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The oblique firehose instability in a bi-kappa magnetized plasma
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In this work, we derive a dispersion equation that describes the excitation of the oblique (or

Alfv�en) firehose instability in a plasma that contains both electron and ion species modelled by bi-

kappa velocity distribution functions. The equation is obtained with the assumptions of low-

frequency waves and moderate to large values of the parallel (respective to the ambient magnetic

field) plasma beta parameter, but it is valid for any direction of propagation and for any value of

the particle gyroradius (or Larmor radius). Considering values for the physical parameters typical

to those found in the solar wind, some solutions of the dispersion equation, corresponding to the

unstable mode, are presented. In order to implement the dispersion solver, several new mathemati-

cal properties of the special functions occurring in a kappa plasma are derived and included. The

results presented here suggest that the superthermal characteristic of the distribution functions leads

to reductions to both the maximum growth rate of the instability and of the spectral range of its

occurrence. Published by AIP Publishing. https://doi.org/10.1063/1.5063537

I. INTRODUCTION

The plasma environment found in the interplanetary

space is, in its majority, formed by particles of solar origin

transported by the solar wind. The solar wind plasma is com-

posed by electrons, protons, alpha particles, and some other

minority ions. Although the measured velocity distribution

functions (VDFs) for each of the major populations have

some specific characteristics, they also feature some com-

mon traits, such as high-energy isotropic or nonisotropic tails

and high-energy beam populations that are aligned with the

local interplanetary magnetic field (IMF).1

One of the most important characteristics shown by the

ion VDFs is a marked and conspicuous anisotropy in the

velocity spreads measured in the direction parallel to the

IMF with the spread measured in the perpendicular direction.

These anisotropic velocity spreads are called in the literature

temperature anisotropies and are measured by the second

moments of the VDF, respectively, evaluated in the parallel

(the parallel temperature) and perpendicular (the perpendic-
ular temperature) directions.

The importance of the presence of a temperature anisot-

ropy for the dynamical evolution of the solar wind plasma is

that its departure from a thermodynamic equilibrium state

means that the plasma contains free energy sources in the

particle distributions that can be tapped to excite several dif-

ferent plasma instabilities which will be ultimately responsi-

ble for several phenomena observed in the solar wind such

as wave emission, particle energization, and turbulence.2

In spite of the fact that other observed nonequilibrium

features such as particle beams also offer free energy sour-

ces, a large part of the work published in the literature is con-

cerned with the temperature anisotropy-driven instabilities

(TADI). If we restrict ourselves with the anisotropies caused

by the proton VDFs, there are four instabilities that are usu-

ally studied: the electromagnetic ion-cyclotron (or proton

cyclotron) instability (EMIC), roughly excited when

T?p > Tkp, where Tkð?Þp is the parallel (perpendicular) tem-

perature of the proton VDF, the parallel proton firehose

instability (PFH), excited when Tkp > T?p, the mirror insta-

bility (MI, when T?p > Tkp), and the oblique (or Alfv�en)

firehose instability (OFH, when Tkp > T?p).2 These instabil-

ities are grouped in such a way that the first two (EMIC and

PFH) are usually studied in the direction parallel to the IMF,

whereas the second couple (MI and OFH) occur in the obli-

que direction. Rather than giving a long list of publications

on the subject, the reader is referred to the recent review pro-

vided by Ref. 3, which also provides lengthier discussions

both on the theoretical derivation of the instabilities from the

kinetic theory of plasmas and about their importance for the

physical processes that take place in the solar wind.

The vast majority of the theoretical work on the TADI

has been done assuming that the VDFs of the solar wind spe-

cies can be adequately fitted by a combination of Maxwellian

and bi-Maxwellian distributions.2–4 However, a substantial

fraction of observed VDFs display high-energy (superther-
mal) tails that are better fitted by some power-law dependence

such as f ðvÞ / v�2j, where f ðvÞ is the velocity distribution

function and 0 < j <1 is a fitting parameter.

The most frequently employed model of distribution with

such power-law behavior is the kappa VDF,5 which describes

the velocity distribution of a plasma species that is in a quasi-

stationary state away from thermal equilibrium, where the par-

ticle interactions are long-ranged and where there are strong

correlations among the degrees of freedom. With a jVDF, the

kappa parameter is a measure of the departure of the (quasi-)

stationary state from thermal equilibrium: the smaller the

value of j the farther from equilibrium, which is asymptoti-

cally reached when j!1. In practice, when j � 20 the

jVDF is already quasi-Maxwellian. A collection of works

regarding the origin, observations, properties, and the
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statistical mechanics of kappa distributions was recently orga-

nized by Livadiotis.6

It is already well established that the high energy popu-

lations of the electron VDF in the solar wind (the halo and

the Strahl) are better modelled with kappa or bi-kappa distri-

butions.7–9 For both populations, it has been measured je

< 10 for a wide range of heliocentric distances, ranging

from 0.3 AU (Astronomical Units) to nearly 4 AU. In fact,

the value of je reduces with distance, showing that the elec-

trons in the solar wind are in a constant process of departure

from thermal equilibrium as the solar wind propagates

through the interplanetary space.

The observed distributions of the major ion species in

the solar wind and some physical properties associated with

the shape of the VDFs have also been analysed employing

kappa distributions. Detailed discussions and a longer list of

publications can be found in Refs. 10 and 11. It has been ver-

ified that the ion VDFs are also well modelled with typical

values of ji�5.12

Therefore, one must conclude that a full picture of the

plasma instabilities operating in the solar wind can only be

obtained if, in their theoretical description, the superthermal

nature of the observed distributions is taken into account.

So far, of the four instabilities listed above, excited by

temperature anisotropies in the ion VDFs, only those that

occur in parallel-propagating modes (MTSI and PFH) have

been systematically studied when j distributions are

involved.13–21 The reader is referred to a recent review by

Vi~nas et al.22 for a detailed theoretical account and further

references.

By comparison, studies regarding instabilities that are

excited by jVDFs and that occur at oblique angles relative

to the IMF are scant. One line of research has been focused

on the development of computer codes that numerically eval-

uate the dielectric tensor of kappa distributions and solve the

dispersion equation, thereby obtaining the dispersion rela-

tions of the several wavemodes and their associated damp-

ing/growth rates with an ab initio numerical procedure.23–25

Another line has emphasized the derivation of analytical

and closed-form expressions for the dielectric tensor of a (bi-)

kappa VDF. A first contribution considered the effect of the

jVDF on the propagation and damping of highly oblique dis-

persive Alfv�en waves in the Earth’s magnetosphere.26 Further

contributions provided the closed-form expressions for the

dielectric tensor of an isotropic kappa plasma (Ref. 27, here-

after called Paper I) and a bi-kappa plasma (Ref. 28, hereafter

called Paper II). Whenever possible, the derivation of analyti-

cal and closed-form expressions for the dielectric tensor is

desirable, because they provide important information about

the mathematical properties of the dispersion relations and

allow the derivation of the dispersion equations for specific

normal modes of propagation.

In this work, we will employ the formulation provided

in Papers I and II in order to derive a dispersion equation

suitable for the study of the oblique firehose instability

excited by a bi-kappa plasma. The OFH, first discovered by

Yoon et al.29 and later found again by Hellinger and

Matsumoto,30 is an instability occurring in low-frequencies

and at oblique angles, commonly associated with dispersive

Alfv�en waves.26,31 However, as we shall see below, the OFH

is in fact an absolute instability associated with a nonpropa-

gating mode. Here, we will derive a dispersion equation

valid for plasmas with moderate values of the ion beta

parameter and show some numerical results. In order to

implement the dispersion relation solver, several new mathe-

matical properties of the special functions occurring in a

kappa plasma were obtained, which were not presented in

Papers I and II. Consequently, in this work we will present

some typical solutions of the dispersion equation and reserve

a more comprehensive and detailed analysis of the instability

for a future publication.

The plan of the paper is as follows. In Sec. II, the spe-

cific dispersion equation is obtained. In Sec. III, the new

mathematical properties for the special functions are derived.

Then, in Sec. IV, we present some solutions of the dispersion

equation, which show the occurrence of the OFH. Finally, in

Sec. V, we present our conclusions.

II. DISPERSION EQUATION FOR A HIGH-BETA
BI-KAPPA PLASMA

The general form of the dielectric tensor for a magne-

tized bi-kappa plasma can be found in paper II, Eqs. (2) and

(3). For the present application, we will employ the kappa

velocity distribution function (jVDF) introduced first by

Summers and Thorne,32 which can be obtained from the gen-

eral form adopted in Papers I and II by setting the parameters

a ¼ 1 and w2
kð?Þs ¼ ð1� 3=2jsÞv2

Tkð?Þs, where s ¼ e; i;…
denotes the plasma species/population and v2

Tkð?Þs
¼ 2Tkð?Þs=ms is the thermal velocity squared of the same

species. With this particular choice, the explicit expression

of the jVDF is obtained from (I.1) [i.e., Eq. (1) of paper I]

or from (II.1) and is given by

fs vð Þ ¼ AðjsÞ
s 1þ

v2
k

jsw2
ks
þ v2

?
jsw2

?s

 !� jsþ1ð Þ

AðjsÞ
s ¼ 1

p3=2wksw
2
?s

C js þ 1ð Þ
j3=2

s C js � 1=2ð Þ
; js >

1

2

� �
: (1)

In accordance with the particular choices of the parame-

ters a and wkð?Þs adopted here, the same settings must be

imposed on the general expressions for the dielectric tensor

and the kappa plasma functions discussed in Papers I and II.

