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We analyze the role of collisional effects on the coupling between ion-acoustic waves and neutrino

flavor oscillations, discussing its relevance for plasma instabilities in extreme plasma environments

like in type II supernovae, where intense neutrino bursts exist. Electrons (leptons) are coupled to

the electron-neutrino fluid through the weak Fermi force, but the electron-neutrinos are allowed to

convert to other neutrino flavors and vice versa. Due to the typically slow frequency of neutrino fla-

vor oscillations, many orders smaller than, e.g., the plasma frequency, an effective energy transfer

between plasma waves and neutrino flavor oscillations takes place at the low-frequency electro-

static branch, viz., the ion-acoustic mode. We show the destabilization of ion-acoustic waves in

dense astrophysical scenarios, with a focus on the collisional effects mediated by electron-ion scat-

tering. The maximal instability growth-rate is evaluated and compared to the characteristic inverse

times of type II supernova explosions. The results can be used for independent experimental verifi-

cation of the non-zero neutrino mass, in a plasma physics context. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4983136]

I. INTRODUCTION

In a recent work,1 the coupling between ion-acoustic

waves (IAWs) and neutrino flavor oscillations was estab-

lished using a model merging the well known models for

neutrino-plasma interactions2–4 and for neutrino flavor oscil-

lations.5,6 Due to the slow character of both IAWs and flavor

oscillations, a powerful interaction between them takes

place, with a corresponding plasma instability. Such instabil-

ity is a suitable mechanism for supernova explosions, where

abundant neutrino sources are recognized. The timeliness of

the discovery is enhanced in view of the 2015 Physics Nobel

Prize awarded to Kajita and McDonald by the empirical veri-

fication of neutrino flavor oscillations. Here, a possible ave-

nue for an alternative experimental test of these oscillations

is also provided, in terms of collective plasma oscillations.

Recently, also the impact of neutrino coupling on MHD

waves was established, with a new perspective for joint

astrophysical plasma and elementary particles approaches.7

The radial flux far from the center of the neutrinosphere can

be accurately treated as a collimated beam, with small angu-

lar spread.4 Sources of anisotropic neutrino velocities distri-

butions have been thoroughly analyzed.8

The purpose of the present communication is to address

the impact of collisional effects in the new instability due to

the coupling of IAWs and flavor oscillations. For this pur-

pose, the electrons and ions force equations of Ref. 1 will be

modified by the addition of friction forces between the two

plasma species, adapting the recipe for purely classical plas-

mas of Ref. 9. Here, a fully ionized electron-ion plasma will

be considered, viz., without a neutral component, which is

the more likely scenario in dense astrophysical plasmas as in

supernovae. In addition, the quasineutrality condition will be

assumed, which is equivalent to the treatment in Ref. 1

where slow waves of frequency x� xpi were considered,

where xpi is the ionic plasma frequency. As a warning to

the reader, we remark that several steps involved in the

calculation will be omitted, as long as they do not involve

collisional effects. The complete treatment (but without col-

lisions) is shown in detail in Ref. 1, where frictional forces

were not included in order to show the basic IAWs and flavor

oscillations coupling in a more net way. However, the study

of the collisional impact on such coupling is certainly neces-

sary. More complex approaches for collisional IAWs could

consider the Fokker-Planck collision operator10 instead of

simple frictional forces.

The work is organized as follows. In Sec. II, the basic

model is presented. In Sec. III, the procedure for the calcula-

tion of linear waves and instability growth rate is shown,

together with explicit estimates in astrophysical settings.

Section IV gives the conclusions.

