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Abstract

We introduce the notion of conditional Lipschitz shadowing, which does not aim to shadow
every pseudo-orbit, but only those which belong to a certain prescribed set. We establish
two types of sufficient conditions under which certain nonautonomous ordinary differential
equations have such a property. The first criterion applies to a semilinear differential equation
provided that its linear part is hyperbolic and the nonlinearity is small in a neighborhood of
the prescribed set. The second criterion requires that the logarithmic norm of the derivative of
the right-hand side with respect to the state variable is uniformly negative in a neighborhood
of the prescribed set. The results are applicable to important classes of model equations
including the logistic equation, whose conditional shadowing has recently been studied.
Several examples are constructed showing that the obtained conditions are optimal.
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1 Introduction

One of the main properties of chaotic dynamical systems is that different orbits starting close
by will move apart as time evolves and this divergence can be very fast. In particular, whenever
performing numerical experiments, small numerical errors, which are inherent to the process
due to computer round off errors, tend to grow. Thus, a central question when performing
such numerical experiments is if the resulting behaviour presented by the computer reflects
the dynamics of the actual system. It turns out that for some classes of chaotic systems,
like the hyperbolic ones, even though a numerical orbit containing round off errors will
diverge rapidly from the true orbit with the same initial condition, there exists a different true
orbit which stays near the noisy orbit. Systems exhibiting this property are said to have the
shadowing property. In other words, a dynamical system has the shadowing property if close
to its approximate orbits we can find exact ones. The main objective of the present paper
is to present sufficient conditions under which a general class of nonautonomous nonlinear
ordinary differential equations exhibits a new variant of shadowing property, the so-called
conditional Lipschitz shadowing property, defined below (see Definition 2).

Let R” and R"*" denote the n-dimensional space of real column vectors and the space of
n x n matrices with real entries, respectively. The symbol | - | denotes any convenient norm
on R" and the associated induced norm on R"*”. Consider the ordinary differential equation

x =g, x), (1.1)

where g: [0, 00) x R” — RR” is continuous. We are interested in the noncontinuable solu-
tions of (1.1) starting at + = 0. It is known that these solutions are defined on intervals of
type [0, 7), where T € (0, oo] may depend on the solution x. For this reason, we will con-
sider pseudosolutions (approximate solutions) of (1.1) on intervals of the same type in the
following sense. Given t € (0, oo], by a pseudosolution of Eq. (1.1) on [0, ), we mean any
continuously differentiable function y: [0, 7) — R” such that

oy = sup |y'(t) —g(t, y(1))| < oo. (1.2)

O<t<rt

The function ey : [0, T) — [0, 0o0) defined by
ey(t) == y'(t) — gz, ()| forz € [0, 1), (1.3)

will be called the error function and the quantity oy is the maximum error corresponding
to y. Let us recall the definition of the standard Lipschitz shadowing property.

Definition 1 We say that Eq. (1.1) has the Lipschitz shadowing property if there exist &g > 0
and k > 0 with the following property: if 0 < ¢ < g9 and y is a pseudosolution of (1.1)
on [0, 7) for some T € (0, oo] such that o, < ¢, then Eq. (1.1) has a solution x on [0, )
satisfying

sup |x(t) —y(@)| < ke. (1.4)

O<t<rt
The concept of Lipschitz shadowing is closely related to the stronger notion of Hyers—Ulam
stability (Ulam stability), which requires that the condition in the above definition is satisfied
for every ¢ > 0. For a related concept in the theory of smooth dynamical systems, see [15,
Definition 1.5].
Consider the semilinear differential equation

X' = AWOx + f(t,x) (1.5)
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as a perturbation of the linear equation
x'=A@)x, (1.6)

where A: [0, 00) — R™" and f: [0, c0) x R” — R" are continuous. The following known
result provides a sufficient condition for the Lipschitz shadowing property of (1.5) (see [2,
Theorem 6]).

Theorem 1 Suppose that the linear Eq. (1.6) has an exponential dichotomy on [0, 00) (see
Definition 3) and there exists L > 0 such that

| f(t, x1) — f(t,x2)| < Llxy —x2| forallt > 0and xy,x; € R". (1.7)
If L is sufficiently small, then Eq. (1.5) has the Lipschitz shadowing property.

Note that Theorem 1 can be extended to the more general class of delay differential equations
(see [4, Theorem 2.3]). For further related results about shadowing and Hyers—Ulam stability
of ordinary differential equations and their discrete counterparts, see [1], [2], [3], [4], [5],
[6], [7], [8] and references therein.

