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Resumo

Propriedades do primeiro autovalor e da primeira autofun¢ao do operador
laplaciano em variedades riemannianas sao estudadas.

Para variedades em que se pode estimar o laplaciano de fungoes distancia,
estimativas explicitas para o primeiro autovalor do laplaciano em dominios
duplamente conexos sao obtidas. Entao observamos que hipoteses sobre as
curvaturas da variedade e do bordo do dominio permitem estimar o laplaciano
da distancia.

Além disso, autofungoes em dominios nao compactos do espaco hiperbélico
H"™ sao estudadas. Mostramos que dominios contidos em horobolas nao ad-
mitem autofungdes limitadas associadas ao autovalor A(H"), mas se o fecho
assintotico do dominio contém um aberto de d,,H", entao ele admite uma
autofuncao positiva que se anula em 02 U 0,.€). A existéncia e o perfil de
autofungoes de autovalor A(H") em H", em H"\B,(0), em horobolas, em
hiperbolas e no complementar de horobolas sao analisados. Para alguns
desses dominios apresentamos uma expressao explicita para a autofungao
que depende apenas da distancia a fronteira.

Finalmente, técnicas de simetrizacao de Schwarz sao adaptadas para
variedades permitindo-nos obter estimativas para normas de autofuncoes.
Primeiro um argumento de comparacao demonstra que variedades mais simé-
tricas maximizam certas normas. Obtemos também uma estimativa direta-
mente da funcao isoperimétrica da variedade.

Palavras-chave: Estimativas para autovalores/autofungoes do operador
laplaciano; Autofuncgoes no espaco hiperbdlico.



Abstract

Some properties of the first eigenvalue A and the first eigenfunction of the
Laplace operator in a Riemannian manifold are studied.

Assuming a bound for the Laplacian of the distance function, explicit
estimates for the first eigenvalue of a doubly connected domain are presented.
Then some assumptions on the curvatures of the manifold and its boundary
are made in order to have an estimate for the Laplacian of the distance
function.

Furthermore eigenfunctions of non compact domains in the hyperbolic
space H" are studied. We prove that a domain contained in a horoball
does not admit a bounded eigenfunction of eigenvalue A(H"), but if the clo-
sure of the domain contains an open set of 0,,H", then it admits a positive
eigenfunction that vanishes on 02 U 0,,€). The existence and the profile of
eigenfunctions of eigenvalue A(H™) in H", in H™\ B,(0), in horoballs, hiper-
balls and in the complement of a horoball are analysed. For some of these
domains we present an explicit expression for the eigenfunction that depends
only on the distance to the boundary.

Finally Schwarz symmetrization techniques are adapted for manifolds im-
plying in estimates for the norm of the eigenfunctions. First a comparison
argument proves that highly symmetric manifolds maximize some norm and
then an estimated obtained directly from the isoperimetric function of the
manifold is presented.

Key-words: Estimates for eigenvalues/eigenfunctions of the Laplacian
Operator; Eigenfunctions in the hyperbolic space.
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Introduction

Different aspects of the first eigenvalue of the Laplace operator in domains
contained in Riemannian manifolds will be analyzed. The first eigenvalue of
the Laplacian operator in a subset €2 of a manifold is the smallest real value A
for which there is a function v € C?*(Q), with —Au = Au in €2, that vanishes
on 0f2.

The text starts reviewing some basic facts on geometry. Then, in the sec-
ond chapter estimates for the first eigenvalue of doubly connected domains
in Riemannian manifolds are presented. These results were published at [20].
Explicit lower estimates for the first eigenvalue of the Laplacian operator are
obtained, without any assumption on the mean convexity of the boundary
of the domain, assuming either an upper bound of the sectional curvature, a
lower bound of the Ricci curvature, or in highly symmetric manifolds where
the Laplacian of the distance function to a fixed point depends only on the
distance. Asymptotic properties are also analyzed. In many cases our esti-
mates improve the classical and more recent ones.

The third chapter concentrates only in the hyperbolic space. In this
part the focus is on the eigenfunction associated to the eigenvalue of the
whole space. The existence and the behavior of positive solutions to some
Dirichlet eigenvalue problems for unbounded domains of the hyperbolic space
H" are studied. If the domain is contained in a horoball, we prove that
the problem has no bounded solution. However, if the domain contains a
hyperball, then there is a solution that converges to 0 at infinity and can
be extended continuously to the asymptotic boundary. In particular, this
result holds for hyperballs. In this case, we also present a second kind of
solution that only exists if there is some relation between the curvature of
the hypersphere and n. This part of the research was done with the advice
of Professor Dr. Leonardo Bonorino and is in preprint phase.

In the last chapter, we present results from a research that is still in



progress. The results from Chapter 4 relate the isoperimetric profile, the
eigenvalue and the eigenfunction of Riemannian manifolds. This work was
also done with contributions of Professor Dr. Leonardo Bonorino.

Although this text divides in three disjoint parts, it concentrates in the
problem of the first Dirichlet eigenvalue of the Laplacian operator in Rieman-
nian manifolds, which, as it is well known, is associated to physical aspects
of the domain, motivating much of its study.



Chapter 1

Preliminaries

There are some preliminaries that are common to all chapters. The defini-
tions and results presented here are well known, but we expose them in order
to fix notation and to simplify the reading.

1.1 The Second Fundamental Form

This section follows [11]. Let M be a complete n-dimensional Riemannian
manifold with Riemannian connection V. Let N be a hypersurface of M
and 7 a unit normal vector at a point p of N. The second fundamental form
Sy(p) of N with respect to n at p is

Sy(p)(v) = =V, (1.1)

where 77 is any extension of 7 normal to N in a neighboorhood of p. The
mean curvature of NV (with respect to 1) at p is the trace of S, (p) divided by
the dimension of N and is denoted by H,.

If V is a vector field along a curve «, we denote its covariant derivative
VoV by V.

Let us define some very useful functions, the functions Sg and Ck for

K eR: )
sinh(v—Kt) if K <0
vV—K

sin(vKt)

T UK >0
{ VK
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and

Cr(t) = Sk(t).
We observe that if Q" (K) is a simply connected space of constant curvature
K, then its metric is given by dt® + Sk (t)%d6?.

1.2 The Hyperbolic Space H"

When K = —1, Q" (—1) is the hyperbolic space denoted by H". Chapter 3
concentrates in the study of eigenfunctions of the Laplace operator defined
in this space and in some special subsets of it. The aim of this section is to
present H", which we also do following [11].

There are two models of the hyperbolic space that are interesting for this
work. The first is the semi-space model, which has a nice expression for the
metric and therefore makes some computations easier. It consists in taking

H"={p=(p1,....pn) € R" | p, > 0}
with the metric 5
kij(p) = p—%-
Two Riemannian metrics g;, ¢go in a manifold M are said conformal if
there is a function p: M — R, such that

91(P)(u,v) = (u,v)p1 = pu(p)ga(p)(u,v) = p(p)(u, v)pe.

The metric k of H™ is conformal to the euclidean metric of R" with u(p) =
1/p;.

For the sake of completeness we demonstrate here that the manifold de-
fined above has indeed sectional curvature —1. Then we present its umbilical
hypersurfaces and look at them in the ball model of H".

Proposition 1.2.1. If g; and go are two conformal metrics in the differen-
tiable manifold M, g, = gy, Riemannian connection ¥ in My = (M, gy) is
given by

VxY =VxY + S(X,Y),

where V is the Riemannian connection of My = (M, g1) and
1
S(X,Y) = 5 X (Y +Y ()X = (X,Y), gradd )
with the gradient computed in the metric g.

5



The proof of this proposition requires only the verification of the proper-
ties of the Levi-Civita connection, which are just computations that will be
omitted.