II. BASIC MODEL

Denoting ne;i and ue;i as, respectively, the electron (e)

and ion (i) fluid densities and velocity fields, in a fluid setting

one will have the continuity equations

@ne

@t
þr � neueð Þ ¼ 0;

@ni

@t
þr � niuið Þ ¼ 0; (1)

the electrons force equation

me
@

@t
þ ue � r

� �
ue ¼ �jBTe

rne

ne
þ er/þ

ffiffiffi
2
p

GF

� E� þ ue � B�ð Þ � me�ei ue � uið Þ;
(2)

and the ions force equation
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mi
@

@t
þ ui � r

� �
ui ¼ �er/� mi�ie ui � ueð Þ; (3)

where ions are assumed cold for simplicity. In Eqs. (2) and

(3), me;i are the electron (charge �e) and ion (charge þe)

masses, jB is the Boltzmann constant, Te is the electron iso-

thermal fluid temperature, / is the electrostatic potential,

and �ei; �ie are, respectively, the electron-ion and ion-

electron collision frequencies. Due to global momentum con-

servation, one has me�ei ¼ mi�ie. In addition, GF is the Fermi

coupling constant, and E�;B� are the effective neutrino elec-

tric and magnetic fields

E� ¼ �rNe �
1

c2

@

@t
Neveð Þ; B� ¼

1

c2
r� Neveð Þ; (4)

where Ne; ve are the electron-neutrino fluid density and

velocity field and c the speed of light. For completeness, we

include Poisson’s equation

r2/ ¼ e

e0

ne � nið Þ; (5)

where e0 the vacuum permittivity constant. However, for

simplicity, the quasineutrality assumption will be assumed,

so that Poisson’s equation will be avoided for the most part.

Denoting Nl; vl as the muon-neutrino fluid density and

velocity field, one has two-flavor neutrino oscillations medi-

ated by

@Ne

@t
þr � Neveð Þ ¼ 1

2
N X0 P2; (6)

@Nl

@t
þr � Nlvlð Þ ¼ �

1

2
N X0 P2; (7)

where N ¼ Ne þ Nl is the total neutrino fluid number density

and P2 pertains to the quantum coherence contribution in a

flavor polarization vector P ¼ ðP1;P2;P3Þ. Moreover, X0

¼ x0 sin 2h0, where x0 ¼ Dm2c4=ð2 �h E0Þ with Dm2 being

the squared neutrino mass difference. In addition, E0 is the

neutrino spinor’s energy in the fundamental state and h0 is

the neutrino oscillations mixing angle. The convective terms

on the left-hand sides of Eqs. (6) and (7) are due to the neu-

trino flows, while the right-hand sides are neutrino sources

due purely to flavor conversion.

The neutrino force equations are

@pe

@t
þ ve � rpe ¼

ffiffiffi
2
p

GF �rne �
1

c2

@

@t
neueð Þ

�

þ ve

c2
� r� neueð Þ
� ��

; (8)

@pl

@t
þ vl � rpl ¼ 0; (9)

where pe ¼ Eeve=c2; pl ¼ Elvl=c2 are the electron and

muon neutrino relativistic momenta, and Ee; El are the neu-

trino beam energies.

The flavor polarization vector P ¼ ðP1;P2;P3Þ equa-

tions in a material medium are given5,6 by

@P1

@t
¼ �X neð ÞP2;

@P2

@t
¼ X neð ÞP1 � X0P3;

@P3

@t
¼ X0P2; (10)

where XðneÞ ¼ x0½cos 2h0 �
ffiffiffi
2
p

GF ne=ð�hx0Þ�. In a given

point of space, one has @jPj2=@t ¼ 0. However, the fluctua-

tions of the electron fluid density change the neutrino oscilla-

tions in space and time. For convenience, we also define the

neutrino-flavor oscillatory frequency X� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2ðn0Þ þ X2

0

q
,

where n0 is the equilibrium electron (and ion) number

density.

The general model was thoroughly discussed in Ref. 1,

but with �ei ¼ �ie ¼ 0 therein. Here, we perform the relevant

steps including collisional effects.

III. LINEAR WAVES

Consider the homogeneous static equilibrium for Eqs.

(1)–(3), (5)–(7), and (8)–(10), given by

ne ¼ ni ¼ n0; ue ¼ ui ¼ 0; / ¼ 0

Ne ¼ Ne0; Nl ¼ Nl0; ve ¼ vl ¼ v0 (11)

together with the equilibrium flavor polarization vector

components

P1 ¼
X0

X�
; P2 ¼ 0; P3 ¼

X n0ð Þ
X�

¼ Ne0 � Nl0

N0

; (12)

where Ne0;Nl0 are the electron and muon equilibrium neu-

trino fluid densities.