Some recent studies (see [12], [19]) have been concerned with the shadowing (Hyers—
Ulam stability) of the scalar logistic equation

x' = x(ax + b), a,b e R\ {0}, (1.8)

which is a particular case of Eq. (1.5) whenn = 1, A(t) = b and f(¢,x) = ax?. Note
that Theorem 1 cannot be applied to Eq. (1.8) because f does not satisfy the global Lip-
schitz condition (1.7). In [19] it has been shown that Eq. (1.8) witha = —1 and b = 1
is not Hyers—Ulam stable, but certain approximate solutions still can be shadowed by true
solutions. Motivated by this observation, we introduce the notion of conditional Lipschitz
shadowing, which does not require the validity of the Lipschitz shadowing property for all
pseudosolutions, but only for those which belong to a given set H C R”.

Definition 2 Let H be a nonempty subset of R”. We say that Eq. (1.1) has the conditional
Lipschitz shadowing property in H if there exist &g > 0 and « > 0 with the following
property: if 0 < ¢ < gp and y is a pseudosolution of (1.1) on [0, ) for some 7 € (0, o]
such that oy < ¢ and y(¢t) € H forallt € [0, 7), then Eq. (1.1) has a solution x on [0, 7)
satisfying (1.4).

Evidently, the standard Lipschitz shadowing property is a special case of the conditional
Lipschitz shadowing property with H = R". A different concept of conditional shadowing
for discrete nonautonomous systems in a Banach space has recently been introduced by
Pilyugin [16].

In this paper, we establish two types of sufficient conditions under which certain classes of
ordinary differential equations have the conditional Lipschitz shadowing property in a given
set H C R".

In Sec. 2, we consider the semilinear differential equation (1.5). The main result of this part
is formulated in Theorem 2, which is a generalization of Theorem 1 to the case of conditional
Lipschitz shadowing. It says that Eq. (1.5) has the conditional Lipschitz shadowing property in
aprescribed set H whenever its linear part has an exponential dichotomy and the nonlinearity
f(t, x) is Lipschitz in x in a neighborhood of H (uniformly in ¢) with a sufficiently small
Lipschitz constant. The smallness condition on the Lipschitz constant can be expressed in
terms the dichotomy constants of the linear part. The importance of the obtained sufficient
condition will be shown by an application to a scalar logistic equation. In Example 1, we
show that our choice of pseudosolutions is optimal.
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In Sec. 3, we present sufficient conditions for the conditional Lipschitz shadowing of
Eq. (1.1) in terms of the logarithmic norm of g, (¢, x), the partial derivative of g with respect
to x. The logarithmic norm (Lozinskii measure) of a square matrix A € R"*" is defined by

I +hA|—1

. for A € R™", (1.9)

)= iy,
where [ is the identity matrix in R”*”. It should be noted that x is not a norm, since it can
take negative values. In the scalar case (n = 1), we have that ©(A) = A. The values of
w(A) for the standard norms in R” can be given explicitly (see Sec. 3). The main result of
this section, Theorem 5, says that if (g, (¢, x)) is uniformly negative (bounded away from
zero) for all # > 0 and x in a neighborhood of the given set H C R”, then Eq. (1.1) has the
conditional Lipschitz shadowing property in H. To the best of our knowledge, this criterion
has no previous analogue. It gives a new result even in the case of the standard Lipschitz
shadowing. The importance and the sharpness of the assumptions will be shown in a special
case of the Kermack—McKendrick equation from epidemiology.

2 Conditional Lipschitz shadowing via Exponential Dichotomy

In this section, we give sufficient conditions for the conditional Lipschitz shadowing of the
semilinear Eq. (1.5).

Let @ be a fundamental matrix solution of the linear Eq. (1.6) so that its transition matrix
T(t,s) is given by

T(t,s)=d@®)@ '(s) fort,s e [0, 00).

Definition 3 We say that Eq. (1.6) has an exponential dichotomy on [0, c0) if there exist a
family of projections (P (¢)),>¢ in R"*" and constants N, A > 0 such that

P(O)T(t,s) =T(t,s)P(s)  forallt,s € [0, o0), @2.1)
|T(t,5)P(s)| < Ne ™) whenevert > s > 0 (2.2)

and
IT(t,5)(I — P(s))| < Ne™*™  whenever0 <t < s. (2.3)

If, in addition, P(¢) = I (P(t) = 0) identically for r > 0, we say that Eq. (1.6) admits an
exponential contraction (exponential expansion) on [0, 00).

Throughout the paper, for x € R"” and§ > 0, Bs(x) will denote the closed §-neighborhood
of x inR” given by Bs(x) :={x e R" : |[y—x| <4 }.For@ # H C R", the §-neighborhood
of H is defined by

Ns(H) == [ ] Bs(x).

xeH

The main result of this section is the following generalization of Theorem 1 to the case of
conditional Lipschitz shadowing.

Theorem2 Let 9 # H C R". Suppose that Eq. (1.6) has an exponential dichotomy on
[0, o0) and that there exist §, L > 0 such that

| f(t,x1) — f(t,x2)| < Lix; —x2|, forallt >0andxy,x; € Ns(H). 2.4)
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if

L * (2.5)
< — .
2N’

where N, . > 0 are as in Definition 3, then Eq. (1.5) has the conditional Lipschitz shadowing
property in H.