The particular form of the jVDF in (1) is the model more

frequently employed in the literature for reasons that have

been discussed at length in Ref. 26 and in Papers I and II.

Among the several new expressions introduced by

Papers I and II regarding the physical properties of the prop-

agation of electromagnetic/electrostatic waves and wave-

particle interactions in a kappa plasma, for any combination

of particle species and wave modes, frequency and polariza-

tion, a great amount of space was dedicated to the discussion

of the mathematical properties and numerical evaluation of

several special functions, namely, the kappa (or superther-
mal) plasma dispersion function Z

ða;bÞ
j ðnÞ, the kappa plasma

gyroradius function Hða;bÞn;j ðzÞ, and the two-variables kappa
plasma functions Zða;bÞn;j ðl; nÞ and Yða;bÞn;j ðl; nÞ. The reader is
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referred to Papers I and II for the definitions of these functions

and for the mentioned properties. Some new mathematical

formulas and properties for the same functions, developed for

the present application, are presented in Sec. III.

In order to reduce the amount of algebra, we will first

define the quantity

1 bð Þ
j ¼

C jþ b� 1ð Þ
jb�1=2C j� 1=2ð Þ ;

which is such that 1ðbÞj �!
j!1

1, and then define the following

form for the kappa plasma gyroradius function:

H bð Þ
n;j lð Þ ¼ 1 bþ1ð Þ

j H 1;bð Þ
n;j lð Þ:

We will also employ hereafter the shorthand notation

ZðbÞn;jðl; nÞ and YðbÞn;jðl; nÞ, which implicitly assumes that we

are taking the same functions with a ¼ 1.

Given a plasma species s composed of particles with

mass ms, electric charge qs, and number density ns, we start

by taking the general form of the dielectric tensor in (II.2,3)

and make the change n! �n for all the terms involving

negative values of the harmonic index n, thereby obtaining

exx ¼ 1þ
X

s

x2
ps

x2

X1
n¼1

n2

ls

Ans;j þ A�ns;jð Þ; (2a)

exy ¼ i
X

s

x2
ps

x2

X1
n¼1

n@ls
Ans;j � A�ns;jð Þ; (2b)

exz ¼ �
X

s

x2
ps

x2

k?wks
2Xs

X1
n¼1

n

ls

Bns;j � B�ns;jð Þ; (2c)

eyy ¼ 1þ
X

s

x2
ps

x2
C0s;j þ

X1
n¼1

Cns;j þ C�ns;jð Þ
" #

; (2d)

eyz¼ i
X

s

x2
ps

x2

k?wks
2Xs

@ls
B0s;jþ

X1
n¼1

@ls
Bns;jþB�ns;jð Þ

" #
; (2e)

ezz¼1�
X

s

x2
ps

x2

v2
Tks

v2
T?s

n0sB0s;jþ
X1
n¼1

nnsBns;jþn�nsB�ns;jð Þ
" #

;

(2f)

where eij ði; j ¼ x; y; zÞ are the components of the dielectric

tensor, which obeys the usual symmetry relations

exy ¼ �eyx; exz ¼ ezx, and eyz ¼ �ezy. Also, @l ¼ @=@l,

ls ¼
k2
?w2
?s

2X2
s

¼ 1� 3

2js

� �
k2
?v

2
T?s

2X2
s

;

nns ¼
x� nXs

kkwks
¼ 1� 3

2js

� ��1
2 x� nXs

kkvTks
;

and x2
ps ¼ 4pnsq

2
s=ms is the squared plasma and Xs

¼ qsB0=msc the cyclotron frequencies of species s for a

plasma embedded in a uniform ambient magnetic induction

vector B0 ¼ B0ẑ. Additionally, c is the light speed in vacuum

and x and k ¼ k?x̂ þ kkẑ are the usual (angular) frequency

and wave vector of oscillations propagating in the plasma.

In (2a)–(2f), the quantities A, B, and C are defined as

Ans;j ¼ n0sZ 2ð Þ
n;js

ls; nnsð Þ þ 1

2
As@nns

Z 1ð Þ
n;js

ls; nnsð Þ; (3a)

Bns;j ¼ n0s � Asnnsð Þ@nns
Z 1ð Þ

n;js
ls; nnsð Þ; (3b)

Cns;j ¼ n0sW 2ð Þ
n;js

ls; nnsð Þ þ 1

2
As@nns

W 1ð Þ
n;js

ls; nnsð Þ; (3c)

where

W bð Þ
n;js

ls; nnsð Þ ¼ n2

ls

Z bð Þ
n;js

ls; nnsð Þ � 2lsY bð Þ
n;js

ls; nnsð Þ:

As ¼ 1� T?s=Tks is the temperature anisotropy parameter

for species s, and @n ¼ @=@n.

In the present application, we are interested in low-

frequency ðx� jXsjÞ and long-wavelength ðk2
kv

2
Tks � X2

s Þ
waves propagating in oblique directions relative to B0. In

such a situation, x2
ps=x

2 � x2
ps=X

2
s , where

x2
ps

X2
s

¼ nsms

nimi

c2

v2
A

;

with s¼ i referring to the ion species and with the squared

Alfv�en speed v2
A ¼ B2

0=4pnimi. Hence, for an electron-ion

plasma, if at least we have ðme=miÞðc2=v2
AÞ ’ 1, then

x2
ps=x

2 � 1 and we can neglect, as a first approximation,

the displacement current terms (the unity) in the diagonal

components of the dielectric tensor (2).

Now we notice that given the (squared) particle gyrora-

dius (or Larmor radius) q2
s ¼ v2

T?s=2X2
s ¼ T?s=msX

2
s , the

quantity ls can be written as ls ¼ ð1� 3=2jsÞk2
?q

2
s . Among

the several low-frequency wave modes observed in the solar

wind and Earth’s magnetosphere, of particular importance

are the dispersive Alfv�en waves (DAW).26,31 In regions

where the plasma thermal effects on the wave dispersion

cannot be ignored, the DAW are known as the kinetic

Alfv�en waves (KAW). Measuring the thermal effect with the

parallel/perpendicular plasma beta parameter bkð?Þs
¼ 8pnsTkð?Þs=B2

0, the dispersion relation of KAW propagat-

ing in an isotropic Maxwellian plasma with moderate values

of the electron beta ðme=mi � be�1Þ is31

x2

k2
kv

2
A

� 1þ k2
? q2

a þ
3

4
q2

i

� �
;

where q2
a ¼ Te=miX

2
i is the ion-acoustic gyroradius. Hence,

for the ions, an estimate on the magnitude of the parameter

li for KAW is given by

li ¼
1

2
1� 3

2ji

� �
k2
?c2

x2
pi

b?i �
1

2
1� 3

2ji

� �
x2

X2
i

k2
?

k2
k

b?i:

Therefore, even for low-frequency Alfv�en waves, the

parameter li can be small but finite when the ion beta is large

and/or the KAW is propagating at large angles relative to B0.
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Moreover, since we are assuming x� jXsj and

k2
kv

2
Tks � X2

s , the typical jnnsj for nP1 is supposed to be

larger than unity by several orders of magnitude. In this situ-

ation, we can employ in the coefficients Ans;j; Bns;j, and

Cns;j the asymptotic expansions given in (II.28a,b) for the

functions ZðbÞn;jðl; nÞ and YðbÞn;jðl; nÞ, with their derivatives

given by (II.22) and (11), keeping only the leading terms in

the expansions. Then, defining the small parameters

x ¼ x=nXs and � ¼ kkwks=nXs for nP1, expanding the com-

binations of the coefficients in (2) and (3) in powers of x and

� and keeping only the lowest-order contributions, one

obtains, after some algebra

Ans;j þ A�ns;j �
2x2

n2X2
s

H 3=2ð Þ
n;js

lsð Þþ
1

2
AsH

1=2ð Þ
n;js

lsð Þ
k2
kw

2
ks

x2

" #
;

Ans;j�A�ns;j�
2x
nXs

H 3=2ð Þ
n;js

lsð Þþ
1

2
1þ2Asð ÞH 1=2ð Þ

n;js
lsð Þ

k2
kw

2
ks

n2X2
s

" #
;

Bns;j þ B�ns;j � 2 As þ 1ð ÞH 1=2ð Þ
n;js

lsð Þ
kkwks
nXs

x
nXs

;

Bns;j � B�ns;j � 2H 1=2ð Þ
n;js

lsð ÞAs

kkwks
nXs

;

Cns;j þ C�ns;j � 2G 3=2ð Þ
n;js

lsð Þ
x2

n2X2
s

þAsG
1=2ð Þ

n;js
lsð Þ

k2
kw

2
ks

n2X2
s

;

nnsBns;j þ n�nsB�ns;j � �2H 1=2ð Þ
n;j lsð ÞAs;

where

G bð Þ
n;j lð Þ ¼

n2

l
H bð Þ

n;j lð Þ � 2lH b�1ð Þ0
n;j lð Þ:

Notice that the above approximations are only used for

the terms with harmonic n 6¼ 0. In the expressions for

A0s;j; B0s;j, and C0s;j, we have kept the full thermal effects

for the kappa plasma functions.

