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We consider the effect of higher twist operators of the Wilson operator product expansion in the 
structure function F2(x, Q 2) at small-x, taking into account QCD effective charges whose infrared 
behavior is constrained by a dynamical mass scale. The higher twist corrections are obtained from the 
renormalon formalism. Our analysis is performed within the conventional framework of next-to-leading 
order, with the factorization and renormalization scales chosen to be Q 2. The infrared properties of QCD 
are treated in the context of the generalized double-asymptotic-scaling approximation. We show that the 
corrections to F2 associated with twist-four and twist-six are both necessary and sufficient for a good 
description of the deep infrared experimental data.
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1. Introduction

In the description of the structure function F2(x, Q 2) of the 
proton, a long-standing question is the extent to which the nonper-
turbative properties of QCD affect the behavior of F2. The neces-
sity of nonperturbative corrections arises as follows: at sufficiently 
small x the power series in αs ln(1/x) may be resummed via BFKL 
equation [1]. The result of resumming these leading terms is sen-
sitive to the infrared kT region and, for running αs , it is found that 
[2]

g̃(x,k2
T ) ∼ C(k2

T ) x−λ , (1)

where λ ∼ 0.5 and g̃(x, k2
T ) is here the unintegrated gluon dis-

tribution. The relation between g̃(x, k2
T ) and g(x, Q 2), the stan-

dard gluon distribution to be determined by the analysis of the 
F2(x, Q 2) data, reads

g̃(x,k2
T ) = ∂(xg(x, Q 2))

∂ ln Q 2

∣∣∣∣
Q 2=k2

T

. (2)

At this point it is clear that nonperturbative contributions are 
needed. First, the resummation program requires knowledge of the 
gluon for all k2

T including the deep infrared region. Unfortunately, 
in this confinement region the BFKL equation is not expected to 
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be valid. Second, the HERA data on F2 imply a steep gluon at 
small-x and, in addition, such a steep behavior can be generated 
from a flat-x gluon distribution at some initial low Q 2

0 scale, i.e. 
the data in the small-x region show that F2 tend to a flat shape 
with decreasing Q 2, particularly for low Q 2. This indicates that 
the singular behavior x−λ predicted by BFKL must be suppressed 
by nonperturbative effects. Hence approaching the low Q 2 region 
from the QCD theory makes evident the problem of how to in-
corporate in an effective way nonperturbative corrections into the 
description of the structure function F2.

Fortunately, this problem was properly addressed some time 
ago [3] by considering the possibility that the nonperturbative dy-
namics of QCD generate a dynamical gluon mass at very slow Q 2

region. This effective mass is intrinsically related to a finite strong 
coupling constant, and its existence is strongly supported either by 
QCD lattice simulations [4–6] or by phenomenological results [7,8]. 
In [3] the investigation was focused exclusively on the small-x re-
gion since this condition establish the main criteria for the validity 
of the so called generalized double-asymptotic-scaling (GDAS) ap-
proximation [9–11], which in turn is particularly relevant to the 
analysis since it is consistent with the phenomenon of dynami-
cal mass generation in QCD [3,12]. The importance of the GDAS 
approximation can be understood as follows. By analyzing exclu-
sively the small-x region, some of the simpler existing analytical 
solutions of the DGLAP evolution equation [13] in the small-x limit 
can be directly used [14–18]. Within this approach the F2 data 
at small-x can be interpreted in terms of the double-asymptotic-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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scaling (DAS) phenomenon [14,15], where small-x nucleon struc-
ture functions exhibit scaling in two new variables, provided only 
that the small-x behavior of the parton distribution functions 
(PDFs) at some starting point Q 2

0 is sufficiently soft. The resulting 
analytical solutions can in turn be extended in order to include the 
subasymptotic part of the DGLAP evolution [9,10,14,19], in what is 
finally called GDAS approximation, leading to the prediction of flat 
forms at small-x for parton distributions at some input scale Q 2

0 , 
namely

fa(x, Q 2
0 ) = Aa (a = q, g) , (3)

where Aa are unknown parameters to be determined from the 
data. Note that in the above expression the parton distribution 
functions are multiplied each by x, that is f g(x, Q 2) ≡ xg(x, Q 2), 
fq(x, Q 2) ≡ xq(x, Q 2). In summary, in Ref. [3] the structure func-
tion F2(x, Q 2) was described by means of the GDAS approxima-
tion, exploring the close interrelation between the flat behavior 
of initial parton distributions and the phenomenon of dynamical 
mass generation in QCD.

In this Letter we extend the previous study in three signifi-
cant ways. First, we have included deep infrared F2 data in our 
global fits. The new dataset includes measurements at Q 2 = 0.2
GeV2 and Q 2 = 0.25 GeV2. The inclusion of deep infrared data is 
observed to have quite a large impact on the overall result. Sec-
ond, we have introduced higher twist corrections to F2 for the 
case, studied in the previous work, of a flat initial condition for 
the leading twist QCD evolution. These higher twist corrections are 
estimated from the infrared renormalon model [20,21]. Third, we 
have investigated, in addition to the logarithmic and power-law 
cases, a QCD effective charge built from a particular case of the 
Curci-Ferrari Lagrangians.

The Letter is organized as follows: in the next section we intro-
duce higher twist contributions to F2 from the renormalon formal-
ism and present the formalism for analyzing the structure function 
of the proton in the GDAS approximation. In the Sec. 3 we dis-
cuss the definition of the QCD effective charge and present three 
versions of holomorphic charges. Our results are presented in the 
Sec. 4, where we compare our results on the structure function F2
with experimental data. Our analysis is carried on using the for-
malism developed in the sections 2 and 3. In Sec. 5 we draw our 
conclusions and final remarks.

2. Higher twist operators

Higher twist corrections to deep inelastic scattering (DIS) pro-
cesses have been studied systematically in the framework of the 
operator product expansion (OPE) [22]. It has to be admitted at 
once that the details of this corrections are not yet fully under-
stood, owing to the theoretical difficulties of controlling power 
corrections in effective theories [23]: the calculation of power cor-
rections requires the evaluation of the matrix elements of higher-
twist operators, but in order to cancel renormalon ambiguities it is 
also necessary to compute the Wilson coefficient functions to suf-
ficiently high orders of the perturbation series. These renormalon 
ambiguities are of the same order as the power corrections.

In the case of twist-four operators, for example, radiative cor-
rections generate terms of the form of a square of the (dimension-
ful) ultraviolet cut-off multiplied by the lower-order (dimension-
less) matrix element of the twist-two. These mixing terms make 
the definition of twist-four contributions ambiguous. However, in 
the operator product expansion of DIS structure functions, this 
quadratic ambiguity always cancels against the corresponding am-
biguity in the definition of the twist-two contribution. As a result, 
if the twist-two and twist-four contributions are calculated within 
the same regularization scheme, the sum of both contributions is 
unambiguous up to order 1/Q 2 [20,21].

Unfortunately, given that in general only a few terms of the 
perturbative series are known, and furthermore these series are 
plagued by similar renormalon ambiguities, it is not clear if the 
ambiguity of higher twist contributions can also be canceled 
[23]. However, the subtle relation between the twist-two and the 
twist-four contributions has inspired the hypothesis that the main 
contributions to the matrix elements of the twist-four operators 
are proportional to their (quadratically) divergent parts [20]. This 
means that in practice we can obtain information about power cor-
rections from the large-order behavior of the corresponding series. 
This approach is called infrared renormalon model.

We shall from now on present the higher-twist contributions 
to the DIS structure function F2(x, Q 2) in the framework of the 
renormalon formalism, as calculated by Illarionov, Kotikov and Par-
ente in [10]. We start by writing down the twist-two term of 
F2(x, Q 2) at NLO [9,10,19]:

1

e
F τ2

2 (x, Q 2) = f τ2
q (x, Q 2) + 4T Rn f

3

αs(Q 2)

4π
f τ2

g (x, Q 2), (4)

where n f is the effective number of quarks, e =∑ f
i e2

i /n f is the 
average charge squared, T R = 1/2 is the color factor for g → qq̄
splitting. It may be worth emphasizing that the expression (4) is 
valid only for x � 1. Remember that for all range of x the NLO 
term of F2(x, Q 2) is, in fact, given by

1

e
F τ2

2 (x, Q 2) =
∑

a=q,g

[
B2,a(x) ⊗ fa(x, Q 2)

]
, (5)

where

B2,q(x) = δ(1 − x) + αs

4π
B(1)

2,q(x), (6)

B2,g(x) = αs

4π
B(1)

2,q(x); (7)

in the above expressions the superscript (1) indicates next-to-
leading order, and the symbol ⊗ stands for the convolution for-
mula

A(x) ⊗ B(x) =
1∫

x

dy

y
A(y)B

(
x

y

)
; (8)

more details about the computation of the coefficient functions 
B2,a(x) and the expression (4) may be found in the appendix A 
of [10].

