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In the p1pcr [1] ~I.V. Bcrry specttlates tl1at for 

gene r a] ~-.c Ls :~.--\In '.ofl th boundary dD, having gerieral 

· , .. r·-···•' '-j···,~-r1 ... -I:,: non11 (.-::__; .. ,., t "··---"''-·2 "--'- ~JnJ d respectively it 

td show tl1Jt thc -Laplacian operatcir 

dcfined in 

N ( \) ·- ' . ,,, ··
,-:_, - .. ~ .. 
. . .- ~' -\ 
' . . . ' . 

ty as .\ + "' 

I!! ÍJct, it is nnt <.>ll ,_-l_c:::~r hm~· to formulate this probl_em 

when '~ is not ~~ O?en set of· R11 ~nd even i11 this case 

it seer~iS· dúubtf;d tha·.-. thc TL'sult i.s t-fue as formulated. 

-Here, 1~c sl1ow that for regions witll a boundary displayin~ 

greater geometrlc rcgLtlari~y, as is the case, for example, 

fo-r fractal bou~1<.L1ries gcnc·ratcd by similarity transformations 

the result holUs in thc for1n 

as 

where ~ is the (Ha~sdorff) simtlarity dimcnsion of an 

and n-1 <s <rr. 

In such a case, from our _point of v1ew all that 

is involved is ·tha~ ihe lattice of cubcs of ·side-length 

p givcs a relatively effici·ent covcrlng o f. the boundary 

in the Sens·e that only O(p- 5 ) disjoint· cubos are n~eded 

in thc covering as p -~·.o . This follO\vs from a result 

given in [4] for $e1f-s1~ílar fractal sets satisfyin$ the 

open condi t ion .. I t follo\;s 

\ 
that wc m;;iy apply thc localisation 
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technique of Courant-W.ey.l (cxtcndcd to more general 

op~rators by M€tivier in [S] and Moscatclli and Thofupsbn 

in [7]), We fol~ow the definitions and formulation of 

se·lf-similar fractais as first given b'y Hutchinson ~n 

[3] and in resumcd ~orm by Falconer ln [2] (see also [4] ). 

Thi present note was writtcn in a visit to IMPA 

in the month of January 1989 ahd the 2uthor acknowledges 

the invitation of its dircctor Prof. l.indolpho de Carva-

lho Dias. 

1. Preliminaries 

1.1 Let n be an open reglon 1n R0 witl1 fractal 

boundary an which is self-similar 111 the scnse of 

Hutchillson [3] and generated in the following way. Let 

J= ·cs
1

, ... ,Sm) be a set of similitudes· on Rn with 

.constants cr,,r21''''rm). That isto say ISj(x)-S}y)!= 
n x,yE:R , j =l, ... ,m. It is assumed th.:lt the 

open set condition 1s satisfied in the sense that there 

e.Xists a non-empty open set o sue h that 

m 
c 1 ) v s .. o c. o 

i=1 1 

(2) s.ons.o 
1 J = $ i f i 

" j 

Setting r= max 
j=l, ... ,m 

r. 
J 

wc. as sumc that r < 1 !2 to 

avoid dcgener.:rcies (SE;!e [3]). Then it was s~own by 

Hutcltinson that therri exists a un~que compact set K 
\ 

such tha.t 
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We assu~c that ·n has as its .boundary an such a .K . 

In case O n K ~ tP 1-.re say that .J satisfies the strong 

open condition. The·similarity dimcnsion D of an is 

then dc:fined by 

Hausdcrff m~asure 

m 
;~ 

D 
r."' 

1 

follOI-iS:.For k>O,let 

E. ;diam E.< o) 
l 1-

anel 

R-ecall that the k-dimensicnal 

of a sct E CRn is defineà as 

I oo r(l/Z)k -k . k 
H~(E) = inf{ l: l'Tl<TZ-;:])2 (dwmEi) : 

Tíl=l 

Hk (E) "' Üm Hk (E) = sup H~ (E). 
0-+·o O >O 

For .self-similar fractais it is known that the 

similarity dimension. and the Hausdorff dimcnsion are equal. 