Inserting these approximations back into (2), we observe

that each component of the dielectric tensor contains a sum

over nP1 of the function HðbÞn;jðlÞ or its derivative. Making

use of the identity (II.10), we can establish the sum rule

X1
n!�1

H bð Þ
n;j lð Þ ¼ 1 bð Þ

j ;

whereby we can define the auxiliary functions

H
bð Þ

1;j lð Þ ¼
1 bð Þ

j � H
bð Þ

0;j lð Þ
l

; (4a)

H
bð Þ

2;j lð Þ ¼ 2
X1
n¼1

H bð Þ0
n;j lð Þ
n2

; (4b)

which were obtained by also making use of the property

HðbÞ�n;jðlÞ ¼ HðbÞn;jðlÞ. Additionally, by virtue of (I.21) and the

identity found at the top of page 4 of Paper II, we have

H
ðbÞ
1;jð0Þ ¼ H

ðbÞ
2;jð0Þ ¼ 1ðb�1Þ

j .

Apropos, the Maxwellian limits of functions H
ðbÞ
1;j and

H
ðbÞ
2;j are

H1 lð Þ ¼
1�h0 lð Þ

l
¼ 1� 3

4
lþ 5

12
l2 þ � � �

H2 lð Þ ¼ 2
X1
n¼1

h
0
n lð Þ
n2

¼ 1� 15

8
lþ 245

144
l2 þ � � � ;

where hnðlÞ ¼ e�lInðlÞ. The small gyroradius expansion

of H1ðlÞ presented above is well known and easily obtained

from the properties of the modified Bessel function.

However, the function H2ðlÞ has always been presented in

closed form and, to the best of the authors’ knowledge, no

series expansion was known in the literature (see, e.g., Refs.

29 and 31). The derivation of the series expansion for H2ðlÞ
will be given in a future publication.

Finally, considering a 2-species electron-ion plasma, we

define the following parameters, which are inspired by and

generalize the corresponding parameters given in Ref. 29:

� bð Þ
j ¼ H

bð Þ
1;ji

lið Þ; (5a)

� bð Þ0
j ¼ � bð Þ

j � 2liH
b�1ð Þ

2;ji
lið Þ; (5b)

�̂j ¼ �
Z 0ð Þ0

je
n0eð Þ

bke;j
þ 1

bki;j
@n0i
Z 1ð Þ

0;ji
li; n0ið Þ

" #
b?i;j

2li

; (5c)

cj ¼
1

2
bkeAe þ bki;jAi�

1=2ð Þ
j � 2

� � k2
kv

2
A

X2
i

; (5d)

c0j ¼
1

2
bkeAe þ bki;jAi�

1=2ð Þ0
j � 2

� � k2
kv

2
A

X2
i

� 1þ b?e;j 1 �1=2ð Þ
je

þ 1

2

b?e;j

bke;j
Z �2ð Þ0

je
n0eð Þ

 !"

�b?i;j H
1=2ð Þ0

0;ji
lið Þþ

1

2

b?i;j

bki;j
@n0i
Y 1ð Þ

0;ji
li; n0ið Þ

 !#
2li

b?i;j
;

(5e)

gj ¼ 1 1=2ð Þ
je
þ H

3=2ð Þ0
0;ji

lið Þ �
1

2
1þ 2Aið Þbki;jH

1=2ð Þ
2;ji

lið Þ
k2
kv

2
A

X2
i

;

(5f)

g0j ¼ �
b?e;j

2bke;j
Z �1ð Þ0

je
n0eð Þ �

b?i;j

2bki;j
@li
@n0i
Z 1ð Þ

0;ji
li; n0ið Þ

� 1

2
bki;j 1þ Aið ÞH 1=2ð Þ

2;ji
lið Þ

k2
kv

2
A

X2
i

; (5g)

where we have also defined the kappa-modified beta parame-

ters as

bkð?Þs;j ¼ 1� 3

2js

� �
bkð?Þs ¼

bkð?Þs
1ð�1=2Þ

js

:

We must also point out that since le � li by a factor of

order me=mi, we have kept in parameters (5a)–(5g) the
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lowest-order gyroradius contribution from the electrons, i.e.,

H
ðbÞ
1;je
ðleÞ � H

ðbÞ
2;je
ðleÞ � 1ðb�1Þ

je
.

The parameters (5a)–(5g) are identified within the dis-

persion equation detK ¼ 0, where the elements of the matrix

K are

Kij ¼
c2

x2
kikj � k2dij

� �
þ eij; i; j ¼ x; y; zð Þ:

After some algebraic manipulation, during the course of

which some other terms that are of order me=mi are

neglected, one notices that one root x2 � 0 can be factored

out and the remaining equation can be written in transcen-

dental form as

x
Xi

� �4

þ 1

�
3=2ð Þ0

j

c0j �
g2

j

�
3=2ð Þ

j

� g02j
�̂j

 !"

þcj
1

�
3=2ð Þ

j

þ 1

�̂j

 !#
x
Xi

� �2

þ cj

�
3=2ð Þ0

j

� c0j
1

�
3=2ð Þ

j

þ 1

�̂j

 !
�

gj � g0j
� �2

�
3=2ð Þ

j �̂j

2
4

3
5 ¼ 0: (6)

Some of the particular cases of Eq. (6) are discussed

below.

A. Maxwellian limit

If one takes the limits je !1 and ji !1, one

observes that 1ðbÞj �!
j!1

1, and the limits of the kappa plasma

functions are given in Papers I and II. In this case, the disper-

sion Eq. (6), as well as the parameters (5a-g), reduces to the

corresponding forms given by Ref. 29, as expected.

B. Limit of parallel propagation

In the limit k? ! 0 or, equivalently, the limit of zero

ion gyroradius, we have li ! 0, and we have to employ the

limiting forms given by (I.21), (II. 23), the expression given

in page 04 of Paper II and (12). As a result, the dispersion

Eq. (6) reduces to

x2

X2
i

þ g
x
Xi
þ c

 !
x2

X2
i

� g
x
Xi
þ c

 !
¼ 0;

c ¼ 1

2
bkeAe þ bkiAi � 2
� � k2

kv
2
A

X2
i

;

g ¼ � 1

2
1þ 2Aið Þbki

k2
kv

2
A

X2
i

;

which is exactly the same solution obtained by Ref. 29.

In this case, the dispersion relations are the roots of pol-

ynomials that only depend on the wavenumber, the plasma

betas, and the anisotropy parameters. In other words, the dis-

persion Eq. (6) predicts that the kappa parameters je and ji

do not influence the parallel firehose instability.

An exact treatment of the PFH shows a different picture.

Whereas the real part of the dispersion relation is largely inde-

pendent on the kappas, the growth rate does depend on je and,

mostly, on ji. The reason why the treatment presented here is

not able to account for this fact lies with the assumptions made

about the magnitudes of the quantities jn6ej and jn6ij. When

k? ¼ 0, the ion-firehose occurs in the right-handed mode (the

magnetosonic mode). A careful examination of the unstable

range shows that the nonresonant approximations jn6ej � 1

and jnþij � 1 are still valid, but jn�ij ’ 1. Hence, for the par-

allel firehose instability the kinetic effects due to this quantity

cannot be ignored and the growth rate is no longer given by the

simple root of a polynomial, as above. A detailed account of

the PFH in a bi-kappa plasma is given by Ref. 22.

C. Limit of perpendicular propagation

In the converse case ðkk ! 0Þ, one must consider in

(5a)–(5g) the asymptotic forms of the kappa plasma func-

tions for the limits n0e; n0i !1. For the function Z
ðbÞ
j ðnÞ,

one can notice in the expansion given by the expression at

page 14 of Paper I that the dominant term is

Z
ðbÞ
j ðnÞ ’ �1ðbþ1=2Þ

j =n. For the functions Z and Y, one

employs again the dominant terms of expansions (II.28a,b).

After some manipulations, Eq. (6) factors into two

branches: x2 ¼ 0 and

x
Xi

� �2

¼ 1

�
3=2ð Þ0

j

d3j þ
d2

4j

�
3=2ð Þ

j

 !
; where

d3j ¼ 1þ b?e � b?i;jH
1=2ð Þ0

0;ji
lið Þ

h i
2li

b?i;j
;

d4j ¼ 1 1=2ð Þ
je
þ H

3=2ð Þ0
0;ji

lið Þ:

In the Maxwellian limit, the expression of the nonzero

mode, in the lowest-order of a small gyroradius expansion, is

x ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b?e þ b?i

p
k?vA;

which corresponds to the dispersion relation of compressive

Alfv�en waves. These waves are always damped. On the other

hand, the nonpropagating mode with x2 ¼ 0 turns out to be

the unstable mode.

