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A B S T R A C T 

In this work, we investigate the characteristics of the group velocity of obliquely propagating Alfv ́en waves in a dusty plasma 
typical of a stellar wind. The dispersion relation is derived with the aid of the kinetic theory for a magnetized dusty plasma 
consisting of electrons and ions, with distribution of momenta described by a Maxwellian function. The dust particles are 
considered to be immobile and have all the same size; they are electrically charged by absorption of plasma particles via inelastic 
collisions and by photoionization. We numerically solve the dispersion relation and calculate the components of group velocity 

(along and transverse to the magnetic field) for the normal modes, namely the compressional and shear Alfv ́en waves (CAW and 

SAW). The results show that the direction of the group velocity of CAWs is greatly modified with the wav e-v ector direction. 
On the other hand, SAWs will present group velocity propagating practically along the magnetic field. The changes in dust 
parameters, such as number density and equilibrium electrical charge, may significantly change the waves’ characteristics. It is 
seen that for sufficiently high dust to ion number density ratio, the SAWs may present perpendicular group velocity propagating 

in opposite direction to the perpendicular phase velocity, in a small interval of wavenumber values; we also notice that this 
interval may change, or even vanish, when the flux of radiation incident on the dust is altered, changing the equilibrium electrical 
charge of the grains. 

Key words: plasmas – waves – methods: numerical – stars: winds, outflows. 
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 I N T RO D U C T I O N  

pace plasmas are commonly populated by dust particles with very
igh masses relative to an ion, and a wide range of sizes, with radii
f the order of nanometres to a few millimetres. These grains of dust
ill accumulate their own electrical charge, which can be positive or
e gativ e, depending on the charging mechanisms and surrounding
nvironment. The presence of an electrically charged population
f dust particles can strongly influence the plasma properties, and
rive it to behave in a very different manner in comparison with a
onventional ion–electron plasma. Another common feature of space
lasmas is the presence of Alfv ́en wav es. These low-frequenc y wav es
re generated by oscillations of the magnetic field and play important
oles in several astrophysical mechanisms, such as the heating and
ransport of energy in stellar winds, transfer of angular momentum in
nterstellar molecular clouds, and providing scattering mechanisms
or the acceleration of cosmic rays (Cramer 2001 ). 

Numerous theoretical investigations of how these waves might
eat and accelerate the solar wind have been proposed (e.g. Barnes
969 ; Alazraki & Couturier 1971 ; Belcher 1971 ; Belcher & Davis
971 ; Heinemann & Olbert 1980 ; Jatenco-Pereira & Opher 1989 ;
 alceta-Gon c ¸alv es & Jatenco-Pereira 2002 ). This idea is supported
y the fact that Alfv ́en waves were detected in the solar wind, first
rough in situ observations by the Mariner 5 spacecraft (Belcher &
 E-mail: luan.toni@ufrgs.br (LBDT); rudi.gaelzer@ufrgs.br (RG); 
uiz.ziebell@ufrgs.br (LFZ) 
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Pub
avis 1971 ), and more recently by the Ulysses spacecraft near
he Earth (Goldstein et al. 1995 ; Smith et al. 1995 ). Advances
oming from ground-based (Tomczyk et al. 2007 ) and space-based
nstrumentation (De Pontieu et al. 2007 ) provide further evidence
f a significant energy flux near the solar corona caused by Alfv ́en
aves. 
It was pointed out by Leamon et al. ( 1999 ) that purely parallel

ropagating Alfv ́en waves are not sufficient to describe the observed
haracteristics of the solar wind. Some theoretical and observational
esults suggest that kinetic Alfv ́en waves (KAW), which are essen-
ially highly oblique Alfv ́en waves, must play an important role in
article acceleration (Hui & Seyler 1992 ) and in turbulent processes
n the solar wind (Leamon et al. 1998 , 2000 ; Bale et al. 2005 ). In
he kinetic regime, the electron thermal speed is higher than the
lfv ́en speed and the magnetic-aligned electric field produced by
bliquely propagating waves is expected to produce strong wave–
article interactions. For this reason, KAWs are often associated with
he heating and acceleration of electrons along the plasma magnetic
eld lines in solar flares and in aurora arcs (Hase ga wa 1976 ; Goertz &
oswell 1979 ; Bian, Kontar & Brown 2010 ). 
In uniform plasmas, it is well known that Alfv ́en waves consist

f the compressional and shear Alfv ́en waves (CAW and SAW) that
ay also be denominated as, respectively, whistler and ion cyclotron
aves in the large wavenumber regime. For parallel propagation,

hese tw o w aves present null values of parallel electric field and,
or a dustless plasma, they couple into a single mode in the short
av enumber re gion; ho we ver, for oblique propagation, these modes
o longer couple (Gaelzer et al. 2009 ). The CAW compresses the
© 2022 The Author(s) 
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agnetic field lines, which acts as a restoring force, and propagates 
sotropically, with its group velocity along the same direction of 
ts phase velocity (Chen, Zonca & Lin 2021 ). On the other hand,
or SAW, the magnetic field lines twist relative to one another but
o not compress. One of the most important properties of SAW is
hat it is an anisotropic electromagnetic wave, i.e. whilst its phase 
elocity can propagate in any direction, its group velocity propagates 
long the magnetic field (Swanson 2003 ). Ho we ver, V ́asconez et al.
 2015 ) have shown that for dispersive Alfv ́en waves all modes have a
on-vanishing component of the group velocity in the perpendicular 
irection to the magnetic field, although for SAW it is much less than
he parallel component. 