Applying the above result, we obtain an expression for the Riemannian
connection of H". If {ey, ..., e, } is the canonical basis of T,R" for all p € R",
which is a orthogonal basis of T, H" for all p € H", then

Veej = Vee;+ S(e;,e;) and

Vee;j=0+0=0ifi#j,i,j7 € {1,...,n—1}
= ‘_O_grad,u:e_n

Ve = T ifi=je{l,...n—1}
Ve, =04 W _ =% i,
2 Pn
Vejen = [ej,en] + Ve 65 = ) if j #n

X~ n d n
Ve, en = 0+2€ () _srach -

2p 21 Pn
From these formulas, one concludes that

R(ei, €j)6i = VejVeiei — Veivejei + V[ehej]ei = —

and if ¢ is a plane in T, H™ generated by {e;, e;}, then

(R(ei, e5)eis )

lesl|*[lesI?

K(o) = = —1 since ||ex|| = p,? VEk.

This implies that all planes in 7, " have sectional curvature —1, concluding
that H™ is a model for H".

Definition 1.2.2. An immersion x : N"™' — M" is called umbilical if for
all p € x(N),

(Sy(p)(v), w) = X(p) (v, w) Yv,w € T,x(N),

for all n unitary vector field orthonormal to x(N).



One can demonstrate that if M has constant sectional curvature, then A
has to be constant. Hence the umbilical hypersurfaces of H™ have constant
mean curvature. In order to find them, we need two more propositions.

Proposition 1.2.3. If (M, g,) and (M, g5) are conformal, then x : N"~! —
M is umbilical for the metric g, if and only if it is umbilical for go. Besides,
if A is the coefficient of x for g1 and go = gy, then

A a1 ) (12)
28/
is the coefficient for go when the normal vector field is %
Proof. We have to demonstrate that
(—VX%, Y)s = MX,Y)s.
First notice that
(=Vxn,Y) (=Vxn, Y)s

B v _\TVXTh )2 e, -2 —
{ VX\/E,Y)z— i X(p= 7)Y ) = NG

From Proposition 1.2.1,
(=Vx1,Y)2 = (=Vxn,Y)s — (S(X,7),Y)o.
Since z is umbilical for gy,
(=Vxn,Y)o = p(=Vxn,Y) = pMX,Y) = MX,Y),
and from the definition of .S,

(S(X,1),Y)2 = g AX (1) (0, Y)2 +n(u){X,Y )2 — (X, m){grad p1, Y)}

= L (XY ).
Hence
(T gy, = TV Y)a MKV W0 (X, V),
\/IE’ \/ﬁ \/ﬁ s
concluding the proof. -



Now it became sufficient knowing the umbilical hypersurfaces of R™ in
order to know the umbilical hypersurfaces of H".

Proposition 1.2.4. If z : N*=1 — R" is umbilical, then x(N) is contained
in a hyperplane or in a n—sphere.

Proof. Since R™ has constant sectional curvature 0, A is constant.

IfX=0, S,(p)(v) =0V € T,x(N), Vp € x(N). This implies that the
vector field 7 is constant, meaning that z(/N) is contained in a hyperplane of
R™.

If A # 0, we claim that

VN SR y) = o) + 10

is constant. If T and Y are vector fields of N and one thinks of y as a vector
field, then

(V2w Y) = (V52 Y) 45 (Ven,¥) = (1Y) = (1Y) =0,

Then y is constant. If y(IN) = {zo}, then |z(p) — x¢| = 1/, implying that
x(N) is contained in the sphere of radius 1/A centered at z. O

As a consequence of the last two propositions the next theorem is demon-
strated.

Theorem 1.2.5. The umbilical hypersurfaces of H" in the semispace model
H™ are the intersections of H" with euclidean n — 1-spheres or n — 1-planes.

The umbilical hypersurfaces of H" divide into three classes: The spheres,
which are the Euclidean spheres entirely contained in H™, the horospheres,
represented by the spheres that are tangent to 0H™ and by the hyperplanes
parallel to 0H™ and finally the hyperspheres, the intersections with H"™ of
spheres of R™ that are not entirely contained in {z,, > 0} and all hyperplanes
that are not parallel to {z, = 0}.

In order to compute the mean curvature of these hypersurfaces it is suf-
ficient apply formula (1.2) from Proposition 1.2.3. This implies that if 3 is
a sphere of R" of radius r and with center at high p,,, the mean curvature of
YN H™in H™ is given by p,/r, if the normal vector points inwards. If I' is a
hyperplane with normal vector n whose component in the e,, direction is a,,
then the mean curvature of I' is ay,.



On the other hand, it will be useful to know the mean curvature of these
hypersurfaces as a function of the hyperbolic distance. Knowing that the
geodesics in H™ are represented by arcs of circles centered at 0H™ and by
vertical lines, one proves the following facts: The spheres contained in H"
are in fact geodesic spheres of H" and if d is the hyperbolic distance to
the center of the sphere, the mean curvature of the sphere is cothd. The
horospheres represented by spheres tangent to 0H™ at the same point are
all level sets of the distance function to any of these horospheres and, as
observed above, they all have mean curvature p,/r = 1, if the normal vector
points to JH™. To consider the mean curvature of the hyperspheres related
to the hyperbolic distance one has to observe that the hyperspheres that
cross OH™ at the same set are also a family of equidistant surfaces. If one
fixes Hy as the intersection of a sphere centered at H"™ and H™, which is
totally geodesic (the mean curvature is 0/r = 0), and H is a hypersphere
equidistant to Hj, then the mean curvature of H is tanhd, where d is the
distance between them and the normal vector n points to JH™. In Chapter 3
we will analyse the profile of eigenfunctions defined in some very symmetric
subsets of H", which are bounded by umbilical hypersurfaces.

Semiplane model Ball model

nter
gnter
hypersphere
Sphere
Tot. geod. hypersphere

=

sphere

In order to see the symmetries of H" and its asymptotic boundary, the
ball model becomes more natural. Consider

B"={peR"||p| <1},

where | - | denotes the Euclidean norm. Introducing in B™, the metric
A5,
hij(p) = ——"—,
’ (1= |p|?)?

9



B" is a model of H". In order to see this, it is sufficient to present an isometry
from B™ to H". Take

f:B"— H", f(p):2m—(0,...,0,1).

It is easy to prove that f is a bijection and that is derivative satisfies
|ul

dfy ()] = 2~ .

which implies that it is an isometry.

In this model, the geodesic spheres are also represented by euclidean
spheres. The horospheres are the intersection of spheres that are tangent
to OB™ and B™. Intuitively they are the spheres centered at infinity. The
totally geodesic hyperspheres Hj are represented by the Euclidean spheres
of R™ that meet OB™ orthogonally and the hyperspheres equidistant to Hy
are are euclidean spheres that meet 0B™ at the same set as H,.

We shortly present the asymptotic boundary of H" and its topology. For
details, see [16].

A Hadamard manifold is a complete simply connected Riemannian man-
ifold of negative sectional curvature. The fact that it has negative curvature
means that it is, in some sense, larger than the Euclidean space, since the
geodesics in M spread more than in R™. Thus the asymptotic boundary of
M is also larger and the question whether and how a function extends con-
tinuously to the boundary becomes more interesting. In order to think about
this question in Chapter 3, we define the asymptotic boundary.

For the rest of this section M is assumed to be a Hadamard manifold.

Definition 1.2.6. Two unit speed geodesic rays 71,72 : [0,00) — M are
asymptotic if there is C' > 0, such that dy(71(t),72(t)) < C VYVt € [0, 00).