Returning now to F τ2
2 (x, Q 2), the parton distributions can be 

written as

f τ2
a (x, Q 2) = f τ2,+

a (x, Q 2) + f τ2,−
a (x, Q 2), (9)

with a = q, g . Here the “+” and “−” representation follows from 
the solution, at twist-two approximation, of the DGLAP equation 
in the Mellin moment space [9]:

f τ2,−
a (x, Q 2) = A−

a (Q 2, Q 2
0 )exp [−d−(1)s − D−(1)p] +O(x),

(10)

f τ2,+
g (x, Q 2) = A+

g (Q 2, Q 2
0 ) Ĩ0(σ )exp

[
−d̄+(1)s − D̄+(1)p

]
+O(ρ), (11)

f τ2,+
q (x, Q 2) = A+

q (Q 2, Q 2
0 )

[(
1 − d̄q

+−(1)
αs(Q 2)

4π

)
ρ Ĩ1(σ )

+ 20C A

3

αs(Q 2)

4π
Ĩ0(σ )

]

×exp
[
−d̄+(1)s − D̄+(1)p

]
+O(ρ), (12)
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where

p = 1

4π

[
αs(Q 2

0 ) − αs(Q 2)
]
, (13)

s = ln
[
αs(Q 2

0 )/αs(Q 2)
]
, (14)

D±(n) = d±±(n) − (β1/β0)d±(n), (15)

σ = 2

√(
d̂+s + D̂+p

)
ln x (16)

and

ρ =
√(

d̂+s + D̂+p
)

/ ln x = σ

2 ln(1/x)
; (17)

in the above expressions β0 (β1) is the first (second) coefficient 
of the β function of the QCD. The components of the anomalous 
dimension d−(n) and of the regular (d̄) and singular (d̂) parts of 
d+(n) = d̂+/(n − 1) + d̄+(n), in the limit n → 1, are given by

d̂+ = −4C A

β0
, (18)

d̄+(1) = 1 + 8T Rn f

3β0

(
1 − C F

C A

)
(19)

and

d−(1) = 8T R C F n f

3C Aβ0
. (20)

The functions Ĩν (ν = 0, 1) are functions related to the Bessel func-
tion Jν and the modified Bessel function Iν by

Ĩν(σ ) =
{

iν Jν(σ̄ ), if σ 2 = −σ̄ 2 < 0,

Iν(σ̄ ), if σ 2 = σ̄ 2 ≥ 0,

and the factors A+,−
a , as well as the components of the regular and 

singular parts of the anomalous dimensions D± are given by

A+
g (Q 2, Q 2

0 ) =
[

1 − d̄g
+−(1)

αs(Q 2)

4π

]
Ag

+ C F

C A

[
1 − dg

−+(1)
αs(Q 2

0 )

4π
− d̄g

+−(1)
αs(Q 2)

4π

]
Aq , (21)

A−
g (Q 2, Q 2

0 ) = Ag − A+
g (Q 2, Q 2

0 ) , (22)

A+
q (Q 2, Q 2

0 ) = 2T Rn f

3C A

(
Ag + C F

C A
Aq

)
, (23)

A−
q (Q 2, Q 2

0 ) = Aq − 20C A

3

αs(Q 2
0 )

4π
A+

q (Q 2, Q 2
0 ) , (24)

d̂++ = 8T Rn f

9β0
(23C A − 26C F ) , (25)

d̂q
+− = −20C A

3
, d̂g

+− = 0, (26)

d̄++(1) = 8

3β0

[
C2

A

3

(
36ζ(3) + 33ζ(2) − 1643

12

)

−
(

2C F ζ(2) + 43

9
C A − 547

36
C F + 3

2

C2
F

C A

)
n f

− 13

18

C F

C A

(
1 − 2

C F

C A

)
n2

f

]
, (27)

d−−(1) = 4C A C F

β0

(
1 − 2

C F

C A

)[
2ζ(3) − 3ζ(2) + 13

4
+ 13

27

n2
f

C2
A

]

+ 4C F
(

4ζ(2) − 47 + 3
C F
)

n f , (28)

3β0 18 C A
d̄q
+−(1) = C A

(
9 − 3

C F

C A
− 4ζ(2)

)
− 13

9

(
1 − 2

C F

C A

)
n f , (29)

d̄g
+−(1) = 40T Rn f

9

C F

C A
, (30)

dq
−+(1) = 0 (31)

and

dg
−+(1) = −

[
C A + 2

3

(
1 − 2

C F

C A

)
T Rn f

]
, (32)

where ζ is the Riemann zeta function, and C A = N and C F = (N2 −
1)/2N are Casimir color-factors, N2 −1 being the dimension of the 
group SU (N).

Higher twist estimations (twist-four and twist-six) are known, 
in the framework of the infrared renormalon formalism, for the 
nonsinglet case [24] as well to the singlet one [21]. In this ap-
proach the higher twist corrections can be expressed in terms of 
the leading twist expansion of F2(x, Q 2). As previously indicated, 
we adopt the formalism and notation put forwarded in [10]. In this 
case the twist-four (τ4) correction to F2(x, Q 2) in the [R]enor-
malon formalism is given by

F [R]τ4
2 (x, Q 2) = e

∑
a=q,g

Aτ4
a μ̃τ4

a (x, Q 2) ⊗ f τ2
a (x, Q 2)

=
∑

a=q,g

F [R]τ4
2,a (x, Q 2), (33)

where f τ2
a (x, Q 2) are the gluon and quark-singlet PDFs in twist-

two (τ2) approximation, whereas μ̃τ4
a (x, Q 2) are just the func-

tions obtained in [21] by means of the infrared renormalon model. 
Therefore, once we have found the twist-four correction, we can 
write the structure function as

F [R]
2 (x, Q 2) = F τ2

2 (x, Q 2) + 1

Q 2
F [R]τ4

2 (x, Q 2). (34)

In Eq. (33) the Mellin transform of μ̃τ4
a (x, Q 2) is given by

μτ4
a (n, Q 2) =

1∫
0

dx xn−1 μ̃τ4
a (x, Q 2). (35)

As in the case of the twist-two expansion, F [R]τ4
2 (x, Q 2) can 

also be split into two parts, namely the “+” and the “-” represen-
tations:

F [R]τ4
2 (x, Q 2) = F [R]τ4,+

2 (x, Q 2) + F [R]τ4,−
2 (x, Q 2). (36)

Thus, applying the technique of transforming the Mellin con-
volutions (taking the limit n → 1) to simple products at small x
[25] (these products replace the convolution of two functions at 
small x), the “+” and the “-” parts of F [R]τ4

2 (x, Q 2) can be written 
as [10]:

1

e
F [R]τ4,+

2 (x, Q 2)

= 32T Rn f

15β2
0

f τ2,+
g (x, Q 2)

{
Aτ4

g

(
2

ρ

Ĩ1(ρ)

Ĩ0(ρ)
+ ln

(
Q 2

|Aτ4
g |

))

+ 4C F T Rn f

3C A
Aτ4

q

[(
1 − d̄q

+−(1)as(Q 2)
)

×
(

2

ρ

Ĩ1(ρ)

Ĩ (ρ)
+ ln

(
Q 2

|Aτ4|

))

0 q
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+ 20C A

3
as(Q 2)

(
2

ρ2

Ĩ2(ρ)

Ĩ0(ρ)
+ ln

(
Q 2

|Aτ4
q |

)
1

ρ

Ĩ1(ρ)

Ĩ0(ρ)

)]}
,

(37)
1

e
F [R]τ4,−

2 (x, Q 2)

= 32T Rn f

15β2
0

f τ2,−
g (x, Q 2)

{
Aτ4

g ln

(
Q 2

x2
g |Aτ4

g |

)

− 2C A Aτ4
q

[
ln

(
1

xq

)
ln

(
Q 2

xq|Aτ4
q |

)
− p′(νq)

]}
, (38)

where as(Q 2) ≡ αs(Q 2)/4π , xa = x exp[p(νa)] and p(νa) = 
(1 +
νa) − 
(νa). The function 
 is the derivative of the logarithm of 
the � function. From quark counting rules we have νq ≈ 3 and 
νg ≈ 4, which results in p(νq) ≈ 11/6, p(νg) ≈ 25/12, p′(νq) ≈
−49/36, and p′(νg) ≈ −205/144.

