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ON A THEOREM OF R. LANGEVIN ABOUT CURVATURE
AND COMPLEX SINGULARITIES

Jaime E. Ripoll

A classical result due to R. Langevin asserts that for a given

n

polinomial p:{C,0) — (C,0) with an isclated singularity at the origin,

the following formula holds:
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where B_ is 5 ball certered at the arigin with radius e, w, 1= the volume
_1 ) A 4

Form of "fv'] =p “{ti, t ¢ C, t ~ o, induced by the usual hermitian inner
product DF C" K is the Lipschitz-Killing curvature of My , 4 is the
Milnor ﬂumb@ of M_ at o, pn b the Milnar number st o of Mo M H
where H is a generic complex hyperplans through the arigin of €7 and
e, = (1/2elis"M ),

Frof. Langevin commented that the abova formuls should be true in
any complex manifold with a hermitian metric. We obtain here the

following result:

Theorem 1. Let N be a 3-dimensional (cver O complex manifold witl
an hermition metric. Lat IN —+ C be an :znai_}-'tér- map with an iseloted
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where Be is a geodesic ball centered at py with radius e, Jwt iz the
violume form of Mf = .F_'j (t] determined by the metric induced from N, K
is the Lipschitz-Killing curvature of M,, p* the Milnor number of M at
p. and u* the Milnor number of MO where P is o complex generic
hypersurface through p o of M.

To prove this reeult “we introduce the zoncept of translation in a
complex hermitian manifold N and we define the polar curve associated
te an isolated singularity of a hypersurface of N. We alse introduce the

Geauss map of a complex hyperswrface of N associated to a given

translation, and then we apply similar techniques used for proving the
, . LD
above result in O Jsing this Gauss map we can defme, as in £, by

taking the determinant of itz derivative, another r:ur““ture which we
call the fransietion curvature of the hypsrsurfacs. We nm‘-@ then that
Formula (%) holdz for the translation curvature (Corollary 2.2).

It follows from our results s gensrslization of a theorem of [.inda
Ness about the curvature of algebraic curves (see [N], Thearem 4.1 of
this paper and Theorem of [L]).

[ want to therk Marcos Sebastiani For his sid on the realization of
this work.

1. Translations.

Let N be & complex n-dimensiconal manifold with an hermitian
metric € :’:»Faﬂd let us consider the complex crthonormal frame bundle
CIC{N} of N, that is:

Qr’ (N} = {{(p.£} | p e N, B is an arthonormal basis aver C of T‘_| (N1}
and let H:DD{N} —+ N be the projection (p,f) — p i

A complex translation in an épen set U C N is abtsined by taking =

section of O (N} over U, that is, an analityc map T : U — O (N} such



that 7 o T IdH Then, given p e U and X ¢ TD(N], we can define the
n':].:sticll'l ‘><. of X on 1 by setling: :

X g = {3‘(5}{1 {pj }-Qf?{i {q) +"'+{:X“}in{p) }c:{n(q} 0 el
where T_(q} is the orthonormal basis X, lghyeesX ()} of Tq{N}.
Similarly, we can define the translation H™ of any complex subspace
HC TF (N).

Let us choose p_ & ¢ N and assume that & trenslation is defined in a
neighbourhood U of p_. Denate by rpnd

complex lines of T (N} and let M be a complex hypersurface of N

a
contained in U. Then, the Gauss map vy M —45’”.13“—1 of M is defined by:
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yip) =H e B = T (@l

F
where H™ is the translation of H C T NG on UL . ’
Po &
Let fiN — C be an analytic map with an isolsted sinpularity st Py

N such that f (PD) C Civan He CP'T i
by the condition:
p e r g Tl- lf (h ilj 1 0oE i)
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the complex projective space of

t determines a pelar curve FH

where t € C is such that f{p)

We have the following result:
Theorem 1.1 Let N be a n-dimensional complex manifold with a
hermitian metric. Let 1 N —+ O be an analvtic map with an isolated

singularity ot Py with F(po) = o. Then, the following formula holds:
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where y_:M, —+ LF © is the Gauss map of M, and A the usual volume

Form of CP” L
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Froof,

We will prove thst the limit above agusls to 1I(I—qu vilo=
intersection index betwean FH and Mc. ;
from a result of Teissier {see Theorem 2 of [L]].

