Matematica SN
Contemporanea E.VASBM

Vol. 51, 221-242 (©)2022
http://doi.org/10.21711/231766362022 /rmc5110

Semilinear wave equation with
time-dependent exponential speed of

propagation, mass and dissipation

Wanderley Nunes do Nascimento (D]

1Federal University of Rio Grande do Sul, Av. Bento GonA§alves, 9500,
Agronomia, Porto Alegre/RS, Brazil

Abstract. In order to prove global existence (in time) of small
data energy solutions to the semilinear Cauchy problem for the wave
equation with time-dependent exponential speed of propagation mass
and dissipation we will derive sharp linear estimates for the solution

and its derivatives.

Keywords: Semilinear evolution equations, linear estimates, critical

exponent, global existence (in time), small data energy solutions.

2020 Mathematics Subject Classification: 35115, 35L71,
35A01, 35B33, 35E15, 35G25.

1 Introduction

Let us consider the semilinear Cauchy problem for the wave models
with exponential time-dependent speed of propagation, mass and dissipa-

tion
qbtt - thA¢ + n¢t + me = ‘¢|p, ¢(07$) = f(x)a th(o,l') = g(IE), (11)

in [0,00) x R where m and n are a positive coefficient for the mass and

dissipation terms, respectively. The main goal of this note is to prove
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global existence (in time) of small data energy solutions for all p > 1. To
achieve this goal, we shall derive sharp linear estimates for the solutions
of the linear parameterized problem associated with the Cauchy problem
(1.1).

The asymptotic behavior of the solution of (1.1) depends on the in-
teraction between the dissipative and mass terms. So, in order to derive
our results we shall propose the following classification for the semilinear

Cauchy problem (1.1): Applying the transformation (see [4])
B(t,x) = e u(t, ) (1.2)
to the Cauchy problem (1.1) we get
uy — €2 Au+ (2r + n)uy + Su = PP, (1.3)

in [0,00) x RY where § = 72 + nr + m and initial datas u(0,z) = f(x),
ut(0,2) = g(z)—rf(x). Some results for the constant speed of propagation

case of (1.3) can be found in [6]. Therefore we may have three possibilities
for the model (1.3):

1.1 Model with predominant dissipation: case 4m € (0,n?)

If we choose

2r:=pu—mn, p:=+vn?—4m, (1.4)

in (1.3), then § = 0 and we obtain the wave model with exponential speed

of propagation and predominant dissipation:
up — €2 Au+ puy = e%(p_l)t]u\p, (1.5)

in [0,00) x RY.

In order to feel some influence of the dissipative term, we shall assume
4m < n?. In the paper [2] was introduced a classification of damping terms
for the Cauchy problem (1.5).
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1.2 Model with predominant mass: case 4m € (n? 00)
If we choose
2r=-—n (1.6)

in (1.3), then we obtain the wave model with exponential speed of propa-

gation and predominat mass
n? n
ug — €2 Au + (m - 4> u=e 2Py P, (1.7)

in [0,00) x R

In order to feel some influence of the mass term, we shall assume 4m >
n?. In the paper [3] was introduced a classification of mass terms for the
Cauchy problem (1.7).

1.3 Model with a balance between mass and dissipation:

case 4m = n?

If we choose
2r = —n and 4m = n? (1.8)
in (1.3), then we obtain the balance between mass and dissipation
uy — €2 Au = e~ 2Py P, (1.9)

in [0,00) x RY.

According with the change of variable (1.2) and the possible choices of
r, (1.4),(1.6), (1.8), to prove global existence (in time) for the semilinear
Cauchy problem (1.1) it is equivalent to prove global existence (in time)
for the semilinear Cauchy problems (1.5), (1.7) and (1.9).