In the framework of the infrared renormalon model the twist-
six (τ6) correction to F2(x, Q 2) is given by [10]:

F [R]τ6
2 (x, Q 2) = e

∑
a=q,g

Aτ6
a μ̃τ6

a (x, Q 2) ⊗ f τ2
a (x, Q 2)

=
∑

a=q,g

F [R]τ6
2,a (x, Q 2), (39)

where μ̃τ6
a (x, Q 2) are functions also obtained in [21] by means of 

the infrared renormalon model. Now, taking into account all higher 
twist corrections, the structure function F2 is given by

F [R]
2 (x, Q 2) = F τ2

2 (x, Q 2) + 1

Q 2
F [R]τ4

2 (x, Q 2)

+ 1

Q 4
F [R]τ6

2 (x, Q 2). (40)

Most importantly, as pointed out in Ref. [10], in the renormalon 
model the twist-six contribution can be obtained in terms of the 
twist-four one:

F [R]τ6
2 (x, Q 2) = −8

7
F [R]τ4

2 (x, Q 2)

∣∣∣
Aτ4

a →Aτ6
a ,|Aτ4

a |→
√

|Aτ6
a | . (41)

Thus, if F [R]hτ
2 (x, Q 2) denotes the higher-twist operators (twist-

4 and twist-6), we have

F [R]
2 (x, Q 2) = F τ2

2 (x, Q 2) + F [R]hτ
2 (x, Q 2), (42)

where the “+” and the “-” representations of F [R]hτ
2 (x, Q 2) can 

each be put into a compact form:

1

e
F [R]hτ ,+

2 (x, Q 2)

= 32T Rn f

15β2
0

f τ2,+
g (x, Q 2)

×
∑

m=4,6

km

{
Aτm

g

Q (m−2)

(
2

ρ

Ĩ1(ρ)

Ĩ0(ρ)
+ ln

(
Q 2

|Aτm
g |lm

))

+ 4C F T Rn f

3C A

Aτm
q

Q (m−2)

[(
1 − d̄q

+−(1)as(Q 2)
)

×
(

2

ρ

Ĩ1(ρ)

Ĩ0(ρ)
+ ln

(
Q 2

|Aτm
q |lm

))

+ 20C A

3
as(Q 2)

(
2

ρ2

Ĩ2(ρ)

Ĩ0(ρ)
+ ln

(
Q 2

|Aτm
q |lm

)
1

ρ

Ĩ1(ρ)

Ĩ0(ρ)

)]}
,

(43)
1

e
F [R]hτ ,−

2 (x, Q 2)

= 32T Rn f

15β2
0

f τ2,−
g (x, Q 2)

∑
m=4,6

km

{
Aτm

g

Q (m−2)
ln

(
Q 2

x2
g |Aτm

g |lm

)

− 2C A
Aτm

q

Q (m−2)

[
ln

(
1

xq

)
ln

(
Q 2

xq|Aτm
q |lm

)
− p′(νq)

]}
, (44)

with k4 = 1, k6 = −8/7, l4 = 1, and l6 = 1/2. As applied to the 
case of QCD, from now on we set N = 3 in order to fix C A(= 3)

and C F (= 4/3).
In summary, we have obtained an analytical approach to calcu-

lating higher twist corrections to the structure function F2(x, Q 2). 
The formalism is based on existing analytical solutions of the 
DGLAP equation in the small x region. For the present we consider 
the simplest analytical case, i.e. the generalized DAS approxima-
tion with soft initial conditions for parton distributions. It may be 
worth noting that analytical approximations to the DGLAP evolu-
tion are designed to be valid only for very small x and/or large Q 2. 
However, as we shall see, our analytical approach, when combined 
with some nonperturbative information from QCD, results in an in-
strumental tool to study structure functions also at very slow Q 2

regime. It is important to remember that in standard procedures 
one should solve numerically the DGLAP equation, which makes 
the procedure cumbersome for practical use. Thus if we are only 
interested in the small x region, there is a clear advantage of the 
renormalon analytical approach from a practical point of view.

3. The QCD effective charge

It is a commonly accepted view nowadays that the nonpertur-
bative dynamics of QCD may generate an effective momentum-
dependent mass m(q2) for the gluons while preserving the SU (3)c

local invariance [26]. Numerical simulations, in which the space-
time continuum is represented as a discrete lattice of points, indi-
cate that such a dynamical mass does arise when the nonpertur-
bative regime of QCD is probed. Specifically, large-volume lattice 
QCD simulations, both for SU(2) [4] and SU(3) [5], reveal that the 
gluon propagator is finite in the deep infrared region, both in Lan-
dau gauge and away from it [6]. In the continuum, it turns out that 
the nonperturbative dynamics of the gluon propagator is governed 
by the corresponding Schwinger-Dyson equations. These equations 
constitute an infinite set of coupled nonlinear integral equations 
governing the dynamics of all QCD Green’s functions. According to 
the Schwinger-Dyson equations, a finite gluon propagator corre-
sponds to a massive gluon [27].

Furthermore, we have known for a long time that the vacuum 
energy in dynamically broken gauge theories is related to a dy-
namical mass [28]. Recent studies show that the condition for the 
existence of a global minimum of the vacuum energy for a non-
Abelian gauge theory, in the presence of a dynamical mass scale, 
implies the existence of a fixed point of the β function [26]. This, 
in turn, indicates that the QCD exhibits nearly conformal behavior 
at infrared momenta [29].

The QCD effective charge ᾱ(q2) is a nonperturbative generaliza-
tion of the canonical perturbative running coupling αs(q2) and is 
intimately related to the phenomenon of dynamical gluon mass 
generation [30–32]. The charge ᾱ(q2) provides the bridge lead-
ing from the deep ultraviolet regime to the deep infrared one. It 
is important to note, however, that the definition of ᾱ(q2) is not 
unique. The effective charge may be obtained, for example, from 
the ghost-gluon vertex in the Landau gauge [33], by considering a 
renormalization-group invariant (independent of the renormaliza-
tion scale μ) quantity r̂(q2) defined by
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r̂(q2) = g2(μ2)�(q2)F 2(q2), (45)

where g(μ2) is the gauge coupling, �(q2) is the gluon propagator 
and F 2(q2) is the ghost dressing function. From this quantity the 
effective charge may then be defined as

ᾱgh(q
2) =

[
q2 + m2(q2)

]
r̂(q2), (46)

where m(q2) is the gluon dynamical mass. The relation (46) is the 
definition of the ᾱ(q2) which is most commonly used in lattice 
simulations, since �(q2) and F 2(q2) are quantities measured di-
rectly on it.

Alternatively, the QCD effective charge can be obtained within 
the framework of pinch technique [30,34,35]. This process-inde-
pendent definition, obtained from the gluon self-energy �̂(q2) in 
the background-field method [36], is a direct non-Abelian gen-
eralization of the QED effective charge. In this definition the 
Schwinger-Dyson solutions for �̂(q2) are used to form another 
renormalization-group invariant quantity:

d̂(q2) = g2�̂(q2). (47)

The inverse of the above quantity may be written

d̂−1(q2) =
[
q2 + m2(q2)

]
ᾱpt(q2)

, (48)

where now

1

ᾱpt(q2)
= b0 ln

(
q2 + m2(q2)

�2

)
. (49)

Note that here b0 is precisely the first coefficient of the QCD β
function and � is the QCD mass scale (of a few hundred MeV). 
Despite the distinct theoretical origins of ᾱgh(q2) and ᾱpt(q2), they 
coincide exactly in the deep infrared. The ultimate reason for this 
is the existence of a non-perturbative identity relating various of 
the Green functions appearing in their respective definitions [32].

