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Abstract 

\Ve fincl conditlons, restricting the size of the fractions, and present 
algorithms to obtaln a rational number from a set of resiclues modulo 
relatively prime integers. \Ve also discuss the na.t.ure anel the num her of 
solutions for the rat.iona.l represe11tat.ion, introducing condit.ions for the 
cxü;tcncc and for Lhe uniqucnc:::;:::;. 

Resumo 

Itcstrlnglndo o tamanho das fra<;ôcs, concliçôcs são estabelecidas c al­
goritmos são apresentados para q uc um n úmcro racional seja obtido a. 
partir de um conjunto de resíduos módulo inteiros que sào primos entre 
si. Ta.m bP m sào d iscutidns a. na.tu re7.a e o n tÍ mero de soluçôes para, a 
reprel'enl.ar:<io racion ai, estabelecendo cond ir:óel' para a exisLênci a e 11 ni­

cidade. 

1. Introd uction 

ln Symbolic and Algebraic Computation, a wide range of problems have been 

solved very effi.ciently via, a modulaT approach. Many problems over the integers 

are mapJHcd on1o a prime field a.nd once !lu-: ima.ge oi' Ute soluLion is known, 

i1 is recovered Lo a 1rue solu1ion for tlw original problent, by meam of Lhe 

chinese remainder or HenselJ;.-adic lif1ing algoritlnrt. Represent.a1ive examples 

of this approach include polynomial factorization algorithms (see, for example, 

[3]), pol:ynomial GCD computations (scc, for instancc, [3]) and Grobncr basis 

computation algorithms [R]. 

Smne of" Lltese problems would be more dficienLly solved over t.l1e ra1ionals, 

and other prohlems arise more na.tmally in this field. Ca.n we de~ign an effir:ient 
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modular method for the rationals'? Given a rational number r = ujv and a 

positive integer a relati vely prime to v, i t is eas:y to find an integer -a /2 :=::; 

Ã: ~ a/2 , sttcll tha.t T::::::: k (mod a). Tf we wa.nt to develop modttlar approa.ches 

for the rational field, we need to go in the other direction, that is, given a 

residm~ k: ( mod a), cem we compute a ral.ional mnnber r = ujv snclt Uta1. r· :::;: 

k ( mod a) ? 

ht 1981, P. \i\hutg [9] ÍTtl.roduced a11 a]gori1.lnn for r!-:consLrudiTtg a ra.t.ional 

number from a modular image. Civen integers a, b > O, \Vang's algorithm finds, 

if it cxists, a pair of intcgcrs 0', (3, satisfying 

n:::;: /Jb (1nod a) ( 1 ) 

and 

/1 #o. (2) 

The algorithm is a modification of the extended Euclidean algorithm (for 

the greatest commom divisor ). Wang also observed, in his original paper, that 

ir slH:h a ra.LioTtal represenLüion Pxi s Ls a.Ttd il, additionally, gcd(n,/1) = 1, Lhen 

!.h e represen L<ÜÍmt is nlli qu!-:. 

Snch a represenl.atimt, howe ver, ma_y noL exi st. As an !-:xample , modulo 1,), 

we have representations 0=0/1 , 1= 1/ L 2=2/1 , 7=-1/2. It's worth noticing that 

3, 4, 5 and 6 are not r ational images (modulo 15) of fractions with numerator 

and denominator between -2 and 2. 

If the bound ~ is relaxed, then more rational numbers can be repre­

sented. For instan ce, if we allow rational fractions vvith denominator bigger 

1ha.Tt 2 (lm! smaller tha.n 5) 1lten , ntorhdo 15, we lta.ve :3=:3/1, 6=-:3/2. Uniqne­

ness, how!-:ver, may no!. be a.ss1ned. T'or ins1ance , ·1 = ·1/ 1 = l / 11 (mod 15) . 

\Ve sLudy a more gtmeral siLnaLion in this paper, Gx ing a n arhitrary hmmd c 

for the denominator ;3 and , as a consequence, adjusting the size of the numerator 

a in such a way iha.L ihc produd u ) is a.s la.rgc a.s Lhe modulo a. Thc problcrn is 

also generalized for a rational reconstruction that simultaneously satisfy severa! 

modular rela1.ion s . 
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ln section 2, we discuss the existence of the rational representation in this 

new set of conditions. \Ve discuss the nature of the solutions and make a 

conjecturP ahout tlw lliJmlwr of sol11tiom; that arP relatively prime. 

ln section ;~, vve restrict the problem so that \Ve obtain unique representation 

of' a Tnodular nmnber a.-; a ra1.ional nmnber. \Ve poin1. ouL, hmvever: Lha1. we 

ma.y not assurc cxisicncc of solulions. 