2 Main Results

In this section we list the main results of this paper that are related to
the global (in time) existence of small data energy solutions for the Cauchy
problem (1.1).
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Theorem 2.1. Let us consider the Cauchy problem (1.1) with initial datas

f e H'RY) and g € L*(RY). Suppose that 4m € (0,n*> — 1), p > 1 and

p < d%‘iz for d > 3. Then, there exists a constant €9 > 0 such that, for

every small data satisfying

1l +Mlgllzz <&, for e <eo,
there exists a uniquely determined global (in time) energy solution
¢ € C([0,00), H'(R?)) N C*([0, 00), L*(RY)).
Moreover, the solution ¢ satisfies the energy estimate

p=n
ot )z + eIVt ez + l1de(t Mz S ez ‘U fllar + llgllze)-
Remark 2.2. The condition 4m < n? — 1, implies that p > 1.

Remark 2.3. If 4m € (n? — 1,n?), then p < 1. This condition implies
that we are in the case where the predominant dissipation is non-effective
(see [2]). In this situation the size of the dissipation coefficient u has a
strong influence on the linear estimates, see Remark 3.5. It is expected a
existence of a p. > 1, such that there exists global (in time) small data
energy solutions for p > p.. Although, the techniques used in this paper,

in general, does not give us sharp p. for the non-effective dissipation case.

Theorem 2.4. Let us consider the Cauchy problem (1.1) with initial datas
f € HY(RY) and f € L*(R?). Suppose that n > 1, 4m € (n? 00), p > 1
and p < d%‘lQ for d > 3. Then, there exists a constant ey > 0 such that, for

every small data satisfying
[fllzn + llgllze <€, for e < eo,
there exist a uniquely determined global (in time) energy solution
¢ € C([0,00), H'(R%)) N C*([0, 00), L*(RY)).
Moreover, the solution ¢ satisfies the following decay estimate:

n—

l6(t, )22 + € IVt 2 + 6t Mze < e T (1 fll + llglz2).
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Theorem 2.5. Let us consider the Cauchy problem (1.1) with initial datas
fe H' (RY) and f € L2(RY). Suppose that 4m =n?, p > 1 and p < d%‘lQ
for d > 3. Then, there exists a constant €9 > 0 such that, for every small
data satisfying

£l + llgllze < e, for e < eo,
there exist a uniquely determined global (in time) energy solution
¢ € C([0,00), H'(R?)) N C!([0, 00), L*(R7)).

Moreover, the solution ¢ satisfies the following decay estimate:

(1)t o +e2 [V, lrate et ize S e 2 (1 fllm+llgll2)-

3 Linear estimatives

Consider the Cauchy problem with time-dependent exponential speed
of propagation, mass and dissipation (1.3). According to Duhamel’s prin-

ciple, a solution of (1.3) satisfies the non-linear integral equation
U(t,l’) = KO(t)())x) *(x) uO(l‘) + Kl(tvo)x) *(x) ul(x)
t
+ / Ki(t, 8, 2) %z P u(s, z)|Pds, (3.1)
0

where K;(t,0, z) *(z) uj(x),j = 0,1, are the solutions to the corresponding

linear Cauchy problem

w — e AuA (2r +n)uy +8u = 0, u(0,2) = dojuo(z), ue(0,2) = 51 u1(z),

(3.2)
where (t,z) € [0,00) x R? and &; = 1, if K = j and zero otherwise.
The term Ki(t, s, ) *(y) f(s,z) is the solution of the correspondent linear

parameter dependent Cauchy problem
ugr — €22Au+ (2r + n)ug + 5u =0, u(s,z) =0, w(s,z) = f(s,z), (3.3)

where (t,z) € [s,00) x R?. Therefore, by Duhamel’s principle, to under-
stand the solution for the semi-linear Cauchy problem (1.3) we shall take
account the solutions to a family of parameter-dependent Cauchy problem
(3.3).
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3.1 Model with dominant dissipation: case 4m € (0,n?)