A substantial fraction of the Alfv ́en waves energy flux is trans-
erred to plasma particles by some form of dissipation, being Landau 
amping the usual process for a dustless plasma. Ho we ver, se veral
orks showed, with the aid of the kinetic theory, that the dispersion

elation in a magnetized dusty plasma is greatly modified, with the 
ormal modes showing a stronger damping mechanism than the 
sual Landau damping, caused by the inelastic collisions that occur 
etween the electrically charged dust grains and plasma particles 
see e.g. de Juli et al. 2005 , 2007 ; Ziebell et al. 2008 ; Gaelzer et al.
009 ; Gaelzer, de Juli & Ziebell 2010 ; De Toni & Gaelzer 2021 ; De
oni, Gaelzer & Ziebell 2022 ). 
The presence of dust particles near the solar corona has been 

bserved from infrared emissions, especially during solar eclipses 
L ́ena et al. 1974 ; Mankin, MacQueen & Lee 1974 ; D ̈urst 1982 ;
einert et al. 1998 ), providing evidence of dust particles existing as
lose as 2 R �, where R � is the Sun’s radius. In situ observations
y the NASA’s Parker Solar Probe (Howard et al. 2019 ) also
orroborate the theory that there is a decrease in dust density as
t approaches the Sun’s surface, since dust grains this close would 
e heated and vapourized by the intense sunlight. Observations also 
rovide evidence of the existence of dust envelopes around many 
ther stars. Of particular interest is the role that dust particles play
n the acceleration mechanism of stellar winds of carbon-rich stars. 
hese stars are notable for losing great amount of their masses by
ay of these powerful stellar winds (Knapp 1987 ; Lafon & Berruyer
991 ; Mattsson & H ̈ofner 2011 ). Several models that describe the
ass loss in late-type stars show that the stellar winds of these

tars are usually dust driven (Bowen 1988 ; Sandin & H ̈ofner 2003 ;
oitke 2006 ; Boulangier et al. 2018 ), in which stellar photons,

ncident on dust particles, will lead to a radiative acceleration of
he grains away from the star and, subsequently, momentum will 
e transferred to the surrounding gas by gas–grain collisions. In 
ddition to the radiation pressure, these winds are greatly affected 
y the strong damping of Alfv ́en waves, most likely due to grain
nteraction (F alceta-Gon c ¸alv es & Jatenco-Pereira 2002 ). 

In view of the importance of Alfv ́en waves in the heating and
cceleration of dust-driven stellar winds, a substantial amount of 
ork has been done in order to better comprehend the effects 
f dust particles in the propagation and damping of these waves, 
hich consider purely parallel propagating waves, with dust particles 

harged only by the absorption of plasma particles (see e.g. de Juli
t al. 2005 , 2007 ; Ziebell et al. 2005 ; Gaelzer et al. 2010 ). Gaelzer
t al. ( 2009 ) showed that the dispersion and absorption of obliquely
ropagating Alfv ́en waves are also substantially modified by the 
resence of dust, with the ion cyclotron modes presenting an interval 
f wavenumber values with null frequency, a feature not observed in 
 conventional plasma. 

Using the formalism developed by Galv ̃ ao & Ziebell ( 2012 ),
hich includes in the kinetic theory of magnetized dusty plasmas the 
rocess of photoionization of dust particles, it is possible to observe 
he effects caused by the dust population in a more realistic way,
ince the particles in stellar winds are exposed to radiation coming
rom the star’s surface. In this case, the dust population can present
ositi ve v alues for its electric charge, as opposed to the case where
hey are charged only by absorption of plasma particles, which tends
o ne gativ ely charge the dust grains. 

De Toni & Gaelzer ( 2021 ) first used this formalism to study the
hanges that the photoionization process may bring to the properties 
f purely parallel propagating Alfv ́en waves. Some of the results
eveal that the coupling between the whistler and ion cyclotron modes 
s greatly modified in the large wav elength re gion once dust particles
ave null or positive electrical charge. Also, it was shown that the
resence of photoionization may greatly modify the damping rates 
een in both modes. More recently, De Toni et al. ( 2022 ) extended the
tudy of the effects of dust photoionization to obliquely propagating 
lfv ́en waves. It was seen that, for the set of parameters typical of
 stellar wind coming from a carbon-rich star, the photoionization 
rocess tends to diminish the damping rate of both CAW and SAW
odes. Additionally, this charging process reduces the interval of 
avenumber values where the SAW presents null frequency. 
As mentioned before, both CAW and SAW are expected to present

on-zero transverse group velocity, which allow the wave energy to 
ropagate across the magnetic field lines. CAW and SAW waves are
nown to represent an important mode of energy and momentum 

ransport between the tail of Earth’s magnetosphere and the auroral 
one (Keiling et al. 2002 ; Lysak, Song & Jones 2009 ). In this context
he magnitude of the non-vanishing perpendicular group velocity 
an have important consequences for energy transport, since waves 
oving along the sheet boundary layer in the magnetotail would 

lso mo v e across the magnetic field lines and leave the plasma
heet boundary layer before reaching the inner magnetosphere 
Malovichko 2013 ). 

