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Abstract. This paper presents the reactions and equations required for modelling the combustion mechanism of car-
bon monoxide. Some concepts of chemical kinetics are presented, such as reaction rates and steady-state and partial
equilibrium approximations. Thereafter, the complete mechanism for combustion of CO is displayed and a reduction of
the mechanism is made to reduce the rigidity of the system. The resulting system of ordinary differential equations is
integrated by the four-stage fourth-order L-stable Rosenbrock method. A simulation of the reduced mechanism is made
assuming very small initial molar concentrations for the species, with the exception of the reagents.
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1. INTRODUCTION

Concern about the emission of pollutants into the Earth’s atmosphere has been increasing considerably. Air pollution
is caused by natural or anthropogenic effects. While natural pollution remains constant, man-made pollution levels are
steadily rising. One of the main pollutants is carbon monoxide, which already has established standards for air quality
control.

Carbon monoxide is released into the environment by several sources. The natural sources can be: emission of natural
gas, volcanic activity or electric discharges. Anthropogenic sources are equivalent to approximately 60% of the carbon
monoxide present in the troposphere. This pollutant is a product of incomplete combustion (burning under low oxygen
conditions of fuels such as firewood, charcoal, gasoline, kerosene, diesel), heating systems, biomass burning, among
others.

In addition, the study of the combustion of carbon monoxide is essential for understanding this process in larger
molecules of biofuels such as methanol and ethanol, since carbon monoxide is a by-product of the combustion of these
species, as can be seen in Fig. 1, from Bortoli and Andreis (2012).

The computational simulations with detailed mechanisms turn complicated by the existence of highly reactive radicals
which induces significant stiffness to the governing equations. Consequently, there exists the need to develop reduced
mechanisms of fewer variables and moderate stiffness, while maintaining the accuracy of the detailed mechanism (Lu and
Law, 2006).

Stiffness is defined as follows: "if a numerical method with a finite region of absolute stability, applied to a system
with any initial conditions, is forced to use in a certain interval of integration a steplength which is excessively small in
relation to the smoothness of the exact solution in that interval, then the system is said to be stiff in that interval" (Lambert,
1977).

This article is divided into four sections. The first, that ends here, presents the motivation of the combustion studies.
In the following section are some concepts of chemical kinetics required for the modelling of combustion and also the
mechanism for carbon monoxide combustion and its reduction. In the next section the numerical results of the simulation
of the reduced mechanism are displayed and, finally, the obtained conclusions are presented.

2. METHODOLOGY

For a better understanding of the combustion process, it is necessary to construct the reaction mechanism that repre-
sents the burning of this fuel. In chemistry, a reaction mechanism is the step by step sequence of elementary reactions by
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Figure 1. Diagram of the main chain for hydrogen, carbon monoxide, methanol and ethanol.

which overall reaction occurs. Some concepts of chemical kinetics are needed for modelling the mechanism.
When a molecule A reacts with a molecule B to form the molecules C and D

A+B
kf C +D, (1)

species A is consumed at the same rate as B. The rate of consumption of species A is proportional to the molar concen-
trations of A and B. Once A is consumed the time derivative of its molar concentration is negative. Introducing kf as a
constant of proportionality, it may be written as(

d[A]

dt

)
f

= −kf [A][B] = −ω. (2)

The forward rate coefficient kf is, in principle, only a function of temperature (T ). Eq. (2) can be rewritten in order to
suggest this dependence.

−d[A]

dt
=


Number of collisions

between A and B molecules

V olume unit ×
Time Unit

 ·
 Probability that a

collision leads to
a reaction

 · [ kmol of A

N of molecules of A

]
(3)

or

−d[A]

dt
= (ZAB/V ) · PN−1AV , (4)

where NAV is the Avogadro number.
The probability a collision can lead to a reaction can be expressed as a product of two factors: a factor of energy,

e−EA/RuT , which expresses the fraction of collisions that occurs with an energy above the level necessary for the reaction
- EA, or activation energy; and a geometric or steric factor, p, which takes into account the geometry of collision between
A andB. For example, in the reaction betweenOH andH to formH2O, intuitively one expects that there will be reaction
if the hydrogen atom collides with the O side of the hydroxyl, instead of the H side, since the product has bonds of the
form H −O −H . In general, steric factor values are much less than one, but there are exceptions.