Being asymptotic is an equivalence relation in the set of geodesic rays
in M. The asymptotic boundary of M, denoted by O, M is the set of all
equivalence classes of geodesic rays . The equivalence class of v is denoted
by v(00). It can be demonstrated that given p € M, J,,M is in a one-to-one
correspondence with

Sp={veT,M | vl =1},

meaning that 0,,M can be viewed as the set of all oriented directions from
the point p.

10



The closure of M is then defined by M = 0,,M U M. In order to endow
M with a topology, the so-called cone topology, we define for p # q, 7,, the
unique normalized geodesic ray such that v,,(0) = p and 7,,(t) = ¢ for some
t>0.If pe M and q € 0.,M we denote by ,, the geodesic ray such that
the 7,,(0) = p and 7,,(0c0) = ¢. One can prove that 7,, exists and is unique.

Now fix a point p € M. Given u,v € T,M denote by <,(u,v) the angle
between u and v. If 2,y € M, define <, (z,y) = <,(75,(0),7,,(0)).

Definition 1.2.7. Given v € T,M, |[v]| =1, 6 >0 and r > 0, we define the
cone with vertex p, axis v and opening angle § by

C(v,0) = {z € M|<(v,7,,(0)) < 3}

and the truncated cone of radius r is

T(v,6,7) = C(v,6)\{z € M|d(z,p) <r}.

The set of all truncated cones at p and all the open geodesic balls centered
at p is a local basis of a topology in M, the cone topology. Under this topology
M is homeomorphic to a n dimensional ball and 0., M to a n— 1 dimensional
sphere. Finally, if S C M set 0,5 = S N 0xM, where S is the closure of S
in the cone topology.

In the particular case of H" represented in the ball model, given a unit
speed geodesic ray v : [0,00) — B", lim; o Y(t) is a well defined point
in 0B"™, considering in dB" the usual topology induced by the inclusion
1 : B™ — R™. The correspondence

7 (00) = lim ~(?)
is a homeomorphism between 0,,B"™ and dB". Since the map above can be
viewed as a continuous extension of the identification of H" and B" to the
closure of H", B" is homeomorphic to H" with the cone topology.

1.3 The Laplace Operator

This work concentrates on the first Dirichlet eigenvalue of the Laplace ope-
rator in different domains in Riemannian manifolds.

Definition 1.3.1. Given a function u : M — R, u € C*(M), the Laplacian
of u is Au = div(grad u).

11



In local coordinates the Laplace Operator is given by
1 )
Af=— > 0(g"Vaor[)

)
dz; Ox;
elements of the inverse matrix of (g);;. For a proof of this expression, see [12].

Therefore the Laplacian is an elliptic operator and uniformly elliptic in
compact sets. Consequently, results such as the strong maximum principle

for subharmonic functions also hold in Riemannian manifolds.

where g;; = ( ) are the metric coefficients, g = det(g);; and g% are the

Definition 1.3.2. Given a bounded domain (open connected set) Q in a
Riemannian manifold M, its first eigenvalue is defined as the smallest A € R,
for which the problem

—Au = Au in €
{ u = 0 on 0 (1.3)
has a non trivial solution. It is denoted by A(2).

We demonstrate a comparison lemma about eigenfunctions.

Lemma 1.3.3. (Comparison Principle I) Let u,v : Q — R, Q a bounded
domain, be such that —Au = Au and —Av = v, for A < A(Q). If u > v on
092, then u > v in .

Proof. Define Q) = {z € Qlv(z) > u(x)}. Then v — u is a positive eigenfunc-
tion associated to A in ' C Q. But A(2') > A(2) > A, a contradiction. [

Definition 1.3.4. The first eigenvalue of a non compact manifold M 1is
defined by

A(M) = inf{\;(O) | O is a bounded domain of M},

where M\ (O) is the first eigenvalue of the Laplacian on O.

The Laplacian of the distance function

In this work we often consider functions that present some symmetry, usually
functions that depend only on the distance to a point or a submanifold.

12



Assume that g : M — R and u : R — R are C? functions, then
A(uog)(z) = u"(g(x))| grad g(2)|* + u'(g(2)) Ag ().
If N < M is a hypersurface of M and d is the distance to N, then
A (uod)(z) = u"(d(z)) — u'(d(z))(n — 1) Ha(x),

where Hy(z) is the mean curvature of the parallel hypersuface of distance
d(x), Hyzy = {y € M | d(y) = d(z)}, oriented with normal vector grad d.

It is also useful to observe that from section 1.2, if the manifold is the
hyperbolic space, we have some expressions for the laplacian of functions
that depend only on distances. If g(x) = r(z) is the distance between x and
some fixed point in H", then

A(uor)(z) =u"(r)+ (n — 1) coth(r)u'(r). (1.4)

If g(x) = d(x) is the distance to a horosphere H that bounds a horoball B,
then

A(uod) (z)=u"(d)— (n—1)u'(d)if z € B (1.5)
and

A(uod)(x) =u"(d) + (n—1)u/(d) if x ¢ B. (1.6)

Finally, if g(z) = d(z) is the distance to a totally geodesic hypersphere H,
then
A(uod)(z) =u"(d) + (n—1)tanh(d)u'(d). (1.7)

1.4 Co-area formula, isoperimetric functions
and isoperimetric inequalities

Let M be a complete Riemannian manifold. The co-area formula (see [31],
page 81 or [25]) states that given a mesuarable n—dimensional subset U C M,
a function f € H*(U) and an integrable function g : U — R,

e ]' n—1 o
/Ugd:c—/_oo /{f:t}g|gradf|dH ({f = t})dt. (1.8)

Here H'(U) denotes the Sobolev space W12(U). Actually this formula holds
in a larger set of functions, but we will apply it only for H' functions.
In [6], isoperimetric functions on M are defined.

13



Definition 1.4.1. Consider M a complete Riemannian manifold. An isoperi-
metric function on M is a function H : [0,vol(M)] — R that satisfies

H(vol(2)) < vol(02) VQ CC M. (1.9)
If vol(M) = oo, H is defined in R,.

Remark 1.4.2. We call isoperimetric profile the greatest isoperimetric real
function,

h(v) = inf{vol(9Q) | vol(Q) = v} v € [0, 00).

14



Chapter 2

Lower estimates for the first
eigenvalue on doubly connected
domains

In this chapter we obtain lower estimates for the first eigenvalue A = A (§2)
of the Dirichlet problem for the Laplacian operator in relatively compact
smooth domains  of a Riemannian manifold. Our results are specially
adapted for doubly connected domains, that is, the boundary of the domain
has two connected components. This seems to be of interest since the classi-
cal results as Faber-Krahn (Theorem 2 of Chapter IV, [12]), Cheng [14] are
more effective for domains homeomorphic to balls. Nevertheless we also have
results for such domains, which in the particular case of M being a spher-
ically symmetric Riemannian manifold coincide with the result of Barroso
and Bessa at [3]. We also observe that most of well known and more recent
results require mean convexity of the boundary of the domain, (see [29], [22]
and [23]) condition which is more difficult to be satisfied for domains with
boundary connectivity.

Other results on first eigenvalue lower estimates are related to isoperi-
metric constants or to functions/vector fields that can be constructed on
the domain (see [13], [2], [5], [7]). These estimates can be of hard compu-
tation, since usually an infimum or a supremum must be taken. Once one
has the necessary information about the domain, our estimates are explicit.
This is usually the case when the domain is (or is contained in) a geodesic
annulus A, r(zo) = Bryr(20)\Br(z0), Br(xo) being a geodesic ball with
radius r. Moreover, analysing the asymptotic behaviour of these annuli esti-
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mates in complete non compact manifolds and using well known properties of
Busemann functions we obtain estimates for the first eigenvalue of domains
contained in horoannuli (see Definition 2.1.5). Explicit lower estimates of the
first eigenvalue of annuli and horoannuli can be obtained assuming either an
upper bound of the sectional curvature of M (Section 2.3), a lower bound
of the Ricci curvature of M (Section 2.4) or in highly symmetric manifolds
where the Laplacian of the distance function to a fixed point depends only on
the distance (Section 2.5). We also obtain results that relate first eigenvalue
properties with curvature and volume (Subsections 2.3.1 and 2.4.1).