For any combination of ðk?; kkÞ, the wave modes are

obtained from the numerical solution of Eq. (6). Several new

properties of the kappa plasma functions, not included in

Papers I and II, were needed in order to implement the

numerical solution of the dispersion equation. These proper-

ties are discussed in Sec. III, and some numerical solutions

are presented in Sec. IV.

III. NEW EXPRESSIONS FOR THE KAPPA PLASMA
SPECIAL FUNCTIONS

Several new properties and representations for the kappa

special functions are developed here.

A. Symmetry properties of the superthermal plasma
dispersion function

The superthermal (or kappa) plasma dispersion function

(jPDF) Z
ða;bÞ
j ðnÞ was initially defined in (I.11) and several

properties were presented in Papers I and II. Here, we will

show its symmetry properties, which will be important for
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the new expansions of the functions Z and Y to be presented

below.

Consider first the argument n ¼ nr þ ini 2 C. If ni > 0,

one of the possible representations of Z
ða;bÞ
j ðnÞ is given by

(I.13), while its analytical continuation for ni60 is given by

(I.A1). Hence, we can directly establish the first identity,

when ni > 0

Z a;bð Þ
j �nð Þ þ Z a;bð Þ

j nð Þ

¼ 2i
ffiffiffi
p
p j�b�1=2C k� 1ð Þ

C r� 3=2ð Þ 1þ n2

j

� �� k�1ð Þ

: (7a)

As discussed in Papers I and II, when a ¼ b ¼ 1, the

function Z
ð1;1Þ
j ðnÞ � ZjðnÞ reduces to the dispersion function

first introduced by Summers and Thorne32 and largely dis-

cussed by Mace and Hellberg.33 In this case, the symmetry

property above reduces to Eq. (27) of Ref. 33. In the

Maxwellian limit ðj!1Þ, the same property reduces to

the known identity for the Fried and Conte function34

Z �nð Þ þ Z nð Þ ¼ 2i
ffiffiffi
p
p

e�n2

; ni > 0ð Þ:

Now, let us consider the representation (I.14), which is

valid in the principal branch � 1
2
p < arg nþ i

ffiffiffi
j
p� �

< 3
2
p

(i.e., the branch line runs along �i
ffiffiffi
j
p

< n < �i1). This is

the generalization of the result given by Eq. (17) of Ref. 33.

If we denote by �n ¼ nr � ini the operation of complex conju-

gation, we immediately observe that

Z a;bð Þ
j ��n
� �

¼ i
j�b�1=2C k� 1=2ð Þ
k� 1ð ÞC r� 3=2ð Þ

�2F1

1; 2 k� 1ð Þ
k

;
1

2
1� i�n

j1=2

� �" #
:

However, given that35

2F1
�a; �b
�c

; �z

� �
¼ 2F1

a; b
c

; z

� �
z 62 1;1ð Þð Þ;

which is a property shared by all hypergeometric functions

in their principal branches, it follows that

Z a;bð Þ
j

�n
� �
¼ �Z

a;bð Þ
j �nð Þ: (7b)

This result also reduces to the known property Zð�nÞ
¼ �Zð�nÞ.

Finally, by combining properties (7a) and (7b), we

obtain, for ni > 0

Z a;bð Þ
j

�n
� �
¼ Z

a;bð Þ
j nð Þ

þ2i
ffiffiffi
p
p j�b�1=2C k� 1ð Þ

C r� 3=2ð Þ 1þ
�n

2

j

 !� k�1ð Þ

; (7c)

which, when j!1, reduces to

Z �n
� �
¼ Z nð Þ þ 2i

ffiffiffi
p
p

e�
�n

2

:

B. The superthermal plasma gyroradius function

The kappa plasma gyroradius function (jPGF) Hða;bÞn;j ðzÞ
was initially defined by (I.20) and its more general represen-

tation was given by (I.22) in terms of the Meijer G-function.

The definition and properties of the G-function can be seen

in Appendix B of Paper I or in the references given therein.

Several properties of Hða;bÞn;j ðzÞ and an associated function are

discussed in Papers I and II. Here, we will present some new

properties of the jPGF.

1. Symmetry properties

In some of the representations shown in Papers I and II

as well as in the present work, the function Hða;bÞn;j ðzÞ needs to

be evaluated for complex z. Looking at the representations

(I.23, 24), respectively, valid for noninteger/integer values of

k ¼ jþ aþ b, and taking into account the symmetry prop-

erties of elementary and Bessel functions, one readily con-

cludes (i) that the jPGF is a multivalued function with the

origin as a branch point and with a branch cut along the neg-

ative real axis and (ii) that in the principal branch

H a;bð Þ
n;j �zð Þ ¼ H a;bð Þ

n;j zð Þ; jargzj < pð Þ: (8)

2. Series expansion in the integer case

As it was argued at length in Papers I and II, the func-

tion Hða;bÞn;j ðzÞ can be represented in terms of power series

only when k ¼ jþ aþ b is not integer. When k 2 Z, the

function has a logarithmic term and a representation in terms

of modified Bessel functions was given by (I.24) (see Eq.

II.7c for the derivatives). Although general, the evaluation of

Hða;bÞn;j ðzÞ via the Bessel functions can be computationally

expensive when jzj < 1, as is the case for the application dis-

cussed in this paper. Hence, a suitable series expansion for

Hða;bÞn;j ðzÞ in the regime of small gyroradius is desired.

The desired representation is obtained via the residue

theorem. Using (I.22) and (I.B10), the function Hða;bÞn;j ðzÞ can

be written as

H a;bð Þ
n;j zð Þ ¼ 1ffiffiffi

p
p j

C k� 1ð ÞFn;k�2 2jzð Þ;

Fn;h zð Þ ¼
1

2pi

ð
L

fn;h sð Þz�sds;

fn;h sð Þ ¼
C hþ sð ÞC nþ sð ÞC 1=2� sð Þ

C nþ 1� sð Þ ; (9a)

where the integration contour L is such that all poles of

Cðhþ sÞ and Cðnþ sÞ lie to the right of L, whereas the poles

of Cð1=2� sÞ lie to the left. In this case, the residues of the

integration are given only by the poles of the first two

gamma functions.

If m 2 Z, when h ¼ m (for Hða;bÞn;j , m ¼ 0; 1; 2;…), the

poles of fn;hðsÞ occur at s ¼ �m� r and

s ¼ �n� r ðr 2NÞ. Hence, there are two possibilities: (i)
m< n and (ii) m 	 n that will be treated separately.

1. m < n: the function fn;hðsÞ has simple poles at s
¼ �m;�m� 1;…;�nþ 1 and double poles at
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s ¼ �n;�n� 1;…. The residues of the simple poles can be

evaluated with the identity36

C zð Þ ¼
�ð Þk

k! zþ kð Þ þ
�ð Þk

k!
w k þ 1ð Þ þ O zþ kð Þ½ 
;

where wðzÞ is the psi or digamma function. This expansion is

valid for z ’ �k ðk ¼ 0; 1; 2;…Þ. Therefore

Resfn;h s ¼ �‘ð Þ ¼
ffiffiffi
p
p
�ð Þm

C n� ‘ð Þ 1=2ð Þ‘
1ð Þnþ‘ 1ð Þ‘�m

�zð Þ‘;

where ‘ ¼ m;mþ 1;…; n� 1 and ðaÞr ¼ Cðaþ rÞ=CðaÞ is

the Pochhammer symbol.

On the other hand, the double poles are obtained from

Resfn;h s ¼ �‘ð Þ ¼ lim
s!�‘

d

ds
sþ ‘ð Þ2fn;h sð Þ

h i
;

for ‘ ¼ n; nþ 1;…. Given that C0ðzÞ ¼ wðzÞCðzÞ and using

the identity37

w zð Þ ¼ � 1

zþ k
þ w k þ 1ð Þ þ O zþ kð Þ½ 
;

one obtains for the residues

Resfn;h s ¼ �‘ð Þ ¼
ffiffiffi
p
p

1=2ð Þ‘ �ð Þmþnz‘

1ð Þnþ‘ 1ð Þ‘�m 1ð Þ‘�n

� w ‘� mþ 1ð Þ þ w ‘� nþ 1ð Þ
	

�w
1

2
þ ‘

� �
þ w nþ ‘þ 1ð Þ � ln z
:

2. m 	 n: now the poles are simple for s ¼ �n;…;
�mþ 1 ðm > nÞ and double for s ¼ �m;�m� 1;…. The

evaluation of the residues follows the same lines as in the

previous case.

Summing the contributions from all residues, both possi-

bilities can be cast in a single expression for Fn;hðzÞ, result-

ing finally in

Fn;h zð Þffiffiffi
p
p ¼ �r r� 1ð Þ! 1

2

� �
�

z�

g!

Xr�1

‘¼0

� þ 1=2ð Þ‘
gþ 1ð Þ‘ 1� rð Þ‘

z‘

‘!

� �ð Þ�
1

2

� �
l

�zð Þl

w!r!

�
"

2cþ ln zð Þ1F2

lþ 1=2

wþ 1; rþ 1
; z

 !

�
X1
‘¼0

lþ 1=2ð Þ‘
wþ 1ð Þ‘ rþ 1ð Þ‘

� H‘ þ Hwþ‘ þ Hrþ‘ � Hl�1=2þ‘
� � z‘

‘!