It is worth remarking on the fact that the form of (49) is exactly 
the same as the form of the leading order (LO) perturbative QCD 
coupling, namely

1

αL O
s (p2)

= b0 ln

(
p2

�2

)
, (50)

if q2 + m2(q2) → p2 in the argument of the logarithm; it is this 
that will effectively ensure that, in practice, the QCD effective 
charge can be successfully obtained by saturating the LO pertur-
bative strong coupling αL O

s (q2). That is to say,

ᾱL O (q2) = αL O
s (q2)

∣∣∣
q2→q2+m2(q2)

= 1

b0 ln
(

q2+m2(q2)

�2

) , (51)

where b0 = β0/4π = (11C A − 2n f )/12π . If the Schwinger-Dyson 
equations preserves the multiplicative renormalizability, a next-to-
leading order (NLO) effective charge can be built through the same 
procedure [3]:

ᾱN L O (q2) = 1

b0 ln
(

q2+4m2(q2)

�2

)
⎡
⎣1 − b1

b2
0

ln
(

ln
(

q2+4m2(q2)

�2

))
ln
(

q2+4m2(q2)

�2

)
⎤
⎦,
(52)

where b1 = β1/16π2 = [34C2 − n f (10C A + 6C F )]/48π2.
A
We investigate three different types of QCD effective charge 
ᾱN L O (q2). They can be constructed from two independent dynam-
ical gluon masses having distinct asymptotic behaviors: the first 
runs as an inverse power of a logarithm, the second drops as an 
inverse power of momentum [37]. A logarithmic running of m2(q2)

had been initially found in studies of linearized Schwinger-Dyson 
equations, namely m2(q2) ∼ (

ln q2
)−1−γ

, with γ > 1 [30,31]. Fur-
ther studies of a non-linear version of the Schwinger-Dyson equa-
tion for the gluon self-energy have shown that m2(q2) could be 
rewritten as [37]

m2
log(q

2) = m2
g

⎡
⎢⎢⎣

ln

(
q2+ρm2

g

�2

)

ln

(
ρm2

g

�2

)
⎤
⎥⎥⎦

−1−γ1

, (53)

where γ1 = −6(1 +c2 −c1)/5. The parameters c1 and c2 are related 
to the ansatz for the three-gluon vertex used in the numerical 
analysis of the gluon self-energy. The values of c1 and c2 are re-
stricted by a “mass condition” that controls the behavior of the dy-
namical mass in the ultraviolet region, namely c1 ∈ [0.15, 0.4] and 
c2 ∈ [−1.07, −0.92]. The parameters mg and ρ , which control the 
behavior of m2

log(q
2) in the infrared region, are also constrained by 

the mass condition. In particular, they are constrained to lie in the 
intervals mg ∈ [300, 800] and ρ ∈ [1.0, 8.0] MeV [37]. A power-law 
running m2(q2) exhibit a distinct behavior whereby, in accordance 
with OPE calculations [38], the most probable asymptotic behavior 
of the running gluon mass is proportional to 1/q2. At the level of 
an non-linear Schwinger-Dyson equation the asymptotic behavior 
is written as

m2
pl(q

2) = m4
g

q2 + m2
g

⎡
⎢⎢⎣

ln

(
q2+ρm2

g

�2

)

ln

(
ρm2

g

�2

)
⎤
⎥⎥⎦

γ2−1

, (54)

where γ2 = (4 + 6c1)/5. Here the same mass condition imposes 
c1 ∈ [0.7, 1.3] whereas the ρ and mg parameters are constrained to 
lie in the same interval as before, namely ρ ∈ [1.0, 8.0] and mg ∈
[300, 800] MeV [37].

At this point we may start to define the first two QCD effective 
charges to be explored in this paper. The first charge is constructed 
simply by combining the equations (52) and (53), henceforth called 
“logarithmic charge” and denoted by ᾱlog(q2):

ᾱlog(q
2) = 1

b0 ln

(
q2+4m2

log(q2)

�2

)
⎡
⎢⎢⎣1 − b1

b2
0

ln

(
ln

(
q2+4m2

log(q2)

�2

))

ln

(
q2+4m2

log(q2)

�2

)
⎤
⎥⎥⎦,

(55)

The second one, hereafter called “power-law charge” and de-
noted by ᾱpl(q2), is constructed by combining the equations (52)
and (54):

ᾱpl(q
2) = 1

b0 ln

(
q2+4m2

pl(q
2)

�2

)
⎡
⎢⎢⎣1 − b1

b2
0

ln

(
ln

(
q2+4m2

pl(q
2)

�2

))

ln

(
q2+4m2

pl(q
2)

�2

)
⎤
⎥⎥⎦.

(56)

The third effective charge can be postulated by considering 
renormalization aspects of Lagrangians containing an explicit mass 
term for the vector field. As demonstrated by Curci and Ferrari 
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some time ago, the action obtained from these massive Yang-
Mills Lagrangians, while also containing a four-vertex for the 
Faddeev-Popov ghost field, is invariant under a generalized non-
linear gauge transformation [39]. The invariance under this trans-
formation, which is an extended version of the BRST one, guaran-
tees the validity of the Slavnov-Taylor identities. More recently, the 
two-point correlation functions of gluons and ghosts for the pure 
Yang-Mills theory in Landau gauge were accurately reproduced for 
all momenta by using a particular case of the Curci-Ferrari La-
grangians [40,41], i.e. the one-loop calculation successfully repro-
duces lattice simulations in d = 4. More important, the introduc-
tion of a bare gluon mass in the gauge-fixed Lagrangian allows to 
capture the main effects of Gribov copies in a reliable way [42,43]. 
Furthermore, two- and three-point correlation functions have been 
computed within this massive model and also successfully com-
pared with lattice simulations [44]. The introduction of two-loop 
corrections improve the comparison of ghost and gluon two-point 
correlation functions with lattice data in the quenched approxi-
mation [45]. The Curci-Ferrari Lagrangian is infrared safe, meaning 
that there exists renormalization schemes without Landau pole. In 
particular, the one-loop calculation implies that the β function for 
the coupling constant g in the infrared region behaves like

βg ∼ c0
g3

4π
, (57)

where c0 = C A/24π . This means that the strong coupling vanishes 
logarithmically in the infrared, in agreement with some recent 
lattice results using a renormalization group invariant coupling 
resulting from a particular combination of the gluon and ghost 
propagators [46–48]. Thus, our Curci-Ferrari effective charge can 
be constructed as follows:

ᾱC F (q
2) = 1

1 + c0 ln

(
1 + 4m2

log(q2)

q2

) ᾱlog(q
2). (58)

It may be worth emphasizing that the QCD effective charges 
ᾱlog(q2), ᾱpl(q2) and ᾱC F (q2) exhibit infrared fixed points as q2 →
0, i.e. the dynamical gluon mass tames the Landau pole. More-
over, in the limit q2 � �2 these effective charges match with the 
canonical perturbative two-loop coupling: ᾱ(q2 � �2) → αs(q2). 
The analyticity of ᾱlog(q2), ᾱpl(q2) and ᾱC F (q2) is automatically 
preserved if the gluon mass scale is set larger than half of the 
QCD scale parameter, namely mg/� > 1/2 [8]. This ratio may be 
phenomenologically determined [3,8,12] and typically lies in the 
interval mg/� ∈ [1.1, 2]. The canonical coupling αs(q2), on the 
other hand, has Landau singularities on the spacelike semiaxis 
0 ≤ q2 ≤ �2. That is, αs has a nonholomorphic behavior at low 
q2 [49]. This problem has been worked out by using analytic ver-
sions of QCD whose coupling αs(q2) is holomorphic in the entire 
complex plane except the timelike axis (q2 < 0) [50], with many 
applications in hadronic physics [51,52]. In a mathematical sense, 
the QCD effective charges belong to the same class of holomor-
phic couplings. Moreover, as pointed out by Cvetič [51], evaluation 
of renormalization scale-invariant quantities at low Q 2, in terms 
of infrared finite couplings, can be effectively done as a series in 
derivatives of the coupling with respect to the logarithm of Q 2. 
This truncated series exhibit significantly better convergence prop-
erties.