A lgori U1ms l'or recovering 1.he ratim1 a 1 nmn bers are inLroduu~d in sedion 4. 

\Vc discuss vVa.ng 's a.lgorithm, modifying it to obtain thc ra.tional rcprcscnta.tion 

in this new sit uation. \i\7e finally point out several ap plications ap pearing in the 

literature that make use of rational reconstruction. 

2. The Existence 

The material of tlüs section is inspired by the statement of lemma ;~ given in 

[4]. We rectify here some mistakes that appear in the result, and generalize its 

content: a.dding an extra parameter. 

Let a;, b; he positive integer::; for 1 :S: i -<::: n: where a; and Oj are relatively 

prinw l'or i =J. j. Lei. A = TIZ=l a,. Give11 posi1.ive ÍTdegers c and m, wiLh 

1 -<::: m-<::: c, consider Lhe f'ollowing 

Problem 1: Find intcgcrs a, ~1, such tha.t 

IAml O-<::: lol:::; ~ : 
~C 

!3b, = O' ( mod a;) for 1 :::; i :::; n. 

The f'ollowing res11H hol d s. 

Theorem 1. TJ m. 2': 2; thr:r1. tlu:.re e.ústs a pai r ( n: /J') solving pmblem. 1. 

(:3) 

( ·1) 

(.5) 

Proof. FirsL wc prove t.hcorcm 1 for n = l. Lei a= a.1, b = b1 . vVilhout. loss of 

generality we assume m = 2. Consider all pairs (i', 5) where -r ;c l < --;1 -<::: r fc l, 
1 :::; J :::; c. Thcrc are 2[ f:c l c 2': 2 ;c c = a such pairs. Lct us assume thcrc is 
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no pair (i, J) such that a I (I - Jb). Then by the pigeon hole principie there are 

tvvo different pairs (-y1, o 1) and (!2 , 62 ) such that 1 1 - o1 b ::::: /'2 - 62 6 ( mod a), 

51 > ()2 , i.e 

\Vhat rcmains to bc shown is that O 'S 1~11 - izl ::::; r~ l· 
\Vithout loss of gcncrality wc assume ,, > O, /'2 < O. \Vc know ,, ::::; r 

2
ac l < 

2'-l,c + 1. Furthermore, 1!'21 'S r t, l - 1 < ~. Both ,, and /'2 are integers, so 

''"/1 - --~21 -s htl + 1'"12l -s r~ 1. 
For n > l, wc can compute a nonncgali vc intcgcr B < /1 such Lhal B = bi 

( mod a.;) f'or 1 'S i ::::; n; nsing Lhe Cl1 inese Rem a in der A lgori Unr1. LeL ( o:J:I) 

bc a solution to o = í3B (mod A). Thcn a; I (o - /36,) for 1 ::::; i ::::; n. So, 

theorem 1 is proved. 

D 

Note: A specia.l case of t.his reomh appea.rs m Sorensen [7] (lemma. 2.2) for 

n = 1, m = 2 and c= y'a.. 

\Ve observe that the existence of solutions for problem 1 is not granted for 

rn = 1. As a counter example, take a = 27, b = 4 and c = S. There are no 

sohd.im1s O < ,rJ::::; c, lo: I 'S :) Lo tl1e congrnence 4,rJ::::: o: ( mod a). 

Tn some appl ica.t.icm s, obl.a.i n in g a.n.v sol11 Li em Lo prob lem I is enough Lo ben­

dit from thc ralional rcconslrucLion tcdmiquc. Ncw inlcgcr GCD aJgoriLhms, 

for cxamplc, use thc following rcduction to improvc cfficicncy. Givcn intcgcrs 

u >v, rclativclyprimcto a, find intcgcrs a, ;3 satisfying an+ ,!3v =O (moda), 

with lal, 1,31 < ·va and replace u by u' = lnu + ,3vl/a, whose size is smaller 

than u (actually the size of u is reduced by roughly log2 (a)/2 bits). _\Jotice 

now that gcd(u,v) can be recovered frorn gcd(u',v) (::;ee [7, 11]). 'rheopera.tion 

o:u + ,Ov ~ O (1nod a) is eqni valent. t.o reconst.rnding a raLional nmnher from 

t.he residm~ T = u/v (mod a). Tn 1.his case, Lhe exisLence of' nmlLiple solnt.ions 

are of no Íinporlancc , CLS long as lhe bound va is ob:-;crvcd , guaranlccing Lhe 

síze reduction. 

