai + V )xi,

Si = (Si + V )/V � Si/(V ∩ Si) i ∈ Z ϕ

f =
n�

i=0

aix
i + (U +

�

i≥1

(V ∩ Si)x
i) ∈ kerϕ.

ϕ(f) = (a0 +U)+
�n

i=1(ai +V )xi = 0 a0 ∈ U ai ∈ V ∩Si

1 ≤ i ≤ n f =
�n

i=0 aixi + (U +
�

i≥1(V ∩ Si)xi)) = 0

R[x; α]/(U +
�

i≥1

(V ∩ Si)x
i) � R/U +

�

i≥1

Six
i.



ψ1 : R[x; α]/(U +
�

i≥1

(V ∩ Si)x
i) → R/U

ψ2 : R[x; α]/(U +
�

i≥1

(V ∩ Si)x
i) → (R/V )[x; α].

kerψ1 = (U +
�

i≥1

Six
i)/(U +

�

i≥1

(V ∩ Si)x
i)

kerψ2 = V [x; α]/(U +
�

i≥1

(V ∩ Si)x
i).

kerψ1 ∩ kerψ2 = (U +
�

i≥1

Six
i)/(U +

�

i≥1

(V ∩ Si)xi) ∩ V [x;α]/(U +
�

i≥1

(V ∩ Si)xi)

= (U +
�

i≥1

Six
i) ∩ V [x;α])/(U +

�

i≥1

(V ∩ Si)xi) = 0.

R[x; α]/(U +
�

i≥1(V ∩ Si)xi) R/U

(R/V )[x; α] � R[x; α]/V [x; α]

R[x; α]/(U +
�

i≥1(V ∩ Si)xi) R/U

R[x; α]/V [x; α]

R[x; α] R



Nα(R) α R

J(R[x; α]) = J(R) ∩Nα(R) +
�

i≥1

(Nα(R) ∩ Si)x
i

(R/Nα(R))[x; α] α α

R/Nα(R)

R[x; α]

Nα(R) α R

α α R/Nα(R)

R[x; α]/A(R[x; α]) = R[x; α]/(Nα(R))[x; α] � (R/Nα(R))[x; α].

R[x; α] Z R

(R/Nα(R))[x; α]

J(R[x; α]) = A(R[x; α]) ∩ B(R[x; α]) = J(R) ∩Nα(R) +
�

i≥1

(Nα(R) ∩ Si)x
i.

R[x; α]

J(R[x; α]) = J(R) ∩Nα(R) +
�

i≥1

(Nα(R) ∩ Si)x
i.

U = J(R)∩Nα(R) V = Nα(R) R U ⊆ V V

α R/U

R

R[x; α]/V [x; α] = R[x; α]/(Nα(R)[x; α]) � (R/Nα(R))[x; α]



R[x; α]/J(R[x; α]) = R[x; α]/(U +
�

i≥1

(V ∩ Si)x
i)

R[x; α]

α Z

R (T,σ)

R < x; α >

R < x; α >

A M

R < x; α > 1nxn /∈ M n ∈ Z B

R < x; α > A(R < x; α >) =
�

M∈A M

B(R < x; α >) =
�

M∈B M

R < x; α > Z

A(R < x;α >) = {f ∈ R < x;α >: f1ix
i
∈ J(R < x;α >), para todo 0 �= i ∈ Z}

R < x; α > R < x; α >

J(R < x; α >) = A(R < x; α >) ∩ B(R < x; α >).



B

R < x; α > R < x; α > α

α Z R

(T,σ) R < x; α > B = ∅

I ∈ B

R < x; α > I

R < x; α >

I = I ∩R⊕
�

i�=0

Six
i

I ∩ R R Si i �= 0

1ixi ∈ I i �= 0

1ix
i1−ix

−i = 1i ∈ I ∩R.

R =
n�

i=1

Rei ⊆

n�

i=1

Sji ⊆ I ∩R

I = R < x; α > B = ∅

R < x; α >

R < x; α >

J(R < x; α >) = A(R < x; α >) ∩ B(R < x; α >) = A(R < x; α >).



R < x; α > M

R < x; α > 1jxj /∈ M 0 �= j ∈ Z

1−jx−j /∈ M

M R < x; α >

1−jx−j ∈ M 1−jx−j1jxj = 1−j ∈ M 1jxj = 1jxj1−j ∈ M

R < x; α > R < x; α >

R < x; α >

J(R < x; α >) = Nα(R) < x; α > .