Let us consider the linear parameter-dependent Cauchy problem for

the damped wave equation with exponential speed of propagation
Uy — €2 AU+ puy = 0, u(s,z) = @(s,x), u(s,x) =U(s, ) (3.4)

where (t,z) € [s,00) x R? and p > 0 is defined in (1.4).
Applying the partial Fourier transform with respect to the spatial vari-
able to (3.4) we get

Ut + /M/it + 62t|€’2a =0, ’TL\(S,IE) = @(3,5)7 ﬁt(s,f’) = &;(375) (35)

Performing the change of variable v(7) = @(t, &), T = €'|¢], we arrive

at the following Cauchy problem:

L+ p _ =6 = Hd
vrr o+ Eor 0 =0, w((gle’) = Bls, ), vrllgle’) = S

Setting w(z) = B%’U(T), z = 2t = 2i|¢|e’, we get the confluent hypergeo-

metric equation

1+
2Way + (14 p— 2)w, — T'uw =0, (3.6)

with the initial condition:

> S
cilele

wlan) = IG5, €), w.0) = 5 (P09 + 7005 0)).

where zp = 2o(s, &) = 21|{|e®.
If u ¢ Z, then due [1] the general solution to (3.6) is given by

w(z) = c1(s, §wi(z) + ca(s, Ewa(2),

where wy(z) and wo(z) are two independent solutions given by

1 1-
wy(z) = <_'2_N, 1+ g z) , wo(z) =2z"Hd <2#, 1 — g z) :
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Here ® is the Kummer’s function given by

0o a(”)z” . n—1
n=0 k=0

Forthermore, the representation formula to c;(s, §) are given by

53— W(20)(dzws—;)(20) — (dzw)(20)ws—;(20)
W (w1, w2)(20)

cj(s,€) = (-1) , for 7 =1,2,

(3.8)

where W (wy, w2) is the Wronskian of the two linear independent solutions

and it satisfies

d d ey 2
W(wi,ws)(z) = w1%w2 - w2%w1 = —pz e,

Finally we can conclude the following representation for the solution @ to
(3.5):

U(t,€) = e I [¢1(5,€) @1 + eals, €)(2i]€]eh) 1Py (3.9)

here ¢;(s,&), for j = 1,2 are given by (3.8) with zy = 2i|{|e® and ®; =
@ (55,14 1, 20l¢le) and By = & (15,1 - 1, 2ilgfe ).

Therefore, to give the asymptotic behaviour of the solution @ we shall
use the following properties of the Kummer’s functions, that can be found
in [1]:

Lemma 3.1. Let o and ( fized parameters in C with 5 ¢ Z. Then the
function ® = ®(«, B; z) satisfies the following properties:

1. ® is an entire function with respect to z;
2. d%(l)(oz,ﬁ;z) = %@(a + 1,84+ 1;2);

3. For large |z| the asymptotic behavior of the Kummer’s function is
given by
B, B; 2)| < C gz mex{fielo—p) —ie(a)}
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Remark 3.2. Note that in our case we have 8 = 2«a. In that way, for

large |z| the property (3) of the Lemma 3.1 can be written as
(e 5:2)] < Caplel 114,

According to the previous Lemma it is usefull to split the extended
phase space into zones to analyze the behavior of the Kummer’s function

for small and large frequencies. Let us consider the following zones:

Z(t) = {€: [€le! < N}, Za(s,t) = {€: Ne~* < |¢| < Ne~)
and Zs(s) = {: |€]e® > N). (3.10)

Using the properties of the confluent hypergeometric functions it is possible

derive the following results:

Proposition 3.3. Suppose that (0,-) € HY(RY), with~y > 0 and ¢(0,-) =
0 in the Cauchy problem (3.4). Then the following estimative hold fort > 0
and for p € (0,n)

150 (%, 0, %) *(@) ¢(0, 2) | 2 < [l(0, )| - (3.11)
For the kinect energy we have for u > 1
10:K0(t, 0, 2) *(z) p(0, 2) | g1 S 000, 2) | gy for v = 1. (3.12)
The above estimatives can also be founded in [2].