Finally, we would like to observe that what essentially allows our results
to be effectively applied to domains with boundary connectivity is that the
assumption on the convexity of the domains is not needed at all. Our proofs
differ completely from more recent papers as Yang, Ling, Lu, which are based
on gradient estimates of the first eigenfunction, technique developed by Li
on the 70’s [24]. The main idea of our proofs is to use the distance function
to one of the connected components of the boundary of the domain to the
construction of explicit barriers from which the estimates are obtained. With
this technique it becomes clearer the influence of the extrinsic curvature of
the boundary of €2 in M on a lower bound for A(€2). Section 2.5.1 illustrates
better this fact. We want also to mention that to any recent work that the
authors have notice, or to any classical one, there are examples of domains
in spatial forms where our results give better estimates (see Section 2.5).

2.1 General results

In order to clarify the notation we define two constants associated to a func-
tion f.

Definition 2.1.1. Given a C* function f : [r,r + R] — R, define g;{ as the
solution of

(G571 = = in (rr + B)

g'(r)=0

g(r+ R) =0.

and C*(f) = g7 (r) the mazimum value of gy .
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Define also g; , the solution of
(g/fn—l)/ _ _fn—l in (7’,7“ + R)
Jg(r+R)=0
g(r) =0.

and C~(f) = g; (r + R) the mazimum value of g; .

The constants associated to f have an explicit expression which can be
obtained integrating the ODEs that define them.

Lemma 2.1.2. Given a C' function f : [r,r + R] = R,

N B r+R frs f(T)n_ldT s and C- B T+h f;Jer(T)n_ldT )
= | Floyt s and €U - Fat

Theorem 2.1.3. Let M"™ be a complete Riemannian manifold, n > 1, and
N¥ a submanifold of M, 0 < k < n. Set

d(z) :==d(z,N) =1inf{d(z,y) |y € N}, z € M,

where d is the Riemannian distance in M. Let ) be a relatively compact open
subset of M such that d|q\n 1s smooth. Denote by A = X (Q2) the first positive
eigenvalue of €.

A) Assuming that QNN = 0 and setting

0<r:=inf{d(z) | ze€Q} <sup{d(z) |z €Q}=r+R

we have:
A1) If f : [r,r + R] — Ry is a C' function satisfying

Ad(z) _ [f'(d(x)) 1
A2) If f : [r,r + R] — Ry is a C' function satisfying
Ad(z) f/(d(x)), z €, then A > ! (2.2)

n—1 " f(d(z))
B) Assuming that N C Q and setting
R =sup{d(z) | x € Q},
if f:[0,R] = R, is a C function such that

Ad(z) _ f'(d(z)) 1
] > AdD) x € Q\N, thenAZCJr(f).

c=(f)
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Recall that a geodesic ray v in a complete non compact manifold M is a
geodesic v : [0,00) — M such that the length of an arc of v connecting any
two points is the distance of these points. It is easy to prove that if M is
complete and non compact, then for any p € M there exists a geodesic ray
starting from p. Since |d(x,(t)) — t| < d(z,v(0)), the map t — d(x,y(t)) —t
is uniformly bounded on compact sets and it is non increasing. Hence the
limit as ¢ — oo exists and the convergence is uniform on compact sets (see
[27)).

Definition 2.1.4. If v is a geodesic ray on M, the Busemann function b :
M — R associated to vy s

b(z) = lim (d(z,~(t)) —1). (2.3)

Definition 2.1.5. A horoball is a ball centered at infinity, B(oco) = {z €
M | b(x) < C}, a horosphere is the boundary of a horoball and a horoannulus
of width R, Ap(c0) = b~ ((=R/2,R/2)), is an annulus centered at infinity.

Given a C° function f : [a,00) = R, a > 0, and R > 0, set
FE(f) = hltn sup {C+ (f‘[t—R/2,t+R/2])}_1
—00
IR(f) = liin sup {C~ (f|[t—R/2,t+R/2])}_1'
—00

Corollary 2.1.6. Let M be a complete non compact Riemannian manifold.
Consider a geodesic ray vy : [0,00) — M and let b the Busemann function
associated to y. Assume that 2 is a bounded domain contained in Ag(co0) and
that there is a ty € R such that the distance function d.) to y(t) is smooth
i Q for all t > tg.

1) If f:[a,00) = Ry, a <tyg— R/2, is a C' function satisfying

Ady ) () > f'(dy (2))
n—1 7 f(dyp(z))

, T €8, t>t,

then
A >TRh(f).

2)If f:]a,0) = Ry, a <ty— R/2,is a C' function satisfying
Ad, () < J'(dyp (2))
n—1 7 f(dy(z))

, x €t >ty

then
A= TR(f).
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2.1.1 Finding f explicitly in Theorem 2.1.3 and a geo-
metric interpretation of estimates (2.1) and (2.2).

We observe that Ad(z)/(n — 1) is minus the mean curvature Hy(z) at x of
the parallel hypersurface

Nyazy ={y € M | d(z) =d(y)},

oriented with normal vector gradd (see (1.1)). A way of finding explicitly a
function f satisfying the hypothesis of Theorem 2.1.3 is setting

hy:[ryr+ R — R, hi(t) =inf {—H(z) | x € N;}
hy: [r,r+ R] = R, ho(t) =sup{—Hi(z) | z € N}

and taking f; as a solution of the ODE h;(d) = f/(d)/fi(d), i = 1, 2.
As a consequence of (2.1) and (2.2) we obtain

A= max {{CF(£)) 7 AC(R)) '} (2.4
We note that

. B r+R f:fl(s)n—lds B r+R Vi(r,t)
CH(f) = / A= dt = / N0 dt (2.5)

ooy [T R T R Vet R)
C™(fo) = / Fy (s ds = / 50 dt, (2.6)

where S;(t) is the area of the geodesic sphere of radius ¢ and V;(a, b) is the
volume of the annulus of inner radius a and outer radius b in the spherically
symmetric manifold R x S*~! with the metric dt? + f?(t)ds?. If the mean
curvature of the parallel hypersurfaces depends only on the distance then
hy = hy = —H and f := f; = f5. In the cases where the function f (area of
the geodesic spheres) is an increasing function of the radius, estimate (2.5)
is better than (2.6). But if f is neither increasing nor decreasing it is hard
to say which expression will give a better estimate, occurring cases where
(2.6) is better than (2.5) (an example is given at the end of Section 2.5.2).
Theorem 2.1.3 is specially interesting when the mean curvature of the parallel
hypersurfaces can be explicitly computed, as is the case of geodesic spheres
and annuli in rank 1 symmetric spaces (see Section 2.5).
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2.2 Proof of the general results

Theorem 2.1.3 is a consequence of the following general inequality which
is used to obtain C° estimates of the solutions of Poisson’s equation (see
Theorem 3.7 of [17]). To see that it is a consequence of the theorem below,
take u the eigenfunction associated to the first eigenvalue of €2 and apply it.

Theorem 2.2.1. Consider M, N, €2 and the functions f and d as in Theo-
rem 2.1.3, part A1. Then

sup |u| < sup [u| + C*(f) sup |Aul, (2.7)
Q 20 Q

for allu e C2(Q)NC° (Q).