In non-uniform plasmas in which quantities vary in the direction 
ransverse to the ambient magnetic field causing a large gradient of
he Alfv ́en v elocity, wav es with small amplitude can undergo phase

ixing (Heyvaerts & Priest 1983 ), in which differences in group
elocity at different locations progressively bend wave fronts. Also, 
aves such as SAW, which have group velocity mostly parallel to

he magnetic field, can be subject to resonant absorption, in which
ase the wave energy concentrates in the local field line where its
requency locally matches a characteristic frequency (Chen & Zonca 
995 ). Ho we v er, since SAWs hav e a non-vanishing perpendicular
roup velocity, the energy propagates across field lines away from the
esonant layer; this mechanism can saturate the growth in amplitude 
f the resonant oscillation and limit the contraction of its transverse
ize (Bellan 1994 ; Stasiewicz et al. 2000 ). These processes are
nown to take place in the Earth’s magnetosphere and in the Sun’s
orona, heating and transferring energy to the local plasma (Chen &
ase ga wa 1974 ; Hase ga wa & Chen 1976 ). 
Given the importance and ubiquity of phenomena involving wave 

ropagation and energy transfer in space environments, and taking 
nto account that these are commonly populated by dust particles, in
his paper, we follow the work of De Toni et al. ( 2022 ) by studying
he characteristics of the group velocity of oblique Alfv ́en waves in a
usty plasma typical of a stellar wind environment. The intention is to
etter understand how the energy of both CAW and SAW propagates
n a magnetized dusty plasma and how their group velocity is changed 
hen varying some of the parameters related to the dust particles,

uch as number density and equilibrium electrical charge. 
The structure of this paper is the following. In Section 2 , we discuss

he plasma model and the dust charging mechanisms considered. In 
ection 3 , the dispersion relation for obliquely propagating Alfv ́en
MNRAS 516, 4650–4659 (2022) 
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aves is derived. Section 4 presents the numerical results and
iscussions. Finally, the conclusions and final remarks are presented
n Section 5 . 

 T H E  PLASMA  M O D E L  A N D  DUST  

H A R G I N G  PROCESSES  

he kinetic formalism applied in this work is the same that recently
ppeared in De Toni et al. ( 2022 ), in which is presented a more
etailed account of the theory (see also de Juli & Schneider 1998 ;
e Juli et al. 2005 ; Gaelzer et al. 2009 ; Galv ̃ ao & Ziebell 2012 ).
evertheless, it is useful to repeat here some of the basic features of

he model. 
We start by considering a multicomponent homogeneous plasma

onsisting of protons, electrons, and spherical dust particles with
adius a , placed in an external magnetic field B 0 = B 0 e z and exposed
o anisotropic incidence of radiation, as it happens in the surrounding
f stars. Dust grains embedded in a plasma will acquire their own
lectrical charge by way of many charging processes, which are
epresented by currents incident on the grains’ surface, i.e. 

d q d 
d t 

= 

∑ 

k 

I k ( q d ) , (1) 

here q d is the dust electrical charge and I k is the current correspon-
ent to the k th charging process. After some time, the dust grains
ill achieve an equilibrium electrical charge q d0 , in which case the

otal current o v er the surface will be zero, i.e. 

d q d 
d t 

∣∣∣∣
q d = q d0 

= 

∑ 

j 

I k ( q d0 ) = 0 . (2) 

As a consequence of the variable charge of dust particles, the
quilibrium number densities n β0 of the plasma species β will change
hrough the quasi-neutrality condition: 
∑ 

β

n β0 q β + q d0 n d0 = 0 , (3) 

here q β is the charge of the plasma species β, and n d0 is the
quilibrium density of dust particles. 

Generally, in both space and laboratory plasmas, more than one
harging process may play an important role in the variation of the
ust electrical charge. Some important charging mechanisms that
ccur on dust particles are: the absorption of plasma particles due to
nelastic collisions between them and dust grains; electron emission
y photoelectric effect; secondary emission of electrons; thermionic
mission; among others. In our model, each of these processes would
dd an additional term in the kinetic equation of plasma particles and
reatly complicate the deri v ation of the dielectric tensor. 
In this work, we consider only the absorption of particles of species
and the photoemission of electrons by the dust grains, represented,

espectively, by the currents I β and I p . The absorption current is
erived from the orbital motion limited (OML) theory (see e.g.
llen 1992 ; Tsytovich 1997 ), an approximation valid for weakly
agnetized plasmas where the dust particle radius is much smaller

han the electron Larmor radius (Chang & Spariosu 1993 ; Salimullah,
andberg & Shukla 2003 ; Kodanova et al. 2019 ). For the parameters
sed in this work, this condition is always satisfied. 
The e xplicit e xpression of the absorption current in the equilibrium

s given by (de Juli & Schneider 1998 ) 

 β0 ( q d ) = π a 2 q β

∫ 
d 3 p 

(
1 − C β

p 

2 

)
H 

(
1 − C β

p 

2 

)
p 

m β

f β0 , (4) 
NRAS 516, 4650–4659 (2022) 
here m β and f β0 are, respectively, the mass and the distribution
unction of the plasma species β in equilibrium, H ( x ) is the Heaviside
unction, and 

 β ≡ 2 q d q βm β

a 
. (5) 

The model for the photoionization current considers that radiation
s unidirectional, striking only one side of the dust particle. When
he energy of the radiation is greater than the work function of the

aterial, electrons can be emitted. Its expression is given by (see
alv ̃ ao & Ziebell 2012 , appendix) 

 p = 

2 

h 

3 

∫ 
d 3 p σp ( p, q d ) 

p z 

m e 

[
1 + exp 

(
p 

2 

2 m e k B T d 
− ξ

)]−1 

, (6) 

here h is the Planck constant, T d is the dust temperature, and 

= 

1 

k B T d 
( hν − φ) , (7) 

ith ν being the incident radiation frequency, and φ the work function
f the material. The photoemission cross-section is written as 

p ( p, q d ) = e π a 2 β( ν) � ( ν) H ( p z ) H 

(
1 − 2 m e eq d 

ap 

2 
H ( q d ) 

)
, (8) 

here e is the elementary charge, β( ν) is the probability of an electron
hat arrives to the surface coming from the inside to absorb a photon
f frequency ν at the surface, and � ( ν) is the number of photons
ith frequency ν incident per unit of area per unit of time. 
If we consider that the star radiates as a blackbody, we can express

he number of photons with frequency between ν and ν + d ν incident
er unit time per unit area by 

 ( ν) d ν = 

4 π ν2 

c 2 

[
exp 

(
hν

k B T s 

)
− 1 

]−1 (
r s 

r d 

)2 

d ν, (9) 

here c is the speed of light in vacuum, T s is the surface temperature
f the star, r s is the radius of its radiating surface, and r d is the mean
istance of the dust grains from the star. 
Both integrals in momenta appearing in equations ( 4 ) and ( 6 )

an be solved. More details on these charging models can be
ound in De Toni & Gaelzer ( 2021 ) where the absorption current
s solved for Maxwellian distribution of plasma particles and the
hotoemission current is expressed in terms of empirical quantities,
uch as the maximum photoelectric efficiency χm 

of the material, and
s generalized to the case of a continuous spectrum of the radiation. 