\Vhtcn dealing with ollwr applications, howeveL certain properLies oi the 
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solutions are some times required, beyond its simple existence .. For example, 

if m = 2, a = 12, b = 4 and c = 3, then the only solutions to 4fJ :::::: 

n (mod 12) with the constraints l < .B < :3 a.nd -4 :::;: n :::;: 4 are the pa.irs 

(o:, ,3)=( 4,1),(-4,2),(0,3). As rational numbers, the second and tlürd pairs do 

no1. represent solutions, f"or we ca.Tl no1. say 1.l1at o;::~ := 4 (rnod 12) or Ll1a1 

-·1/2 = ·1 (rnod 12) sincc 3 and 2 are noL invcrtiblc IllO(lulo 12. Also, 0/3 = 

O '1- 4 (mod 12) and -4/2 = -2 '1- 4 (mod 12). The prohlem is LhaJ 1.hese 1.wo 

pairs are not rclativcly prime. 

A relatively prime solution pai r, that is, a sol ution (o:, ;3) to problem 1 with 

m = 2 and gcd(n,,B) = 1 does not always exist. As an example, notice that the 

only solutions to 7/3 :::::: o: ( mod 24) w.ith the constraints 1 :::;: j3 :::;: 5 and la I :::;: 5 

are (-:3,3) and (4,4). 

Another issue is the uniqueness of solutions. For m :::0: 2, the above examples 

show that problem 1 has no chance of having a unique solution. If only the 

relatively prime pa.irs are sought, ne.ither existence is attained (as example above 

shows), nor uniqueness. To see the this, observe that, modulo 24, b = ,] = 5/1 = 

- 4/4 = 1/5. ThaJ is, 1l1ere are 1.wo rela1.ively prime sol11tions to prohlern 1: for 

a = 24, b = 5, c = 5 and m = 2. 

\Ve believe to be true the following conjecture regarding the number of 

soluLions ((L ,0) wiLh gcd( o:, ,0) = 1. 

Conjecture: Pt·oblem 1 has at most ·m relatively prime solution pairs. 

This resnH is proven for m = 1 ÍTI 1.l1e m:x1. section. Tn other words , Lo 

guarantee uniqueness of relatively prime solutions, we need to restrict the size 

of numcra.tor (as function of thc clcnominator). Thc cxistcncc of solutions, 

however, is no longer assurecl. 

3. The Uniqueness 

Let ai, b; be positive integers for 1 :::;: i :S n, where a, and ai are relativel:y prime 

for -i. -=f j. Le1 A= Ilk=l a i . Given a. positive in1eger c, consider Ll1e lollowing 
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Problem 2: Find integers a, (3, such that 

I :::; {]:::;C: (6) 

A A 
--<a<-. 

2c - 2c' 
(7) 

i3bi =a (mocl ai) for 1:::; i:::; n. (8) 

gcd(o:: ,3) = I: (9) 

Thc followin g rcs11l1. hol d s. 

Theorem 2. Jf thcrc is a pai r (á, ,ô) satisfying problcm 2, thcn 1t is uniqnc. 

Proof. Let (o:1 , 1] 1 ) and (o:2 ,/3'2) be two solutions of problem 2. Then, the 

relation 

i= 1, ... , n 

holds, \vhich implies that 

that is, Utere exists an inLeger k 

On Ute oUter hand, 

The only possibility for equn.lity above is when /3 1 = (3'2 = r a.nd o: 1 = -n2 = 

±Aj2c and 1.his is impossihle for eitlwr o: 1 or n 2 is o11t of Lhe range give11 hy 

equation (7). 

H fullows tlmL 
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implying that k = O and hecattse the pairs ;ue relatively prime, a 1 

fJ1 = fJ2~ which proves the result. 

o 2 and 

o 

\V c now L urn lo Lhe problcm of rccovcring ra.Lional numbcrs by prcscnting 

algoriUtms f'or Problems 1 and 2. 

4. Recovering Rational N tunbers 

\Vang:s original problcm ma.y bc vicwcd as a rcstriction of problcm 2 with 

c = /Afi: n = 1. As observed by \Vang, a modificatlon on the Euclidean 

extended algori thm can be used to compute such pai r (o:, j]). The difference 

between ltis algoriUtm awl lhe F:uclidean is Lha.t itltas a distinc1 s!op cmtdition. 