Proposition 3.4. Suppose that ¥(s,-) € HY(RY), with v > 0 for s > 0
and ¢(s,-) = 0. Then the following estimatives holds for p € [1,n) and
t>s:

1(K1(t,5,3) %) ¥(s,2), O K1t 5,2) () (s, 2)) | o S (s, 2) o

and

IVEL(t, 5,2) %) U(s,2) | gy S €705, 2) 1 g

If s = 0 we recover the results from [2].
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Remark 3.5. If u < 1, then the decay of the solutions and its derivatives
depends strongly on p. For instance, in the hypothesis of Proposition 3.4,
the following estimatives holds for p < 1

1—
H(Kl(tv va) *(x) 1,0(8,.%'), atKl(t7 va) *(x) ¢(87x))HH’Y 5 e(t_s)T# "¢(S7$)“HV'

Proof. Consideration in Z;(s):

Using the properties (1) and (2) of the Lemma 3.1 we get

(s, ) 5 (fgle?) ! <|¢<s,s>|<|£|es>—“-1 - (ms,sn + ‘ﬁfj;f”) <|£res>-“>

< 1(s, )] + (s, €)]

and

ex(5, )1 S (ele'y ! <\95(8,§)! E 'ﬁ(g’ef”)

< (1€l 13 (s, &) + (1€le®) (s, €.
Then, for all ¢ > s we obtain
Aol S (Uele™) 1 130s, 1 + (1ele”) 15, €)1 ) (I€le!) ™
< 18,8 + [9(s, )l
and, more general,
€[t €)] < €18 (s, €)] + €] e ™2t 9 (s, €),

for 7,71,72 2 0 and 71 + 72 = 7.
Similarly we have for v > 1 the estimatives:

e (e, )1 S 1 (1805, 1+ (s, )] )

Consideration in Z3(s):
In this zone we have |£|e® > N and |¢|e! > N. Using the properties (2)

and (3) of the Lemma 3.1, we arrive at
ei(5, €)1 S (€ley ™ (1805, ©I(1gle™) ™5 + B(s, ©)I(€le”) ™)
< 1B(s,©)1(I€le) ™ + (s, €)I(IEle”) 7 (3.13)
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for j = 1,2. Therefore, by using the above estimatives for ¢y, the def-
inition of the zone and the property (3) of Lemma 3.1 we can conclude
that:

EP1AL O] < I (B, OI(1e) S + (s, (1) T ) (€let) 5
< le (\@(s,@r L

e
’§|f)|e 21> e—t“T“

S [EP (05 |3(s, )] + e D" (s, €))),

forv>0.If ¢ € H""! but does not belong to ¢ € H7, we derive

[, €) S e e[| B(s, )] + e T e g ab(s, £))-

Similarly, we conclude for v > 1 the estimate

(p+1) (p—1)
2 2

P (8, €)| S efel* P (s, ).

€715 (s, €)] + e

Consideration in Zs(s):
Using the definition of the zone Zs(s) and (3.13), it follows that

€t )] < eV e B(s, )] + € T e F e (s, €)].
Similarly, we conclude for v > 1 the estimate
€D (€)1 S eI P IR(s, )] + O € (s, ).
This completes the prove of the Propositions 3.3 and 3.4. ]

3.2 Model with dominant mass: case 4m € (n?, o)

Let us consider the linear parameter-dependent Cauchy problem for

the Klein-Gordon type equation with exponential speed of propagation
ug — 2 Au + mu =0, u(s,z) = p(s,z), us(s,z) = ¥(s,z),  (3.14)

where (t,7) € [s,00) x R? and m = (m — "72> > 0.



Semilinear wave models 231

Applying the partial Fourier transform we have
att + (Th + e2t’€‘2) u= 07 ﬂ(s, Q?) = @(3;5)7 ﬁt(s,f) - 1/}(875)

Introducing the change of variable v(7) := @(t,£) with 7 = |¢]e! and

10 = |£|e® we have

1 m
Vrr + —Ur + <1+2>U:0
T T
Defining v(7) = 7°0(7), then after choosing p = iv/m we arrive at
U + (2p+ 1)v, + 70 = 0. (3.15)