Nα(R) α R

Nα(R) = J(R < x; α >) ∩R.

r ∈ Nα(R) =
�

i≥1 N i
α(R) i ≥ 1 n ≥ 1

rαi(r1−i)...αni(r1−ni) = 0 r1ixi ∈ R < x; α >

r1ixi = r1ix
i + J(R < x; α >) ∈ R < x; α > /J(R < x; α >)

R < x; α > /J(R < x; α >)

r1ixi ∈ J(R < x; α >) i ≥ 1

r1ixi ∈ M M ∈ A



M ∈ A

R < x; α > 1mxm m ≥ 1 r ∈ M

M ∈ A

r ∈ (
�

M∈A

M) ∩R = A(R < x; α >) ∩R = J(R < x; α >) ∩R.

Nα(R) ⊆ J(R < x; α >) ∩R

a ∈ J(R < x; α >)∩R

a ∈ J(R < x; α >) = K < x; α > K α α

R a ∈ K ⊆ Nα(R)

J(R < x; α >) ∩R ⊆ Nα(R)

Nα(R) α

R

Nα(R) < x; α >⊆ J(R < x; α >).

J(R < x; α >) ⊆ Nα(R) < x; α > .

f =
�q

i=p aixi ∈ J(R < x; α >)

J(R < x; α >) R < x; α > aixi ∈ J(R < x; α >)

p ≤ i ≤ q

aix
i1−ix

−i = ai ∈ J(R < x; α >) ∩R = Nα(R)

f ∈ Nα(R) < x; α > .

A(R < x; α >) = J(R < x; α >) = Nα(R) < x; α > .



R < x; α > Nα(R)

α R

J(R < x; α >) = Nα(R) < x; α >

(R/Nα(R)) < x; α > α α

R/Nα(R)

R < x; α >

Nα(R) α R J(R < x; α >) =

Nα(R) < x; α >

R < x; α > /A(R < x; α >) = R < x; α > /J(R < x; α >) � (R/Nα(R)) < x; α >

α α R/Nα(R)

Nα(R) α R

(R/Nα(R)) < x; α >� R < x; α > /Nα(R) < x; α >= R < x; α > /J(R < x; α >)

R < x; α >

α

Z R



S σ : S → S

S[[x; σ]]

S[[x; σ]]

S[[x; σ]]

S[[x; σ]] S[[x; σ]]

S ℵ0 σ

σ(e) = e e ∈ S

α

Z R T σ σ : T → T



R[[x; α]]

6.4 6.5

R

α R[[x; α]]

S S

X ⊆ S rS(X) = {a ∈ S : Xa = 0}

S X

X rS(X) S

lS(X) X

S rS(a) = lS(a) S

a ∈ S

S ϕ : S → S aϕ(a) �= 0

a ∈ S

α Z R

α aαj(a.1−j) �= 0 a ∈ Sj j ∈ Z

A = R[[x; α]] S = R[x; α]



A

S

α α

(1) ⇒ (2) A S ⊆ A

(2) ⇒ (3) S R ⊆ S

a ∈ Sn aαn(a.1−n) = 0 n ≥ 0 (axn)2 = 0

axn = 0 a = 0

αn(a.1−n)a �= 0 a ∈ Sn

n ≥ 0 aαn(a.1−n) �= 0 a ∈ Sn n ∈ Z

α α

(3) ⇒ (1) α α

aαn(a1−n) �= 0 a ∈ Sn n ∈ Z R

f =
�

n≥0 fnxn ∈ A fn ∈ Sn n ≥ 0

f 2 =
�

n≥0

(
�

i+j=n

fiαi(fj1−i))x
n = 0.

f 2
0 = 0 R f0 = 0

fj = 0 j < m

2m f 2

�

i+j=2m

fiαi(fj1−i) = f0f2m + ... + fmαm(fm1−m) + ... + f2mα2m(f01−2m)

= fmαm(fm1−m) = 0

fm = 0 fn = 0 n ≥ 0

f = 0



S a ∈ S r ∈ S

a = a2r

α Z R R

α a ∈ R j �= 0 bj ∈ R

αj(a1−j) = αj(a1−j)2bj

R

α

R α Sk

k �= 0

R α a ∈ Sk

k �= 0 j �= 0 bj ∈ R αj(a1−j) =

αj(a1−j)2bj j = −k α−k(a) = α−k(a)2b−k

a = αk(α−k(a)) = αk(α−k(a)2b−k) = a2αk(b−k1−k)

Sk k �= 0

Sk

k �= 0 a ∈ R a1−k ∈ S−k

b ∈ S−k a1−k = (a1−k)2b

αk(a1−k) = αk((a1−k)
2b) = αk(a1−k)

2αk(b).