4. Results

The nucleon structure function F2(x, Q 2) has been measured in 
deep inelastic scattering (DIS) of leptons off nucleons at the HERA 
collider. In this work we carry out global fits to small-x F2(x, Q 2)
data at low and moderate Q 2 values [53], where x is the Bjorken 
variable and Q 2 is the virtuality of the photon. We use HERA 
data from the ZEUS and H1 Collaborations, with the statistic and 
systematic errors added in quadrature. Specifically, we fit to the 
structure function at Q 2 = 0.2, 0.25, 0.3, 0.5, 0.65, 0.85, 1.2, 1.3, 
1.5, 1.9, 2.0, 2.5, 3.5, 5.0, 6.5 and 10 GeV2. The global fits were 
performed using a χ2 fitting procedure, where the value of χ2

min
is distributed as a χ2 distribution with ν degrees of freedom. We 
have adopted an interval χ2 − χ2

min corresponding to the projec-
tion of the χ2 hypersurface enclosing 90% of probability. As test 
of goodness-of-fit we adopt the chi-square per degree of freedom, 
namely χ̃ ≡ χ2/ν .

In our global analysis we have chosen to use only F2 structure 
function data. With regard to this choice, it is known that for in-
clusive e± p DIS process the real experimentally measured data are 
the reduced cross sections σ̃ ,

d2σ e± p

dx dQ 2
= 2πα2Y+

xQ 4
σ̃ (x, Q 2, y), (59)

where y is the inelasticity, α is the fine structure constant and 
Y+ = 1 + (1 − y)2. The reduced cross section, at low virtuality of 
the exchanged boson, is expressed in terms of 2 structure func-
tions, namely F2 and F L :

σ̃ (x, Q 2, y) = F2(x, Q 2) − y2

Y+
F L(x, Q 2). (60)

The kinematic variables in (59)-(60) are related via Q 2 = xys, 
where 

√
s is the ep center-of-mass (CM) energy. The longitudi-

nal structure function F L is proportional to the longitudinally po-
larized virtual-photon absorption cross section, F L ∝ σL , whereas 
F2 includes also the absorption cross section for transversely po-
larized virtual-photons, F2 ∝ (σL + σT ). The ratio R = σL/σT =
F L/(F2 − F L) gives the relative strength of the two structure func-
tions. Our analyses is based on a sample of HERA data restricted 
to the kinematic region where the contribution of F L on the re-
duced cross section is relatively small [53]. For this selected data 
set, which has been measured at essentially a fixed CM energy, F L

is usually a calculated correction. For example, in one of the ZEUS 
analyses, to correct for the effect of F L on σ̃ , the value of R from 
the BKS model [63] was used, which was parameterized, to a good 
approximation, by R = 0.165 Q 2/m2

ρ , where mρ = 0.77 GeV. This 
correction changed the extracted F2 values by at most 3% with re-
spect to the values determined putting F L = 0. In another study, 
F2 was determined by ZEUS assuming σL to be the value given by 
the vector dominance model, σL = K (Q 2/m2

ρ)σT , where K = 0.5. 
The effect on F2 was typically around 1-2% for most x values, and 
increased F2 by up to 7% in the lowest x values. In the case of 
H1 analyses, in order to extract F2 from the reduced cross sec-
tion, R values calculated according to the QCD prescription [64]
(using the MRS PDF [65]) were chosen. These values reduced the 
cross section by at most 8% with respect to the values determined 
assuming F L = 0. Hence, in our analysis, the bias introduced by 
neglecting F L is kept to a minimum.

A suitable combination of the asymptotic freedom and the fac-
torization properties of QCD results in a systematic expansion of 
the DIS cross sections in terms of αs(Q 2), evaluated at the vir-
tuality scale. Thus the virtuality Q is the natural scale in our 
calculations. This means that all the couplings αs(Q 2) appearing 
in the Section 2 are replaced by QCD effective charges evaluated 
at the virtuality scale: αs(Q 2) → ᾱlog(Q 2), ᾱpl(Q 2) or ᾱC F (Q 2)

(or, equivalently, that q2 is replaced by Q 2 in Eqs. (50)-(55)). In 
all the fits we fix n f = 3 and � = 284 MeV. The latter is not only 
consistent to NLO procedures, but is also the same one adopted 
in Refs. [3] and [11]. The former choice is justified by the fact 
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Table 1
The values of the fitting parameters from the global fit to F2 data. Results obtained 
using the logarithmic effective charge.

τ2 τ2 + τ4 τ2 + τ4 + τ6

mg [MeV] 340 ± 17 284 ± 17 310 ± 53

Q 2
0 [GeV2] 0.080 ± 0.048 0.54 ± 0.17 0.99 ± 0.16

Ag 0.091 ± 0.070 0.42 ± 0.24 1.19 ± 0.26
Aq 0.727 ± 0.054 0.60 ± 0.12 0.422 ± 0.086

Aτ4
g - 0.59 ± 0.26 0.58 ± 0.19

Aτ4
q - 0.020 ± 0.018 0.232 ± 0.081

Aτ6
g - - 0.139 ± 0.076

Aτ6
q - - 0.0203 ± 0.0082

ν 246 244 242
χ̃ 2.41 2.08 1.21

Table 2
The values of the fitting parameters from the global fit to F2 data. Results obtained 
using the power-law effective charge.

τ2 τ2 + τ4 τ2 + τ4 + τ6

mg [MeV] 360 ± 9 282 ± 24 415 ± 67

Q 2
0 [GeV2] 0.11 ± 0.15 0.929 ± 0.073 1.17 ± 0.19

Ag -0.090 ± 0.031 0.856 ± 0.080 1.37 ± 0.34
Aq 0.857 ± 0.017 0.488 ± 0.042 0.403 ± 0.081

Aτ4
g - 0.69 ± 0.14 0.39 ± 0.30

Aτ4
q - 0.132 ± 0.013 0.38 ± 0.16

Aτ6
g - - 0.135 ± 0.073

Aτ6
q - - 0.040 ± 0.014

ν 246 244 242
χ̃ 2.88 1.38 1.19

that most of the data lie at Q values below the charm mass mc . 
In the n f = 3 scheme the charm can only be pair-produced by 
gluon splittings when kinematically allowed. At the low scales of 
the data considered in the fits, production of charm is not kine-
matically allowed and therefore in the n f = 3 scheme the charm 
quark decouples.

Concerning the dynamical masses (53) and (54), in both cases 
we set ρ = 4; it is the optimal value originally obtained by Corn-
wall in order to reproduce numerical results of a Schwinger-Dyson 
equation for the gluon propagator [30]. Moreover, this ρ value is 
consistent with the expected threshold Q 2 = 4m2

g for gluons to 
pop up from the vacuum [54]. As in the previous study [3], we 
set γ1 = 0.084 and γ2 = 2.36 since again the best determinations 
of F2 come from the analyses using these values. We have ob-
served this general pattern in all analysis performed in this work, 
meaning that the magnitudes of γ1 and γ2 are not sensitive to 
twist corrections and changes in the form of the QCD effective 
charges.

We start our investigation by considering the twist-two (lead-
ing-twist) expansion of F2(x, Q 2). We determine the values of 
the parameters mg , Q 2

0 , Ag and Aq using the effective charges 
ᾱlog(Q 2), ᾱpl(Q 2) and ᾱC F (Q 2). The values of the fitted param-
eters are given in Tables 1, 2 and 3, in the columns headed “τ2”. 
The values of χ̃ in the case of logarithmic, power-law and Curci-
Ferrari charges are 2.41, 2.88 and 2.39, respectively, and the struc-
ture functions corresponding to these values are shown by the 
dotted curves in Figs. 1, 2 and 3. It is clear from the relatively 
high values of χ̃ obtained in these global fits, as well as from the 
dotted curves depicted in the Figures, that the leading twist (τ2) 
expansion provides poor fits for the x dependence of F2(x, Q 2) for 
specific Q 2 bins, especially in the deep infrared region (data in the 
region 0.2 GeV2 � Q 2 � 0.5 GeV2).

Some improvement in the χ̃ values is achieved by incorporat-
ing the twist-four (τ4) correction to F2. In this case the χ̃ values 
Table 3
The values of the fitting parameters from the global fit to F2 data. Results obtained 
using the Curci-Ferrari effective charge.