Thus, Eq. 4 becomes

−d[A]

dt
= pNAV σ

2
AB

[
8πkBT

µ

]1/2
· e(−EA/RuT )[A][B], (5)

where the substitutions nA/V = [A]NAV and nB/V = [B]NAV were employed and kB is the Boltzmann constant.
Comparing Eq. (2) and (5), note that the bimolecular rate coefficient, based on the theory of collisions, is

k(T ) = pNAV σ
2
AB

[
8πkBT

µ

]1/2
· e(−EA/RuT ). (6)
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If the temperature range of interest is not very wide, the bimolecular rate coefficient can be expressed by the empirical
Arrhenius form,

k(T ) = B · e(−EA/RuT ), (7)

where A is a constant called pre-exponential or frequency factor. Comparing equations (6) and (7), we see that A is not a
constant but depends, based on collision theory, on T 1/2. Arrhenius plots of log k and 1/T for experimental data are used
to obtain activation energy values, since the slope of such plots is −EA/Ru.

Even if the tabulation of experimental values for rate coefficients in Arrhenius form is common, the most frequent
practice is to use the form with three parameters:

k(T ) = AT β · e(−EA/RuT ), (8)

where A, β and EA are empirical parameters.
The mechanism for the combustion of carbon monoxide is composed of 26 reactions and 11 species, presented by

Marinov (1999), according to the Tab. 1. The modelling of this mechanism implies a system of 11 nonlinear ordinary
differential equations with a very high degree of stiffness, which makes analytical and numerical resolution difficult.

Table 1. Carbon monoxide mechanism rate coefficients (units are mol, cm3, s, K and cal/mol).

Reaction A β EA
1. OH +H2 = H +H2O 2.14E + 08 1.52 3449
1b. H +H2O = OH +H2 5.09E + 09 1.30 18588
2. O +OH = O2 +H 2.02E + 14 −0.40 0
3. O +H2 = OH +H 5.06E + 04 2.67 6290
4. H +O2 +M = HO2 +M 4.52E + 13 0.00 0
5. OH +HO2 = H2O +O2 2.13E + 28 −4.83 3500
6. H +HO2 = OH +OH 1.50E + 14 0.00 1000
7. H +HO2 = H2 +O2 6.63E + 13 0.00 2126
8. H +HO2 = O +H2O 3.01E + 13 0.00 1721
9. O +HO2 = O2 +OH 3.25E + 13 0.00 0
10. 2OH = O +H2O 3.57E + 04 2.40 −2112
11. H +H +M = H2 +M 1.00E + 18 −1.00 0
12. H +OH +M = H2O +M 2.21E + 22 −2.00 0
13. H +O +M = OH +M 4.71E + 18 −1.00 0
14. O +O +M = O2 +M 1.89E + 13 0.00 −1788
15. HO2 +HO2 = H2O2 +O2 4.20E + 14 0.00 11982
16. OH +OH +M = H2O2 +M 1.24E + 14 −0.37 0
17. H2O2 +H = HO2 +H2 1.98E + 06 2.00 2435
18. H2O2 +H = OH +H2O 3.07E + 13 0.00 4217
19. H2O2 +O = OH +HO2 9.55E + 06 2.00 3970
20. H2O2 +OH = H2O +HO2 2.40E + 00 4.04 −2162
111. HCO +O2 = HO2 + CO 7.58E + 12 0.00 410
112. HCO +M = H + CO +M 1.86E + 17 −1.00 17000
113. HCO +OH = H2O + CO 1.00E + 14 0.00 0
114. HCO +H = CO +H2 1.19E + 13 0.25 0
126. CO +OH = CO2 +H 9.42E + 03 2.25 −2351

(1) at 800K

For the set of equations presented in Tab. 1, the balance equations for the complete mechanism of carbon monoxide,
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where ωi represents the reaction rate of the reaction i, are:

d[H2]

dt
=− ω1 + ω1b − ω3 + ω7 + ω11 + ω17 + ω114, (9a)

d[H]

dt
= + ω1 − ω1b + ω2 + ω3 − ω4 − ω6 − ω7 − ω8 − 2ω11 − ω12 − ω13 − ω17

− ω18 + ω112 − ω114 + ω126, (9b)

d[O2]

dt
= + ω2 − ω4 + ω5 + ω7 + ω9 + ω14 + ω15 − ω111, (9c)

d[O]

dt
=− ω2 − ω3 + ω8 − ω9 + ω10 − ω13 − 2ω14 − ω19, (9d)

d[H2O]

dt
= + ω1 − ω1b + ω5 + ω8 + ω10 + ω12 + ω18 + ω20 + ω113, (9e)

d[OH]

dt
=− ω1 + ω1b − ω2 + ω3 − ω5 + 2ω6 + ω9 − 2ω10 − ω12 + ω13 − 2ω16

+ ω18 + ω19 − ω20 − ω113 − ω126, (9f)

d[HO2]

dt
= + ω4 − ω5 − ω6 − ω7 − ω8 − ω9 − 2ω15 + ω17 + ω19 + ω20 + ω111, (9g)

d[H2O2]

dt
= + ω15 + ω16 − ω17 − ω18 − ω19 − ω20, (9h)

d[CO]

dt
= + ω111 + ω112 + ω113 + ω114 − ω126, (9i)

d[CO2]

dt
= + ω126, (9j)

d[HCO]

dt
=− ω111 − ω112 − ω113 − ω114. (9k)