Proof From (2.5), it follows that the equation
2N

has a unique solution k given by

A - 2N
K = 7—L =7>0.
2N A —2NL

Set g9 := k'8 > 0. Suppose that 0 < & < &g and y is a pseudosolution of (1.5) on [0, 7)
for some T € (0, oo] such that oy < ¢ and y(¢r) € H for all ¢ € [0, 7). Observe that the
transformation z = x — y reduces Eq. (1.5) to the equation

=AWz + @, y@) +2) — f(1, y(0) + hy (), 2.7
where
hy(t) :=A@)y(t) + f(t,y(t) — y'(t) forr € [0, 7). (2.8)

Clearly, |hy(t)| = ey(¢) for ¢t € [0, T), where ey is the error function corresponding to the
pseudosolution y of Eq. (1.5). Hence

sup |hy()| =0y <e. (2.9)
O<t<t i
Let Cp, := C([0, ), R") denote the Banach space of bounded and continuous functions

z: [0, 7) = R” equipped with the supremum norm,

lzll = sup lz()], ze€Cp.
tel0,7)

Set
S:={z€Cp:|zll <ke}.

Clearly, S is a nonempty and closed subset of C;. For z € S and ¢ € [0, 1), define
t
(F2)() 2=/ T(t,)P(s)[ f(s,y(5) +2()) = (5, y(5)) +hy(s) ] ds
0

—f T(t,5)(I = P(s))[ f(s,y(s) +2(s) = f (5, y(s)) + hy(s) ] ds.

t

Take an arbitrary z € S and s € [0, 7). Then,
[(y(s) +2(s)) — y()| = [z(s)] < |zl < ke < kep =34.
Therefore,

y(s) € HCNs(H) and  y(s) +2(s) € Bs(y(s)) C Ns(H), (2.10)
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which, together with (2.4), implies that

[f (s, y(s) +2(s)) — f(s, y(s)| < Llz(s)| < Lzl < Lrke.
This, combined with (2.2), (2.3) and (2.9) (see also (2.6)) yields that

1
[(F) ()] = /0 1T, )P (1f(s,¥() +2() = f(s, ¥y + |hy()]) ds
+f 1T, )T = P)I(1f (s, y(5) +205)) = f s, y(5)I + [hy(5)] ) ds
t

t o0
(Lke +¢) (/ Ne =9 gs + / Ne 26=D ds)
0 t

2N
T(LK“F 1)8 =K,

2.11)

IA

A

forz € Sand t € [0, 7). We conclude that Fz is well-defined and F(S) C S.
Let z1,z2 € S. In view of (2.10), we have that y(s) + z;(s) C Ns(H) for s € [0, ) and
j =1,2. Hence,

|f (s, y(s) +21(5)) — f(s, y(s) + 22(5))| = Llz1(s) — z2(8)[ = Lllz1 — 22,

for s € [0, 7). Consequently,

[(Fz) (@) — (Fz2) (@)

t
S/O [T (2, )P ()| (|f(s,y(s) + z1(s)) — f(s,y(s) + 22(5))]) ds

+/ TG )T = PO (1f 5 y(6) +216)) = £, 96) + 260D ds (5 1)

t [e)
< Ll|lz1 — 22| ( / Ne =9 gg + / Ne 26=D ds>
0 t

< 2NLII I
= z1 — 22l
for t € [0, 7). Therefore, forall z1,z> € S,

. 2N
|Fz1 — Fzoll < qllz1 — z2ll  withgq := TL < 1.

Thus, F: S — S is a contraction and it has a unique fixed point z in S. It follows by
differentiation that z is a solution of Eq. (2.7) on [0, 7). Moreover, z € S implies that

sup [z(D)] = |lzll = «e.
1€[0,7)

Therefore, x = z + y is a solution of Eq. (1.5) on [0, 7) with the desired property (1.4). The
proof of the theorem is complete. O

Remark 1 Theorem 1 is a corollary of Theorem 2 with H = R".

Remark 2 1f D is anonempty setin R”, then its convex hull, denoted by conv(D), is the small-
est convex set in R” which contains D. A sufficient condition for the Lipschitz condition (2.4)
to hold is that f is continuously differentiable and

|fx(t,x)] <L forallt > 0andx € conv(Ns(H)). (2.13)
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The following result is an improvement of Theorem 2 in the particular case when Eq. (1.6)
admits an exponential contraction or exponential expansion. It shows that in these settings
the smallness condition (2.5) for the Lipschitz constant L can be weakened.

Theorem3 Let ¥ # H C R Suppose that Eq. (1.6) has an exponential contraction or
exponential expansion on [0, 0c0) and there exist §, L > 0 such that (2.4) holds. If

* (2.14)
N’ '

then Eq. (1.5) has the conditional Lipschitz shadowing property in H.