R α

S

S S

a, b ∈ S ab = 0 aSb = 0



S S

S

rS(e) rS(1−e) S

e ∈ S r(1− e) ∈ rS(e) re ∈ rS(1− e) er(1− e) = (1− e)re = 0

er = ere = re S

S a, b ∈ S ab = 0 (ba)2 = 0

ba = 0

(asb)2 = asb.asb = as(ba)sb = 0,

s ∈ S S aSb = 0 S

α

α Z R

j ≥ 1 a ∈ R bj ∈ R αj(a1−j) =

αj(a1−j)abj R α

j ≥ 1 a ∈ S−j

bj ∈ R αj(a)[1R−abj] = 0 m = 1R−abj ∈

rR(αj(a)) R rR(αj(a))

R αj(m1−j)am ∈ rR(αj(a))

0 = αj(a)αj(m1−j)am = αj(am)am.



gj ∈ R αj(am) = αj(am)amgj = 0

0 = am = a(1R − abj) = a− a2bj.

a = a.1−j = a2(bj1−j) S−j

j ≥ 1 Sj � S−j Sj j �= 0

R α

S = R[x; α] S(n) = S/(
�

i≥n Sixi)

I(n) = (
�

i≥1

Six
i)/(

�

i≥n

Six
i)

n ≥ 1

I(n) S(n) R � S(n)/I(n) n ≥ 1

R S(n)/J(S(n))

R S(n)

S(n)

�
i≥1 Sixi S I(n) S(n)

n I(n)

S(n)/I(n) = (S/(
�

i≥n

Six
i))/((

�

i≥1

Six
i)/(

�

i≥n

Six
i)) � S/(

�

i≥1

Six
i) � R

n ≥ 1



I(n) S(n) R �

S(n)/I(n) I(n) ⊆ J(S(n))

γ : R → S(n)/J(S(n)) S(n)/J(S(n))

R

R S(n)/J(S(n))

S(n)

S(n)

S =
�

i∈I Bi Bi 1i

S J

Bi J i ∈ I

S Bi

i ∈ I

Bi

S =
�

i∈I Bi Bi 1i S

Bi

i ∈ I

Bi i ∈ I

s ∈ S i1, ..., ij ∈ I s = si1 + .... + sij sin ∈ Bin

1 ≤ n ≤ j ain ∈ Bin sin = s2
inain

1 ≤ n ≤ j

s2(ai1 + ai2 + ... + aij) = (s2
i1 + s2

i2 + ... + s2
ij)(ai1 + ai2 + ... + aij)

= s2
i1ai1 + s2

i2ai2 + ... + s2
ijaij

= si1 + .... + sij = s



S S

r ∈ Bi ⊆ S i ∈ I

s ∈ S r = r2s r = r1i = r2(s1i) Si

i ∈ I

1.2.3 1.2.4

α Z R

(T,σ)

R J Sj J

j �= 0

R Sj

j �= 0

R Sj

j �= 0

α Z

R j ≥ 1 a ∈ R bj ∈ R

αj(a1−j) = αj(a1−j)abj

J(R) = 0

R R

R α R[x; α]



J(Sj) = J(R) ∩ Sj

j �= 0

a ∈ J(S−j) = J(R) ∩ S−j j ≥ 1 bj ∈ R

αj(a)(1R − abj) = 0 a ∈ J(R) 1R − abj ∈ U(R)

R αj(a) = 0 a = 0

J(S−j) = 0 j ≥ 1 Sj � S−j J(Sj) = 0 j �= 0

R J

R R

α Sj

j �= 0 R

e ∈ R e

R[x; α] R

e, 1R − e ∈ R R

j ≥ 1 uj, vj ∈ R

αj(e1−j) = αj(e1−j)euj

αj((1R − e)1−j) = αj((1R − e)1−j)(1R − e)vj.

αj(e1−j) + αj((1R − e)1−j) = 1j

j ≥ 1

e1j = e1jαj(e1−j)euj + e1jαj((1R − e)1−j)(1R − e)vj = αj(e1−j).

R α a ∈ Si



i ≥ 0

axie = aαi(e1−i)x
i = ae1ix

i = eaxi.