As in the Lemma of [L], one has:

-
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where
TMNBH) = ST
pebi_

so that in order to compute the limite for t20 and e+ as in [L] we
have just to assure that the function t — TV tWM_ Hl is \'bﬂun:jed.
Clearly, T(Pv’]tﬂEiE}Hf! is finite for t ¥ o and, since t goes to o, we
have just to see that limt L}r{hﬁ’ltr’"‘iBﬁ_jHT is finite. To do this, let us
consider the MNash Transformation li\]{c CB :::LF‘”_i of [ restrict to BF.

Let m:Ne —+ B and Ty N — CFY™ be the projections (x,H) —+ x and

(x,H) —* H ) T pectl JEI)»’ Thers :re, it iz easy to see that
i I
- J e P ,
M ﬂES‘: = card{r {I\fft,i! by THTY tFao
s0 that
I VLB H) = card(r M0y
llﬂt—?‘Or’ A8 R = cardi{nr rlg;f y ().
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We will prove thet the integrals in (%) and (Y%} coincide forn = 3.
For, we have ta relate the differentizll form yrﬁ*{g} with geometric
invariants of M.

2. The real Gauss map associaled to a transiation,

In this section, ™ will be & n-dimensionsl {over R) Rismannian
manifold with & Riemsnilan metric <, »..Let U ba an open set of N
with a trenslstion determired by s section of QN over L where

i
DF (N} i= the real crthonormal frrames bungls of N,

Let & be & mdimensionsl Riemarnnian manifeld isometr irally

i ] “t re mesige thek MAC T T et m e M oand et oqoe TN
embadded In N, Lat us ssswume thet MO UL Tt e M oand tet noe T (M)

be sn unitary narmal wvecter to T4V
. ;—f 5
. - . ne b . . .
Ve recall that the £ fundarmpentzl form et p defined by 1 is given
. S »
Dy : -
A OGY) = VLY, o K,Y e T (M)
i RN . ’ A

where Y is a vector fleld in a neighbourhiiad of p tangent to M such that
Yipy = Y, and V is the Rismannian connetion of N determined by <, .

Let }\ H) = det A_(n}. Tharefore, if the normal vector tundle N(M) of M
o
is umentdbh—_«j

the Lipschitz-Killing curvature of t ne embadding MO N, whare SN{M)

i

,_.
I}

the bundle of spheres corresponderd to NIME, & the volume form of

i= jalaigle
i !
SNDU\:"}} and Cp_q the volume of 27 7, k= n - m.
- - . * . —alnd H ] ‘ - LT
We introduce now the ¢ fundsmentsl form A asssocisted to the



where Y is the translation of Y on UL
et

L3

and
P - S T
K™ = | K™ {nigin.
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We will czll K™ the transiation curvature of b,
The map:
Z"n“l . 0T L T S T 5 e
Y ONIM) — 307,y dlpanl] = In7Hp) (B

iz the "{real) Gauss map" of M associated to the given translation

The result that follows relates the Gauss man assoecisted to

5 translation and the transiation curvature. It generalizes a \-‘Jl::.‘ll known

1

theorem in Eueclidean spaces relating the ususl Gauss m mB gnd the

Lipschitz-Killing curvature.