The equation (3.15) can be reduced to a confluent hypergeomtric equation

performing the change of variable z := 2iT and w(z) := e!"v(7),

1+2p
2

2wy + (14 2p — 2)w, — w =0 (3.16)

with the initial condition at zp := 2i|{|e®

ey =2 Gy T ey

w(zg) = il P58 ilele? (@(S,g) PR+ &@,g))
(I€]e) '

The solution to (3.16) is given by the representation (see [1])

w(z) = ci(s, Hwi(z) + ca(s, Hwa(z),
where w; and wsy are two linear independent solutions given by

142 1-2
wl(z):<I>( +2 p,1+2p;z> and wo(2) = 2 2P ® <2p,1—2ﬂsz)a

where @ is the confluent hypergeometric function and the constants cjg

are given by

3—; W(20)(dzws—;)(20) — (dzw)(20)ws—;(20)
W (w1, w2)(20) ’

¢j(s,§) = (-1) (3.17)
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for j = 1,2, where W (w1, ws) is the Wronskian of the two linear indepen-

dent solutions and it satisfies

d
W (wy,we)(z) = wlgwg - wg%wl = —2pz" P e

From the representation above for W (w1, wy) and since z is a pure imagi-
nary number, it follows that [W (wy,ws)| ~ |27 .

Therefore the WKB representation for @ is given by
(t,€) = e/ MIEDTIN (¢) (5, )03 + o, €) (20l¢le!) @), (3.18)

with &3 = & (#,I—FQp;z) and &4, = O (%,1 —2p;z).
Analogously the previous section we shall divide the extended phase
space into zones like in (3.10). Using the properties of the confluent hy-

pergeometric functions it is possible derive the following results:

Proposition 3.6. Suppose that (0,-) € HY(RY), with~y > 0 and ¢(0,-) =
0. Then the following estimatives holds for t > 0 and for 4m € (n?, 00)

1Ko(t,0,2) *(@) p(0, %)l gy S Nl0(0, )| gy and (3.19)

t
”atKO(tv va) >k(ac) (P(Oa I’)HH.Y,l S €2 “(p(()?x)HHw fO’l" vy > 1. (320)
The above estimatives can also be founded in [3].

Proposition 3.7. Suppose that 1(s,-) € HV(Rd), with v > 0 for s > 0
and ¢(s,-) = 0. Then the following estimatives holds for t > s and for
4m € (n?,00)

(K (2,5, 2) () $(5,2), K1 (E 5, ) 50y 05, 2) | g S €2 [90(5, )] 0

and

_stt
HVK1(t7 S,I‘) *(z) w(sa x)”H’Y 5 e 2z H¢<37 x)HHV

If s = 0 we recover the results from |[3].
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Proof. Considerations in Z;: Using the properties of the confluent hy-

pergeometric functions described in Lemma 3.1, we have

5(s,€)| 10(s,€)|
BE [€]es

+18(s, 6| +

le1(s,€)| S [€]ef < ) <S5, + (s, )|

and

B(s,6)] + (s, ).

[ea(s,6)| S [¢]e? (IsB(s’f)' * SO(S’Q\’J@WS’@’) =

If v > 0 we have
€71 1 S P13 (s, O + (s, €)])
and if 1» € HY~! but ¢ ¢ H7, we can obtain the estimate
€[t €)1 S 1€1@(s, )] + e el (s, €)1
Analogously we derive for v > 1 the estimate:
€0 (2, €)1 S 167 (1B (s, )1 + [9(s, OI).

Considerations in Z3: In this zone we have that [£|e! > |{le® > N.
Then,

1
2

e5(5, )| < [€le? (ms,sn NG s 'w(s’@'> (IEle*)

[€les

_1

S (€le*)2 (s, €)] + (€le) "2 [(s, ),

for j = 1,2. Therefore, using the above estimatives, the definiton of the

zone and Lemma 3.1 we may conclude
1A )] S e ((€le®)2 105, &) + (1€]e®) 2 [d(s, €)]) (€leh) 2
S 1EP(ETNB(s, )] + €7 (s, ).
Similarly,

a1 < I (g€ 2180, )]+ (1€le’) 2 s, O (J€le')2
— e TIEPIB(s, )| + LD, 6))-
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Considerations in Zy: In Z5 we have

t—s —~

€Ol S 1€ (s, )l + €2 (s, ©)))

and

Mt Ol S el 1@, &)+ e 2 [e] (s, €)).