ψ : A → B A

B

α Z R A = R[[x; α]]

A R α

A A

A

e ∈ R A

e1jx
j = 1jx

je = αj(e.1−j)x
j

j ≥ 1 αj(e.1−j) = e.1j j ∈ Z

R α

R[x; α]

R

R α S = R[x; α]

A = R[[x; α]]



A S A

n ≥ 1 S/(
�

i≥n Sixi)

a ∈ Sj aαj(a1−j) = 0 j ∈ Z R

a = ue u ∈ U(R)

e ∈ R 1.6.3

0 = aαj(a1−j) = ueαj(ue1−j) = ueαj(u1−j)αj(e1−j) = ueαj(u1−j).

u ∈ U(R) e1j = 0 a = a1j = ue1j = 0 α

α A

S ⊆ A A

S D = fS + gS

S f, g ∈ S n = min(δ(f), δ(g))

δ(h) h ∈ S

n n = δ(f) ≤ δ(g)

f =
�n

i=0 fixi ∈ S fi ∈ Si 0 ≤ i ≤ n

R fn = anen an ∈ U(R)

en ∈ R

n = 0 f = f0 = a0e0

h = e0 + g(1R − e0).

hf = he0a0 = f

R α

h(1R − e0 + ge0) = g.



D = fS + gS = hS S

uS+vS

S u, v ∈ S n > min(δ(u), δ(v))

D S

D(1R− en) Den S

D = D(1R − en) + Den h1, h2 ∈ S D(1R − en) = h1S

Den = h2S S = S(1R − en)⊕ Sen

(h1 + h2)S = (h1 + h2)(S(1R − en)⊕ Sen)

= h1S(1R − en) + h1Sen + h2S(1R − en) + h2Sen

= h1S(1R − en) + h2Sen

= D(1R − en) + Den = D.

D(1R − en) S

R α

D(1R − en) = (fS + gS)(1R − en) = fS(1R − en) + gS(1R − en)

= f(1R − en)S + g(1R − en)S.

n f(1R − en)

fnαn((1R − en)1−n) = fn(1R − en)1n = fn(1R − en) = anen(1R − en) = 0

δ(f(1R − en)) < n

min(δ(f(1R − en)), δ(g(1R − en))) < n



D(1R− en)

S

Den S

δ(g) = δ(f) = n

δ(g) = p > n

l = fenα−n(a−1
n gp1n)xp−n

− gen

D = Sf + Sg = Sf + Sl p

l ∈ S

fnena
−1
n gp1n − gpen = 0

δ(l) < p

n

δ(g) = n

q = fenα−n(a−1
n gn) − gen

n q ∈ S

qn = fnαn(en1−n)a−1
n gn − gnen

= fnena
−1
n gn − gnen

= anena
−1
n gn − gnen = 0.

δ(q) < n

Den = (fS + gS)en = fenS + genS = fenS + qS

min(δ(fen), δ(q)) < n Den



S

D S S

S

S A

ψ : S → S/(
�

i≥n Sixi)

n ≥ 1 S

S/(
�

i≥n Sixi)

S R

S/(
�

i≥n Sixi)

A = R[[x; α]] f ∈ A O(f)

x f j ≥ 1

Mj = {f ∈ A;O(f) ≥ j + 1}.

A = R[[x; α]] S = R[x; α] A(n) = A/Mn−1 I(n) =

M0/Mn−1 n ≥ 1

f, g ∈ A
�

i≥0(f1jxjg)i

1R − f1jxjg ∈ A j ≥ 1

M0 ⊆ J(A)

A/Mn−1 � S/
�

i≥n Sixi n ≥ 1

I(n) A(n) R � A(n)/I(n) n ≥ 1

R A/J(A) A(n)/J(A(n))



R A A(n)

A A(n)

f, g ∈ A

�

i≥0

(f1jx
jg)i)(1R − f1jx

jg) = (f1jx
jg)0 = 1R

(1R − f1jx
jg)

�

i≥0

(f1jx
jg)i) = 1R.

�
i≥0(f1jxjg)i 1R−f1jxjg ∈ A j ≥ 1

1R − f1jxjg ∈ U(A) A

f, g ∈ A j ≥ 1 1jxj ∈

J(A) j ≥ 1 M0 ⊆ J(A)

n ≥ 1 ψ : S/
�

i≥n Sixi → A/Mn−1

ψ(
m�

i=0

fix
i +

�

i≥n

Six
i) =

�

i≥0

fix
i + Mn−1

m < n fi = 0 i ≥ n ψ

f =
�m

i=0 fixi +
�

i≥n Sixi ∈ ker(ψ)
�

i≥0 fixi ∈ Mn−1

�
i≥0 fixi =

�
i≥n fixi = 0

f = 0 ψ

I(n) A(n)

A(n)/I(n) = (A/Mn−1)/(M0/Mn−1) � A/M0 � R

n ≥ 1



I(n) A(n) R � A(n)/I(n)

I(n) ⊆ J(A(n))