Collins & Encarnaci<Ín [2], using nmll.iple-precision Ledllliquei-i for inLeger 

gcd compu(nJÍons, preseTl !ed a TTlOH' e ffj cien( versi Oll o f" \Vcl.llg's algo ri dnn f'or 

rational rcconsLrudion. 

Consider now finding an integer solution (a, (3) to problem 1. Beca use of 

lhe ChiTtese Remainder Tlteorem a,TI(] ohserva.Lion a( 1.lw end or 1lworenl 1. i1. 

is sufficient to consieler n = 1. The algorithm RATCOK of figure 1, a slight 

modificnJion of"\Vang's [9], may be m;ed to find (o:,{:l): sa.tisf"ying conditions (3): 

(4) and (5). 

Tlte algorithm dirfers from \Vang's in Llw i-iLopping condition (step 3.1 ): sill(:e 

it considers an adjustahle hmmd for 1.he denomina.1.or and Ttmnera.tor, depending 

on tvvo parameters (c anel m). 

Thc corrcctncss of thc algorithm has bccn provcd in [10] anel in [6] for thc 

special case c = ;;;J2 anel rn = 1 in the sense that the solution (if there is 

any) Lo n =:: f:lb (mod a), wilh cmtsl.rainLs o: < -ft: O < /) ~ c is generaLed 

by the algorithm. Both proofs can be extended for the general case presenteei 

here. Since we are u sing nl ;::: 2, Llworem 1 a ssures Lhe exisLeTtce of" soh1t.ions: 

so RATCO-:.l' will rcturn a pa.ir (aJJ) satisfying conditions (::~L ( 4) anel (.5) . 
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RATCOl\ (a, b, r:, m) 
INPUT : Intcgcrs, a, b, c a.ml rn, wiLh 2 ::::; rn < c < a. 

OUTPUT: A solution (aj1) for problcm 1. 

O. Let check:= I ;::1.1, i := 1 
1. Let (o:0 , ü 1 ) :=(a, b) 
2. Lct (Po, rJt) := (O, 1) 
:3. \Vhile ,(11 ::::; c do 

3.1 if lail <= check then return (sign(j:i';)a;, I,Bil); 
3.2 q, := lo,_l/a,J; 
;).;3 ai+l := Oi-l - q;a;; 

3./1 PiH := P·i-1 - q;/]; 
:).5 i := i+ 1 

Fignre 1: A lgoritlnn f"or compn!.ing a solnLion Lo Problem 1 

Let us now examine the output (a, (3) of algorithm H.A'l'CQ_\j. As the ex-

ample::. of the previou::; section ::.how, we can sa.~y neither that it i::. the unique 

solution to problem 1 nor that gcd(a, p) = 1. 

Theorem 3. Lei (o:, /3) bc lhe oulpul o.f alym·iLhrn RATCON. Thcn lhe follmc­

ing properties are satis.fied. 

1. Tf an inltgtr k: dividts gcd (o:, /J) lhtn k: divirhs a. 

2. gcd( a, /3) = gcd( a, P). 

Proof. 

Propcrty 2 is givcn in [2]. Clcarly, propcrty 1 may bc sccn as a conscqucncc 

o f o f property 2. However, i t is also a conseq uence o f the following loop invariant 

[11], LhnJ is in!.ere~I.Í11g by i1self. 

(10) 

This can be easily proven by indudion 011 i. Kow, :lince (nJi') = (n;+ 1 ,;1;+1 ) 
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for some i and k divides both o:,+ 1 and ;3,+ 1 , i t follows from ( 1 O) that k divides 

a. 

o 

lt is worth noticing that algorithm RATCON vwuld not be able to gener­

aLe all solutions lo problem 1, even i f" we ld sLop condition (s1ep T 1) go Lo 

z;cro. For cxm11plc, considcr ih c congrucncc S,G = 8 ( mod 27). Thc only pos­

sible ou Lp11 ls reLu rned by Lhe algo ri Llnn ( depend ing on Lhe slop coll<li tion) are 

( 8, 1), ( -:3, :3), (2 , 7) and ( -1, 10). Thc pai r (.5, 4), a solution to problcm 1 with 

parameters a = 27, b = R, c = 4 and rn = 2, is not returned, and may be con­

sidered "better" then the non-relativel.Y prime pair ( -3, 3), the output of the 

algorit h m ran wit h t hese parameters. 