L <

Proof The proof proceeds in a similar manner as the proof of Theorem 2. Take ¥ > 0 such
that

N(L +1)
— K =K.
A

Let ey > 0, y, S and F be as in the proof of Theorem 2. By arguing as in (2.11) (recall that
either P(t) = I or P(t) = 0), we have that

(F2) )] < %(LK e = ke

fort € [0, ) and z € S. Moreover, by similar estimates as in (2.12), we conclude that

N
[(Fz) (@) — (Fz2)(@0)| = IL”Z] —z2ll,

fort € [0, 7) and z1, 22 € S. Now one can complete the proof by the same arguments as in
the proof of Theorem 2. O

The following consequence of Theorems 2 and 3 gives sufficient conditions under which
Eq. (1.5) has the conditional Lipschitz shadowing property in a given neighborhood of the
origin.

Corollary 1 Let p > 0. Suppose that Eq. (1.6) has an exponential dichotomy on [0, 0o) and
there exist §, L > O such that
[f(t,x1) — f(t,x2)| < Llx; —x2|  forallt > 0and x1,x; € By15(0). (2.15)

Then, (2.5) implies that Eq. (1.5) has the conditional Lipschitz shadowing property in B, (0).
Moreover, if instead of the existence of an exponential dichotomy, we assume that Eq. (1.6)
has an exponential contraction or exponential expansion on [0, 00), then the conditional
Lipschitz shadowing property of Eq. (1.5) in B, (0) holds under the weaker condition (2.14).

Proof Let H = B,(0). Then N5(H) = B,s(0) and the conclusion follows from Theorems 2
and 3. O

The following theorem gives another reason for the interest in those pseudosolutions of
Eq. (1.5) which lie in a given ball around the origin.

Theorem 4 Let p > 0. Suppose that Eq. (1.6) has an exponential dichotomy on [0, 00) and
there exists L > 0 such that

|f(, x)| <Llx| forallt >0andx € B,(0). (2.16)
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Then, (2.5) implies that there exists ¢ > 0 such that if y is a pseudosolution of Eq. (1.5) on
[0, 7) for some T € (0, o0] with oy < ¢, then Eq. (1.5) has a pseudosolution z on [0, T)
which lies in B, (0) and has the same error function as y, i.e.

e,(t) =ey(t) forallt €0, 7). (2.17)

Proof In view of (2.5), the equation

ON
—(Lote)=p (2.18)

has a unique solution & given by

A
=(—=-L 0.
€ (ZN ) 0>
Suppose that y is a pseudosolution of (1.5) on [0, 7) for some T € (0, oo] with o, < e.
Let C := C([0, t), R") denote the topological vector space of all continuous functions

z: [0, T) — R" equipped with the topology of uniform convergence on compact subsets of
[0, 7). Let

S = {zeC: sup |z(t)|§p}. (2.19)
1€[0,7)

Clearly, S is a nonempty, closed and convex subset of C. For z € S and ¢ € [0, 7), set
t
F = [ TCPO[F6.260) = hy)] ds
0

—/ T(t,)(I = P(s) [ f(s,2(5)) — hy(s) ] ds,

t

with i1y as in (2.8). In view of (2.2), (2.3), (2.8), (2.9) and (2.16), we have for z € § and
t €10, 7),

t
[(F2) ()] S/(; IT(,s)P(s)|(LIz(s)| + |hy(s)]) ds
+f [T(t,s)(I — P(sHI(LIz(s)| + |hy(s)]) ds
t
t 00
5/ Nef’\(’ﬂ)(Lpﬁ—Uy) ds—l—/ Nef’\(sft)(Lpﬁ—Uy) ds
0 '

2N
=< T(L,O +¢e) =p,

where the last equality follows from (2.18). Thus, Fz is well-defined and F(S) C S. Itfollows
in a standard manner that 7: § — S is continuous. In view of (2.19), the functions from
the image set F(S) C S are uniformly bounded on [0, 7). Take now an arbitrary compact
subinterval I C [0, 7) and z € S. It follows by differentiation that

(F2)'(t) = A)(F2)(t) + f(t, z(1)) — hy (1), t €10, 7). (2.20)
Hence,

sup [(F2)' ()] < p max |A(1)] + Lp +e.

tel S
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We conclude that the derivatives of the functions in F(S) are uniformly bounded on each
compact subinterval of [0, 7), which implies that the functions in F(§) are equicontinuous
on every compact subinterval of [0, t). Therefore, the closure of F(S) is compact. By the
application of the Schauder—Tychonoff fixed point theorem (see, e.g., [9, Chap. I, p. 9]), we
conclude that there exists z € S such that z = Fz. From (2.20), it follows that

Z(1) = A()z(t) + f(t,z2()) — hy(t), 1 €[0,7).

Hence (see (2.8)), h; = hy identically on [0, 7), and hence (2.17) holds. Finally, (2.19) shows
that z lies in B, (0). O

In the following result, we point out another simple consequence of Theorems 2 and 3.