As mentioned before, when writing the kinetic equations of the
ystem, these charging processes will alter the equations for plasma
articles. On top of that, one must also supply a kinetic equation for
he dust population. Therefore, considering that dust particles are

otionless and have all the same size, we can write the Vlasov–
axwell set of equations as (Galv ̃ ao & Ziebell 2012 ) 

∂ f d 

∂ t 
+ 

∂ 

∂ q 
( If d ) = 0 , (10) 

(
∂ 

∂ t 
+ 

p 
m β

· ∇ r + q β

[
E + 

p 
m βc 

× B 

]
· ∇ p 

)
f β = J β + J p , (11) 

 · E = 4 π
∑ 

β

q β

∫ 
d 3 pf β + 4 π

∫ 
d q qf d ( r , q, t) , (12) 

 · B = 0 , (13) 

 × E = −1 

c 

∂ B 

∂ t 
, (14) 

 × B = 

1 

c 

∂ E 

∂ t 
+ 

4 π

c 

∑ 

β

q β

m β

∫ 
d 3 p p f β, (15) 
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here I is the total current incident on dust grains, whilst f d ( r , q, t)
nd f β ( r , p , t) are, respectively, the distribution functions of dust and
lasma particles of species β. The collisional integral J β is closely 
elated to the I β current and acts as a sink of ions and electrons, since
hey are absorbed by dust grains. On the other hand, the term J p 
escribes a source of electrons that are emitted by the photoionization 
f dust particles and is related to the I p current. 
The postulation of immobile dust grains greatly simplifies the 

inetic equation for the dust population since it excludes the mo- 
entum dependence of f d . Ho we ver, as a consequence, it restricts

he model to the range of wave frequencies much higher than the
haracteristic dust frequencies. That is, we must consider the regime 
n which ω � max ( ω d , | �d | ), where ω d and �d are, respectively,
he plasma and cyclotron frequencies of the dust particles. Hence, 
his model is not adequate to study wave modes that arise from dust
ynamics, such as the dust acoustic waves, dust ion acoustic waves, 
nd electrostatic dust ion cyclotron waves. 

 T H E  DIELECTRIC  TENSOR  A N D  

ISPERSION  RELATION  F O R  O B L I QU E  

LFV  ́EN  WAV ES  

erforming a linear approximation in the set of equations ( 10 )–
 15 ), where we assume that the fields and distribution functions
an be written as a summation of an equilibrium part and a small
erturbation, e.g. f β = f β0 + f β1 , and using the Fourier transform of
he perturbation, the dielectric tensor will have the form (Galv ̃ ao &
iebell 2012 ) 

ij = εC 
ij + εA 

ij + εP 
ij , (16) 

here εC 
ij indicates the components that have almost the same formal 

tructure of a conventional (dustless) plasma. The terms εA 
ij and εP 

ij are 
elated to the dust charging processes considered in the formalism, 
nd would not appear in a dustless plasma. The former appears due
o the absorption of plasma particles by the dust, whilst the latter is
elated to the photoionization of dust particles. As a first approach to
he problem, we consider only the ‘conventional’ part of the dielectric 
ensor, i.e. we make εij = εC 

ij . 
Therefore, for a Maxwellian distribution of plasma particles, the 

ielectric tensor can be written as 

ij = δij + 

∞ ∑ 

n =−∞ 

∑ 

β

ω 

2 
p β

ωn β0 

∫ 
d 3 p 

(
p ‖ 
p ⊥ 

)δjz ∂ f β0 

∂ p ⊥ 

× p 

δiz 

‖ p 

δix + δiy 

⊥ 

� 

nβ

ij 

ω − n�β − k ‖ p ‖ 
m β

+ i ν0 
βd ( p) 

, (17) 

here ω is the angular frequency, ω p β and �β are, respectively, the 
lasma and cyclotron frequencies of particles of species β. The tensor 
 

nβ

ij is related to the Bessel functions and its first deri v ati ves (see e.g.
e Juli et al. 2005 , appendix). 
The presence of dust particles introduces a new imaginary term 

n the resonant denominator of equation ( 17 ), featuring the inelastic
ollision frequency ν0 

βd ( p) between dust and plasma particles. To 
 v aluate the momentum integral, we replace this term by its average
alue in momentum space: 