Proof. Let u € C*(2)NC°(Q) be given. We may assume that sup, [Au| < co
otherwise (2.7) is trivially satisfied. Define v € C*(Q) N C°(Q) by

v(z) = sup [u| + g(d(x)) sup | Au|
G19) Q

where g = g7 € C*((r,r + R)) N C°([r,r + R]) defined in Definition 2.1.1.
Now we use the Maximum Principle to demonstrate that v < v in €). First,
if y € 092,

v(y) —uly) = s lu| +g(d(y)) Sup |Au| —u(y) >0

because g7 > 0.
Besides
A(v —u) = A(god)sup Au — Au <0,
Q

if, and only if, A(g o d) < —1. But from the hypothesis on Ad and from the
fact that g} is decreasing,
/!

Alged) = ') + (DA< ') + (- g @
Hence A(god) < —1, if
Foy
f —_ )
which is equivalent, by multiplying by f"~!, to the ODE satisfied by ¢. Hence,

by the Maximum Principle, v < v and, taking C*(f) as the supremum of
g;[, the proof of the theorem case Al is concluded. O

g'(d) + (n = 1)g'(d)
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The proof of part A2 of Theorem 2.1.3 is the same of part A1 except that
g is chosen to be g;. In part B we observe that using g = g;{ to define v,
although v — w is not smooth on €2, it is still superharmonic if A(v —u) > 0
in Q\N since (v —u)y = supg (v —u). Consequently, the Maximum Principle
implies the same inequality.

2.2.1 Proof of Corollary 2.1.6

The proof of Corollary 2.1.6 consists in considering annuli centered at ~(t)
and letting ¢ go to infinity. Precisely: First note that for any x € {2 we have

lim (d.y(t) (SL’) - t) € [—R/Q, R/2]

t—o00

and the convergence is uniform in compact sets. Thus, given € > 0, there is
to such that Q C Ay_pa—e i+ r/21e(7(t)) for all ¢ > t,. Hence,

-1
A > {CT(flu—r/o—et+r/2+4) }
and the result follows by letting ¢ go to infinity.

Remark 2.2.2. In the first case of Corollary 2.1.6, where Ad is estimated
from below, if f has the property that f'/f is decreasing, then the function

ri— {C—i—(f}[r,r-l-R})}_l

1s decreasing. In this case, if the estimate for the Laplacian is valid for the
distance to any point y € M, X (A, ,+r) can be estimated by the expression
giwen in the first case of Corollary 2.1.6 for any r > 0. The property of
f'/f being decreasing geometrically means that the mean curvature of the
geodesic spheres in the rotationally symmetric space related to f (which is
—f'/f) increases with the sphere radius. This happens in the Euclidean and
hyperbolic spaces, fact that will be used in the next sections.

2.3 Estimates assuming an upper bound for
the sectional curvature of M

In this section, by considering an upper bound for the sectional curvature
of M, we obtain estimates from below of the mean curvature of the parallel
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hypersurfaces to the one of the connected component of 92 which allows the
application of parts A1l and B of Theorem 2.1.3. We begin by defining a kind
of domain for which our results apply very well.

Definition 2.3.1. Let M™ be a Riemannian manifold. We say that a domain
Q of M is a one side normal neighboorhood with width R of a hypersurface
N of M if there is an unitary normal vector field n to N such that

(p. 1) = exp,(tn(p)), (p,t) € N x [0, R]
s a diffeomorphism onto ), where exp is the exponential map of M.

Note that if N is a geodesic sphere of radius r and 7 points to the con-
nected component of M\N which does not contain the center z of N then

Q= AT,T+R(x0)'

Theorem 2.3.2. Let ) be a one side normal neighboorhood of N of width
R and define

A(N)=sup sup (5,(p)(v),v).

PEN veT, N, |v|=1

Assume that f: [0, R] = (0,00) is a function in C* ([0, R]) satisfying

A(N) < —§§8; . (2.8)

Let v : [0,R] — M be an arc-length geodesic such that v(0) € N and
v (0) = n(y(0)), where n is the unit normal vector of N pointing to €. Assume
also that given any t € (0, R] and any non zero v € {~'(t)}" it holds

@)
f@)

where Ky (7' (t),v) is the sectional curvature of N on the plane determined
by v and v. Then for any t € [0, R|

Ky (y'(),v) <

—H,(y(t)) =

where d is the distance to N.

From Theorem 2.1.3, part A1 and Theorem 2.3.2 we obtain:
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Corollary 2.3.3. Let €2 be a one side normal neighboorhood of N. Assume
the hypothesis of theorem above. Then

AQ) > {cHn}

Before proving Theorem 2.3.2, we analyse both theorem and corollary for
one side normal neighboorhoods of submanifolds N contained in manifolds
whose sectional curvature is bounded by a constant K according to the sign
of K. Let £ C M be a one side normal neighboorhood of a submanifold N.

1. Suppose that K); < K < 0 and A(N) < —/—K, then taking

F(t) = Sinh(‘/\_/—f(_[(;o ) ith g —

it follows from the theorem that

_Hy(y(t)) > V=K coth (\/?(ro + t))

ot (%)

and from the corollary that the first eigenvalue of {2 satisfies

AQ) > {C+ <sinh":/1£_\l/<jt) ‘TOMR) }_

2. Assume now that Kj; < 0 and A(N) < 0, then taking f(t) = ro + ¢
wuth rg = 1/(—A), by the theorem

1

(2.9)

1
T0+t

—H;(y(1)) =

and, by the corollary

7@ 2 CF (1, 0m) -

(ro+ R)* — 1§ o 1 1 -
- f 2
{ 2n - nin—2) \(R+ro)"2 12 in >

(ro+R)?—r2 712 To -1 )
—1 fn=2.
{ 4 oM\ WrR ah
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3. If Ky < K, K >0 and A(N) < 0, taking

_ sin(VEK(ro + 1))

 t e [0,7/VE] and ro = \/%arccot (;_%)

we obtain

—H,(v(t)) > VK cot (x/E(ro + t))

and the eigenvalue estimate is

Q) > {C+ (%\WO%)} : (2.11)

For proving Theorem 2.3.2 we use a well known Jacobi field comparison
result (see [8]). To state it we first introduce some terminology. Let N be
a submanifold of M and let v be a geodesic segment orthogonal to N at
7(0) € N. Recall that a Jacobi field J is an N-Jacobi field along the geodesic
7 if it is orthogonal to v, J(0) € TN and Sy(0)J(0) + J'(0) is orthogonal
to Ty N. The index form at v is a bilinear form on the space £ of all broken
C™ vector fields V' along v, orthogonal to v with V(0) € T,y N defined by

=

(0)
(2.12)
V,W € L. If there is an N-Jacobi field V along v, V # 0, V(0) = 0 and
V(b) = 0, then ~(b) is called a focal point of N.

Ly(V.W) = / (VWY — (RO VI W) H(w)du — (S V(0),

Theorem 2.3.4. (the basic inequality) Assume that N has no focal points
on (0,0]. Then, given V € L there is a unique N-Jacobi field J such that
J(b) = V(b). Besides, it holds Ly,(V,V) > Ly(J, J) with the equality occuring
if and only of V = J.

Proof of Theorem 2.3.2.