This completes the prove of the Propositions 3.6 and 3.7. ]

3.3 Model with balanced dissipation and mass: case 4m =

n2

Let us consider the linear parameter-dependent Cauchy problem for

the wave equation with exponential speed of propagation
uy — e 'Au =0, u(s,z) = p(s,z), u(s, ) = (s, z), (3.21)

where (t,7) € [s,00) x R%. Applying the partial Fourier transform we have

Ur + € €Pu =0, Uls,z) = @(s,€), Wls,€) =U(s,6). (3.22)

Introducing the change of variable v(7) := @(t,£) with 7 = |¢|e! and

70 = |£|e® we have

1
Vrr + —0r +v =0,
T

<)

with initial datas v(|{]e®) = @(s,€&) and v-(|¢]e®) = é‘iﬁ) The above
equation is well known as Bessel equantion of order zero.
The general solution of the Bessel equation of order zero is given for

7> 0 by (see [1])

() = c1(§)Jo(7) + c2(§)Yo(7),

where J, and Y, are Bessel functions of order v, of first and second kind,

respectively. The Wronskian satisfies

W(Jo(7), Yo(T)) = —.
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We obtain the following representation for the solution @ to (3.22):
u(t,§) = g!ﬁles (Y5 (I&le) Jo(l€le) = Jo(I&le) Yo(lgle)) B(s, )  (3.23)
2 (JolI€le)Yollgle) = Yollele®) Jo(Ielet)) (s, &),

see [5] for s = 0.
In order to describe the behaviour of u we will use the properties of

the functions Jy and Yjp:

Lemma 3.8. Consider the Bessel function of order zero Jo and Yy. Then
the follwing properties holds true:

1. Jy is an entire function analytic function, whereas Yy has a logarith-

mic singularity at 7 = 0;
2. Jo(r) = —=Ji(7);
3. For small T we have the asymptotic behaviour:

o) £ 1, 1] S 70 [¥o(r)| £ loa()], V() S 77

4. For large 7 we have the asymptotic behaviour:

BV P OIS T k=01

According to the previous Lemma it is usefull to split the extended
phase space into zones to analyze the behavior of the Bessel’s function for

small and large frequencies. Let us consider zones like in (3.10).

Proposition 3.9. Suppose that ¢(0,-) € HY(RY), with~y > 0 and ¢(0,-) =
0. Then the following estimatives holds for t > 0 and 4m = n?:

150, 0, %) *@) (0, 2) [l g7 S (14 1)[[0(0, 2) g+ (3.24)

||atK0(t701x) *(x) ()D(()?:U)HH“/*l S €tH(p(O,ZC)||H7, fO?” Y > 1. (325)
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Proposition 3.10. Suppose that (s, ) € HV(Rd), for s >0 and ¢(s,-) =
0. Then the following estimatives holds for t > s and 4m = n?: If v > 0,

1KL(E 8, 2) () (8, 2) | gy S (L + D9, 2) | 77

st
IVEL(E, 5, @) () 0(s,0) |l gy S (L +s)e 2 [[4(s,2)] g,
and for v > 1
t—s
‘|atK1(t>sax) *(x) ¢(S¢$)HH“/ S (1 + 8)6 2 W(S;J«")Hfm

Proof. Considerations in Z;: Using the representation of the solution
(3.23) and the property (3) of the Lemma 3.8 we have

e, o) < 6+ 1) (18] + 1942, 9)])
If ¢y € H"~' but o) ¢ H?, we obtain:

el la &)1 s (1 +1) (16113 Ol + e e (L o)1)

and
€17 M (t, €)1 S €€ 1B(E ] + (14 9) 16 b, €)].