β = 

1 

n β0 

∫ 
d 3 p ν0 

βd ( p) f β0 . (18) 

his procedure enable us to derive relatively simple expressions 
or the dispersion relation and it has been shown to be a good
pproximation in the frequency range of Alfv ́en waves (de Juli et al.
007 ). 
The dispersion relation for a homogeneous magnetized plasma 
ith B 0 = B 0 e z and a wave vector k lying on the xz plane is given
y 

det 

⎛ 

⎝ 

εxx − N 

2 
‖ εxy εxz + N ‖ N ⊥ 

εyx εyy − N 

2 εyz 

εzx + N ‖ N ⊥ 

εzy εzz − N 

2 
⊥ 

⎞ 

⎠ = 0 , (19) 

here N = N ⊥ 

e x + N ‖ e z = k c/ω is the refractive index. 
We now introduce the following dimensionless parameters: 

z = 

ω 

�i 

, ε = 

n d0 

n i0 
, u β = 

v Tβ

v A 
, χβ = 

q d0 q β

ak B T β
, 

γ = 

λ2 n i0 v A 

�i 

, ˜ a = 

a 

λ
, λ = 

e 2 

k B T i 
, q = 

k v A 
�i 

, 

˜ β = 

νβ

�i 

, ηβ = 

ω p β

�i 

, r β = 

�β

�i 

, (20) 

here v A is the Alfv ́en velocity, 

 

2 
A = 

B 

2 
0 

4 π n i0 m i 

. (21) 

The group v elocity, giv en the cylindrical symmetry and that k is
ying on the xz plane, is expressed as 

 g = 

∂ ω 

∂ k ⊥ 

e x + 

∂ ω 

∂ k ‖ 
e z , (22) 

nd, in terms of these dimensionless quantities, can be written as 

 g = 

∂ z 

∂ q 
= 

v g 
v A 

. (23) 

Considering that the studied modes have large wavelength in the 
erpendicular direction, i.e. q ⊥ 

	 1, and keeping only the n = −1,
, 1 harmonics in the dielectric components, the dispersion relation 
or obliquely propagating waves can be written as follows: (

z 2 

η2 
i 

+ ε1 
yy − q 2 ‖ 

)(
z 2 

η2 
i 

+ ε1 
xx − q 2 ‖ 

)
− ( ε1 

xy ) 
2 

](
z 2 

η2 
i 

+ ε0 
zz 

)

+ 

{(
z 2 

η2 
i 

+ ε0 
zz 

)(
z 2 

η2 
i 

+ ε1 
xx − q 2 ‖ 

)(
ε0 
yy − 1 

)

+ 

(
z 2 

η2 
i 

+ ε1 
yy − q 2 ‖ 

)[(
ε1 
zz − 1 

)(
z 2 

η2 
i 

+ ε1 
xx − q 2 ‖ 

)

−
(

ε1 
xz + q ‖ 

)2 ]
−

[
− 2 ε1 

xy ε
1 
yz 

(
ε1 
xz + q ‖ 

)

+ ( ε1 
xy ) 

2 

(
ε1 
zz − 1 

)
+ ( ε1 

yz ) 
2 

(
z 2 

η2 
i 

+ ε1 
xx − q 2 ‖ 

)]}
q 2 ⊥ 

+ 

{(
ε0 
yy − 1 

)[(
z 2 

η2 
i 

+ ε1 
xx − q 2 ‖ 

)(
ε1 
zz − 1 

)

−
(

ε1 
xz + q ‖ 

)2 ]}
q 4 ⊥ 

= 0 , (24) 

here ηi = c / v A and the ε0 , 1 
ij tensor components are related to the εij 

omponents. A more detailed account of this deri v ation and explicit
xpressions for these components can be found in Gaelzer et al.
 2009 ). 

 N U M E R I C A L  RESULTS  

o solve the dispersion relation we consider the same set of
arameters used in previous works to study Alfv ́en waves within the
inetic theory (e.g. de Juli et al. 2005 ; Ziebell et al. 2005 ; Gaelzer
t al. 2009 , 2010 ; De Toni & Gaelzer 2021 ; De Toni et al. 2022 ), i.e.
MNRAS 516, 4650–4659 (2022) 
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Figure 1. Real part of the normalized frequency z r as a function of 
normalized wavenumber in the parallel direction q � for se veral v alues of 
perpendicular wavenumber q ⊥ for a dustless plasma ( ε = 0). Continuous 
lines correspond to SAW, whilst dashed lines correspond to the CAW. 
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Figure 2. (a) Parallel and (b) perpendicular component of normalized group 
velocity u g as functions of q � for the wave modes presented in Fig. 1 . 
Continuous lines are the SAW/ion c yclotron wav es, whilst dashed lines are 
the CAW/whistler waves. 
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 0 = 1 G, n i0 = 10 9 cm 

−3 , T i = 10 4 K, T e = T i , and a = 10 −4 cm.
his set of parameters corresponds to values typically found in the
inds of carbon-rich stars (Tsytovich, Morfill & Thomas 2004 ). 
In this environment, dust particles are composed mainly of carbon

Nanni et al. 2021 ), for that reason, we choose the follo wing v alues for
he dust’s physical parameters: work function φ = 4.6 eV; maximum
hotoelectric efficiency χm 

= 0.05; and dust temperature T d = 300 K.
he chosen value of T d is within the range of dust temperatures in

he inner circumstellar dust shells of carbon stars (Gail & Sedlmayr
014 ). 
To calculate the radiation flux from equation ( 9 ) we consider a

istance of r d = 2 r s , which is within the region of dust formation
n dust-driven winds of carbon stars (Danchi et al. 1994 ; Gail &
edlmayr 2014 ). Since we are dealing with the inner dust shells, we
onsider that there is no dust between the font and the studied region,
o we may neglect the reddening effect of radiation that could occur
s a result of the extinction of light caused by other dust particles. 

The surface temperatures of carbon stars may vary widely from
round T s = 2000 to o v er 5000 K (Wallerstein & Knapp 1998 ).
or the parameters used in this work, stars with temperatures above
500 K start presenting significant effects on Alfv ́en waves caused
y photoionization of dust particles, so that we choose to work with
emperatures abo v e this value in our numerical analysis. 