#
; (9b)

where l ¼ maxðh; nÞ; � ¼ minðh; nÞ, r ¼ l� �; w ¼ lþ n;
g ¼ � þ n, and �r ¼ 1� dr;0. In (9b), the quantities Hw are

the harmonic numbers, given by Hw ¼ wðwþ 1Þ þ c, where

c ¼ 0:57721… is Euler’s constant. When w is a nonnegative

integer, the harmonic numbers are H0 ¼ 0 and

H‘ ¼
P‘

k¼1 k�1.

Notice that there are two terms in (9b) that distinguishes

the series expansion of Hða;bÞn;j ðzÞ when k is the integer from a

simple power series expansion of the hypergeometric kind.

First, there is a term proportional to ln z and second, the last

term is a power series but is not hypergeometric.

C. The two-variable kappa plasma functions

The two-variable kappa plasma functions (2VKPs)

Zða;bÞn;j ðl; nÞ and Yða;bÞn;j ðl; nÞ were initially defined by (I.26).

They describe the dispersive properties of oscillations occur-

ring in a magnetized (bi-)kappa plasma. Since a magnetized

plasma described by a jVDF displays strong correlations

between the parallel and perpendicular components of the

particles’ velocities, the 2VKPs cannot be factored as the

product of two simple functions; i.e., there are no functions

MðlÞ and NðnÞ such that Zðl; nÞ ¼ MðlÞNðnÞ, for instance.

This point has been argued at length in Ref. 26 and in Papers

I and II. Consequently, the simpler representations one can

expect for these functions will always be some transcenden-

tal series expansion.

1. Symmetry properties

The symmetry properties of the functions Zða;bÞn;j ðl; nÞ
and Yða;bÞn;j ðl; nÞ can be readily derived starting from the inte-

gral representations (I.26a,b). For applications to plasma

physics, l > 0 always but n is in general complex. Hence,

the symmetry properties of the 2VKPs are determined by the

Z
ða;bÞ
j ðnÞ function.

Consequently, from the symmetry properties (7), one

concludes that

Z a;bð Þ
n;j l; �n
� �

¼ �Z a;bð Þ
n;j l;�nð Þ; (10a)

Y a;bð Þ
n;j l; �n
� �

¼ �Y a;bð Þ
n;j l;�nð Þ; (10b)

Z a;bð Þ
n;j l; �n
� �

¼ Z a;bð Þ
n;j l; nð Þ

þ2i
ffiffiffi
p
p j�1=2�bC k� 1ð Þ

C r� 3=2ð Þ 1þ
�n

2

j

 !� k�2ð Þ

� H a;bð Þ
n;j l 1þ

�n
2

j

 !" #
; (10c)

Y a;bð Þ
n;j l; �n
� �

¼ Y a;bð Þ
n;j l; nð Þ

þ2i
ffiffiffi
p
p j1=2�bC k� 2ð Þ

C r� 3=2ð Þ 1þ
�n

2

j

 !� k�4ð Þ

� H a;b�1ð Þ0
n;j l 1þ

�n
2

j

 !" #
: (10d)

For the derivation of (10c) and (10d), we have employed the

identities (II.24, 26).

Moreover, it can be easily verified that
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Z a;bð Þ
�n;j l; nð Þ ¼ Z a;bð Þ

n;j l; nð Þ;
Y a;bð Þ
�n;j l; nð Þ ¼ Y a;bð Þ

n;j l; nð Þ: (10e)

Henceforth, we will implicitly assume that nP0.

2. Derivative of Yða;bÞn;j ðl; nÞ

As can be observed in the expressions for the dielectric

tensor given either by (II.3) or by (2) and (3), one also needs

to evaluate @nYða;bÞn;j ðl; nÞ. The expressions for this derivative

were not included in Paper II due to an oversight, which will

be remedied now.

The procedure is roughly the same as the one described

in section C.1 of Paper II for the function Z. So, without fur-

ther ado, we present

@nY a;bð Þ
n;j l; nð Þ ¼ �2



C k� 3=2ð Þ

jbC r� 3=2ð ÞH
a;b�1=2ð Þ0

n;j lð Þ

þnY a;bþ1ð Þ
n;j l; nð Þ

�
; (11)

with the particular case

@nY a;bð Þ
n;j 0; nð Þ ¼ �dn;0 þ

1

2
djnj;1

� �
Z a;b�3ð Þ0

j nð Þ: (12)

3. Power series expansions for large jnj

Power series expansions for Z and Y were given by

(II.25a) and (II.27a), which are formally convergent for

jnj <
ffiffiffi
j
p

. Additionally, other series expansions were given by

(II.25c) and (II.27b), which are formally valid for the whole

complex plane of n. However, for the range of variations of

the physical parameters considered in this work, although

the argument l is always small, since it is proportional to

the particle’s gyroradius, the magnitude of the argument n
¼ n0s ¼ x=kkwks can vary from very small (for near-parallel

propagation) to very large (for near-perpendicular propaga-

tion). Hence, from the computational point of view it is desir-

able to have power series expansions for the 2VKPs valid for

jnj >
ffiffiffi
j
p

. These series will now be derived.

We will consider first the function Zða;bÞn;j ðl; nÞ. Taking

the integral representation (I.26a) and inserting representa-

tion (II.15a) for Z
ða;bÞ
j ðnÞ, we can integrate the last term using

identity (II.24) and obtain

Z a;bð Þ
n;j l; nð Þ ¼ �2

p1=2j�b�1=2

C r� 3=2ð Þ
nffiffiffi
j
p F2 l; nð Þ

þ ip1=2C k� 1ð Þ
jbþ1=2C r� 3=2ð Þ 1þ n2

j

� �� k�2ð Þ

� H a;bð Þ
n;j l 1þ n2

j

� �
 �
;

F2 l; nð Þ ¼
ð1

0

dx
xJ2

n

ffiffiffiffiffiffi
2l
p

x
� �

1þ x2=jð Þk�1=2

� G1;2
2;2

n2=j
1þ x2=j

���� 0; 3=2� k

0;�1=2

" #
;

where G1;2
2;2 is the Meijer G-function defined by (I.B10).

Using the Mellin-Barnes representation for this function and

interchanging the integrations in F2ðl; nÞ, we can integrate

on x, resulting then in

F2 l; nð Þ ¼ j
2
ffiffiffi
p
p j

n2

1

2pi

ð
Lt

dt
C n� tð ÞC 1=2þ tð Þ

C nþ 1þ tð Þ 2jlð Þt

� G2;1
2;2

j

n2

���� 0; 1=2

k� 5=2� t; 0

" #
;

where we have also employed the identity (I.B11a).

Let us now define the auxiliary functions

h1 x; yð Þ ¼
1

2pi

ð
Lt

dt
C n� tð ÞC 1=2þ tð Þ

C nþ 1þ tð Þ xtG2;1
2;2 y

���� 0; 1=2

k� 5=2� t; 0

" #
;

h2 x; yð Þ ¼
1

2p2i

ð
Lt

dt
C 7=2� kþ tð ÞC k� 5=2� tð ÞC n� tð ÞC 1=2þ tð Þ

C nþ 1þ tð Þ xtG1;2
2;2 y

���� 0; 1=2

0; k� 5=2� t

" #
:

Obviously, F2ðl; nÞ ¼ h1ð2jl; j=n2Þ. Noticing that the integrations in both functions are defined along the same integration

contour, we will now evaluate h1 � h2. Introducing again the Mellin-Barnes representations for the G-functions and simplify-

ing the resulting expression with the help of properties of the gamma function, we obtain, after some amount of algebra

h1 � h2 ¼ �
ffiffiffi
p
p C k� 1ð Þ

j
yk�5=2 1þ yð Þ� k�2ð ÞI a;bð Þ

n;j
x

2j
1þ 1

y

� �
 �
; where

I a;bð Þ
n;j zð Þ ¼

1ffiffiffi
p
p j

C k� 1ð ÞG
2;2
2;4 2jz

���� k� 5=2; 1=2

k� 5=2; n;�n; k� 2

" #
: (13)

In order to obtain this result, we used representations (I.B9, B10, and B14), which give

G1;1
1;1 z

���� 1=2

k� 5=2� t

" #
¼ C k� 2� tð Þzk�5=2�t

1F0
k� 2� t
� ;�z

� �
¼ C k� 2� tð Þzk�5=2�t 1þ zð Þ� k�2�tð Þ

:
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Now, using again (I.B14), we can write h2ðx; yÞ as

h2 x; yð Þ ¼
1ffiffiffi
p
p 1

2pi

ð
Lt

dt
C k� 5=2� tð ÞC n� tð ÞC 1=2þ tð Þ

C nþ 1þ tð Þ

� xt
2F1

1; 1=2

7=2� kþ t
;�y

 !
:

Noticing that in F2ðl; nÞ there is now a term with

h2ð2jl; j=n2Þ and that we are assuming that jnj >
ffiffiffi
j
p

, we

can then formally expand the Gauss function in h2 according

to (I.B4) and identify the remaining integral as a G-function.