We observe that in t~o dimensions the Koch snowflake may 

be generated in this way (see [ 4 )) . D loa 4 .. , =="---, . Call a log · .)· finite 

subset F o.f K · E-separated i f dist (x ,x r) _::. t .for ali 

x,x 1 E F sucl: that x f:. X 1 
• Let N(E,K) be the maximal 

cardinality of an E-separated subset.of K ; this is 

called the packi~g function. Tl1e packing dimcnsion DP 1s 

defined by Dp "' l inl ..!:li E ;K) proyidccl that.the l.iroit 
c+O log c 

-exists. OnC recalls that the packing dimension (o ftcn 

<;alled capacity) was Üttroduced by Pontrjagiri ·and Sclmirelmar.J 

in 1932. There is of course ~-consiJerable volume of 

mathcmatical folklore.as to be equivalence pf vario~~ 

notions of frac:tal dÍmcnsion. In ·t.hc prescnt case onc has 
. ' 

the rcs~lt of Lalley in [4] (Corollary to Theorem 1). 
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Lemma 1 (Lalley) 

For. a fr.actal self-.simila:r bounJary dD satisfying 

the strong open conàit.ion D = DP anel hence S.= Dp . 

1. 2 Let V und H be two separable Hilbert space 

with V er:Jbeclded co':ltinuc.usly' in ·H anel let Acu,~) be 

symmetric contin~3cu;; cocrciv,-~ bilinear form on V . Thcn 

we call ~ va~iatio:ral triplct. l~e know that if 

V is· dense in H thcn there e~jsts an unboundcd self-

adjoint operator A st:ch that (Au-,v) =...4Cu,v) , UE: DCA), 

_v E. V • I f the injection of . ' 
\ is c.ompact then th:e resolvent 

of A 111 H is ~ompaçt and the spectrum of .A consists 
w· 

of a set _of eigenvalues {\.} .. · accumulating at infinity, 
J J :: I 

which \'o'C can c~early orde.r as to multiplicity >- 1 .::_Àz~··~. 

Let EÀ_(V,H,~) bc the set' of all closed subspaces E 1n 

V such that the foTm UÍ -À is strongly coerc1ve on E • 

Then, Ne defin.e- the distribution function of the variational 

triplet NC>-,V,H,ÂJ . by 

I 
NC\,V,H,v\o) = inf codim E 

EE: EÀ(V,H,)Í.)V 

It is \Vell known tha-t 
'i 

N(A,V,H,/0 = \tli-j < Ãl 

If ~ 1 (u,v·) is a further continuous stmmetri.c bilinear 

form on 

Pl 

V and A 1 Cu;,u) .::_.J'I.cu,u) 
' . . I . . 

N(A,V,II",.J4.1) .':'',N(A,V,II,ó4.) 

I 
\ 

u t. V , . Ne h a v e 
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lt is clear ti1at 

P2 N(>..,V,H, &;tt+t) == N(.\-t,V,H, ~41, tER , 

and 

P3 v.> o 

For these and many ,o-ther properties, perhaps the most 

COT'.ClSe 1·efcrence is the paper ( s J • 

As well we rec~ll :h~ notioll of n-diameters cif Kolmogorov 

(see [7] se;.:tion ·/:: fo:r funh8T. infonnation and references. 

If A is a bounded subset oi a nort~6d space E the n-

diam!)ter d (A,E) cf A 1n E 1s dcfined by 
n 

d lA E) 
11 ' 

~ inf .·sup 
G"-G(E)x·<::A 

n 

. - . " 11 lnr liX-Y E 
yc-G . 

where G (E) denotes thc set of subspaces of E of 
n . 

diminsion lcs~ tl1an or eq~al to· n . Furtl1c~ if ·V 

Hilber~ spacç cont~nuously cmbedded in 
? 