τ2 τ2 + τ4 τ2 + τ4 + τ6

mg [MeV] 326 ± 72 234 ± 14 302 ± 53

Q 2
0 [GeV2] 0.05 ± 1.35 0.883 ± 0.071 0.97 ± 0.16

Ag 0.09 ± 0.30 0.846 ± 0.075 1.19 ± 0.28
Aq 0.73 ± 0.31 0.491 ± 0.041 0.420 ± 0.091

Aτ4
g - 0.65 ± 0.13 0.55 ± 0.19

Aτ4
q - 0.1179 ± 0.0090 0.224 ± 0.082

Aτ6
g - - 0.131 ± 0.076

Aτ6
q - - 0.0194 ± 0.0078

ν 246 244 242
χ̃ 2.39 1.34 1.20

obtained using logarithmic, power-law and Curci-Ferrari charges 
are 2.08, 1.38 and 1.34, respectively. In the combination of the 
leading and the twist-four correction we have 6 free parameters: 
mg , Q 2

0 , Ag , Aq , Aτ4
g and Aτ4

q . Their values are given in Tables 1, 
2 and 3, in the columns headed “τ2 + τ4”. However, as shown by 
the dashed curves in Figs. 1, 2 and 3, the fits are not so good, es-
pecially in the deep infrared region. Thus the improvement in the 
description of F2 is not enough, mostly because the flat trend of 
the infrared data.

Clearly, we can improve on the description of the structure 
function in the deep infrared region by adding the twist-six (τ6) 
correction to the previous case. Now, the χ̃ values obtained using 
logarithmic, power-law and Curci-Ferrari charges are 1.21, 1.19 and 
1.20, respectively. We have in this analysis 8 fitting parameters: 
mg , Q 2

0 , Ag , Aq , Aτ4
g , Aτ4

q , Aτ6
g and Aτ6

q . Their values are given in 
Tables 1, 2 and 3, in the columns headed “τ2 + τ4 + τ6”. The low 
values obtained for χ̃ indicate good agreement between the theory 
and the experimental data, as indeed shown by the solid curves in 
Figs. 1, 2 and 3. In Fig. 4 we compare the higher-twist results in 
the deep infrared region.

In particular, for the mass scales obtained by using ᾱlog(Q 2), 
ᾱpl(Q 2) and ᾱC F (Q 2) effective charges, we have mg = 310 ± 53
MeV, mg = 415 ± 67 MeV and mg = 302 ± 53 MeV, respectively. 
These mass values preserve the analyticity constraint on the strong 
running coupling, since for the three values we have mg/� > 1/2. 
The resulting QCD effective charges are shown in Fig. 5. The plot 
shows that since the effective coupling is less than one, then the 
use of fixed-order perturbation theory is (almost) justified, how-
ever since the coupling is large, higher order corrections beyond 
NLO are expected to be large; even so, the use of a finite QCD 
effective charge as the expansion parameter provides a basis for 
regulating the infrared nonperturbative domain of αs . Specifically, 
there is the possibility to build up a skeleton expansion where 
the nonperturbative information would be included in propaga-
tors and vertices [55]. In this way the finite nature of the QCD 
running coupling constant at low energy scales could allow to cap-
ture at an inclusive level the nonperturbative effects in a reliable 
way.

We can now calculate the gluon distribution function f g(x,
Q 2) = xg(x, Q 2), since in the small-x regime the gluon is by far 
the dominant contribution to F2. Note that in the expression (4)
the parton distributions fq and f g contain both high twist correc-
tions, so that

fa(x, Q 2) = f τ2
a (x, Q 2) + 1

Q 2
f τ4
a (x, Q 2) + 1

Q 4
f τ6
a (x, Q 2),

(61)

where a = q, g . The expressions (4), (33), (39) and (61) are consis-
tent with the equation
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Fig. 1. Fits of the x dependence of F2(x, Q 2) for specific Q 2 with the logarithmic effective charge. The dotted curves correspond to the twist-two (leading) approximation. 
The dashed (solid) curves were obtained considering the twist-four (twist-six) correction to F2(x, Q 2).

Fig. 2. Fits of the x dependence of F2(x, Q 2) for specific Q 2 with the power-law effective charge. The dotted curves correspond to the twist-two (leading) approximation. The 
dashed (solid) curves were obtained considering the twist-four (twist-six) correction to F2(x, Q 2).
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Fig. 3. Fits of the x dependence of F2(x, Q 2) for specific Q 2 with the Curci-Ferrari effective charge. The dotted curves correspond to the twist-two (leading) approximation. 
The dashed (solid) curves were obtained considering the twist-four (twist-six) correction to F2(x, Q 2).

Fig. 4. Fits of the x dependence of F2(x, Q 2) for specific Q 2 in the deep infrared region. The dotted-dashed, the solid and the dashed curves correspond to the logarithmic, 
the Curci-Ferrari and the power-law effective charges, respectively.
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Fig. 5. The canonical coupling constant and the QCD effective charges at NLO. The 
logarithmic, power-law and Curci-Ferrari charges are calculated using mg = 310, 
415 and 302 MeV, respectively.

f τ4,τ6
g (x, Q 2) = c1

as(Q 2)
Aτ4,τ6

g μ̃τ4,τ6
g (x, Q 2) ⊗ f τ2

g (x, Q 2)

= 1

e

c1

as(Q 2)
F [R]τ4,τ6

2,g (x, Q 2), (62)

where c1 = 3/4T Rn f , and hence the twist-four correction f τ4
g (x,

Q 2) to the gluon distribution function can be written as

f τ4
g (x, Q 2) = f τ4,+

g (x, Q 2) + f τ4,−
g (x, Q 2), (63)

f τ4,+
g (x, Q 2)

f τ2,+
g (x, Q 2)

= 8

5β2
0

Aτ4
g

as(Q 2)

[
1

Q 2

(
2

ρ

Ĩ1(ρ)

Ĩ0(ρ)
+ ln

(
Q 2

|Aτ4
g |

))]

+O(ρ), (64)

f τ4,−
g (x, Q 2)

f τ2,−
g (x, Q 2)

= 8

5β2
0

Aτ4
g

as(Q 2)

[
1

Q 2
ln

(
Q 2

x2
g |Aτ4

g |

)]
+O(x), (65)

whereas its twist-six correction f τ6
g (x, Q 2) can be obtained from 

(41) merely changing F [R]τ4
2 and F [R]τ6

2 to f τ4
g and f τ6

g , respec-
tively:

f τ6
g (x, Q 2) = −8

7
f τ4

g (x, Q 2)

∣∣∣
Aτ4

g →Aτ6
g ,|Aτ4

g |→
√

|Aτ6
g | . (66)

In Fig. 6 we compare our gluon distribution functions (GDFs), 
calculated using ᾱpl(Q 2) and ᾱC F (Q 2), with two new generation 
PDFs, namely CT14 [56] and MMHT [57] sets. These PDFs include 
updated data from Tevatron and HERA experiments as well as data 
from the LHC, such as inclusive production of jets [58] and vector 
bosons [59] at 

√
s = 2.76, 7 and 8 TeV.

Comparing the renormalon and standard GDFs, we see that our 
distributions f g(x, Q 2) are in good agreement with the CT14 and 
MMHT ones at very small x (the results are within the uncertainty 
band of the MMHT gluon distribution). As expected, the smaller 
the value of x, the better the agreement. The present level of 
agreement follows directly after noting that the very small x region 
is just the region where the generalized double-asymptotic-scaling 
approximation is fully satisfied. On the other hand, the agreement 
tend to get worse for higher x values: namely, at x ∼ 10−2, while 
Fig. 6. The gluon distribution function f g (x, Q 2) at different values of Q 2. Our 
results, calculated using ᾱpl(Q 2) and ᾱC F (Q 2), are compared to the gluon distribu-
tion from the CT14 and MMHT NLO sets.

at low Q 2 values the differences in the individual distributions 
are typically of the order of a few per cent, at Q 2 = 103 GeV2

the difference between the renormalon and the standard GDFs is 
already a factor of 2. Clearly our GDFs will overshoot the corre-
sponding CT14 and MMHT distributions in the medium-large x
region. Since our analysis uses the n f = 3 scheme, our results 
have been compared with CT14 and MMHT gluon distributions 
obtained using fixed flavor number scheme, namely CT14nlo_NF3 
and mmht2014nlo118_nf3 sets, respectively. We have calculated 
the uncertainty in the gluon distribution in the case of the MMHT 
set. The uncertainty band has been obtained from the errors analy-
ses as described in the respective MMHT papers by summing over 
the PDFs given in the eigenvector sets.