Considerations in Z3: In Z3 we have [£]ef > |¢|e® > N and by using (4)

of the Lemma 3.8 we have
eP1ac. &)l < e il (18,1 + 181,01 ) -

If ¢y € H"' but o) ¢ H?, we obtain:

s+

€[ €)] S €T PP, &) + e 7 € (¢, €)

and
P @, €)| S €T IENB(E, )| + e €] (t, €)-

Considerations in Zs: In Z3 we have |[¢|e! > N and |¢|e® < N. By using
(3) and (4) of the Lemma 3.8 we have

eP1ac o)1 S 1€ (1861 + (1 + )5t €))
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If ) € H'~' but ¢ ¢ H7, we obtain:

€At )] < 1EM1BE )] + (1+ 8)e™ T [T B, ),

and

67 (€)1 S EMIRE O] + (L + 5)e TP D(5. )]

This completes the prove of the Propositions 3.9 and 3.10. O

4 Global existence of small data solutions

In this section we will give the proof of the main results of this paper
Theorems 2.1, 2.4 and 2.5. For this reason, we will use Duhamel’s principle

and the linear estimates derived in the last section.

4.1 Proof of Theorem 2.1:

First we are interested to obtain global (in time) energy solutions to
(1.1) for 4m € (0,n? — 1). For this it is enough to prove global existence
of small data energy solutions to (1.5).

In order to use the Banach’s fixed point theorem we shall define a
suitable operator in a function space which satisfies some conditions. Ac-
cording with the observations made in the Section 3, let us consider r as
in (1.4) and define the space

X(t) == {u e C([0,1], H' (RY) N C*([0,4], L*(RY))},
with the norm

lullx@ = Sl{lg)ﬂ{Hu(T, ez + e[ Vulr, )z + [lur (7, )| 22}
T€|0,

For u € X(t) we define the following linear operator
Pu(t,r) := Ko(t,0,2) %) uo(x) + K1(t,0,2) () u1(x)

t
4 /0 PV (1, 5, 7) %0y uls, ) [Pds.
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We will prove that there exists a fixed point for the operator defined above,

for this we will show that

[Pullx < Cllullk, (4.1)
-1 —1
[Pu— Po|x < Cllu—wvllx(ullk ™ +vl%) - (4.2)

By the Propositions 3.3 and 3.4 for s = 0 we arrive at
[ Ko(t, 0, ) *(z) uo(x) + K1 (t,0,2) ) ur(2) | x ) S llwollgr + [Jualz2-

Applyng Minkowski’s integral inequality and Proposition 3.4 we have

t
/ eI (15, 3) (g [uls, 2)[Pds
0

t
S [ e fus, o) ads.
L2 0

By Gagliardo-Niremberg inequality and the definition of the norm of X (¢)

we derive the estimative

1-6 6
s, Pl = uls, Ny  Tuals, NS Fus, Y2 Sl

with
1 1 oo, if d <2
O=dl=——1], 2p < . (4.3)
2 2 24 if d >3
Therefore,

' t
/0 e(P—l)TSKl(t,s,m) * () lu(s,z)Pds N ||u||§<(t)/0 eP=rsgs N ||u||§((t)v

once r < 0 due to u € (1,n) and p > 1. Analousgly, it is possible to prove

L2

the desired estimatives for the kinect and elastic energies. In that way, it
follows (4.1).

To derive the Lipschitz condition, notice that:
t
Pu—Puv= / (P (1, 5,2) (o) (Juls, )P — [os, 2)|P)ds
0

¢ t
—p/ eP=brs gg *(2) / v+ 7(u—v)[P"2(v + 7(u — v))d7(u — v)ds.
0 0
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Applying Holder and Gagliardo-Niremberg inequalities, it is possible to
obtain (4.2) analousgly to the previous case.
Then we conclude by Banach’s fixed point theorem the global existence

(in time) for the Cauchy problem (1.1) with sufficiently small initial datas.

The decay rate comes from the change of variable ¢(t,z) = e n2+utu(t, x).