CmJsider TIOv\' ~nding a solutiml Lo problem 2. The ohvimlS use or rtlgorit.hm 

RATCO)J with m = 1 is not enougl1, since Lhere could be no solutions. An 

addi Lional problcm is tha,i thcrc is a.t mos i onc saLisfying gcd ( n, ,J) = 1 (L h co­

rem 2), but therc may exist solutions that are non-rclativcly prime and if the 

algorithm RATCO-:.J abovc is used with m = L it could rcturn such a solution. 

The first difficulty is easily fixed , adding an extra stopping condition. The 

following modification, introduced in [2L corrects the second problem. As above, 

we consider n = 1. The algorithm of figure 2 finds, \vhen it exists, the solution 

1o problem 2. 

The exlr<~ conditim1 gcd(n,/]) = l at step 3.2 gnaran1ees lhe co-prinwness 

of" n and (1 and is equivalent lo sa.ying Lhat {1 is invertible in U1e ring of" integers 

modulo a: in othcr words, that the rational ~ is well dcfined or that 

(X ' B = b l,n10d a). 

5. Applications 

The problems usua.lly dealt in computer algebra that use rational reconstruc­

iiun are pulynumial faduri~aLiun , pa.riial fracLiun dccumpusiLiun and Grübncr 

basis determination. lt is feasible to use rational reconstruction for isolating 

polynomial roo1.s. Ad1Jally, in [.3L Lhere Íól a modular ver:-;ion or Uw SLm·m 1.lw-
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RATCONUN (a, b: c) 
INPUT : Tntegers, a, b all(l c, c < a. 
OUTPUT: A soluLion ( uj1) for problcrn 2, if it cxisis, NIL oihcrwisc. 

1. Let (no, ol) :=(o:, b); 
2. Lei (fio, f?t) := (0: 1 ): 
3. For i = 1: 2, ... ,do 

3.1 if [,ôi[ > c thcn rcturn NIL; 
3.2 if [a, [ ::;: a/2c then 

if gcd(nt:/1;) = I then return (sign(i1i)oi: [;1,[): 
:L~ (ji := lni_tfod; 
:3.4 O:i+l := Oi-1 - (jiOéii 

:3.5 p.,+, :=,o,_, - q,p, 

Figure 2: Algorithrn for cornpuLing Lhe soluLion Lo Problern 2 

orem that counts the number of zeros of a real polynomial in an interval with 

raJ.ional ewlpoinLs. 

As explained in section 2, rational reconstruction has also been used for 

reducing the inp11t sÍ 7:e in the computation of integer gcd. Tt should be noted 

that, in this case, the inp uts for the rational reconstruction are small, since it 

is itself a. gcd compuLaJion. 

Tn oLlier applicaJions wl1ere large inp11ts are needed, Lhe multi preus1m1 

ariUnndic algoriLlnn given in [2] is recornmended. Special care sliould be given 

to Lhe extra condiLion gcd(n, {1 ) = 1: since 1l1e mnnhers n and {J ca.11 a.lso he 

la.rge. Mos!. applica.Lions re<plire working modulo a prodlJ(J of' prime nmnhers 

( or prime powcrs) , thcrcforc thc modulo a ha.s a. knmvn form aneL bcca.usc of 

theorem ;3, i L is possihle Lo erriciently underLake Lhe step. Collins & Encan1aCÍ<Ín 

[2] discuss ways to avoid or at least improve the efficienc:y for computing this 

condition. 

Mosi applicaiions look for ihc uniquc solution in ihc raLiorml rcconsLruction 

problem. Some problems, like polynomial factorization, have a trial step at the 

end so i L rnay he possihle Lo nse the algoritl1m RATCON, Ll1al isto say lo nnd a 
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solution to our problem 1, vvhich would be more efficient, requiring fewer lifting 

steps or chinese remaindering recoveries. 

Even if the ttniqtte solution is sought, the generali?:ation presenteei here im­

proves Wang's original problem, in the sense that more rational numbers may 

bt> rt>cons1.ruded f"rom tl1e s<unt> residut>s modulo a. For t>xa.Tnplt>, if" solu1.ions 

io ~ ~ 10 mod 2·1 a.rc lo bc Iound, \Vang\; algorilhm rdurns nil, sincc for 

o:, /i < l yTIJ = 3 thert> are no sol11timts. H, however; sohd.ions l.o problem 2 

with c= .5 are sought, thc pair (a, /3) = (2, 5) is rcturncd by algorithm RATCO­

NUN. The improvement is more significant when a bound c for the denominator 

is knmvn in advance. 
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