Choose ¢ € Q such that d(q) = b, where d is the distance to N, and let

v : [0,0] = M be the minimizing arc length geodesic such that v(0) € N,
7'(0) = n(v(0)) and v(b) = ¢q. Then gradd(q) = '(b) and

n—1

Ad =) (Vpgradd, E;) = Y (Vp,gradd, E),

i=1 i=1
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where {E4, ..., E,_1, E, = gradd} is an orthonormal basis of T,M. Given
F e T,M N~'(b)" unitary, we have

(Vrgradd, F) = (Y'(b), Y'(b)) = Ly(Y,Y),

for Y a N-Jacobi field along v such that Y (b) = F. Hence, we have to
estimate Ly(Y,Y) from below for any N-Jacobi field Y along ~ such that
and Y'(b) € T,M N~/ (b)" and |Y'(b)| = 1. It is easy to see that

£(0) 0
LY = o) 70

In order to estimate the right hand of (2.13) we compare it with the index

Y (0)f* +/0 V') — Y (1) < dt. (2.13)

form of a N—Jacobi field of a rotationally symmetric manifold M= 0, R] x
S™! with the Riemannian metric ds? = dt2+ f(t)2d62, where N = {0} xS"L.
Let 5 : [0,0] — M a geodesic orthogonal to N parametrized by arc length
such that 7(0) € N and 7(0) is orthogonal to Tq(o)ﬁ. A N-Jacobi field Y

along 7 such that [V (b)] = 1 has the expression

where V' is a parallel unitary vector field along ¥ such that V(0) € T} ) N.
Let {e1(t),...,en(t)} be orthonormal parallel vector fields along 7 such that

er(t) =7'(t), en(b) = Y(b)

and {e1(t), ..., €,(t)} orthonormal parallel vector fields along 74 such that

et) =7'(t), en(b) =Y (b).

If V' is a vector field along +, there are unique functions ¢y, ..., g, : [0,0] — R,
such that

n

V(t) = Zgi(t)ei(t)'

i=1

Defining

n

V(t) = gi(t)E(t)

i=1

25



and applying ® to (2.13), we conclude that:

/'(0) 2 Moy 2 /" (1)
Ly(Y,Y) > 70) | DY (0)] +/0 | DY ()" — |PY (¢)] 10 dt
= Ly(®Y,®Y) > Ly(Y,Y) = ?é:;
To conclude the proof just note that
n—1 '(b
Adi(B) = 3 1Y Vo) 2 (0= ) g

for Y, a N-Jacobi field along 7 such that Yz, (b) = E.

2.3.1 Applications to non compact manifolds

For the next results of this section we assume that M is non compact (besides
complete).

Corollary 2.3.5. Let M be a Riemannian manifold with sectional curvature

Ky < —k? and Q a bounded domain in M contained in an horoannulus of

width R. Then
k*(n —1)2

> .
T Rk(n—1)— 1+ e (n-DkE

Proof. The corollary is an application of Corollary 2.1.6 for the function
f(x) = sinh(kz). In fact, with this choice of f, we have

AQ)

Q) = TH) (214
) t+R/2 fts_R/z sinh"_l(kT)de -
N lﬁigp /t_R/Q Sinh"_l(k:s) °
k*(n —1)?

RE(n —1) — 1 + e (=-DRR"

O

Definition 2.3.6. The horowidth w (£2) of a bounded domain ) in a complete
non compact Riemannian manifold M s defined by

w () =inf{R > 0] Q C Ar(c0), for any Busemann function on M}.
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The definition is well-posed since for any p € €2,
Q C b (—diam(), diam(9)) = Asgiam(e) (00),
for any Busemann function b associated to a geodesic ray from p.

Corollary 2.3.7. If Q,, is any sequence of bounded domains in a Rieman-
nian manifold M with sectional curvature Ky < —k? such that X (Q,,) con-
verges to zero when m goes to infinity, then the horowidth w (X2,,) converges
to infinity.

Proof. For the sake of contradiction, assume that w(€2,,) does not converge
to infinity. Then {w (€,,,)} has a bounded subsequence and therefore we can

assume w(€,,) < L. Each €, is contained in some horoannulus of width
R,, < L+ 1. By Corollary 2.3.5 above,

E2(n —1)2
A,) (n—1)
Rpk(n —1) — 1 + e~-DkFn
20, 1\2
< k*(n —1) -0,
~ (L4+Dk(n—1) =1+ e (r=Dr(L+D)
a contradiction. O

Corollary 2.3.8. If the sectional curvature of M is less than or equal to
zero, then for each ¢ > 0 given, there is a domain 0 with arbitrarily large
volume such that \(Q2) > c.

Proof. Considering that the expressions in (2.10) decrease with rg, letting

ro — 00, we conclude that (A, ,4r) > 2/R? for all > 0. Take R = % and

r large enough for which VOl(AISZ +r) Is greater than a given positive value
V. Since
VOI(A%‘+R) > VOI(A]E:JFR),

choosing Q = AM . we have Vol(Q) >V and A(Q) > 3% = c. O

2.4 Estimates assuming a lower bound for the
Ricci curvature of M

In this section, by considering a lower bound for the Ricci curvature of M, we
obtain estimates from above of the mean curvature of the parallel hypersur-
faces to one of the connected component of 02 which allows the application
of part A2 of Theorem 2.1.3. In the next theorem we use Definition 2.3.1.
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Theorem 2.4.1. Consider a one side normal neighboorhood 2 of N with
width R. Let n be the normal unit vector of N pointing to ). Assume that
there is a function f : [0, R] — (0,+00) in C% ([0, R]) satisfying:

i) The mean curvature of N with respect to n satisfies

/(0)
v = =50y

ii) The radial Ricci curvature of M associated to N satisfies

f"(t)
ON

where 7y is a arc-length parametrized geodesic such that v(0) € N,
7'(0) = n(~(0)).

Then

Riear(v'(#),7'(t)) = —(n — 1)

~tr(0) = S < 2

where d is the distance to N.

This theorem is a generalization to submanifolds of the following mean
curvature comparison theorem:

Theorem 2.4.2. Let M be a Riemannian manifold with Ricci curvature
satisfying
RiCM 2 RiCQn(K) = (TL - 1)K

and let d denote the distance function to p € M. Then

Ck(d)
Sk(d)’

—H; < —Hy(Q"(K)) =(n—1)
where dgn k) s the distance function in don gy and Hg is the mean curvature
of the geodesic sphere of radius d oriented outwards.

The proofs of both theorems are alike. Both compare the Laplacian of the
distance function in M with the Laplacian of the distance in a rotationally
symmetric manifold. We now demonstrate Theorem 2.4.1.
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Proof. Applying formula
1
§A (|grad ¢|2) = |Hessgz$|2 + (grad ¢, grad (A¢)) + Ric (grad ¢, grad ¢) ,

¢ € C*(M), which is demonstrated in Chapter I of [27], to the distance
function, we obtain

0 = |Hessd|? + (gradd, grad(Ad)) + Ric(gradd, gradd)
1
n—1

(Ad)? + %(Ad) —(n—1) J;/((dd))’ (2.15)

where 0/0r means the differentiation in the direction of gradd. For ¢ €
Q, d(q) = b, let p € N such that d(q,p) = b. Consider an arc length
parametrized, minimizing geodesic v : [0,b] — Q connecting p to ¢. Define
the function

>

U (0,8 = R, U(t) = Ad(y(1)).
So, by (2.15),

(U)2(t) + W' (t) — (n — 1)J;I(%) Vte(0,b].

n—1

Besides,
lim W (1) = —Hy (+(0)).

t—0

the mean curvature of N with respect to the normal vector 7(y(0)) = ~+/(0).
Now consider M the rotationally symmetric manifold [0, R]xS"~! with metric
dt* + f(t)2d6? and define N = {0} x S*~!. Consider 7 : [0,b] — M be a
minimizing geodesic orthogonal to N connecting p € N to . Then we define

Wy (1) = Aldy)

M
and observe that for ¥, we have equality in (2.15), so that

f"(t)
f(t)

1

n—1

0=

(W + W)~ (n— 1)

Vite (0,b].