In order to simplify the chemical kinetics involved and favor the resolution of the problem, a reduction of the mech-
anism is made using some approximations, such as steady-state approximation and partial equilibrium. The steady-state
hypothesis is valid for intermediate species that are produced by slow reactions and consumed by fast reactions, so their
concentrations remain small (Turns, 2000). The hypothesis of partial equilibrium is justified when the velocities of the
forward and backward reactions are much greater than the other specific velocities of the mechanism (Peters, 1988).

The result of assuming both the partial equilibrium and the steady-state approximation is similar: a concentration is
determined by an algebraic equation rather than by integration of an ordinary differential equation. There are, however,
differences between the two approximations. While the partial equilibrium forces a reaction - or a set of reactions - to be
equilibrated, the steady-state approximation forces the rate of one or more species to be zero.

After applying the hypothesis of partial equilibrium for those reactions with high specific forward and backward
velocities, it remains the reactions 1, 3, 11, 12, 13, 14 and 126. Considering the steady-state hypothesis for the species
OH , it results the following three-step mechanism among six species for carbon monoxide

I ′ CO +H2O = CO2 +H2

II ′ 3H2 +O2 = 2H + 2H2O (10)
III ′ H +H +M = H2 +M

where M is an inert needed to remove the bond energy that is liberated during recombination (Peters, 1992).
In this mechanism, the step I ′ is the overall CO consumption step, which neither creates nor destroys reaction in-

termediaries. The step II ′ represents an overall recombination step, and the step III ′ an overall radical production,
oxygen-consumption step. The reactions II ′ and III ′ constitute the two-step mechanism for the hydrogen.

The reduced mechanism obtained for carbon monoxide can be justified by asymptotic analysis. Assuming the steady-
state hypothesis for O, OH , HO2, H2O2 and HCO, their differential operators are set equal to zero, which leads to five
algebraic equations among the reaction rates.

ω13 = −ω2 − ω3 + ω8 − ω9 + ω10 − 2ω14 − ω19, (11)

ω20 = +ω15 + ω16 − ω17 − ω18 − ω19. (12)

ω6 = +ω4 − ω5 − ω7 − ω8 − ω9 − ω15 + ω16 − ω18 + ω111, (13)

ω12 =− ω1 + ω1b − 2ω2 + 2ω4 − 3ω5 − 2ω7 − ω8 − 2ω9 − ω10 − 2ω14 − 3ω15

− ω16 + ω17 + ω19 + 2ω111 − ω126. (14)
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ω113 = −ω111 − ω112 − ω114. (15)

Making ωI′ , ωII′ and ωIII′ equal to

ωI′ =ω126, (16a)
ωII′ =− ω2 + ω4 − ω5 − ω7 − ω9 − ω14 − ω15 + ω111, (16b)
ωIII′ =− ω1 + ω1b − 3ω2 − ω3 + 3ω4 − 3ω5 − 2ω7 − 3ω9 + ω11 − 3ω14

− 3ω15 + ω17 + 3ω111 + ω114 − ω126, (16c)

the following linear combinations are obtained

d[H2]

dt
= + ωI′ − 3ωII′ + ωIII′ , (17a)

d[H]

dt
=2ωII′ − 2ωIII′ , (17b)

d[O2]

dt
=− ωII′ , (17c)

d[H2O]

dt
=− ωI′ + 2ωII′ , (17d)

d[CO]

dt
=− ωI′ , (17e)

d[CO2]

dt
= + ωI′ . (17f)

The stoichiometry of these balance equations corresponds to the following global mechanism of three-step for the
carbon monoxide.

I ′ CO +H2O = CO2 +H2

II ′ 3H2 +O2 = 2H + 2H2O (18)
III ′ H +H +M = H2 +M

Consequently, the complete mechanism with 26 reactions and 11 species was reduced to a mechanism with 3 reactions
and 6 species, which has a moderate degree of stiffness.