Therefore, we arrive at the desired result

Z a;bð Þ
n;j l;nð Þ¼

ffiffiffi
p
p

C k�1ð Þ
j1=2þbC r�3=2ð Þ 1þn2

j

� �� k�2ð Þ

� I a;bð Þ
n;j l 1þn2

j

� �
 �
þ iH a;bð Þ

n;j l 1þn2

j

� �
 �
 �

� j�1=2�b

C r�3=2ð Þ

ffiffiffi
j
p

n
X a;bð Þ

n;j l;
j

n2

� �
;

X a;bð Þ
n;j x;yð Þ¼

X1
k¼0

1

2

� �
k

J a;bð Þ
n;k;j xð Þyk;

J a;bð Þ
n;k;j xð Þ¼

�ð Þkjffiffiffi
p
p G2;2

2;4 2jx

���� k�5=2;1=2

k�5=2;n;�n;k�5=2�k

2
4

3
5:

(14a)

Now for the function Yða;bÞn;j ðl; nÞ. Starting from the inte-

gral representation (I.26b), using (II.15a, 26) and proceeding

in the same manner as above, we obtain the power series

expansion

Y a;bð Þ
n;j l; nð Þ ¼

ffiffiffi
p
p

C k� 2ð Þ
jb�1=2C r� 3=2ð Þ 1þ n2

j

� �� k�4ð Þ

� I a;b�1ð Þ0
n;j l 1þ n2

j

� �
 �


þiH a;b�1ð Þ0
n;j l 1þ n2

j

� �
 ��

� j1=2�b

C r� 3=2ð Þ

ffiffiffi
j
p

n
@lX a;b�1ð Þ

n;j l;
j

n2

� �
; (14b)

where @xXðx; yÞ � @X=@x.

The power series (14a) and (14b) are formally valid for

jnj >
ffiffiffi
j
p

. However, there is an additional condition. Since

the argument of Hða;bÞn;j ðzÞ is z ¼ lð1þ n2=jÞ 2 C, and since

the semiaxis z< 0 is a branch line, we must verify when this

line can be crossed. This can happen when nr ! 0 for a fixed

ni in the region outside the hyperbolas n2
i � n2

r > j. The

same situation applies for the function Iða;bÞn;j ðzÞ.
Consequently, we can impose for the formulas (14a) and

(14b) the additional validity condition nrP0. This is not a

hindrance, however, since the analytical continuations of the

expansions (14a) and (14b) for the region nr < 0 are evalu-

ated with the symmetry properties (10a)–(10d).

4. Representations for the functions Iða;bÞn;k ðzÞ and
J ða;bÞn;k ðzÞ

The series expansions (14a) and (14b) for large jnj intro-

duced the new associated functions Iða;bÞn;j ðzÞ and J ða;bÞn;j ðzÞ,
which require adequate representations for their numerical

evaluation. These representations are derived below.

a. Function Iða;bÞn;j (z). First of all, we observe in (13) that

the function Iða;bÞn;j ðzÞ is not defined when k is half-integer

(with k ¼ 5=2; 7=2;…), and k� 5=2� n ¼ 1; 2;….38 In this

case, one can either go back to the definition of the G-func-

tion and manipulate the gamma functions or employ the

identity39,40

Gmþ1;n
p;qþ2 z

���� apð Þ
b; bqð Þ; b6‘

" #
¼ �ð Þ‘Gmþ1;n

p;qþ2 z

���� apð Þ
b6‘; bqð Þ; b

" #
;

m � qð Þ;

followed by (I.B11a). Proceeding in this way, we can write

I a;bð Þ
n;j zð Þ¼

1ffiffiffi
p
p j

C k�1ð ÞI
a;bð Þ

n;j zð Þ; where

I a;bð Þ
n;j zð Þ¼

�ð Þnþk�5=2G2;1
1;3 2jz

���� 1=2

n;�n;k�2

" #
; k¼5

2
;
7

2
;…

� �

G2;2
2;4 2jz

���� k�5=2;1=2

k�5=2;n;�n;k�2

" #
; k 6¼5

2
;
7

2
;…

� �
:

8>>>>>><
>>>>>>:

(15a)

We can now develop different representations for Iða;bÞn;j ðzÞ
depending on k.

b. Case k ¼ 5=2; 7=2;…. First of all, writing

k ¼ 5=2þ m ðmP0Þ, when k ¼ 5=2 we can employ

(I.B11b) and write I
ða;bÞ
n;j ðzÞ as

I a;bð Þ
n;j zð Þjk¼5

2
¼ �ð ÞnG2;1

1;3 2jz

���� 1=2

n;�n; 1=2

" #

¼ �ð ÞnG2;0
0;2 2jz

���� �n;�n

" #
¼ �ð Þn2K2n 2

ffiffiffiffiffiffiffi
2jz
p� �

;

where we have employed the representation of the modified

Bessel function K�ðzÞ in terms of the G-function.40

Then, using the differentiation formula

dk

dzk
z�bq Gm;n

p;q z

���� apð Þ
bqð Þ

" #( )
¼ z�bq�kGm;n

p;q z

���� apð Þ
bq�1ð Þ; bq þ k

" #

m < qð Þ; (15b)

it is easy to conclude that

I a;bð Þ
n;j zð Þ ¼ 2 �ð Þmþnu1=2þm dm

dum
u�1=2K2n 2

ffiffiffi
u
p� �h i����

u¼2jz

:

Finally, with the help of the identities41
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K�þ2n zð Þ ¼
Xn

k¼0

n

k

 !
� þ nð Þk

2

z

� �k

K�þk zð Þ;

@n

@zn
z6�=2K� a

ffiffi
z
p� �h i

¼ � a

2

� �n

z 6��nð Þ=2K�7n a
ffiffi
z
p� �

;

we obtain

I a;bð Þ
n;j zð Þ¼

�ð Þn2jffiffiffi
p
p

C k�1ð Þ
Xn

k¼0

Xk�5=2

‘¼0

n

k

 !
k�5=2

‘

 !
nð Þk

� 1

2

� �
k�5

2
�‘

Kkþ‘ 2
ffiffiffiffiffiffiffi
2jz
p� �

2jzð Þ k�‘ð Þ=2
; k¼5

2
;
7

2
;…

� �
: (15c)

c. Case k 6¼ 5=2; 7=2;…. In this case, the function

I
ða;bÞ
n;j ðzÞ can be expressed as a combination of hypergeomet-

ric functions via (I.B14), resulting in

I a;bð Þ
n;j zð Þ¼�

�ð Þn
ffiffiffi
p
p

j

C k�1ð Þcos pkð Þ
C nþ1

2

� �
2jzð Þn




�1F2

nþ1=2

2nþ1;3þn�k
;2jz

 !
�C k�2ð Þ 2jzð Þk�5=2

�2F3

1;k�2

k�3=2�n;k�3=2þn;1=2
;2jz

 !#
;

k 6¼5

2
;
7

2
;…

� �
; (15d)

where pFqða; b; zÞ is the regularized form of the pFqða; b; zÞ
hypergeometric function [see Eq. (16.2.5) of Ref. 42].

d. Derivative of Iða;bÞn;j ðzÞ. When k is half-integer, we can

employ the formula (15b) again to obtain the recurrence

relation

zI a;bð Þ0
n;j zð Þ ¼ k� 2ð ÞI a;bð Þ

n;j zð Þ � k� 1ð ÞI a;bþ1ð Þ
n;j zð Þ;

k ¼ 5

2
;
7

2
;…

� �
: (15e)

On the other hand, when k 6¼ 5=2; 7=2;…, one can sim-

ply employ the formula43

d

dz
pFq

a

b
; z

0
@

1
A ¼ Yp

j¼1

aj

 !
pFq

aþ 1

bþ 1
; z

0
@

1
A

on (15d). The derivation is straightforward and will not be

shown here.

e. Function J ða;bÞn;j ðzÞ. Again, the G-function in the defini-

tion of J ða;bÞn;j ðzÞ given by (14a) is not defined when

k� 5=2� n ¼ 1; 2;…. Performing the same manipulations

mentioned with regard to Iða;bÞn;j ðzÞ, we can write

J a;bð Þ
n;k;j xð Þ ¼ jffiffiffi

p
p J

a;bð Þ
n;k;j xð Þ; where J

a;bð Þ
n;k;j xð Þ ¼

G2;1
1;3 2jx

���� 1=2

k� 5=2� k; n;�n

" #
; k ¼ 5

2
;
7

2
;…

� �

�ð ÞkG2;2
2;4 2jx

���� k� 5=2; 1=2

k� 5=2; n;�n; k� 5=2� k

" #
; k 6¼ 5

2
;
7

2
;…

� �
:

8>>>>><
>>>>>:

(16a)

f. Case k ¼ 5=2; 7=2;…. Some of the formulae already

obtained can be employed for the representation of J ða;bÞn;k;jðxÞ.
For instance, we can write J ða;bÞn;k;jðzÞ ¼ Cðk� 3=2

�kÞHða;b�1=2�kÞ
n;j ðzÞ and then use (I.24). However, this is only

valid for k� 5=2� kP0.