Asin M,
Im W (t) = —H (7(0)) = (n — 1)

t—0
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Hence there are two ODE with comparable initial conditions.

(1) (n_l)ffuznil(‘l’)zwlﬂVte(o,b]
lim W (t) = —H (4(0)) < —H (7(0)),
(2) = 1)f7” - %(‘I’”Z + W, Ve (0,0

lim ¥ (1) = —H (3(0))
Comparing the ODE’s and their initial conditions, one concludes that
W(t) < Wg(t) vVt € (0,0].
Hence, the proof of the theorem is complete. O

Corollary 2.4.3. Consider a one side normal neighboorhood ) of N with
width R. Let n be the normal unit vector of N pointing to (). Suppose that the
mean curvature of N with respect to n is less than or equal to the mean cur-
vature of a geodesic sphere of radius v in Q"(K) oriented outwards. Assume
also that the radial Ricci curvature associated to N satisfies

Rica(7',7) > Ricgnry = (n — 1)K,

where 7y is a arc-length parametrized geodesic satisfying v(0) € N, 7/(0) =
1(7(0)). Then

A > {C—(SK\[WR])}_l. (2.16)

2.4.1 Applications to non compact manifolds

Up to the end of this section, we assume Ricys > (n—1)K with K = —k* < 0.

By Theorem 2.4.2,
k cosh(kd)

Adu < (n=1)-20m

which gives the eigenvalue estimate

MArpir) > U(r, R) = {C_ (% }[WR]) }_1

for an annulus of inner radius r and outer radius r + R.
The next result and its proof are analogous of Corollary 2.3.5, applying
now the second case of Corollary 2.1.6.

30



Corollary 2.4.4. If Q is a bounded domain in M contained in an horo-
annulus of width R then

k*(n — 1)
> )
A() > ekn=DR _ 1 — k(n — 1R

The next two results, relating the volume of the domain with its first
eigenvalues, are consequences of Corollary 2.1.6.

Corollary 2.4.5. Assume that Vol(B,) > Cr®, for r >> 0, where C' > 0
and o« > 1 are constants. Then, given L,V > 0, there are domains 2 C M,
such that Vol (2) >V and A\(2) > L.

Proof. Given L > 0, take Ry such that

k*(n —1)?
L+ 1.
ek(n=DRo — 1 — k(n —1)R, ZoT
Since k2(n — 1)
. n _
TILI’EOZ(T} RO) - ek(n—l)Ro —1 - k(n — 1)R07

there is a large enough r( for which [(rg, Rg) > L. As I(r, R) is an increasing
function of r,

)‘(AT’,T’-i-Ro) > l(r, RO) > Z(TOa R0)> Vr > To.

Since Vol(4,,+r,) > Dre='Ry for a positive constant D, the corollary is
demonstrated by taking r > rq large enough. U

The next result has a similar proof to the one of Corollary 2.3.7, now
applying Corollary 2.4.4 above.

Corollary 2.4.6. If ), is any sequence of bounded domains in M such that
A (Qn) converges to zero when m goes to infinity, then the horowidth w ()
of Q,, converges to infinity.

2.5 Domains in rank 1 symmetric spaces

In this section we obtain some explicit estimates for geodesic balls and annuli
in rank 1 symmetric spaces. We begin with the simplest case of spatial forms.
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2.5.1 Spatial forms

Usually eigenvalues estimates can be more easily obtained in domains with
highly symmetric boundary (see, for example [3]). However, with Theorem
2.1.3, one has effective estimates for domains with asymmetric boundary. We
give an example in the Euclidean space. Let Q C R3 be a region bounded
by an ellipsoid with minor axis 2a and major axis 2c¢ and an outer parallel
surface of distance R. From Theorem 2.1.3 we obtain

6(c>+R
Q) > M'
R2(3¢® + Ra)
As a way of giving some more justification on our above comment, we note

that enclosing €) in a circular annulus A and comparing the eigenvalue of 2
with the one of A we obtain

AQ) > A (4) =

71.2

(R+c—a)”

which is worse than the previous one if ¢ — a is big.

Consider an horoannulus A in H"(k), £ > 0 such that the sectional cur-
vature of the space is —k?. Let A be bounded by two concentric horospheres,
which are at a distance R. If {2 C A is a connected, open and bounded subset,
then

(n —1)%k?
(n—1)kR+ e~ (n—DkE 1"

To see this, let r go to infinity in the expression of A given by Theorem

2.1.3 with f(r) = sinh(kr) :

-1
/ fo sinh" ™ (k(r + s))ds.dt
sinh" ™ (k(r 4 1)) ' '

Since the estimate for an annulus of inner radius r is worse than (2.17),
estimate (2.17) works for any annulus of H"(k). Besides, the estimates ob-
tained for annulus in H"(k) are valid for annulus in manifolds of sectional
curvature bounded from above by —k2.

Applying Theorem 2.1.3 - part B for the particular case of a ball of radius
R in H?, we estimate that

AQ) > (2.17)

1

A >
T —R—-2In2+2In(ef +1)’
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which is not the best estimate neither for small values of R, nor for big ones.
If the radius is less than 3, Ling [23]

2
m 1

ATy
provides a better estimate and if it is greater than 5.4, Yau’s result [30]

2

> coth®(R)

4
is better. But for the intermediate values of r, the authors didn’t find any
result that gives better estimates.

The last example in a spatial form is an annulus in the unit sphere S?.
We must assume that r» + R < 7. Applying Theorem 2.1.3,

1
> .
— cos(r) 1 —cos(r + R) 1 — cos(r) sin(r + R)
In —In|———=||-In{ ————=
2 1+ cos(r + R) 1+ cos(r) sin(r)
This is an explicit estimate for the first eigenvalue of a doubly connected

domain in S? which is not mean convex in both connected components of its
boundary.

2.5.2 Compact rank 1 symmetric spaces other than
spatial forms

Since the mean curvature of geodesic spheres in rank 1 symmetric spaces
can be explicitly computed in terms of their radius (see [9]), we may use our
results (Theorem 2.1.3) to obtain explicit estimates of the first eigenvalue of
their geodesic balls and annuli. We consider here only the case of compact
spaces but clearly similar estimates can be obtained for balls and annuli in
non compact rank one symmetric spaces.

Proposition 2.5.1. Denote by CP" the complex projective space of constant
holomorphic sectional curvature 4, HPP" the quaternionic projective space of
constant quaternionic sectional curvature 4 and CalP? the Cayley plane of
constant Cayley sectional curvature 4.

1. If By is a geodesic ball with radius R of CP" then
—2n

NBr) 2 e
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2. If A, ,1r is an annulus in CP", with inner radius v and outer radius
r+ R, then

cosT TR dt -
MAnig) > 2 [ —S%T ) e @ U
(Ary) 2 2n max {{ " (cos(r + R)) o T/T sin?*~? tcost}

Cos T TR dt -
—In| —/ inZ" R / -
{ " (cos(r + R)) +sin™(r + R) . sin® 'tcos t} ’

3. If Bgr is a geodesic ball with radius R of HP" then

A(Bg) > {C (sin™"(s) cos®(s), s € [O,R])}_l.