3. NUMERICAL RESULTS

In order to simulate the reduced mechanism for carbon monoxide combustion, the fourth-order Rosenbrock method
with four stages was chosen with a formula for adaptive control for the integration step. This method is L-stable, which
is ideal for solving stiff systems, since they have maximally damped behavior. The fourth-order four-stage Rosenbrock
method is given by:

yn+1 = yn + h

4∑
i=1

γiκi (19)

κ1 =f(yn)/A(yn) (20a)
κ2 =f(yn + ha21κ1)/A(yn) (20b)
κ3 =f(yn + h(a31κ1 + a32κ2))/A(yn) (20c)
κ4 =f(yn + h(a41κ1 + a42κ2 + a43κ3))/A(yn) (20d)

where

A(yn) =

[
I − hd∂f(yn)

∂y

]
. (21)

The local error estimation is calculated by

En+1 =
‖y∗n+1 − yn+1‖

(2ρ − 1)
, (22)
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considering the norm ‖ · ‖ as

‖y‖ =

[
1

φ

φ∑
i=1

(
yin+1

yimax

)2
]1/2

. (23)

Taking into account a tolerance ε, one can choose the procedure below to determine the time increment (Bui and Bui,
1979):

• If En+1 > ε, the increment is rejected and h should be reduced.

• If 3ε
4 < En+1 < ε, the increment is accepted, but h should be reduced.

• If ε
10 < En+1 <

3ε
4 , the increment is accepted and h should be sustained.

• If En+1 <
ε
10 the increment is accepted and h can be increased.

The variables y∗n+1 and yn+1 are calculated using the step of time h and h/2, respectively. To avoid divergence during
the iterative process the increment for the step needs to be limited, which can be done by the following equation, agreeing
with Bortoli et al. (2015):

hn+1 = hnmin

[
10,max

(
0, 1;

0, 9

∆y

)2
]
. (24)

It is also necessary that the values of the step-size be limited by maximum and minimum values, the initial time
increment must be small enough and, in case of hn+1 rejection, the growth factor should be replaced by 1, instead of 10,
in the next iteration.

For the resolution of the linear system of each stage in each iteration the successive sub-relaxation method (SUR) was
used. The SUR method is given by

y[n] = (1− δ)y[n−1] +
δ

sii

bi − i−1∑
j=1

sijy
[n]
j −

N∑
j=i+1

sijy
[n−1]
j

 , i = 1, ..., N and n = 0, 1, 2, ... (25)

The code was implemented in the Fortran 90 language using double precision and a tolerance for error ε = 10−7. It
took about 6000 iterations to achieve chemical equilibrium. Molar concentrations over the integration interval can be seen
in Fig. 2 and Tab. 2. The local error is in Fig. 3.

At the beginning of the process (up to time 10−4) the main reaction is the I ′. From the moment there is a higher
concentration of H2, reactions II ′ and III ′ stand out and water is produced again. At the moment the carbon monoxide
is fully consumed, the CO2 concentration stabilizes.

Table 2. Molar concentrations (mol/cm3) obtained in the integration of the CO combustion reduced mechanism.

Time (s) H2 O2 H H2O CO CO2

1× 10−6 2, 931× 10−4 0, 022 9, 993× 10−6 0, 06972 0, 04972 0, 00128
1× 10−5 0, 0024 0, 022 9, 956× 10−6 0, 06761 0, 04761 0, 00339
1× 10−4 0, 01719 0, 02196 8, 049× 10−5 0, 05278 0, 0327 0, 0183
1× 10−3 0, 03371 0, 01547 4, 757× 10−4 0, 03607 0, 00302 0, 04798
1× 10−2 0, 01629 0, 00517 9, 220× 10−5 0, 05367 5, 760× 10−17 0, 051
1× 10−1 0, 0087 0, 00136 1, 839× 10−5 0, 06129 1× 10−60 0, 051

1 0, 00612 6, 261× 10−5 2, 332× 10−6 0, 06387 1× 10−60 0, 051

4. CONCLUSIONS

In a growing area of study, where computational models have codes that become more complex with each advance-
ment, finding simplifications that facilitate analysis and reduce computational expenditure is essential. In this way, the
simplifications used in this work contribute to the achievement of good results, with reduced stiffness of the system. The
main advantage of the reduction of the mechanism is the decrease of the work required to solve the system of equa-
tions. The time required for the resolution of chemical equations reduces by an order of magnitude for carbon monoxide,
since the number of equations decreases in that order. For the continuity of this work, it is intended to simulate reduced
mechanisms of larger molecules of biofuels, such as methanol and ethanol, for example.
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Figure 2. Simulation of carbon monoxide reduced mechanism.

Figure 3. Local error with tolerance ε = 10−7.
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