The reason for this discrepancy becomes clear when we con-
sider how standard PDFs are obtained. They are determined from 
global analyses of the available deep inelastic and hard scatter-
ing data, using parameterizations for the input distributions (at an 
initial scale Q 2

0 ) sufficiently smooth and flexible enough to accom-
modate all of the experimental data included in the global fits. The 
parameterization is evolved to any other scale Q 2 ≥ Q 2

0 via DGLAP 
equations [13]. In practice, most groups adopt a functional form

xfi(x, Q 2
0 ) = Ai xδi (1 − x)ηi F (x, {γi}), (67)

where i is the flavor label (including the gluon) and F (x, {γi}) is 
a smooth function which remains finite in the limits x → 0 and 
x → 1. The parameters Ai , δi , ηi and the set of factors {γi} are then 
determined from the global fits. The requirement that xfi(x, Q 2)

vanishes in the elastic limit x → 1 turns out to be of central im-
portance in the large x region. This constraint has its origin in the 
Brodsky-Farrar counting rule [60]

xfi(x, Q 2)

∣∣∣
x→1

= (1 − x)ηi , (68)

already included in the expression (67) and in broad agreement, 
within the PDFs uncertainties, with the global fit results. At this 
stage we have to remember that the analytical formalism we 
have been discussing in the context of the generalized double-
asymptotic-scaling is formulated in terms of analytical solutions 
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of the DGLAP equation valid only in the small-x limit, leading to 
parton distribution functions having soft initial conditions; it is 
therefore not possible to introduce any kinematic constraint at all 
beyond the small x region. This immediately raises an important 
question: is it possible to relax the soft condition (3) by adopting 
a more flexible parton initial condition and repeat the analysis in-
cluding F2 data at medium-large x region? The answer is yes, and 
that will be the next step of our program. However, as discussed 
in Section 2, in this paper we are only interested in the small x
region; a further central aim of this paper is to test the applicabil-
ity of the simplest analytical version of the DGLAP solution, when 
combined with nonperturbative information from the QCD in or-
der to extend the approach to the infrared region (low Q 2 region). 
A cumbersome numerical analysis covering a larger range in x is 
therefore well beyond the scope of this paper.

5. Conclusions

In this letter we have investigated the structure function 
F2(x, Q 2) of the proton by means of the generalized DAS approx-
imation. We have studied the effect of higher twist operators of 
the Wilson operator product expansion in F2(x, Q 2) at small-x. 
The higher twist corrections have been obtained from the infrared 
renormalon model in which the higher twist operators can be ex-
pressed in terms of the leading-twist F2 expansion.

In order to describe the infrared F2 data we have introduced 
three different QCD effective charges at NLO. The charges have 
been constructed by using a phenomenological procedure that 
mimics the process-independent method of obtaining effective 
charges within the framework of pinch technique. One of the QCD 
charges, denoted ᾱC F (Q 2), is postulated by considering renormal-
ization aspects of massive Yang-Mills Lagrangians and it goes to 
zero in the limit Q 2 → 0. The other two, namely ᾱlog(q2) and 
ᾱpl(q2), have distinct infrared behaviors but similar freezing pro-
cesses when the Q 2 scale goes to 0. The three charges exhibit 
infrared fixed points as Q 2 → 0, i.e. the dynamical gluon mass 
m(Q 2) tames the Landau pole. Moreover, these charges are ex-
amples of holomorphic running couplings, since they preserve the 
analyticity constraint in any arbitrary scale Q .

We have performed global fits to F2 data using either its lead-
ing twist expansion or its higher-twist version. We have observed 
that the best fits are obtained when we introduce the higher-twist 
corrections to F2. In fact there is a large improvement in the de-
scription of the structure function in the deep infrared region only 
when the τ4 and τ6 corrections are introduced at the same time. 
In other words, the fitting parameters are very strongly constrained 
by the deep infrared data sets. As indicated in the previous sec-
tion, when all higher-twist corrections are taken into account, the 
gluon masses are found to be equal to mg = 310 MeV, mg = 415
MeV and mg = 302 MeV for the case of logarithmic, power-law 
and Curci-Ferrari effective charges, respectively. It is noteworthy 
that these mg values are of the same order of magnitude as the 
gluon masses obtained in other calculations of strongly interacting 
processes [7,3,8].

Furthermore, a nearly two-decade long effort to compute 
small-x resummation [61], taking into account simultaneous re-
summation of collinear as well as anti-collinear singularities in the 
evolution kernels, has recently culminated in the resummation of 
small-x logarithms in the PDFs via a full consistent use of BFKL 
in conjunction with DGLAP [62]. This novel method of small-x re-
summation stabilizes the perturbative expansion of DIS structure 
functions at small values of x and Q 2, leading to a much less step 
behavior of the unintegrated gluon distribution at low Q 2. Ac-
cording to this picture, a steeply-rising gluon distribution may be 
absent at very low Q 2 scales and, as Q 2 increases, be generated 
radiatively through perturbative evolution. It raises the possibility 
that it may be possible the existence of a flat input distribution at 
infrared momenta. We argue that all these results corroborate the-
oretical analyzes considering the nonperturbative phenomenon of 
dynamical mass generation in QCD.

Finally, although F L is usually treated as a small correction in 
the F2 extraction from the reduced cross section, it is an important 
quantity due to its rather direct relation to f g(x, Q 2). Thus, it is 
clearly important to develop a consistent QCD method to describe 
directly the full cross section σ̃ . Work in this direction, using the 
renormalon approach, is in progress.
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[11] G. Cvetič, A.Y. Illarionov, B.A. Kniehl, A.V. Kotikov, Phys. Lett. B 679 (2009) 350.
[12] E.G.S. Luna, A.A. Natale, C.M. Zanetti, Int. J. Mod. Phys. A 23 (2008) 151.
[13] V.N. Gribov, L.N. Lipatov, Sov. J. Nucl. Phys. 15 (1972) 438; Yad. Fiz. 15 (1972) 

781;
L.N. Lipatov, Sov. J. Nucl. Phys. 20 (1975) 94; Yad. Fiz. 20 (1974) 181;
G. Altarelli, G. Parisi, Nucl. Phys. B 126 (1977) 298;
Yu.L. Dokshitzer, Sov. Phys. JETP 46 (1977) 641; Zh. Eksp. Teor. Fiz. 73 (1977) 
1216.

[14] R.D. Ball, S. Forte, Phys. Lett. B 335 (1994) 77.
[15] R.D. Ball, S. Forte, Acta Phys. Pol. B 26 (1995) 2097;

R.D. Ball, S. Forte, Nucl. Phys. B, Proc. Suppl. 54A (1997) 163.
[16] G.M. Frichter, D.W. McKay, J.P. Ralston, Phys. Rev. Lett. 74 (1995) 1508.
[17] C. Lópes, F. Barreiro, F.J. Ynduráin, Z. Phys. C 72 (1996) 561;

K. Adel, F. Barreiro, F.J. Ynduráin, Nucl. Phys. B 495 (1997) 221.
[18] A.V. Kotikov, Mod. Phys. Lett. A 11 (1996) 103;

A.V. Kotikov, Phys. At. Nucl. 59 (1996) 2137; Yad. Fiz. 59 (1996) 2219.
[19] L. Mankiewicz, A. Saalfed, T. Weigl, Phys. Lett. B 393 (1997) 175.