We start our analysis by investigating the group velocity behaviour
n a dustless plasma ( ε = 0), solving the equation ( 24 ) using the
arameters mentioned abo v e. Fig. 1 shows the evolution of the
eal part of the normalized wave frequency z r as a function of the
arallel normalized wavenumber q � . The perpendicular wavenumber
s considered a fixed parameter with values q ⊥ 

= 0.01, 0.05, and 0.1,
istinguished by the different line colours. 
This figure is useful to identify the different wave modes that

ppear from the dispersion relation. Continuous lines represent the
AW for small wavenumber and become the ion cyclotron mode for

arge wavenumber. We can see that for small values of q � , this mode
s not sensitive to the chosen value of q ⊥ 

. It is only for larger q � that
s possible to see some small differences between the different line
olours for the ion cyclotron mode. 

On the other hand, the dashed lines present a greater sensitivity to
hanges in q ⊥ 

. These lines identify the CAW for small wavenumber
nd become the whistler mode for large wavenumber. We notice that
NRAS 516, 4650–4659 (2022) 
or very small q � , this mode approaches a non-zero value of wave
requency z r , which decreases together with the q ⊥ 

parameter. For
urely parallel propagation, the whistler wave approaches z r = 0 for
mall wavenumber and couple with the ion cyclotron mode into a
ingle wave mode in a dustless plasma (see e.g. de Juli et al. 2005 ;
e Toni & Gaelzer 2021 ). 
Now we look at the group velocity of these modes from the

umerical differentiation of the dispersion relation. This is done by
 simple two-point estimation: 

f ( x + h ) − f ( x) 

h 

, (25) 

hich gives the derivative of the function f ( x ) in the limit of
 approaching zero. Ho we ver, from the computational point of
ie w, the finite dif ference approximation of the deri v ati ve suf fers
rom catastrophic cancellation for very small h , which restricts the
ractical use of the formula for h smaller than a critical value, corre-
ponding to the greatest obtainable accuracy for the approximation. 

Fig. 2 shows the parallel (top panel) and perpendicular (bottom
anel) components of u g = v g /v A , i.e. the deri v ati ve gi ven by
quation ( 23 ), which gives information about the velocity of a
 ave pack et and energy propagation along and perpendicular to the
agnetic field lines, for the modes presented in Fig. 1 . 
We see that the SAW/ion cyclotron waves (continuous lines)

resent parallel group velocity similar to the Alfv ́en velocity for
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Table 1. Numerical values for the dust charge number Z d for the 
parameters given in the beginning of this section. The left-hand side 
of the table shows the cases with constant stellar surface temperature 
T s = 3500 K and se veral v alues of dust to ion density ratio ε, as studied 
in Fig. 3 (a). The right-hand side corresponds to the curves in Fig. 3 (b), 
with constant ε = 5 × 10 −6 and varying T s . 

T s = 3500 K ε = 5 × 10 −6 

ε Z d T s (K) Z d 
10 −7 −1431 0 −1495 
10 −6 −1430 3500 −1427 
2.5 × 10 −6 −1429 4000 −1025 
5.0 × 10 −6 −1427 4500 −205 
7.5 × 10 −6 −1425 5000 + 349 
10 −5 −1424 5500 + 699 
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Figure 3. Real part of the normalized frequency z r as a function of 
normalized parallel wavenumber q � and fixed q ⊥ = 0.1 for: (a) fixed value 
of stellar surface temperature T s = 3500 K and several values of dust to 
ion density ratio ε; (b) fixed ε = 5 × 10 −6 and varying the value of T s . 
Dashed and continuous lines represent, respectively, the forward-propagating 
CAW/whistler modes and the SAW/ion cyclotron modes. 
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mall q � , whilst the perpendicular component is near zero in that
e gion, re gardless of their q ⊥ 

value. The group velocity of these
odes only change slightly as the waves present higher values of q � .
Ho we v er, the group v elocity of CAW/whistler wav es (dashed

ines) displays larger changes as the wavenumber values are modi- 
ed. The parallel component of group velocity presents higher values 
or increasing q � , with the exception of a short interval in the small
 � region in which u g � decreases. The component u g ⊥ 

, on the other
and, tends to decrease as q � increases, more sharply for smaller 
alues of q ⊥ 

. 
Furthermore, we notice that the values of u g ⊥ 

for SAW are much
ower than u g � , which will also happen in the subsequent studies in
his work (see Figs 6 and 8 ). This indicates that the wave energy is
ransported predominantly along the magnetic field lines, which is 
xpected for this wave mode (Chen & Zonca 2014 ; Chen et al. 2021 ).

It is worth mentioning that Figs 1 and 2 present only the positive
oots of the dispersion relation, which correspond to forward- 
ropagating waves relative to the magnetic field. There are also 
e gativ e solutions (see e.g. Gaelzer et al. 2009 ; De Toni et al.
022 ), representing backward-propagating waves, with the same 
bsolute values of z r and u g , but opposite signs. For the sake of
larity, we present only the solutions for forward-propagating waves 
hroughout this w ork, k eeping in mind that there are also solutions
o the dispersion relation that are symmetric about the x -axis. 

Now we look at the effects of dust particles on these wave
odes. First of all, we observe that the dust particles will acquire

n equilibrium electrical charge q d0 = Z d e , where Z d is the dust
harge number, which will depend on the plasma parameters. Table 1 
resents the values of the dust charge number utilizing the set of
arameters previously discussed for several values of dust to ion 
ensity ε and radiation flux, given by the stellar surface temperature 
 s . 
We notice that by fixing T s and varying ε, the charge number is

lmost not affected at all for the values considered. None the less,
s we will see, the wave modes and its group velocities may present
ignificant changes in their behaviour when we increase the dust 
ensity. This is due to the inelastic collision frequency that appears 
n the resonant denominator of equation ( 17 ), which is affected by
his parameter. 