γn : R → A(n)/J(A(n)) n ≥ 1

A(n)/J(A(n)) R

M0 ⊆ J(A) A/M0 � R

γ : R → A/J(A)

A/J(A) R

A/J(A) A(n)/J(A(n))

A A(n)

A A(n)

M R M M/N

N M

N M End(N/J(N))

α Z

R A = R[[x; α]] πj : A → A/Mj πj(A)

j ≥ 1

a ∈ R j ≥ 1 bj ∈ R αj(a1−j) =

αj(a1−j)abj

R πj(A)

j ≥ 1 e ∈ R α

A



a ∈ R j ≥ 1 πj(A)

f = πj(f) = f + Mj

g = πj(g) = g + Mj

h = πj(h) = h + Mj

s = πj(s) = s + Mj

πj(A) f, g, h, s ∈ A

1R + Mj = f + g + Mj

af + Mj = 1jx
jh + Mj

1jx
jg + Mj = as + Mj

l1, l2, l3 ∈ Mj

1R = f + g + l1

af = 1jx
jh + l2

1jx
jg = as + l3

αj(a1−j)x
j = 1jx

ja1R

= 1jx
ja(f + g + l1)

= 1jx
j(af) + 1jx

j(ag) + 1jx
jal1

= 1jx
j(1jx

jh + l2) + αj(a1−j)1jx
jg + 1jx

jal1

= 1j12jx
2jh + 1jx

jl2 + αj(a1−j)[as + l3] + 1jx
jal1.



j αj(a1−j) =

αj(a1−j)asj sj j s ∈ A

bj = sj ∈ R

R J

R � A/M0 � (A/Mj)/(M0/Mj) = πj(A)/πj(M0)

ψ : πj(A) → R

R

πj(A)

R � End(R) = End(R/J(R))

R

R α

A S/(
�

i≥j Sixi)

j ≥ 1

πj(A) = A/Mj � S/
�

i≥j+1 Sixi

j ≥ 1

α Z

R S = R[x; α] S/(
�

i≥j+1 Sixi)

j ≥ 1 R

a ∈ R j ≥ 1 bj ∈ R αj(a1−j) =

αj(a1−j)abj R



R α S S/(
�

i≥j+1 Sixi)

j ≥ 1

R

πj : S → S/(
�

i≥j+1 Sixi) j ≥ 1

πj(
�

i≥1

Six
i) = (

�

i≥1

Six
i)/(

�

i≥j+1

Six
i)

πj(S) πj(
�

i≥1 Sixi) ⊆ J(πj(S))

πj(S)/πj(
�

i≥1

Six
i) = (S/(

�

i≥j+1

Six
i))/((

�

i≥1

Six
i)/(

�

i≥j+1

Six
i)) � S/(

�

i≥1

Six
i) � R.

γ : R → πj(S)/J(πj(S)).

πj(S)/J(πj(S))

R πj(S)

πj(S)

πj(S)

R

R a ∈ R 1jxj ∈ S

πj(S)

aS + 1jxjS πj(S) j ≥ 1



f, g, m, u ∈ S l1, l2 ∈
�

i≥j+1 Sixi

(ag + 1jx
jm)f = a + l1

(ag + 1jx
jm)u = 1jx

j + l2.

ag0f0 = a

j ag0u0 = 0

agjαj(u01−j) + agj−1αj−1(u111−j) + ... + ag0uj + αj(m0u01−j) = 1j,

rR(ag0) R f0m0u0 ∈ rR(ag0)

a = ag0f0

am0u0 = ag0f0m0u0 = 0,

αj(am0u01−j) = 0 b = gjαj(u01−j) + gj−1αj−1(u111−j) + ... + g0uj.

ab + αj(m0u01−j) = 1j

αj(a1−j) = αj(a1−j)[ab + αj(m0u01−j)]

= αj(a1−j)ab + αj(am0u01−j) = αj(a1−j)ab.

R R

R M R 4.87

M ℵ0



L(aij, mi, M)

{

t(i)�

j=0

xjaij = mi}
∞
i=0

aij ∈ R mi ∈ M {xj}
∞
j=0

M

L(aij, mi, M) M

R ℵ0

R R ℵ0

ℵ0 R

ℵ0 R ℵ0 ℵ0

R R E E

R u : M1 → M2

f : E ⊗M1 → E ⊗M2

f(a⊗ b) = (idE ⊗ u)(a⊗ b) = a⊗ u(b)

R ℵ0

R α A = R[[x; α]]