Corollary 2 Suppose that Eq. (1.6) has an exponential dichotomy on [0, 00). Assume that f
and fy are continuous on [0, 00) x R" and there exist L1 > 0 and Ly > 0 such that

| fx(t,x)| < L1+ La|x|  forallt > 0and x € R". (2.21)
If
L < o (2.22)
2N
and
O<p<i(i—L1>, (2.23)
Ly \2N

then Eq. (1.5) has the conditional Lipschitz shadowing property in B, (0). Moreover, if instead
of the existence of an exponential dichotomy, we assume that Eq. (1.6) has an exponential
contraction or exponential expansion on [0, 00), then the conditional Lipschitz shadowing
property of BEq. (1.5) in B,(0) holds under the weaker conditions

L < — (2.24)

and
1
O<p<L—(——L1). (2.25)

Proof We give a proof of the first statement of the corollary. The proof of the second statement
is similar and hence it is omitted.
In view of (2.23), we have that

A
L L —.
1+ Lap < N
Choose § > 0 such that

A
L L ) —.
1+ La(p+6) < N

From this and (2.21), we have for all t > 0 and x € B,15(0),

A

[fx(@, x)| < L1+ Lalx| < L1 + La(p +8) < N

This implies that condition (2.15) of Corollary 1 holds with L := L{ + L>(p + §). Since L
satisfies (2.5), the Lipschitz shadowing property of Eq. (1.5) in B,(0) follows from the first
statement of Corollary 1. O

@ Springer



3544 Journal of Dynamics and Differential Equations (2024) 36:3535-3552

In the following example, we show the importance and the sharpness of the assumptions
of Corollary 2.

Example 1 Consider the scalar autonomous equation

1 12
X=—x—-x’—-=—(x+- (2.26)
4 2)° '
which is a special case of (1.5) when n = 1, A(t) = —1 and f(t,x) = —x2 - % for
t € [0,00) and x € R. Its linear part x’ = —x admits an exponential contraction with

T(t,s) =e "% N =1and A = 1. Moreover, f satisfies (2.21) with L1 = 0 and L, = 2.
Therefore, conditions (2.24) and (2.25) of Corollary 2 reduce to 0 < p < 1/2. It follows
from Corollary 2 that (2.26) has the conditional Lipschitz shadowing in B,(0) = [—p, p]
for any p € (0, 1/2). We will show the importance of the condition p < 1/2 by proving that
the conditional Lipschitz shadowing property for Eq. (2.26) in By 2(0) = [—1/2, 1/2] does
not hold. Suppose, for the sake of contradiction, that (2.26) has the conditional Lipschitz
shadowing property in By/2(0) with some constants £, x > 0. Choose

5 € (0. min{1,e5/%, k') 2.27)
so that
e:=8"<g and k8> <. (2.28)

Let y denote the unique solution of the initial value problem

1\? 1
yV=—(y+=) +8, y0) =—-. (2.29)
2 2
Observe that

1 1— 6—2&

Hence,
. 1
lim y(t) = —<= + 6, (2.31)
t—00 2

while (2.27), (2.28), (2.29) and (2.30) imply that

1 1 1
—3 <y(@) < ) +4 < 3 for all ¢ € [0, 00), (2.32)
and
1\2
oy =sup|y'(t) + (y(t) + 5) =8 =c. (2.33)
t>0

This shows thaty : [0, 00) — Risapseudosolution of (2.26) on [0, co) suchthatoy, = & < g
(see (2.28)) and y(t) € By/2(0) for r > 0. Hence, there exists a solution x: [0,00) — R
of (2.26) such that

sup |x (1) — y(t)| < ke = k8>, (2.34)

t>0
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It follows by elementary calculations that if ¢ € R, then the unique noncontinuable solution
x of (2.26) with x(0) = c is given by

0= -+ + L ith 4+ 1
x(t) = —= wi =c+ =
2 1 ve 2
fort € I., where I, = (—00, 00) for ¢ = —%, I, = (—i,oo) for ¢ > —% and I, =

(—oo, —%) forc < —%. Since the solution x satisfying (2.34) is defined on [0, c0), the last
possibility is excluded, and thus lim;_, o x(¢) = —%. From this and (2.31), we have that
lim;, 5o (y(¢) — x(t)) = §. This, together with (2.28) and (2.34) implies that

8= lim |x(r) — y(1)| < sup|x(1) — y(1)| < k8> <38,
=00 >0

which is a contradiction. Thus, (2.26) does not have the conditional Lipschitz shadowing

property in By,2(0).