We suppose a linearization around the equilibrium for

plane wave perturbations, with a d standing for first-order

quantities. For instance, ne ¼ n0 þ dne exp½iðk � r� xtÞ�. In

this way, the continuity equations (1) give

xdne ¼ n0k � due; xdni ¼ n0k � dui: (13)

The electrons and the ions force equations (2) and (3) give

mexdue ¼
jBTe

n0

kdne � ekd/

þ
ffiffiffi
2
p

GF

c2
c2k� xv0

� �
dNe � xNe0dve

� �
� ime�ei due � duið Þ (14)

and

mixdui ¼ ekd/� imi�ieðdui � dueÞ: (15)

Taking the scalar product of both sides of Eqs. (14) and (15)

with k, summing the results to eliminate d/, using Eq. (13)

and mi � me, and applying the quasineutrality condition

dni � dne yields

x2 � c2
s k2

� �
dne ¼

ffiffiffi
2
p

n0GF

mic2
ððc2k2 � xk � v0Þ

� dNe � xNe0k � dveÞ; (16)

where cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jBTe=mi

p
is the IAW speed.
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Apparently from Eq. (16), the collisional effects have

disappeared altogether. This is manifestly true if the neutrino

effects are switched off, as already known for classical

IAWs in the quasineutrality approximation.9 However, in the

enlarged context, some care is needed since the electrons-

neutrino velocity ve is influenced by the electron fluid,

which is collisional. Therefore, in principle, the quantity dve

in the right-hand side of Eq. (16) can have a collisional

contribution.

To proceed and evaluate such frictional effects on dve,

notice that the steps involved in the derivation of Eq. (A3) of

Ref. 1 remain valid, so that

dve ¼
ffiffiffi
2
p

GF

E0 x� k � v0ð Þ

	
c2 k dne � n0 x due

� k � v0 dne �
n0 x
c2

v0 � due

� �
v0

�n0 v0 � due k� k � v0 dueð Þ


; (17)

where in the right-hand side it was approximated Ee0 � E0.

Hence, it is found that the 	dve contribution in Eq. (16) is

at least of order OðG2
FÞ. Due to the smallness of Fermi’s

constant, we then just need the classical expression for

due, which is found from Eq. (14) with formally GF 
 0

in it. Inserting dui from Eq. (15) in this classical equation,

we get

mexdue ¼
jBTe

n0

kdne � ekd/� i�iedue

þ i
me�ei

xþ i�ie

ekd/
mi
þ i�iedue

� �
: (18)

We do not need to solve this last equation for due but just

remark that it implies that due is parallel to k in the classical

approximation. Hence from the electrons continuity equa-

tion, it is found

due �
xkdne

n0k2
(19)

which inserted into Eq. (17) gives

dve ¼
ffiffiffi
2
p

GF

E0 x� k � v0ð Þ c2 � x2

k2

� �
k� k � v0

v0

c2

� �
dne: (20)

The important point is that collisional effects have indeed

disappeared altogether. Inserting Eq. (20) into Eq. (16), one

regains Eq. (26) of Ref. 1, reproduced here for convenience

x2 � c2
s k2 þ

2 G2
F Ne0 n0 x c2k2 � k � v0ð Þ2

� �
mi c2 E0 x� k � v0ð Þ

0
@

1
A

dne

¼
ffiffiffi
2
p

GFn0

mi c2
c2k2 � x k � v0

� �
dNe: (21)

A critical examination of the remaining steps detailed

in Ref. 1 shows that these are not changed by collisional

effects. Hence, one still finds

x� k � v0ð Þ dNe ¼
ffiffiffi
2
p

GF Ne0

E0 x� k � v0ð Þ ðc
2 k2 � ðk � v0Þ2Þ

� dne þ
ffiffiffi
2
p

2

N0 X2
0xGF dne

x2 � X2
�

� �
�hX�

: (22)

Here, E0 ¼ Ee0 � El0 is the equilibrium quasi-mono-

energetic neutrino beam energy.