4.2 Proof of Theorem 2.4:

We are interested to obtain global (in time) energy solutions to (1.1)
for 4m € (n?, 00). For this it is enough to prove global existence of small
data energy solutions to (1.7).

Let us define the space

X(t) == {u e c([0,4], H' (RY) nC'([0,4], L*(R))},
with the norm

lullx@ = St{lg)ﬁfﬂ!m(n Wiz + e 5 |ulr, ) g2 + 2 [|Vulr, )| 12}
T7€(0,t

For u € X (t) we define the linear operator
Pu(t,r) := Ko(t,0,2) %) uo(x) + K1(t,0, ) g u1(v)
- /0 t e 2PV K (8 5, 2) () [uls, z)[Pds.
By the Propositions 3.6 and 3.7 for s = 0 we arrive at
[ Ko(t, 0, ) *(z) uo(x) + K1 (t,0,2) ) u1() | x ) S llwollgr + [Juallz2-

Applyng Minkowski’s integral inequality Proposition 3.7 we have

t
/ 6_%(17_1)8}{1(1}, s,x) *($) |u(57$)‘pd5
0

L2

t
< b / e~ 5O=V5=3 [ lu(s, 2) || 2ds.
0
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By Gagliardo-Niremberg inequality and the definition of the norm of X (¢)

we derive the estimative

1-6 0
s, )Pl = luls, ) 5ap S luls, MES Vs, iFs S €37lullfq,

with 6 like in (4.3). Therefore,

once n,p > 1. Analousgly, it is possible to prove the desired estimatives

t
/ e*%(pfl)sKl(t,s,x) *(2) |u(s, x)[Pds
L2

t
0 S etllully, /0 3 =m)p-1)sg,

t
S e2 ||U||§((t)

for the kinect and elastic energies. In that way, it follows (4.1).

The Lipschitz condition follow as the proof of the Theorem 2.1. In that
way, we conclude by Banach’s fixed point theorem the global existence (in
time) for the Cauchy problem (1.1) with sufficiently small datas. The

decay rate comes from the change of variable ¢(t,z) = e_%tu(t, x).

4.3 Proof of Theorem 2.5:

We are interested to obtain global (in time) energy solutions to (1.1)
for 4m = n?. For this it is enough to prove global existence of small data
energy solutions to (1.9).

Let us define the space
X(t) = {ue (0,1, L*(RT) nc'([0,¢], H (R))},
with the norm

[ullxe) = “[IP {(1+7) " Hulr, )2 +e T lun(r, )|z +e2 | Vulr, )| 2}
T€|O

For u € X(t) we define the linear operator
Pu(t,x) := Ko(t,0,7) *(z) uo(x) + K1(t,0,7) ) ui(z)

t
+/ e 2P (¢ s, 2) *(g) [u(s, x)|Pds.
0
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By the Propositions 3.9 and 3.10 for s = 0 we arrive at
1Ko (£,0,2) *(z) uo(z) + K1 (£,0,2) *(z) ur (@)l x 1) S llwoll o + uall 2.
Applyng Minkowski’s integral inequality and Proposition 3.10 we have

t
()| [ e B0 K (15,2 s Ju(s, )P

0

L2

t
S0 [ e300t (s, n) Pl ads
0
t
S [ B0 us, )P e
0

By Gagliardo-Niremberg inequality and the definition of the norm of X ()

we derive the estimative
1-6 6
(s, WP lle = luls, VEap S lluls, )5S ||V, Wiz < A+s)Pllull gy

with 6 like in (4.3). Therefore,

t
()| [ e 300K 1 5.0) v (s, )P

0

L2

t
SVl [ e 807014 57 5l

once p > 1. Analousgly it is possible to prove the desired estimatives for
the kinect and elastic energies. In that way, it follows (4.1).

The Lipschitz condition follow as the proof of the Theorem 2.1. In that
way, we conclude by Banach’s fixed point theorem the global existence (in
time) for the Cauchy problem (1.1) with sufficiently small datas. The

decay rate comes from the change of variable ¢(t,z) = efgtu(t, x).
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