A

A

u, v ∈ A f, g, h, k ∈ A 1R = f + g fu = hv

gv = ku A



Q RR

fi, gi, hi, ki ∈ R i ≥ 0

R {ui, vi ∈ R}

N Q n ≥ 1 N

fi, gi, hi, ki ∈ R i ≥ n

A/Mn−1 � S/
�

i≥n Sixi A/Mn−1

n ≥ 1

N A/Mn−1 N R

Q R

R ℵ0 R

ℵ0 Q

R A

A

A R A

A

A

α

A = R[[x; α]] R

R =
�n

j=1 Dj Dj = Rej

1 ≤ j ≤ n Dj

1 ≤ j ≤ n a ∈ Dj

a1jxj = 1jxjα−j(a) f, g, t ∈ A



af = 1jx
jg

(1R − f)1jx
j = tα−j(a).

af0 = 0

j (1R − f0)1j = tja

a = a− af0 = a(1R − f0) = a(1R − f0)1j = atja

Dj 1 ≤ j ≤ n

ℵ0 ℵ0

L =
�

i∈I Ri

ℵ0 L ℵ0

L

{en}n≥0

L {an}n≥0 L

n ≥ 0 en

eni ∈ Ri n ≥ 0 an

ani ∈ Ri Ri ℵ0

bi ∈ Ri

n ≥ 0

bieni = anieni .

b ∈ L bi ∈ Ri ben = anen

n ≥ 0 L ℵ0



α Z

R A = R[[x; α]]

A

A R

A R

A A

R ℵ0 R

α

πn : A → A/Mn

n ≥ 1

(1) ⇒ (3) πn(A)

A R

(2) ⇒ (3) πn(A)

A

πn(A) = A/Mn � S/
�

i≥n+1

Six
i



S/
�

i≥n+1 Sixi n ≥ 1

R

R

(5) ⇒ (4)

(4) ⇒ (3) A

πn(A)

A R

(3) ⇒ (1) R A

A

(3) ⇒ (2) R R

R

A A

(3) ⇒ (5) R

A πn(A)

n ≥ 1

R α A

A

A

Sn ℵ0 n �= 0

{ci}i≥0 Sn {ei}i≥0

Sn

{ai}i≥0 S−n ai = α−n(ci)



i ≥ 0

u = eix
n

v = cix
neix

n = cieix
2n

w = eix
ncix

n = eiαn(ci1−n)x2n.

wu = eiαn(ci1−n)x3n = uv

f, g, h ∈ A

(1R − f)v = gu

uf = wh.

geix
n = (1R − f)cieix

2n = cieix
2n
− fcieix

2n.

2n

gnei = ciei − eif0ci,

f0 ∈ R f ∈ A gn ∈ Sn

n g ∈ A

eix
nf = eiαn(ci1−n)x2nh.



n

eiαn(f01−n) = 0.

ei ∈ R α eif01−n = 0

(eif0x
n)2 = eif0αn(eif01−n)x2n = 0.

A eif0 = 0

gnei = ciei − eif0ci = ciei

i ≥ 0 Sn ℵ0

n �= 0 α

R ℵ0

α Z

R R α

A = R[[x; α]]

A

A

R ℵ0

(1) ⇒ (2)

(2) ⇒ (3) R

R R

((3) ⇒ (5)) R ℵ0



(3) ⇒ (1) R ℵ0

A

α Z

R (T,σ) σ : T → T

R[[x; α]]

A = R[[x; α]] R

R α

a ∈ R A

ba ∈ Aa ⊆ aA b ∈ R f =
�

n≥0 fnxn ∈ A

ba = af ba = af0 ∈ aR Ra ⊆ aR R

e ∈ R

e ∈ R A

e.1jx
j = 1jx

j.e = αj(e.1−j)x
j

j ≥ 1 αj(e.1−j) = e.1j j ≥ 1

αj(e.1−j) = e1j j ∈ Z

l ∈ Z σl(R)[[x; σ]] T [[x; σ]]
�∞

i=0 σl(ai)xi ai ∈ R i ≥ 0



l ∈ σ−i(R)[[x; σ]] ⊆ T [[x; σ]]

σ−i(R) σ−i(R)

t ∈ σ−i(R)[[x; σ]] lt = σ−i(1R)

R ℵ0

R α

A = R[[x; α]]

R

f =
�

n≥0 fnxn ∈ A fn ∈ Sn

n ≥ 0 fA A

R fn = dnun dn ∈ R

un ∈ U(R) n ≥ 0 1.6.3

dn ∈ Sn n ≥ 0

en = dn(1R − dn−1)...(1R − d0) ∈ Sn

n ≥ 0 g =
�

n≥0 enxn ∈ A

i > j

eiej = di(1R − di−1)...(1R − dj)...(1R − d0).dj(1R − dj−1)...(1R − d0) = 0

g ∈ A

R

{α−m(fm+n1m)}m,n≥0 R

R ℵ0



{bn}n≥0 R

bnem = α−m(fm+n1m)em

m, n ≥ 0 R α

m, n ≥ 0

emαm(bn1−m) = emfm+n.