L"Cnl 

is a 

and w is an open subset of n we denote by SV the 

unit ball of V an~ by SVIw .the set of restricti~ns 

to w 1 of elements o f SV . The,n we 'define 

by i 

N(À~V,L 2 (wL = 

'i 

í: 1 

Àd 2csvl ,L 2 (wll>t. 
11 w -

. 2 
N(À,V,L (w)) 

In ·case w:: ri this o f cou.rse coincides asymptotically 

-with the distribution function N(Àl/Z tyl of the· 

injcction of V intq L
2

Cn) using tl1c ·notion o f the 

widths of a compaçt 
\ . . 

O(~c.r.ator s1nce Àj = dj_ 1 (\V) 
. 

J=t,z,: ... (see (7] se'Vion I. 16. 1 ) .. 

., 
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Let us o\1serve.tl1~t the problem posed by Berry 

may hc formulatcd in ~ore general terms with respect to 

1 thc variational triplet where V is taken to be H
0 

(Q), 
. 

thc usual Sobolev space, H to be L2
(Q) and "V'tcu,v) is 

defined by a G 
aa 13 c_x)D uD vd.x satisfying the. 

fo:i}C' .. ~f._ hypo1~1':SCS. C 

(1 (1) anà the a n (x) ap are 

uniformlv J!lj"Jdcr cont:í.nuous of arder a on 

TI (~ithout loss'of generality we may assume 

thls 'to be the case on n1 u na_, _see section 2) 

(2) the bili11ear form is contin~otis and formally 

s-ymmetr.ic on · 
1 11 ( ~) o . 

(3) therc exists a positive constant c
0 

such 

that c 0 \\ull~ 2 _<_<.Á(u) 
' ' 

From C(3) we may induce a n~tural norm lv on V from 

c.4Cul 1
and obviously the injecti'on tv of V in L 2 C~l 

ís compact fi-om Reilich 1 s lemrna. ·Note also- that the injection 
\ 

'i o C int'o is. compact. 

2. The formula of Wsyl 

We follow t!1e classical localisat.ion procédure 

of Co~raitt-Weyl. Thus. wc covcr n by a ·grid of cubes 
I 

i E. F o .E side-l~ngth \r:>/-2n • For each. cqbe Q. 
1 

associate· an.~ugmente~ Ct!bc 

\ 
Q. 

1 
of sidc-lerigth Sp/2rr 
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with tl1e same ce~tre as · Q~ and with faces pnrallel to 
" 

tho.sc o f: Q' . Let Qi , iEG 
;, . be tl1c sct of cubes in the 

co ver 1 = {O.}. F sue h that 
'1 l t.> Qif)3fi/~ h'ithout loss 

of genrality, we mav assume Q-. c u Q· 
l - I• k C F • 

i "' 1 , ••. , G • 

Lemma 2 

There f~X1St3 a :ovcr of n bv cubes 
' 

F' an:l ?'' dj_;_J:~ ·J~t _::u:.h -;:h:lt 

f.1_)nC' }cf'· >...:i .. ,, , - ' 

( ii) J~! c l"· . : d ·- u 
i E- F'·' 

fiii) .\(;l) ' ( • ) = O(.on--s~; .. as 
A "I . . p +o 

wherc we have set v Q. 
l 

and .\ denotes Lebesgue 
i E: F I 

measure 111 

Proa f 

Choosc points q.EQ.r){H2, i~G. 
1 l . 

_By definition not more thun N(p/2n,dQ) of the 

be pf2r-séparatcd. _Let H be the set of all i such 

that the are 9/Zn-separated. By definition and 

-lemma.l #H <·N·(p/.2n,l_an) <c~ns't p-s. Also any p E.díl - ' -
b~longs to some Q. • j"'-G anel i f i>tH ·thcn p is 

-wi thin a distancc 

contain.ed in the 

an c U Q .. 
i E H 

1 

Each Q· ·, i <:H 
. 1 

J 'I 

p/Zn o f some point q. <õ H and, hence, 
l -aumcnted cube Q .. 

l 
It follows thú 

i 
m~y b~ decomposcd into thc union o f 

\ 
cubes of sidc-l_ength J)/\2n , pos~ibly with ovc"rlapping. 