http://refhub.elsevier.com/S0370-2693(20)30154-4/bibFECC2F3F7920AB0B13AA9CE6039CFF45s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibFECC2F3F7920AB0B13AA9CE6039CFF45s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibFECC2F3F7920AB0B13AA9CE6039CFF45s3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibFECC2F3F7920AB0B13AA9CE6039CFF45s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibDC563BF86D935CC5EAB71ABF726C9BC1s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibDC563BF86D935CC5EAB71ABF726C9BC1s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibF6FDED0873BD9A8120CE38EDACCADBCFs1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib57C7A4065DFB11D65C844F15C83EDDB5s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib57C7A4065DFB11D65C844F15C83EDDB5s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib57C7A4065DFB11D65C844F15C83EDDB5s3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib57C7A4065DFB11D65C844F15C83EDDB5s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib6743E25C7EC66A7448B679A3E76FD7A6s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib6743E25C7EC66A7448B679A3E76FD7A6s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib6743E25C7EC66A7448B679A3E76FD7A6s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib6743E25C7EC66A7448B679A3E76FD7A6s3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib6743E25C7EC66A7448B679A3E76FD7A6s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib6743E25C7EC66A7448B679A3E76FD7A6s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib951218A25A62FFBC1CE9AF916EE35D02s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib951218A25A62FFBC1CE9AF916EE35D02s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib951218A25A62FFBC1CE9AF916EE35D02s3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib951218A25A62FFBC1CE9AF916EE35D02s3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib951218A25A62FFBC1CE9AF916EE35D02s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib951218A25A62FFBC1CE9AF916EE35D02s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s5
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s6
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib4B7D90E8385AFDFCE815B3D87D75D5B7s6
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib55E4E7B71EB94B4E40EF934DE1F1D71As5
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibA986D9EE785F7B5FDD68BB5B86EE70E0s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib5CD30216B92DC542EB85A66D542F5D3Fs1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib1716B5FCBB7121AF74EFDC153D0166C5s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib561719F48C42212159B60A35EF65B5C5s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibB964B66213DAE7B2CC226156EB1EB14Fs1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibB964B66213DAE7B2CC226156EB1EB14Fs1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibB964B66213DAE7B2CC226156EB1EB14Fs2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibB964B66213DAE7B2CC226156EB1EB14Fs3
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibB964B66213DAE7B2CC226156EB1EB14Fs4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibB964B66213DAE7B2CC226156EB1EB14Fs4
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib1BEB50E6B95943C5C9B045A968EC1C1Ds1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib3876488EFCD47C7E64C70A2B5809C646s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib3876488EFCD47C7E64C70A2B5809C646s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib31633B24368ADFD25773F99A7E5B5D48s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib670D94D9EEA47683D8E652C34569F0ECs1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib670D94D9EEA47683D8E652C34569F0ECs2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibF1AEDC3941D0E783E801BFA5445C01D7s1
http://refhub.elsevier.com/S0370-2693(20)30154-4/bibF1AEDC3941D0E783E801BFA5445C01D7s2
http://refhub.elsevier.com/S0370-2693(20)30154-4/bib94DC44756131F8E4D3F1861F48F0E4EDs1


12 D. Hadjimichef et al. / Physics Letters B 804 (2020) 135350
[20] M. Beneke, V.M. Braun, L. Magnea, Nucl. Phys. B 497 (1997) 297.
[21] E. Stein, M. Maul, L. Mankiewicz, A. Schafer, Nucl. Phys. B 536 (1998) 318.
[22] R.L. Jaffe, M. Soldate, Phys. Rev. D 26 (1982) 49;

R.K. Ellis, W. Furmanski, R. Petronzio, Nucl. Phys. B 207 (1982) 1;
E.V. Shuryak, A.I. Vainshtein, Nucl. Phys. B 199 (1982) 451;
A.P. Bukhvostov, G.V. Frolov, L.N. Lipatov, E.A. Kuraev, Nucl. Phys. B 258 (1985) 
601;
I.I. Balitsky, V.M. Braun, Nucl. Phys. B 311 (1989) 541.

[23] G. Martinelli, C.T. Sachrajda, Nucl. Phys. B 478 (1996) 660.
[24] M. Dasgupta, B.R. Webber, Phys. Lett. B 382 (1996) 273.
[25] A.V. Kotikov, Phys. At. Nucl. 57 (1994) 133;

A.V. Kotikov, Phys. Rev. D 49 (1994) 5746.
[26] A.C. Aguilar, A.A. Natale, P.S. Rodrigues da Silva, Phys. Rev. Lett. 90 (2003) 

152001.
[27] L. von Smekal, R. Alkofer, A. Hauck, Phys. Rev. Lett. 79 (1997) 3591;

C.S. Fischer, J.M. Pawlowski, Phys. Rev. D 75 (2007) 025012;
A.C. Aguilar, D. Binosi, C.T. Figueiredo, J. Papavassiliou, Eur. Phys. J. C 78 (2018) 
181;
C.S. Fischer, J.M. Pawlowski, A. Rothkopf, C.A. Welzbacher, Phys. Rev. D 98 
(2018) 014009.

[28] J.M. Cornwall, R.E. Norton, Phys. Rev. D 8 (1973) 3338;
J.M. Cornwall, Phys. Rev. D 10 (1974) 500.

[29] D. Binosi, C.D. Roberts, J. Rodriguez-Quintero, arXiv:1611.03523 [nucl -th];
D. Binosi, C. Mezrag, J. Papavassiliou, C.D. Roberts, J. Rodríguez-Quintero, arXiv:
1612 .04835 [nucl -th];
S.J. Brodsky, R. Shrock, Phys. Lett. B 666 (2008) 95;
A. Deur, S.J. Brodsky, G.F. de Teramond, Prog. Part. Nucl. Phys. 90 (2016) 1.

[30] J.M. Cornwall, Phys. Rev. D 26 (1982) 1453.
[31] A.C. Aguilar, J. Papavassiliou, J. High Energy Phys. 0612 (2006) 012.
[32] A.C. Aguilar, D. Binosi, J. Papavassiliou, J. Rodriguez-Quintero, Phys. Rev. D 80 

(2009) 085018;
A.C. Aguilar, D. Binosi, J. Papavassiliou, J. High Energy Phys. 1007 (2010) 002.

[33] L. von Smekal, R. Alkofer, A. Hauck, Phys. Rev. Lett. 79 (1997) 3591;
R. Alkofer, C.S. Fischer, F.J. Llanes-Estrada, Phys. Lett. B 611 (2005) 279;
R. Alkofer, C.S. Fischer, F.J. Llanes-Estrada, Phys. Lett. B 670 (2009) 460 (Erra-
tum).

[34] J.M. Cornwall, J. Papavassiliou, Phys. Rev. D 40 (1989) 3474;
J. Papavassiliou, J.M. Cornwall, Phys. Rev. D 44 (1991) 1285.

[35] N.J. Watson, Nucl. Phys. B 494 (1997) 388;
D. Binosi, J. Papavassiliou, Nucl. Phys. Proc. Suppl. 121 (2003) 281.

[36] L.F. Abbott, Nucl. Phys. B 185 (1981) 189;
A. Denner, G. Weiglein, S. Dittmaier, Phys. Lett. B 333 (1994) 420;
S. Hashimoto, J. Kodaira, Y. Yasui, K. Sasaki, Phys. Rev. D 50 (1994) 7066;
J. Papavassiliou, Phys. Rev. D 51 (1995) 856;
D. Binosi, J. Papavassiliou, Phys. Rev. D 66 (R) (2002) 111901.

[37] A.C. Aguilar, J. Papavassiliou, Eur. Phys. J. A 35 (2008) 189.
[38] M. Lavelle, Phys. Rev. D 44 (1991) 26;

D. Dudal, J.A. Gracey, S.P. Sorella, N. Vandersickel, H. Verschelde, Phys. Rev. D 
78 (2008) 065047.

[39] G. Curci, R. Ferrari, Nuovo Cimento A 32 (1976) 151.
[40] M. Tissier, N. Wschebor, Phys. Rev. D 82 (2010) 101701.
[41] M. Tissier, N. Wschebor, Phys. Rev. D 84 (2011) 045018.
[42] J. Serreau, M. Tissier, Phys. Lett. B 712 (2012) 97.
[43] M. Tissier, Phys. Lett. B 784 (2018) 146.
[44] M. Peláez, M. Tissier, N. Wschebor, Phys. Rev. D 88 (2013) 125003.
[45] J.A. Gracey, M. Peláez, U. Reinosa, M. Tissier, arXiv:1905 .07262 [hep -th].
[46] A.G. Duarte, O. Oliveira, P.J. Silva, Phys. Rev. D 94 (2016) 014502.
[47] O. Oliveira, A.G. Duarte, D. Dudal, P.J. Silva, Few-Body Syst. 58 (2017) 99.
[48] S. Zafeiropoulos, P. Boucaud, F. De Soto, J. Rodríguez-Quintero, J. Segovia, Phys. 

Rev. Lett. 122 (2019) 162002.
[49] N.G. Stefanis, Phys. Part. Nucl. 44 (2013) 494.
[50] D.V. Shirkov, I.L. Solovtsov, Phys. Rev. Lett. 79 (1997) 1209;

B.R. Webber, J. High Energy Phys. 9810 (1998) 012;
A.V. Nesterenko, Phys. Rev. D 62 (2000) 094028;
A.V. Nesterenko, J. Papavassiliou, Phys. Rev. D 71 (2005) 016009;
A.I. Alekseev, Few-Body Syst. 40 (2006) 57;
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G. Cvetič, C. Valenzuela, Braz. J. Phys. 38 (2008) 371;
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