fA ⊆ gA h =
�

n≥0 bn1nxn ∈ A

gh =
�

n≥0 cnxn cn =
�

i+j=n eiαi(bj1j1−i) fn = dnun =

d2
nun = dnfn

cn =
�

i+j=n

eiαi(bj1j1−i) =
�

i+j=n

eiαi(bj1−i)1n

=
�

i+j=n

eifi+j1n = (
n�

i=0

ei)fn

= [(
n�

i=0

ei)dn]fn ∈ Sn.

n−1�

i=0

ei +
n−1�

i=0

(1R − di) = e0 + e1 + ... + en−1 + (1R − d0)...(1R − dn−1)

= e0 + e1 + ... + en−1 + (1R − d0)...(1R − dn−2)1R − (1R − d0)...(1R − dn−2)dn−1

= e0 + e1 + ... + en−2 + (1R − d0)...(1R − dn−2)

n−1�

i=0

ei +
n−1�

i=0

(1R − di) = 1R.



(
n�

i=0

ei)dn = (e0 + e1 + ... + en−1)dn + endn =
n−1�

i=0

eidn + en

=
n−1�

i=0

eidn +
n−1�

i=0

(1R − di)dn

= [
n−1�

i=0

ei +
n−1�

i=0

(1R − di)]dn = 1Rdn = dn

cn = [(
n�

i=0

ei)dn]fn = dnfn = fn

n ≥ 0 gh = f fA ⊆ gA

gA ⊆ fA R

α 1n = αn(1−n) = 1n1−n

1−n = α−n(1n) = α−n(1n1−n) = 1n1−n

1n = 1−n n ≥ 0

p =
�

n≥0 pnxn ∈ A pn ∈ Sn

n ≥ 0 g = fp g = fp

en =
�

i+j=n fiαi(pj1−i) n ≥ 0

en = α−n(en) = α−n(
�

i+j=n

fiαi(pj1−i))

=
�

i+j=n

α−n(fi1n)αi−n(pj1n−i)1−n

=
�

i+j=n

α−n(fi1n)α−j(pj).

p ∈ A g = fp



en =
�

i+j=n

α−n(fi1n)xj

R n ≥ 0

R ℵ0

R ℵ0

R R

m ≥ 0 y0, ..., ym ∈ R

en =
�

i+j=n

α−n(fi1n)yj

0 ≤ n ≤ m

fei =
�

n≥0

fnx
nei =

�

n≥0

fnαn(ei1−n)xn

=
�

n≥0

fnei1nx
n =

�

n≥0

fneix
n.

n < i

fnei = undnei = (undn)di(1R − di−1)...(1− dn)...(1R − d0) = 0

fei =
�

n≥i fneixn

h1 = α−i(ui1i) +
�

j≥1 α−i(fi+j1i)xj ∈ A

eix
i.h1 = eiuix

i +
�

j≥1

eifi+jx
i+j = eifix

i +
�

j≥1

eifi+jx
i+j =

�

n≥i

fneix
n.



ei ∈ Si α

fei =
�

n≥i

fneix
n = eix

i.h1

= xiei[α−i(ui1i) +
�

j≥1

α−i(fi+j1i)x
j]

= eix
i[σ−i(ui) +

�

j≥1

σ−i(fi+j)x
j]

= eix
ih2

h2 = σ−i(ui) +
�

j≥1 σ−i(fi+j)xj ∈ σ−i(R)[[x; σ]]

σ−i(R)

t ∈ σ−i(R)[[x; σ]] h2t = σ−i(1R)

eix
i = eix

iσ−i(1R) = eix
i(h2t) = (eix

ih2)t = (fei)t.

qm =
�m

i=0 eit m ≥ 0

e0 + e1x + .... + emxm =
m�

i=0

eix
i =

m�

i=0

feit

= f
m�

i=0

eit = fqm.

qm =
�

n≥0 anxn ∈ A yj1−j = α−j(aj) j ≥ 0

fqm =
�

n≥0

fnx
n.