I 



It follm.;s th:1t aro c V with some index set F" 

such that tl1e latter bound following 

frorn thc estimátc on # 11 Let be the set of 

cubcs o{ covcr F conta:ined in n such that j 4 F'' 

The we .have 

() = .. I Q. u u 
1. i~F" 

.Note :hat 

0< ',(~ r· l ·•cr- '<O(S.n -s, n_o,,n-sl 
'\ 01 ~ 1 _:A '";j) _ 0 JP :- ,,J as p +O 

'Let Ge th~ cube of s ide-ler.rrth . o o/2"T 
' 

and centre 

8p/4il , 8 ~ zn . Lc't us. introduce the approximating 

bilinear 'forms ,;4
8

cu,v) 

defined on .H 1 CQ
8

l via 

(with the associated operator A8) 

and <:!e fine ;4 (u) = ~- ;4 8 (u) 
' 1 on H (Q) • Then by C 1( 1)" and 
' o . 

intcrpqlation inequ3.lities onc h,as tlle elementary bound 

(see [5] and [6)): , 

(6) 

Let 

. i 

IA Cu) -ri Cul I 2 col·o 5
l +olf{ Cul · c -1 -1 I 

1
z + 0 p +Ô ) ) LI 1 

implics 

v o = • 
i<:: 

that A cu;) is cocrcive 

F' 
H~(Qi) Define " "), 

-
: ·(,4 

i 
-À) (u,v) =O 

\ . 
', 

\ 
\ 

on H 1 (>I) 
o 

by 

for all 

., 
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\"e also s·•,t 7 (Q)- 'uc"1 (•l) ·A u ' ' ' - '- -À 6 - c· ~ n ''8 . 8 = AUJ • 

Let a(x,~) be the principal symbol of A and set 

( 2 ' -n ; IJe = "") 

and ~(S"l) •= L ~~ 0 for cuhes Q8 ccurring in the set 
8 

{Q.} .. F' 
J J E. 

We recall the fol]owing results of ~iãtivier: 

'Pror-,osittoi1 2.7 of [:i] implies that· 

1 1 - -, -
N,. H l") L''(") '' . ··c• V. L',,. ·') , ~_A, C,.: , H. ,~"L.:::_:~ r,, o' ,o!) 1fT (7) 

Pr.ouosition 4. ·1 of [5] stateS that. 

N( '., (Q.) L2(Q) 11 112 ) ( 1 n-1(, 1 cn--1)/2), , 0 1\~L,À 6·' 8 ' 11 2 ,::.c +P A.+lJ ,A,l-1..::_ 
. . . ' ., 

and finally that \N(!.,H~(Q 8 J,L 2 CQ 8 J,I'Í6 J -P
6

Àn/Zj 

::_ c(l+Pn-lÀ(n-1)/2) (9), 

· We n~ed certain modifications o[ techn~cal Lemmas proved 

in [5] mamely 

Lemma 3 
i 

\ 
' ' 

Under the hypothescs of Lemma 1 we have 

1 . 21 

N(>.,H (n) ,L (n,)) < const 
o o -

Pro o f 

One has the ihequalities 
. I . 

N(À,H~CnJ ,L2 cn 3J ::_Nc1o,H 1 cn1 ,L 2 cn 3JJ.::_NO,H 1.cn 3J ,L 2 cn 3J 
\ 

< const ~:\ 
j € Fl1 

NOT/2,,.) 
) 

by definition 

( 8) 
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and the additivc lirope~ty .for thc distribution functions 

of the injections of dircct SLlJns: It followi from the 

qualitotive thcory of Sobolev spaccs [see [7] 4.10.2] 

and Lemma 2(ii) tltat 

Lemma 4 

Under the hypothese.S· of Lc;nma we ha v C 

N(À Z 'l < const nn-s,n/. 2 
' ' > À,,, F A 

Pro o f 

From (6) it follo1.;s that 

·" . r.~ ( ( ( - 1 - 1 I 12 1'1(u) ~ 2"' u) + O p ) +0(6 )) u ) 

and hence from· (5) that 

2 1 ·- 1 1 2 
llull 1 2 ~c~ Cf\Cul + (O(p- l +OCo- )) lül l · (10) 