Remark 3 Tt is easy to see that a conclusion similar to the one obtained in Corollary 2 holds
true for more general perturbations of Eq. (1.6). For instance, if Eq. (1.6) has an exponential
dichotomy on [0, 00), L satisfies (2.22) and f is such that

| fe(t,x)| < Ly + Lalx| 4+ L3|x|> 4+ ...+ Ly |x|*  forallz > 0and x € R,

withk € Nand L; > Oforevery j € {1, ..., k+ 1}, then for p > 0 small enough such that

Ly +L2p+L3p2+...+Lk+1pk <

A
2N’
Eq. (1.5) has the conditional Lipschitz shadowing property in B, (0).

3 Conditional Lipschitz Shadowing via the Logarithmic Norm

In this section, we give sufficient conditions for the conditional Lipschitz shadowing of
Eq. (1.1). These conditions will be formulated in terms of the logarithmic norm p defined
by (1.9). Let us recall some useful properties of u from [9, p. 41]. For every @ > 0 and
A, B € R"™" we have

@A) = au(A), (3.D

In(A)] < A, (3.2)

u(A+ B) = n(A) + u(B), (3.3)
ln(A) —u(B)| < |A - B|. (3.4)

The values of |A] and ©(A) for the most commonly used norms

1/2
2
Xloo = max |x;[, x|l =) i, |x|z=(2|xi|>,
! i i
in R" are given by

|A|oo=mgx;|a,-k|, |A|1=m5x2|aik|, |Al2 = V/s(AT A),
1
and
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AT + A
Moo (A) =m_ax<aii + ) Iaik|>, n1(A) =m]3X<akk+ > |aik|>7 Mz(A)=S< > )

! k, ki i itk

where s(AT A) and s (AT + A)/2) are the largest (real) eigenvalue of AT Aand (AT 4+ A)/2,
respectively. We will also need the following auxiliary result.

Lemma 1 For any continuous map M : [0, 1] — R"*", we have that

1 1
u(/ M(s) ds) < / n(M(s)) ds. 3.5)
0 0

Proof The existence of the integral on the right-hand side of (3.5) is a consequence of the con-
tinuity of i : R**" — R (see (3.4)). In order to prove (3.5), observe that the subadditivity and
positive homogeneity of 1 (see (3.1) and (3.3)), applied to the integral sums Zle M (s;)As;,
where 0 = s < 51 < -+ < s = 1 is a partition of [0, 1] and As; := s; — s;_ for
i=1,...,k, imply that

k k
M(Z M(s,»msi) < D u (M) As;.

i=1 i=1

Letting A := max<;<x As; — 0 and using the continuity of u again, we conclude that (3.5)
holds. O

Now we can state and prove the main result of this section which provides a sufficient
condition under which Eq. (1.1) has the conditional Lipschitz shadowing property in a given
set H C R".

Theorem5 Let ) # H C R" and suppose that g and g, are continuous on [0, 0c0) x R". If
there exist § > 0 and m > O such that

uw(gx(t,x)) <—m  forallt > 0andx € Ns(H), (3.6)

then Eq. (1.1) has the conditional Lipschitz shadowing property in H.

Proof We will show that Eq. (1.1) has the conditional Lipschitz shadowing property in H
with g9 = mé8 and x = m~!. Suppose that 0 < & < g9 = m8 and y is a pseudosolution of
Eq. (1.1) on [0, 7) for some T € (0, oc] such that oy, = supy,_, |y'(t) — g(t, y(1))| < &
and y(t) € H forallt € [0, 7). Let x be the noncontinuable solution of Eq. (1.1) with initial
value x(0) = y(0). It is known (see, e.g., [9, Chap. I (II), p. 16]) that x is defined on [0, o)
for some o € (0, oo] and o = co whenever x is bounded. Let w := min{o, 7}. Define

z(t) == x(t) — y(1) fortr € [0, w). 3.7
We claim that

12(t)| < % forall 7 € [0, w). (3.8)

Suppose, for the sake of contradiction, that (3.8) does not hold. Since z(0) = x(0)—y(0) = 0,
there exists #; € (0, w) such that
2] < & forallz €[0,1) and  |z()] = —.
m m

(3.9)
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From (1.1) and (3.7), we find for ¢ € [0, w),
Z() =gt y(t) + z(1) — y'(1) = g(t, y(1) + 2(t)) — g(t, y(1)) + ky (1),

where
ky(t) :== g(t, y(®)) —y'(t)  forz € [0, w).
Hence
(@) = Az(t) + ky(t)  fort € [0, w), (3.10)
where
A(t) ::/Ong(t,y(t)—i—sz(t))ds fort € [0, ). (3.11)

From (3.5) and (3.11), we obtain

1
n(A@) < / n(gx(t, y(#) +sz(1)))ds  fort € [0, w). (3.12)
0
Lett € [0, #1] be fixed. In view of (3.9), for every s € [0, 1], we have
| (1) + s20) — ()l = slz)] < 200 < = < 2 =,
m = m

Hence, for every t € [0,#1] and s € [0, 1], we have that y(t) € H and y(t) + sz(t) €
Bs(y(t)) C Ns(H). This, together with (3.6) and (3.12), yields

w(A@®) < —m forall r € [0, #1]. (3.13)