On the other hand, the dust charge number in Table 1 is sig-
ificantly altered by varying T s , to the point where dust particles
ecome positively charged, a consequence of the photoionization 
rocess. In this case, the inelastic collision frequency will be altered 
specially by the changes in the equilibrium dust charge and in the
lectron density, since the changes in the dust electrical charge will 
lso modify the plasma particles densities by the quasi-neutrality 
ondition (see equation 3 ). 

Fig. 3 displays the forward-propagating wave modes that appear 
or the set of parameters previously discussed. As before, the dashed
nd continuous lines represent, respectively, the CA W and SA W. By
xing the value of q ⊥ 

= 0.1, we observe that when the dust to ion
ensity ratio ε is not zero, the SAWs present a region of null z r . This
on-propagating region appears in the presence of dust particles and 
as already studied in the works of Gaelzer et al. ( 2009 ) and De Toni

t al. ( 2022 ). The results show that the interval of q � where the real
requency is zero is decreased for smaller dust density (top panel)
nd for higher radiation flux (bottom panel). 

We now look to the group velocities of each mode separately
n both cases, varying dust density and varying the radiation flux.
igs 4 and 5 show the parallel (top panels) and perpendicular (bottom
anels) components of the group velocity of the CAW/whistler modes 
resented in Fig. 3 . We notice that the behaviour of the group velocity
or small dust density is very similar to what is observed for a dustless
lasma, in Fig. 2 , with u g � still presenting decreasing values for a
hort interval of q � values (around 0.005 � q � � 0.01). However,
igs 4 (a) and 5 (a) show that this feature tends to disappear for higher
MNRAS 516, 4650–4659 (2022) 
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Figure 4. (a) Parallel and (b) perpendicular component of normalized group 
velocity u g as functions of q � for the CAWs presented in Fig. 3 (a), with 
constant stellar surface temperature T s = 3500 K and several values of dust 
to ion density ratio ε. 
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Figure 5. (a) Parallel and (b) perpendicular component of normalized group 
velocity u g as functions of q � for the CAWs presented in Fig. 3 (b), with 
constant dust to ion density ratio ε = 5 × 10 −6 and several values of stellar 
surface temperature T s . 
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alues of dust density or radiation flux, with u g � monotonically
ncreasing in all interval of q � studied. 

The perpendicular component u g ⊥ 

of CAWs also shows little
hanges for small dust density when compared to the dustless plasma
ase. Figs 4 (b) and 5 (b) show that the values of u g ⊥ 

tends to increase
n cases with higher values of ε or smaller values of T s . For instance,
 dust to ion density ratio of ε = 10 −5 may cause the perpendicular
roup velocity of waves with small q � to achieve values almost two
imes bigger than the Alfv ́en velocity, for the parameters considered,
ndicating that the propagation of the wave packet for small q � will
ccur at greater angles from the magnetic field for higher dust density.
The group velocity values of the SAWs displayed in Fig. 3 (a)

re presented in Fig. 6 . Both parallel (top panel) and perpendicular
bottom panel) components of u g show null values in the region
here these modes have zero frequency z r . At the point in which the
odes become dispersive, we notice a jump of the group velocity

rom zero to a finite value, causing a discontinuity in the plot, and
tarts decreasing afterwards. 

This value of the group velocity at the point of discontinuity is not
ell defined by our numerical method since the ion cyclotron curves

n Fig. 3 indicate that the deri v ati ve at the point in which they no
onger present z r = 0 tends to infinity (similarly to the behaviour of a
quare root function at the origin). For that reason, the value of u g at
NRAS 516, 4650–4659 (2022) 
his point becomes dependent of the step h utilized in equation ( 25 ),
s is illustrated in Fig. 7 . 

None the less, all numerical deri v ati ves presented in Fig. 7 show
imilar values of u g � outside the vicinity of the discontinuity point.
nyhow, the fact that u g tends to infinity indicates that the group
elocity in that spectral region does not have physical significance as
he velocity of propagation of a wave packet, as it occurs in regions
f anomalous dispersion (see e.g. Brillouin 1960 ). 
Back to Fig. 6 , we see that the parallel group velocity of SAWs

tarts decreasing after the point of discontinuity, converging to values
ear the Alfv ́en velocity ( u g � = 1). The perpendicular component has
alues significantly lower and shows a distinct behaviour for some ε 
 alues, with negati ve u g ⊥ 

right after the discontinuity point, i.e. in a
mall range of q � , the perpendicular group velocity for these waves
s in opposite direction to the perpendicular phase velocity. 

This region of negative u g ⊥ 

is rather small, turning into positive
alues for slightly bigger q � . For small dust density this feature does
ot appear, with the group velocity presenting positive values for all
 � , as can be seen in the zoomed-in boxes in Fig. 6 (b) for the ε =
0 −6 and 10 −7 curves. 
The situation in which dust density is maintained fixed and the

adiation flux is changed through the stellar surface temperature T s is
hown in Fig. 8 for SAW and same set of parameters as in Fig. 3 (b).
he behaviour of the parallel component of group velocity is very
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Figure 6. (a) Parallel and (b) perpendicular component of normalized group 
velocity u g as functions of q � for the SAWs presented in Fig. 3 (a), with 
constant stellar surface temperature T s = 3500 K and several values of dust 
to ion density ratio ε. 