2.1 Theoram. Let M and N be orientoble ond m odd. Let @ be the

4

~i
volume Form of = and o the ocne of

. T hen, f{""Pr_.v){pL pe M, is the
the fiber of SN — M of v X} divided by Cry-
§ ) AT

In [5] Sebastiani proves this result for the coge thet N iz a Lie prowp

integral along

with a left brearlant metric and the translstion is the usuel left

translation defined with the group cperation {see the Thecrem of 53 of

(5] and itz Corollaryi. Since ite proof iz the zame as in our case, we
omnit the proof of Theoram 2.1,

Nowﬁ 1zt ue come back to the complex case. Let N be a complex n-
dimen=ional {over C) manifold with an hermitian metric, Assume thal a
(compiex) transiation is given in an open set U of N, this translation
being determined by a s=ction T -U — i_.JC NG,

IF ¢, >, denotes the hermitian metric of N, £, > =ra({,

)



defines a Riemamnian metric on N, and T induces a section Tf of O_{N;

over U by setting T lL} = {\'(1 sy i}(i i, ..., }“{n(pL i)‘{n{p)}, where
v - 1

Tc(pg = 3‘&1 [p;,...,_}\ i}, poe U

We can combine Theorems 1.1 and 2.1 to oblain the following

corollamy:

3T a 1 ISV ATR Pl — — — i | A LR .
2.2 Corollory. With the same noiations and hipothesis above, the

1 1
o n-
lim lime ) K7 wip) = o T )
W 7 s
y = L L
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where K™ is the transiotion curviture of M, o,
~o e et s RS .
Froof. Let v _BNIM ] —+ 3 and y oM, —+ CF' 7 be thesreal Gauss
T L o A

map and the complex Gauzs map of by sssoclated to the given
translation, defined by (b} and (&), respectively. [t is not difficult to
prove, therefors, that the following diagramme is commutative:
SNIM, ) e, gind
Py LT
Mt =T l_t-‘n 1
where w is the projection of the Hoof fiber. Henpe, we obtain:

-

© '1 ¥
7 oip) = | Ry = - (v oPi%{al = v X
| Kowl) =~ | yol = | o P =y
thBrs SN M, B ) SN{MtﬂEFJ M ﬂB

which proves the corollary. [J
. Procf of Theorem 1.

hecrem 1 follows easily from Corcllary 2020 In fact: since the

'
et}



sacond member of the formula iz distinct from zero, we have from

Corollary 2.4 that liml_I . K"‘[_ = @, where Kmf‘ iz the translation
A 1 ’ |
[

ocurvature of i\(’ft at poe E\It Frurthermaors, since

‘ . “r__" : [ 2 { o Y - ==

11mn+ inf {detA it = P =infidetd [l lnli=1) Cw

PP, E Py
it follows from the definition of K™ and that n = 3 that
11mp+P (K~ - K} = o, and this proves the Theorem.Ll
')

4. Curvature of complex hypersurfaces.

In {L] Langevin reobtains, by using formula (%), a Theorem due to
Linda Ness about the curvature of slgebraic curves of CF? converging to
algebraic curve with an isalsted singularity {see Theorem &IIT of [L]).
Using formula of Corollary 2.2 shove, we prove here the, following
generalization, which also gives a simpler proof of Theoreme§III of [L]:
4.1 Theorem. Let N fe a complex n-dimenszionol manifold with an
hermition metric. Let M be a complex hvpersurface of N with an
izolated sinpularity of p. Let M, be a Family of complex hypersurfaces

J_
i
of N converging to M owhen € goes fo infinity. Ther

L7 inf X. = -«
limy | i0F K= oo
ln\ff
where K [ denotes the intrinsic sectzanai curviatures of i‘v?'f.
Froof. et B o€ M be such that lim, Py = P Then, it follows From
formula of | cm::ilgry 2 and the « Efll"iltlm n of K™ that
lil_ﬂ }\ (54}
e v} p.t_
where }\,f = max{ A | A is an gigenvalue of 1*‘3\1_1 (7} for some n €
’ 1
. : : .
TP {Mt} s Hnll = 4} IF }{t is an eigenvector assacisted to A, then "}‘t is
b L

an eigenvalue with eigenvector 1X.

a



Derote by K(P,) and K(P,)
r“espectwel yy at by, determined

Let P Tj(N} be such that

curvaturas of M and N,
sted by }’x and 13‘(

from

-

he =ectional
by the plane 1*’t
P.

&6ﬂﬂ

fim, P, Then,

b

Equaticn of an izometric immersion, one has:

Rk?tj =

hence

[i.] Langevin, R., Courbure et
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