' 

Hence, from Pl and (10) we have 

where we ·have set 

Ne set W=rlAila 

Thcn, wc havc 

. . ·- 1 - 1 ZA+O(p )+O(õ ) 
1',;. = c 

o 

( 1 1) 

+ 
. 2 . 

E N(ç,ZÀ(Q.) ,L (Q.l, 11· 
j<:F' J . J 
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as· in (5]; 

< N(ç,ll~(n),L 2 cn,J 

+ Z N(Ã,ZÀ(Q.J,L
2

(Q.)l,ll 
iE.F' J J 

< cO!lst (pn-s,n/2 + 9 -1,Cn~l)/2) 

li 2 
. 

lil ,2 (Q.) 
J 

(12) 

by Lemrria 3, (8) and Lemma .2.(iii) if Ã..::_const(p-
1 

+ ó- 1 ). 

The result follows from ( !1)' and (12). · 

Theorem 

Uncler the hypothesçs o[ Lemnw 1 and conditions C 

the following estimat~ "holds: 

JN(Ã,H~(nJ,,Á) -p(iÍ)·Àn/21 'const(on-sÀn/Z .'·p-1À(n-1)/2 

for 

Pro o f 

. -1 
À > const p and 

o,n/2 -n) 
.+PA +P 

À .sufficiently large. 

a ) -1 
À "(1+0( 0 +ô)O+Q(p 

+ 

Thcn one sees from (6) anel Pl that 

while from (7) we have 

It follows that choosing.·ê=À:..ljZ 
1 

if À > cons 1:: ·-l P. 



we l1~tve, ttsinz the JdJitive propcrty of distribution 

function:~ of oTthogonal v~-!ri.:·tional triplcts (see 

Proposition 7. .S of [S]), (9), í.em::J8 .f, (i3) and (1-~) that 

-·(0) 1Tl/2 .:.lj'\(n-·:)/2,-1). Ü(<··-n) \>("' .,l(n) 4J 
]..: •. ,, ~1_.. ,l ..,. ,.. :::,, ''•'1 ~'' ,," -- o . 

+Ü(:\._~rt--l)/2p:-1) +O(.on-s).\n/2 ~O(p-n) 

;: 
< ::onst o ,. hen-::e, the résult follows. 

' :·í l f-j"' (Cll ! 
.'<,, ·•' o ..... ' 

., 
! ,'.. 'i 
! 1 2 ... 

' 
r_, 

1
n-/2 

c.= I! l!) ,. + 

as \+co, 

Proof 

Ii1 this casl.! He choos..:: thc Íonn 5Í (u) = !I I[~ 
2 

• 
' 

As the :Eorm hc.s constant :.oefficicnts all of the 

approximul:ÜLg. terms. fall out ir..- the calculations and .no tcrm 

corresportding to p0 .\n/Z occttrs. Now choose 

,-1/Z(n-l+S) 
p " A 

I 
Co1·o 11 ary 2 

to obtain thc t~sult. 

!f O<n-s.<cr 

· -Proo'f 

n/2 
~ p(p)À 

., 
("~"'n-1/2 + 

-t- '\. '" 

I th . a,n/Z _ C n-sÀn/2) n 1s case p ,, - o p . and theri 

choose· p = À-l/Z(n-l+s. to obtaln the rcs·ult. 

I 

\ 
I 



Observation 

All the ~r0ceding nnalysis 1nay be carricd out 

if the concJusion of L·~m;!l~l. is truc. TJ ... e anal}'sis may 

bc extended to higher 

an divergence fol·m) on 

' ' ' 

'I 

' . c.ruer coeTO::J.VC elliptic operato1·s 

\ 
\ 
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