Figure 7. Parallel component of u g for SAW as a function of q � for distinct 
values of the step h utilized in the numerical differentiation (equation 25 ). 
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Figure 8. (a) Parallel and (b) perpendicular component of normalized group 
velocity u g as functions of q � for the SAWs presented in Fig. 3 (b), with 
constant dust to ion density ratio ε = 5 × 10 −6 and several values of stellar 
surface temperature T s . 
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imilar to what is observed in Fig. 6 (a), with u g � showing a region of
nomalous dispersion at the point where the modes start presenting 
on-zero values of z r , and decreasing to a value near the Alfv ́en
elocity outside the vicinity of the discontinuity point. 
The perpendicular component u g ⊥ 

of these modes presents, as 
efore, much smaller values than the parallel component and situ- 
tions with ne gativ e v alues in a short interv al of q � near the point
f discontinuity, for small radiation flux. For greater values of T s ,
he perpendicular group velocity is positive (see zoomed-in box in 
ottom panel) right after the discontinuity point, as occurs with the
arallel component. 
Ho we ver, we notice in some situations that u g ⊥ 

presents a complex
ehaviour and may even decrease to ne gativ e values in a short interval
f q � , and become positive again. This can be visualized in Fig. 9 , in
hich several other values of T s have been added, in order to better

how the transition of a curve with positive values for all q � ( T s �
800 K) to the cases showing ne gativ e u g ⊥ 

in some region ( T s �
000 K). 

 C O N C L U S I O N S  

he characteristics of the group velocity of Alfv ́en waves propa-
ating obliquely to the direction of the ambient magnetic field in
 homogeneous dusty plasma are inv estigated. F or that, we used
 kinetic formulation that considers Maxwellian distributions for 
ons and electrons, and immobile dust particles. The dust grains are
onsidered to have same radius and are charged by the absorption of
lasma particles via inelastic collisions, and by photoionization due 
MNRAS 516, 4650–4659 (2022) 
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Figure 9. Perpendicular component of normalized group velocity u g as 
function of q � for the SAWs, with constant dust to ion density ratio ε = 

5 × 10 −6 , q ⊥ = 0.1, and several values of stellar surface temperature T s , 
along with their corresponding dust charge number Z d . 
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o the radiation flux coming from the star’s surface. The parameters
onsidered are typical of a stellar wind from a carbon-rich star. 

The study is performed for the normal wave modes that arise
rom the dispersion relation, namely the CAW (or whistler, for large
avenumber) and SAW (or ion cyclotron). We observe the changes in

he modes’ normalized group velocity u g along and transverse to the
agnetic field by varying parameters related to the dust population,

uch as dust to ion number density ratio and equilibrium electrical
harge of the dust grains (by varying the radiation flux via the stellar
urface temperature). 

The results show that, for a fix ed transv erse component of the
ormalized wavenumber q , the parallel group velocity of CAWs
enerally increases with q � , whilst its perpendicular component
ecreases, i.e. the direction of the wave packet propagation is greatly
odified with the wav e-v ector direction. We also noticed that, for

mall q � , the increase of dust number density can greatly increase
he u g ⊥ 

values whilst maintaining u g � almost constant, indicating that
n dusty plasmas these waves with large wavelength will propagate
nergy at greater angles relative to the magnetic field, in comparison
ith conventional plasmas. 
SAWs, on the other hand, will generally present much higher val-

es of u g � , consequence of its anisotropic nature, with group velocity
ropagating practically along the magnetic field. Nevertheless, when
hese waves have non-zero frequency, its perpendicular component
hows to be non-vanishing and, for sufficiently high values of dust
umber density, it may present ne gativ e values in a small interval of
 � . This interval with ne gativ e u g ⊥ 

may be modified, or even vanish,
y changes in the radiation flux incident on the dust particles, which
odifies the grains’ equilibrium electrical charge. 
From this study and from the previous publication (De Toni

t al. 2022 ), it is seen that obliquely propagating Alfv ́en waves are
ignificantly changing their properties in a magnetized dusty plasma
ith the modification of dust-related parameters. These findings
ay pro v e to be helpful in better understanding plasma heating and

nergy flux processes in stellar wind environments, since the plasma
arameters in these places could be greatly modified by the presence
f dust. For instance, waves generated within different distances
rom the star’s radiating surface will have distinct characteristics,
iven that dust number density and radiation flux are dependent of
he distance from the star. 
NRAS 516, 4650–4659 (2022) 
Further studies can be followed from this work. Our model
ncorporates only one population of dust grains with constant size.
o we v er, it is e xpected that space dusty plasmas present several
ust populations with different sizes, with radii varying from about
0 −4 to 10 −7 cm in a dust-driven wind (Kr ̈uger & Sedlmayr 1997 ).
he work of Galv ̃ ao & Ziebell ( 2012 ) included, within the kinetic

heory, a discrete distribution of grain sizes to derive an expression
f the dielectric tensor for a magnetized dusty plasma. In the near
uture, we intend to make use of that formalism to incorporate a
ontinuous distribution of grain sizes to our model, given that in
pace environments the dust radii are often described by a continuous
istribution function (see e.g. Mathis, Rumpl & Nordsieck 1977 ;
ominik, Gail & Sedlmayr 1989 ; Hoefner & Dorfi 1992 ). 
Moreo v er, our model does not take into account non-linear effects

f the system. The development of a quasi-linear theory for a dusty
lasma would allow to include the dynamical evolution of the grains’
lectrical charge in a self-consistent way in the kinetic theory.
lso, a better understanding of the wave–particle and wa ve–wa ve

nteractions could be accomplished by a non-linear treatment, such
s the weak turbulence theory of plasmas (Galv ̃ ao & Ziebell 2015 ).
hese non-linear kinetic processes are believed to be important in

he mechanism responsible for the heating and acceleration of stellar
inds (De Pontieu et al. 2007 ; Cranmer et al. 2015 ; Raouafi et al.
021 ). We also intend to pursue this line of investigation. 
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