A better alternative is to identify the definition of

J ða;bÞn;k;jðxÞ with the function Fn;hðzÞ in (9a) and then evaluate

the Mellin-Barnes integral using the residue theorem. This

procedure will result in a formula similar to (9b), with the

caveat that now some of the poles of Cðhþ sÞ are regular-

ized by some of the poles of Cðnþ 1� sÞ, since Cð�r þ �Þ=
Cð�pþ �Þ�!�!0 ð�Þrþpp!=r! ðp; r ¼ 0; 1; 2;…Þ. As a result,

the first line in (9b) is replaced by

�r
r� 1ð Þ! 1=2ð Þ�þ‘0

z�þ‘0

gþ ‘0ð Þ!‘0! 1� rð Þ‘0

�
Xr�1�‘0

‘¼0

� þ 1=2þ ‘0ð Þ‘z‘
1þ gþ ‘0ð Þ‘ 1� rþ ‘0ð Þ‘ 1þ ‘0ð Þ‘

;

where ‘0 ¼ maxð0;�l� �Þ.

g. Case k 6¼ 5=2; 7=2;…. Proceeding as per the same

case for Iða;bÞn;j ðzÞ, we obtain

J a;bð Þ
n;k;j zð Þ ¼ �ð Þnþkþ1

ffiffiffi
p
p

j
cos pk

C nþ 1

2

� �
2jzð Þn




� 1F2

nþ 1=2

2nþ 1;nþ 7=2� kþ k
; 2jz

0
@

1
A

�C k� 2ð Þ 2jzð Þk�5=2

� 2F3

1; k� 2

k� 3=2� n;k� 3=2þ n; kþ 1
; 2jz

0
@

1
A
3
5;

k 6¼ 5

2
;
7

2
;…

� �
: (16b)

h. Derivative of J ða;bÞn;k;jðzÞ. For half-integer k, we employ

the differentiation formula
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d

dz
zrGm;n

p;q z
��� apð Þ

bqð Þ


 �
 �
¼ rþ b1ð Þzr�1Gm;n

p;q z
��� apð Þ

bqð Þ


 �

� zr�1Gm;n
p;q z

��� apð Þ
b1 þ 1; bq�1ð Þ


 �

in order to obtain the recurrence relation

xJ a;bð Þ0
n;k;j xð Þ ¼ k� 5

2
� k

� �
J a;bð Þ

n;k;j xð Þ � J a;bþ1ð Þ
n;k;j xð Þ;

k ¼ 5

2
;
7

2
;…

� �
: (16c)

When k 6¼ 5=2; 7=2;…, we derive directly (16b).

IV. NUMERICAL SOLUTIONS OF THE DISPERSION
EQUATION

In this section, we will present some numerical solutions

of the dispersion Eq. (6). For the implementation of the com-

puter code, we employed several of the properties presented

in Papers I and II, as well as in Sec. III.

The bulk of the code was written in Modern Fortran,44

but several key components were made possible thanks to

the multiple-precision libraries MPMath45 and Arb,46 writ-

ten in Python and C, respectively. The C functions are

accessed from Fortran with the Application Programmer’s

Interface (API) present in the standard of the language,

whereas the Python modules are accessed via the P/C API.47

In this work we will present only some representative

solutions of Eq. (6). A more detailed and comprehensive

analysis of the oblique firehose instability occurring in kappa

plasmas will be presented in a future publication. In order to

reduce the number of symbols employed in the discussion,

we adopt the following normalized forms:

qkð?Þ ¼
kkð?ÞvA

Xi
; zrðiÞ ¼

xrðiÞ
Xi

;

where x ¼ xr þ ixi.

Figure 1 shows a typical solution of the dispersion Eq.

(6). We plotted only the normalized values of the dispersion

relation (top panel) and of the growth rate (bottom panel) of

the unstable mode ðxi=XiÞ versus the normalized parallel

ðkkvA=XiÞ and perpendicular ðk?vA=XiÞ components of the

wave vector. The physical parameters used in Fig. 1 are the

following: the electron VDF is isotropic, with plasma beta

be ¼ bke ¼ b?e ¼ 2; the ion VDF is anisotropic, with bki ¼ 3

and b?i ¼ 0:8, which corresponds to a temperature ratio of

Tki=T?i ¼ 3:75 or to an anisotropy parameter Ai ¼ 1� T?i=
Tki ¼ 0:733. These are typical parameters to excite the fire-

hose instability. Additionally, both VDFs are superthermal,

with je ¼ ji ¼ 5.

Figure 1 is similar to Fig. 4 of Yoon et al.29 In the bot-

tom panel, one can observe that the growth rate of the insta-

bility is split into two branches: on the plane k? ¼ 0 the

instability is restricted to the range 0 � kkvA=Xi�0:16. This

branch rapidly vanishes as k? grows, while the other branch

of the instability displays a growing behavior which climbs

to a maximum zi � 0:07 at ðqk; q?Þ � ð0:37; 0:32Þ and then

gradually vanishes as well as q? grows, but falls slowly

along the qk direction. This branch of the instability was

called the oblique firehose by Yoon et al.29 and the Alfv�en
firehose by Hellinger and Matsumoto.30 Another noticeable

aspect is that the maximum growth rate of the oblique fire-

hose is substantially larger than the maximum growth-rate of

the parallel branch ðzi � 0:02Þ.
Over the spectral range where the oblique firehose is

operative, one observes, in the top panel of Fig. 1, that the

real part is zero; i.e., the oblique firehose instability occurs in

a nonpropagating mode. This characteristic was pointed out

by Refs. 29 and 30 and is also valid for a kappa plasma.

The transition between the parallel and oblique branches

of the instability can be seen in greater detail in Fig. 2, which

is an inset of the bottom panel of Fig. 1. One can clearly

observe the smooth transition between either branch of

the instability, with the parallel branch confined in the range

FIG. 2. Transition between the parallel firehose instability and the oblique

firehose. All other parameters as in Fig. 1.

FIG. 1. Plots of the real frequency (top panel) and of the growth rate (bottom

panel) of the unstable mode versus wave number for be ¼ 2 ðTke ¼ T?eÞ,
bki ¼ 3; b?i ¼ 0:8 and je ¼ ji ¼ 5.
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0 � q?�0:03; 0 � qk�0:16 and the oblique branch opera-

tive for q?� 0:03.

The surface plots in Figs. 1 and 2 show the characteris-

tics of the firehose instability for a single combination of

electron/ion kappa parameters. If one wishes to analyze the

dependency of the instability with different values for the

kappas, 3D surface plots are not adequate. Instead, we will

take the coordinates of the maximum growth rate for a

Maxwellian plasma, which are ðqk; q?Þ � ð0:41; 0:37Þ for

the parameters in Fig. 1, fix either kk or k? and then plot the

growth rates along the other component of the wave vector

for several different values of je and ji.

Proceeding in this way, we obtain the results shown in

Fig. 3. In the present analysis, we will consider the particular

choice of je ¼ ji. A more realistic and comprehensive anal-

ysis will be presented in a future publication. In the top panel

of Fig. 3, we show the dependence of xi with qk for a fixed

q? ¼ 0:374. The dashed curve is the solution of the

Maxwellian limit of the dispersion Eq. (6), obtained directly

from the expressions for a bi-Maxwellian VDF. The blue

curve of Fig. 3 (top), on the other hand, corresponds to the

solution of (6) with je ¼ ji ¼ 20. As expected, this case is

already close to the pure Maxwellian plasma environment.

As the kappa indices decrease, the maximum growth rate

along qk also drops (from zi;max � 0:08 for j!1 to

zi;max � 0:062 for j ¼ 3:5), with the value of qk;max ¼ 0:41

approximately the same for all kappas.

A different behavior is observed along q?. The bottom

panel of Fig. 3 again shows that the case je ¼ ji ¼ 20 is

already close to the Maxwellian limit and that zi;max drops as

the kappas are reduced, with the same variation observed in

the top panel. However, along the perpendicular direction

one can observe some distinguishing features not apparent in

the top panel. First of all, in the small k? region ðq?�0:17Þ,
corresponding to the “small gyroradius” case, the growth

rate remains roughly independent of j, with the limiting situ-

ation that at q? ¼ 0 the solution is exactly the same as in the

Maxwellian case. On the other hand, for q?� 0:17 the

growth rate becomes dependent on j, in such a way that not

only the value of zi;max reduces with j, but the spectral range

of the instability in the perpendicular direction reduces as

well. Hence, these results suggest that for moderate values of

the gyroradius, the oblique firehose instability is strongly

dependent on the kappa parameter.

The same behavior is displayed by the real part of the

unstable mode as a function of k?, as can be seen in Fig. 4.

In the low gyroradius limit, the wave refracts as in a

Maxwellian plasma, then the mode becomes nonpropagating

throughout the unstable spectral range and finally becomes

FIG. 4. Plots of xr=Xi for several values of je ¼ ji, varying k? with qk ¼
0:4094 fixed. All other parameters are the same as in Fig. 1.