�

n≥0

anx
n

=
�

n≥0

(
�

i+j=n

fiαi(aj1−i))x
n

=
�

n≥0

(
�

i+j=n

fiαi(αj(yj1−j)1−i))x
n

=
�

n≥0

(
�

i+j=n

fiαn(yj1−n))xn.



m�

i=0

eix
i =

�

n≥0

(
�

i+j=n

fiαn(yj1−n))xn

en =
�

i+j=n fiαn(yj.1−n) 0 ≤ n ≤ m

en = α−n(en) =
�

i+j=n

α−n(fi1n)yj

0 ≤ n ≤ m

R R

p ∈ A g = fp gA ⊆ fA

fA = gA

R

R[[x; α]]

R ℵ0

R α A = R[[x; α]]

fA A

f =
�

n≥0 fnxn ∈ A Af ⊆ fA g =
�

n≥0 gnxn ∈ A

f R

{α−n(gi1n)}i,n≥0 R

{ti}i≥0 R enti = enα−n(gi1n)

i, n ≥ 0 R α



enαn(ti1−n) = engi

i, n ≥ 0

h =
�

n≥0 tn.1nxn ∈ A

gf = (
�

n≥0

gnx
n)(

�

n≥0

enx
n)

=
�

n≥0

(
�

i+j=n

giej)x
n

= (
�

n≥0

(
�

i+j=n

giej)x
n)1R

=
�

n≥0

(
�

i+j=n

giej)1nx
n

fh = (
�

n≥0

enx
n)(

�

n≥0

tn1nx
n)

=
�

n≥0

(
�

i+j=n

eiαi((tj1j)1−i))x
n

=
�

n≥0

(
�

i+j=n

eiαi(tj1−i))1nx
n

=
�

n≥0

(
�

i+j=n

eigj)1nx
n.

gf = fh Af ⊆ fA

α Z

R A = R[[x; α]]

A



A

A

A

A

A

A

A R

R α

A A

A R

R α

R ℵ0 R

α

A R

A R

A R

A R

A R

R ℵ0

R α



(7) (11)

(8) (10) (11)

(5) ⇒ (7) (7) ⇒ (11) A

(7) ⇒ (5)

(7) ⇒ (6) (7) ⇒ (11) R

R α a ∈ Sj

aαj(a1−j) = 0 j ∈ Z Sj j ∈ Z

a = ue u ∈ U(Sj) e = e2 ∈ Sj

0 = aαj(a1−j) = ueαj(ue1−j) = ueαj(u1−j)

u ∈ U(Sj) e = e1j = 0 a = 0 α

α A

(6) ⇒ (7)

(7) ⇒ (11) A

A (7) ⇒ (1)

(1) ⇒ (3)

(3) ⇒ (7)

(7) ⇒ (1) (7) ⇒ (6) (7) ⇒ (2)

(2) ⇒ (4)

A R ⊆ A

(4) ⇒ (7)

(9) (10)

(9) ⇒ (10)

(10) (10) ⇔ (11) A



(9)

(1) (11)

(12) ⇒ (14)

(14) ⇒ (16)

(16) ⇒ (12)

(7) (15) (16)

(13) ⇒ (15)

(16) ⇒

(13) (13) (15)

(17) (11)

(17) R ℵ0

R (11)

(11) R

ℵ0 R

R (17)
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• R R

R

• R M ℵ0

L(aij, mi, M)

{

t(i)�

j=0

xjaij = mi}
∞
i=0

aij ∈ R mi ∈ M

{xj}
∞
j=0 M

L(aij, mi, M) M

• R M ℵ0

B R

BR → M

RR → M

• R M R M

M

• α Z R R

α a ∈ R j �= 0 bj ∈ R

αj(a1−j) = αj(a1−j)2bj

• I R I α αg(I ∩Sg−1) =

I ∩ Sg g ∈ G

• P R R/P



• R R M M

(N + P ) ∩ Q = (N ∩ Q) + (P ∩ Q)

R N, P Q M

• R R

R

R

• R a ∈ a2R a ∈ R

R a ∈ R r ∈ R

a = a2r

• L Z L =
�

n∈Z Ln

Ln LnLm ⊆ Ln+m m, n ∈ Z

LnLm = Ln+m m, n ∈ Z L

Z

• I L I =
�

n∈Z(I ∩ Ln)

• α Z R α

aαj(a.1−j) �= 0 a ∈ Sj j ∈ Z

• R E

R u : M1 → M2 f : E⊗M1 →

E ⊗M2

f(a⊗ b) = (idE ⊗ u)(a⊗ b) = a⊗ u(b)

• S {Si|i ∈ I} ε : S →
�

i∈I Si

ε S Si



i ∈ I S → Si ε

• R

R

R R

• S S

• S

S

• R a ∈ R r ∈ R

a = ara