Let T'(t, s) denote the transition matrix of the homogeneous linear differential equation (1.6),
where A(t) is given by (3.11). Then, forevery s € [0, w) and & € R", the solution of Eq. (1.6)
with initial value & att = s is givenby x(¢) = T (¢, s)& fort € [0, w). By Coppel’s inequality
[9, Chap. III, Theorem 3, p. 58], we have for 0 < s <t < w,

t
IT(, )¢ < eXP(/ M(A(M))du>lél-
s
Since £ € R” was arbitrary, this implies that

T, s5) = sup L8

t
< exp(/ H(Au)) du) whenever 0 < s <t < w.
[ U [ s

(3.14)

Since z is a solution of the nonhomogeneous equation (3.10) with initial value z(0) = 0, by
the variation of constants formula, we have

t
z(t) = / T(t,s)ky(s)ds forall r € [0, w).
0

From this, (3.13) and (3.14), and taking into account that supy,_,, ky(t)| < oy < &, we

obtain
t f 3]
[z 5/0 [T (t1, 5)|lky(s)| ds < 8/0 exp(/ M(A(u))) du

1
! —m(t]—s) € —mty €
<e e ds=—(1—e ) < —
0 m m
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This contradicts (3.9) and hence (3.8) holds.
Next we show that o > 7. Otherwise, 0 < 0 < 7 and hence w = o. This, together
with (3.7) and (3.8), implies that for all ¢ € [0, o),

(O] = [y®) + 0] = YO+ 0] = max [yo)]+ —.

Consequently, x is bounded on [0, o) and hence 0 = oo contradicting the fact that o < 7.
Thus, o > 7 and hence w = 7. This, together with (3.7) and (3.8), implies that condition (1.4)
is satisfied with ¥ = m~!. The proof of the theorem is completed. O

Example 2 (Example 1 revisited) We note that Eq. (2.26) is a special case of (1.1) with

12
g(t,x)z—(erE), t>0, x eR.

In Example 1 we have shown that Eq. (2.26) has the conditional Lipschitz shadowing property
in[—p, p], forevery 0 < p < % From Theorem 5, we can deduce a stronger result showing

that the interval [—p, p] with p € (O, %) can be replaced with the larger interval [—p, 00).
Indeed, as already noted, in the scalar case, we have that 1(A) = A, and hence condition (3.6)
reduces to

gx(t,x) <—m <0 forallt > O0and x € Ns(H). (3.15)

Let H := [—p, 00), where 0 < p < 1. Choose § € (0, § — p). Then, for all x € N5(H) =
[_p - 83 OO),

1 1
gx(t,x) = —2<X+ 5) < —2(—0 -5+ 5) <0,

which shows that condition (3.15) is satisfied withm := 2(—p—4§ —1—%) > 0. By the application
of Theorem 5, we conclude that, for every p € (0, %), Eq. (2.26) has the conditional Lipschitz
shadowing property in [—p, +00). Since the result obtained in Example 1 implies that the
conditional Lipschitz shadowing property for (2.26) in [—%, ~+00) does not hold, this is the
best result which can be achieved.

The following corollary of Theorem 5 for H = R” provides a new criterion for the
standard Lipschitz shadowing property of Eq. (1.1) and hence it is interesting itself.

Corollary 3 Suppose that g and g, are continuous on [0, 00) X R" and there exists m > 0
such that

w(gx(t,x)) <—m  forallt > 0andx € R".
Then, Eq. (1.1) has the Lipschitz shadowing property.
Now we present a simple corollary of Theorem 5 for the autonomous equation
x' = h(x), (3.16)
where #: R" — R”" is continuously differentiable.

Corollary 4 Let H be a nonempty, bounded subset of R". If h: R" — R”" is a continuously
differentiable function such that

sup u(h'(x)) <0, (3.17)
xeH

then Eq. (3.16) has the conditional Lipschitz shadowing property in H.
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Proof Equation (3.16) is a special case of (1.1) with g(z, x) := h(x) fort > 0 and x € R".
Choose & € (0, —k), where k := sup, . w(h'(x)) < 0 (see 3.17). Since H is bounded, there
exists p > O such that H C B, (0). The continuity of 1 and 4’ implies that y o &’ is uniformly
continuous on the compact set B, 1(0). Therefore, there exists 6 € (0, 1) such that

luw(h'(x)) — w(h' (8))| <& whenever x, ¥ € By j(0)and |[x — %] < 5.  (3.18)

Let x € N3(H). Then, there exists X € H such that [x —X| < §. Hence, X € H C B,(0) and
[x] < |¥] +|x —X] < p+ 8 < p + 1. Thus, we have that x, X € B,41(0) and |x — x| < 4.
From (3.18) and the definition of k, we obtain that

(g (t, x)) = u(h' (x)) < wh'(X)) + & <k +e.