FIG. 3. Plots of xi=Xi for several values of je ¼ ji. Top panel: varying kk,
keeping q? ¼ 0:374 fixed. Bottom panel: varying k?; keeping qk ¼ 0:4094

fixed. All other parameters are the same as in Fig. 1.
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propagating again right at the point where the instability dis-

appears and is replaced by damping. The value of k? where

the mode ceases to be unstable is dependent on the kappa

parameter, with the nonpropagating, unstable spectral range

consistently reducing with je ¼ ji.

As a final result, Fig. 5 shows both the normalized

growth rate (continuous lines) and the normalized real part

(dotted lines) of the unstable mode for a fixed value of qk
and varying q?. Now, the parallel component of the wave-

number is fixed to kkvA=Xi ¼ 0:12, which corresponds to the

maximum growth rate of the (quasi) parallel branch of the

firehose instability. The growth rates displayed by the figure

clearly show the transition from the quasi-parallel to the obli-

que branches of the instability, which occurs at q? � 0:026

for all values of the kappa parameter. We observe the same

behavior displayed by Figs. 3 and 4: the quasi-parallel

branch is almost independent of je and ji, whereas the obli-

que mode shows an evident dependence on the kappas. We

again observe that not only the maximum growth rate is

reduced with kappa, but so does also the unstable spectral

range.

The real part of the unstable mode also repeats the same

pattern observed in the previous figures: the quasi-parallel

branch of the instability is convective, with nonzero phase

velocity that is almost independent of the kappa values. On

the other hand, the oblique branch is nonpropagating

throughout the unstable spectral range and acquires a non-

zero phase velocity when the instability disappears, being

replaced by a very small damping coefficient.

As a final remark, we mention again that a more com-

plete treatment will show that the quasi-parallel branch of

the firehose instability does indeed depend on ji. However,

this does not invalidate the present treatment, since the main

objective was to study the effect of the superthermal nature

of the electron and ion distribution functions on the oblique

firehose instability, which does depend on the kappas.

V. CONCLUSIONS

We presented the derivation of a dispersion equation

that describes the oblique firehose instability excited in an

electron-ion plasma depending on the wave vector, the paral-

lel and perpendicular electron and ion beta parameters, and

on the kappa parameters of the electron and ion velocity dis-

tribution functions.

In order to implement the numerical solution of the dis-

persion equation, several new mathematical properties of the

kappa plasma special functions were obtained, which com-

plement the formalism already derived in previous

publications.

Employing values of the physical parameters that are

relevant to space plasma conditions, some solutions of the

dispersion equation were shown. The results show that both

the maximum growth rate of the instability and its spectral

range depend on the superthermal nature of the j distribu-

tions, with both properties roughly displaying a reduction

with the values of je ¼ ji.

A more comprehensive and complete analysis of the

oblique firehose instability was not reported here, due to the

length of the paper demanded by the mathematical expres-

sions. This task will be carried out in future publications, not

only for the firehose instability but also for other relevant

instabilities occurring in arbitrary angles, polarization, and

frequency ranges.
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Aperfeiçoamento de Pessoal de N�ıvel Superior-Brasil

(CAPES)-Finance Code 001.

1E. Marsch, Living Rev. Sol. Phys. 3, 1 (2006).
2K. G. Klein and G. G. Howes, Phys. Plasmas 22, 032903 (2015).
3P. H. Yoon, Rev. Mod. Plasma Phys. 1, 4 (2017).
4K. G. Klein, B. L. Alterman, M. L. Stevens, D. Vech, and J. C. Kasper,

Phys. Rev. Lett. 120, 205102 (2018).
5G. Livadiotis, J. Geophys. Res. 120, 1607–1619, https://doi.org/10.1002/

2014JA020825 (2015).
6G. Livadiotis, Kappa Distributions: Theory and Applications in Plasmas
(Elsevier Science and Technology Books, 2017).

7M. Maksimovic, I. Zouganelis, J. Y. Chaufray, K. Issautier, E. E. Scime, J.

E. Littleton, E. Marsch, D. J. McComas, C. Salem, R. P. Lin, and H.

Elliot, J. Geophys. Res. 110, A09104, https://doi.org/10.1029/

2005JA011119 (2005).
8S. �Stver�ak, M. Maksimovic, P. M. Tr�avn�ıček, E. Marsch, A. N.
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Tr�avn�ıček, Sol. Phys. 291, 2165–2179 (2016).
10V. Pierrard and M. Pieters, J. Geophys. Res. 119, 9441–9455, https://

doi.org/10.1002/2014JA020678 (2014).
11G. Livadiotis, M. I. Desai, and L. B. Wilson III, Astrophys. J. 853, 142

(2018).
12See also Table 1.1 of G. Livadiotis, Chap. 1 of Ref. 6, for measured values

of j in other solar and astrophysical environments.

FIG. 5. Plots of xi=Xi (continuous lines) and xr=Xi (dotted lines) as func-

tions of q? for fixed qk ¼ 0:12 and various values of je ¼ ji. All other

parameters as in Fig. 1.

112901-13 Meneses, Gaelzer, and Ziebell Phys. Plasmas 25, 112901 (2018)

https://doi.org/10.12942/lrsp-2006-1
https://doi.org/10.1063/1.4914933
https://doi.org/10.1007/s41614-017-0006-1
https://doi.org/10.1103/PhysRevLett.120.205102
https://doi.org/10.1002/2014JA020825
https://doi.org/10.1029/2005JA011119
https://doi.org/10.1029/2008JA013883 
https://doi.org/10.1007/s11207-016-0961-7
https://doi.org/10.1002/2014JA020678
https://doi.org/10.3847/1538-4357/aaa713


13M. Lazar, S. Poedts, and R. Schlickeiser, Astron. Astrophys. 534, A116

(2011).
14M. Lazar, Astron. Astrophys. 547, A94 (2012).
15M. Lazar and S. Poedts, Mont. Not. R. Astron. Soc. 437, 641–648 (2014).
16M. S. dos Santos, L. F. Ziebell, and R. Gaelzer, Phys. Plasmas 21, 112102

(2014).
17M. S. dos Santos, L. F. Ziebell, and R. Gaelzer, Phys. Plasmas 22, 122107

(2015).
18M. S. dos Santos, L. F. Ziebell, and R. Gaelzer, Phys. Plasmas 23, 013705

(2016).
19M. S. dos Santos, L. F. Ziebell, and R. Gaelzer, Astrophys. Space Sci. 362,

18 (2017).
20L. F. Ziebell and R. Gaelzer, Phys. Plasmas 24, 102108 (2017).
21M. Lazar, S. M. Shaaban, H. Fichtner, and S. Poedts, Phys. Plasmas 25,

022902 (2018).
22A. F. Vi~nas, R. Gaelzer, P. S. Moya, R. L. Mace, and J. A. Araneda, in

Kappa Distributions (Elsevier Science and Technology Books, 2017),

Chap. 7, p. 329–361.
23H. Sugiyama, S. Singh, Y. Omura, M. Shoji, D. Nunn, and D. Summers,

J. Geophys. Res. 120, 8426, https://doi.org/10.1002/2015JA021346 (2015).
24P. Astfalk, T. G€orler, and F. Jenko, J. Geophys. Res. 120, 7107, https://

doi.org/10.1002/2015JA021507 (2015).
25P. Astfalk and F. Jenko, J. Geophys. Res. 122, 89–101, https://doi.org/

10.1002/2016JA023522 (2017).
26R. Gaelzer and L. F. Ziebell, J. Geophys. Res. 119, 9334–9356, https://

doi.org/10.1002/2014JA020667 (2014).
27R. Gaelzer and L. F. Ziebell, Phys. Plasmas 23, 022110 (2016).
28R. Gaelzer, L. F. Ziebell, and A. R. Meneses, Phys. Plasmas 23, 062108

(2016).
29P. H. Yoon, C. S. Wu, and A. S. de Assis, Phys. Fluids B 5, 1971 (1993).
30P. Hellinger and H. Matsumoto, J. Geophys. Res. 105, 10519, https://

doi.org/10.1029/1999JA000297 (2000).
31R. L. Lysak and W. Lotko, J. Geophys. Res. 101, 5085–5094, https://

doi.org/10.1029/95JA03712 (1996).

32D. Summers and R. M. Thorne, Phys. Fluids B 3, 1835 (1991).
33R. L. Mace and M. A. Hellberg, Phys. Plasmas 2, 2098 (1995).
34B. D. Fried and S. D. Conte, The Plasma Dispersion Function: The

Hilbert Transform of the Gaussian (Academic Press, New York, 1961), p.

419.
35S. Wolfram, see http://functions.wolfram.com/07.23.04.0003.02 “Hypergeometric

Function 2F1,” (last accessed October 25, 2018).
36S. Wolfram, see http://functions.wolfram.com/06.05.06.0007.01 “Gamma

function” (last accessed October 25, 2018).
37S. Wolfram, see http://functions.wolfram.com/06.14.06.0010.02

“Digamma function” (last accessed October 25, 2018).
38Recall the definition of the G-function given in the Appendix B of Paper I.
39Y. L. Luke, “The special functions and their approximations,” in

Mathematics in Science and Engineering (Elsevier Science, San Diego,

1969), Vol. I, pp. 349 þ xx.
40A. A. P. Prudnikov, Y. A. Brychkov, I. U. A. Brychkov, and O. I.
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