From Eqs. (21) and (22), one then finds the dispersion

relation

x2 ¼ c2
s k2 þ De c2 k2 K hð Þ c2 k2 � x2ð Þ

x� k � v0ð Þ2

þ D X2
0 x E0 c2 k2 � x k � v0ð Þ

2 �h X� x� k � v0ð Þ x2 � X2
�

� � ; (23)

where

De ¼
2 G2

F Ne0 n0

mi c2 E0

; D ¼ 2 G2
F N0 n0

mi c2 E0

;

K hð Þ ¼ 1� v2
0

c2

� �
cos2hþ sin2h (24)

with k � v0 ¼ k v0 cos h.

Formally setting D¼ 0 in Eq. (23) would reproduce

Eq. (13) of Ref. 11, which describes neutrino-plasma IAWs

without flavor conversion, taking into account cs � c which

is necessary for non-relativistic electrons. From inspection,

one will have a strong coupling between IAWs, the neutrino

beam, and the neutrino oscillations if and only if

x � cs k ¼ X� ¼ k � v0: (25)

The corresponding growth-rate instability c was found in

Ref. 1, reading

c ¼ ðc3
� þ c3

oscÞ
1=3; (26)

where

c� ¼
ffiffiffi
3
p

2

De

2

c

cs

� �4
 !1=3

X�; cosc ¼
ffiffiffi
3
p

2

G2
F N0 n0 X2

0

4 �h jB Te

 !1=3

:

(27)

The quantity c� is due to the usual neutrino-plasma coupling,

while the flavor conversion effect is entirely contained in

cosc.

As an example, we compute the growth rate in type II core-

collapse supernovae settings, as in the supernova SN1987A

with a neutrino flow of 1058 neutrinos of all flavors and energy

between 10 and 15 MeV.12 We use GF ¼ 1:45� 10�62 J m3

and take Dm2 c4 ¼ 3� 10�5 ðeVÞ2; sinð2h0Þ ¼ 10�1, which

are appropriate to solve the solar neutrino problem.6 Moreover,

set E0 ¼ 10 MeV; jBTe ¼ 35 keV;N0 ¼ 1041 m�3; and n0

¼ 1035 m�3. For these values x � X� ¼ 1:94� 107 rad=s,

much smaller than xpi ¼ 4:16� 1017 rad=s. In addition, cs¼
1:83�106 m=s�c and k¼X�=cs ¼10:61 m�1, corresponding

to a wavelength k¼2p=k¼0:59 m. Finally, cosc¼31:03 s�1

and the maximal growth rate is cmax¼39:13 s�1. Therefore,
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1=cmax	0:03 s, much smaller than the accepted characteristic

time of supernova explosions around 1s. Figure 1 shows the

numerical value of instability growth rate, as a function of the

initial normalized electron-neutrino population. The difference

in comparison to the estimates in Ref. 1 is that here a smaller

plasma temperature enhances c� in comparison to cosc so that

for a pure electron-neutrino initial condition (Ne0¼N0) they are

equal. Otherwise, cosc>c� , showing the dominant role of neu-

trino flavor oscillations in this case.

IV. CONCLUSION

In this work, we have shown that the coupling between

IAWs and neutrino flavor oscillations in a completely ionized

plasma is not affected by collisional effects, confirming the

instability growth-rate estimates described in Ref. 1. For sim-

plicity, the quasineutrality condition was assumed. An intuitive

explanation for the result is that in an ideal (infinite conductiv-

ity) plasma, the electron and ion fluid velocities adjust them-

selves so that n0k � ðue � uiÞ ¼ xðdne � dniÞ � 0, so that the

two-fluid friction forces become irrelevant. Such feature hap-

pens for very slow waves so that x� xpi. A less immediate

finding is that the collisional force on electrons gives just a

higher-order contribution on the neutrino fluid momentum, as

manifest in Eq. (20). A complete treatment beyond quasineu-

trality would deserve the full account of Poisson’s equation,

which although certainly feasible is much more cumbersome

in view of the coupling with all the neutrino quantities.

However, since the present analysis is devoted more to IAWs

than to ionic waves, the quasineutrality approximation is well

justified. Further improvements would involve a non-zero ionic

temperature, magnetic fields, and degenerate and relativistic

electrons.
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