Since x € N3(H) was arbitrary, condition (3.6) is satisfied with m = —(k 4+ ¢) > 0. The
desired conclusion now follows readily from Theorem 5. O

Finally, we illustrate the importance of assumption (3.17) of Corollary 4 in a special case
of a classic model from epidemiology.

Example 3 Consider the system

§S=1-1§-8,

3.19
I'=1S—-1, .19

which is a special case of the modified Kermack—McKendrick equation (see [11, Chap. 2,
Sec. 2.3, p. 53]). Biologically meaningful solutions are generated by initial data (S(0), 7(0))
from the set

F={(.NeR*:5>0,1>0,S+1=<1}.
For ¢ € [0, 1), define
Fe:={(5,)eR*:8>0,1>0,S+1=<1-c}.

Observe that I'o = "'and ', C I'g for ¢ € [0, 1). Eq. (3.19) is a special case of Eq. (3.16),
where i: R? — R? is given by

hS,H=1—-1S—S8,1S— DT for(S,HT e R%.

We will show that, for every ¢ € (0, 1), Eq. (3.19) has the conditional Lipschitz shadowing
property in I';, but the same property in I'g does not hold. Evidently, & is continuously
differentiable and

h(S. 1) = (_11_ ! s_—S1> for (S, )T € R?.
Hence,
Uoo(B' (S, 1)) =max{—I —1+|S|,S =1+ 1|} for (S, )T e R
From this and the definition of ', we obtain
oS, 1) =S —14+1<—c forall(S,1)T eT,, (3.20)

where ¢ € [0, 1) is arbitrary. This shows thatif ¢ € (0, 1), then condition (3.17) of Corollary 4
is satisfied with u = oo and H = I'.. By the application of Corollary 4, we conclude that, for
every ¢ € (0, 1), Eq. (3.19) has the conditional Lipschitz shadowing property in I'... Next we
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show that the same property in I'g does not hold. Suppose, for the sake of contradiction, that
Eq. (3.19) has the conditional Lipschitz shadowing property in I'g. Note that the definition of
the conditional Lipschitz shadowing is independent of the norm used since all norms on R”
are equivalent. Therefore, we may (and do) use the infinity norm | - |o, on RZ. Leteg, k > 0
be the constants from the definition of the conditional Lipschitz shadowing property in I'y.
It is easily verified that for every ¢ > O,

P, = (1 — e, /o)l e R?
is an equilibrium of the system
§S'=1-18-S—e¢,
I'=1S—1+e,

which is a perturbation of Eq. (3.19). Therefore, for every ¢ € (0, min{eg, 1}), P. = (1 —
JE, \/E)T is aconstant pseudosolution of (3.19) on [0, c0) withmaximumerrorop, = € < &g
and such that P, € I'y. By the definition of the conditional Lipschitz shadowing, this implies
that, for every ¢ € (0, min{eg, 1}), Eq. (3.19) has a solution (S.(¢), I, ()T on [0, co) such
that

(Se(), I:(1))" € Beo(Pe) = Bee(1 — e, /&)T)  forallz €[0,00).  (321)
In particular, we have that
B # w(Se, I.) C Bee(Pe) whenever ¢ > 0 is sufficiently small , (3.22)

where w(Sg, I;) denotes the omega-limit set of the solution (Sg(¢), LaNT.Ife > 0is
sufficiently small, then ke < 4/¢. Hence,

Bye(P) C G:=(0,1) x (0,1)  whenever ¢ > 0 is sufficiently small. (3.23)

Choose ¢ > 0 small enough such that both (3.21) and (3.23) are satisfied. Define V : R? - R
by

vs,)=1 for(S,I)T € R%.
Then V'(S, I) = (0, 1) and for the derivative of V along system (3.19), we have
V(3.19)(S, D=V (S, Dh(S,1)=—-I1-S5)<0 for (S, NT € G =10, 1] x [0, 1].

Thus, V is a Lyapunov function for Eq. (3.19) on G (see [10, Chap. 2, Definition 6.1, p. 30])
and

E:={(S.D"eG|V319/(S.)=0}={(S.D" €G|I=00rS=1}. (324)

By the application of LaSalle’s invariance principle (see, e.g., [10, Chap. 2, Theorem 6.1,
p- 30]), we conclude that w (S, I.) C E. This, combined with (3.22), yields

@ # w(Se, Is) C Bee(Pe)NE.

Thus, B (P:) N E # (. On the other hand, (3.23) and (3.24) imply that B,.(P:) N E = .
This contradiction proves that Eq. (3.19) does not have the conditional shadowing property
in ['g. Note that if we take H = I'g and © = o, then (3.20) with ¢ = 0 implies that

sup  peo(H'(S, 1)) =0,
(S,D)7Tely

which shows the importance and the sharpness of condition (3.17) in Corollary 4.
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