4. If A, g is an annulus in HIP", with inner radius r and outer radius
r+ R, then

A4, 4+ r) > max {{C+ (sin®'(s) cos®(s), s € [r,r + R])}_l ,
{C~(sin™"(s) cos®(s), s € [r,r + R) )}_1} :

5. If Bg is a geodesic ball with radius R of CalP? then
A(Bg) > {C™ (sin'*(s) cos’(s), s € [O,R])}_l.
6. If A,y g is an annulus in CalP?, with inner radius v and outer radius

r+ R, then

MArrir) > max{{C+ (sin'®(s) cos™(s), s € [r,r + R))} '

{C~ (sin'(s) cos’(s), s € [r,r+R])}~ 1}
Geometric Interpretation - part II
As an example of what has been commented in Subsection 2.1.1, in the

complex projective space CP? there are annuli for which the part Al of Theo-
rem 2.1.3 gives a better estimate and for which part A2 is better. Applying

Equation
Ad(x) _ f/(d(x))




for the d the distance to a point, the solution is
f(t) = sint coss t,

which is not a increasing function in the hole interval [0, 7]. Taking r = 7
and R = % the first part (A1) gives A > 13.79 while the second (A2) gives
A > 12.12, approximately. On the other hand, for r = % and R = J; part
Al gives A > 26.12 while part A2 gives A > 32.36, approximately.

In [9] the mean curvature of the hypersurfaces parallel to totally geodesic
submanifolds in rank 1 symmetric spaces is also calculated. This provides
(Theorem 2.1.3) eigenvalue estimates for normal neighboorhoods of these

submanifolds.
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Chapter 3

The existence and the profile of
eigenfunctions associated to the

first eigenvalue of H" in subsets
of H"

In this chapter we study eigenfunctions of non compact sets of the hyperbolic
space.

Recall that if Q is a compact set and A(Q2) is its first eigenvalue, then
there is a unique, up to scalar multiplication, positive function u : 2 — R,
satisfying —Au = A(Q)u in Q and v = 0 on 9. In Definition 1.3.4, the
first eigenvalue of a non compact set was presented. From that definition,
it is not clear whether there is a first eigenfunction associated to A(2), fact
that inspired us to inquire some questions. To start we will consider a first
eigenfunction of a non compact set a solution of

—Au = A(Q)u in Q
(3.1)
u =0 on 0f),

not requiring that u is bounded nor that it converges to zero at infinity. Then
we ask: Is there a first eigenfunction associated to the first eigenvalue of a non
compact domain? Or more, is there a positive, bounded first eigenfunction
associated to the first eigenvalue of a non compact domain? If there is, is it
unique and how does it behave at infinity?
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For example, the first eigenvalue of R" is zero. Consequently, its first
eigenfunction is a harmonic function. Liouville’s Theorem states that any
bounded harmonic function in R™ is constant. This makes looking for posi-
tive bounded eigenfunctions in R™ useless. We decided to see how this works
in the hyperbolic space, which is the simplest non compact space, after the
Euclidean. The hyperbolic space and some very symmetric subsets of it were
presented in Section 1.2. For this sets we added a question to our list. Are
there eigenfunctions of non compact domains that present the symmetry of
the domain? Another point of interest is to determine whether an eigenfunc-
tion of M can be extended continuously to the asymptotic boundary of M
(defined in Section 1.2), as the zero function.

The first eigenvalue of H" or of any subset of it that contains arbitrary
large balls was presented by McKean in [26], A\, = %.

This chapter divides into two parts, the first focuses in finding symmetric
eigenfunctions, i. e., functions that depend only on the distance to a point,
if we are considering the whole space, or that depend only on the distance
to the boundary, for the other cases. We prove the existence of bounded
eigenfunctions associated to the whole space H", to the exterior of balls, to
the exterior of horoballs and to hyperballs. But we do not always have the
continuous extension to the asymptotic boundary or the positivity of the
eigenfunction. For odd dimensions, we also present an explicit expression for
the solutions after a change of variables. The method applied to obtain these
results is to transform the problem in an ODE problem, where the variable is
the distance function and then study the ODE. The first part ends by proving
that if a domain is contained in a horoball, it does not admit a bounded non
trivial eigenfunction.

A natural question is what domains in H" admit eigenfunctions associated
to A,. We conclude that the answer is related to the question “how large is the
asymptotic boundary of this domain?”. From the first part of this chapter,
we know that if the asymptotic boundary is so small that the domain is
contained in a horoball, then it does not admit a bounded eigenfunction. On
the other hand, in Section 3.2, we prove that if the domain {2 contains an open
subset of H* = H" U 0., H" that intercepts 0., H", it admits an eigenfunction
that extends continuously to the zero function at the asymptotic boundary.
Nevertheless, for n > 4, there are special hyperannuli (the region bounded by
two parallel hyperspheres), which have only two points at infinity and that
admit bounded eigenfunctions without continuous extension to the boundary
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at infinity.

3.1 Solutions with some symmetry

In this section, we investigate the existence of solutions for several domains
of H", namely the whole space and subsets whose boundary are umbilical
hypersurfaces of H".

3.1.1 Global Solutions
The problem

{ Au = —\,u in H"

u > 0 is a bounded radially symmetric function around o € H"

has solutions, which are presented as integral formulas in [18]. There, the
authors also exhibit unbounded functions defined in H"\{o}. We study them
here, following a different approach, since they are useful to construct explicit
solutions of the problem defined outside a ball.

Any radial eigenfunction satisfies (1.4) for r > 0, where r(z) = dist(x, 0).
Hence, making s = cosh r, we obtain

(s = D" +nsu’ + \u=0,s € (1,00).

Then we have to study
Tn(v) = _)\nva

where T, (v) = (s*—1)v” +nsv’. Our aim is to demonstrate the next theorem.

Theorem 3.1.1. The problem T,,(v) = —\,v in (1,00) has two linearly in-
dependent solutions, v, and w,, that are positive decreasing functions and
converge to zero as s goes to infinity. v, corresponds to a global radial eigen-
function of H" and w, to a Green function of H". Besides, for odd dimension,
we have

(s) = arccosh(s) In (s+Vs*—1) (s) = 1
R N U
Vomas(s) = (—l)mi—ng(s) and Wopyy3(s) = (—1)mj8—mmw3(s).
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As a function of the distance to o € H?, v3 and ws have the following
profiles:

r

In order to organize the proof of the theorem, we divide it in lemmas.

Lemma 3.1.2. If v is a solution of T, (v) = —A\,v, then u(r) = v(coshr) is
a radial eigenfunction of the Laplacian in H"\{o}. If v extends continuously
to [1,00), then u is a global eigenfunction.

Proof. The first conclusion is a direct result of a change of variable. To prove
the second one, it is sufficient to show that u(r) = v(coshr) is a weak solution
of —Au = A\,u and, then, by the regularity theory of elliptic equation, it is
a classical solution. For that, given a test function ¢ € C§°(H"), apply
the divergence theorem in some annulus Bg(0)\B,(0) with the support of ¢
contained in Bg(0), make r — 0 and use the continuity of u at o. O

As a consequence of the above lemma, a solution v of T,,(v) = —A,v has
value zero for at most one ¢ > 1. Otherwise a compact set (annulus) would
have an eigenfunction of eigenvalue \,, a contradiction. Besides, if v extends
continuously to one, then it cannot assume value zero.

Lemma 3.1.3. If v is a solution of T, (v) = —A\,v, then v' is a solution of
Tn+2(U) = —Api2v.
Differentiating the ODE, one proves the lemma.

From now on, we will look at the ODE T,,(v) = —\,v.

Lemma 3.1.4. Ifv is a solution of T,,(v) = —\,v, that is bounded in (1, 14¢€)
for a positive €, then v' is also bounded in this interval. Hence, v is Lipschitz
and the limit as s — 1 of v(s) ewists.
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Proof. Assume that |v| < M in (1,1 +¢€). Since T,(v) = —A\,v,

/

((s* = D)"2(s)) = =Au(s* = 1) o(s). (3.2)

For1<p<s<l1+e,
(52 = 1"20(9) = (2 = )"0 (0) = = [ (=0 0. (33)

Using that v is bounded, the right-hand side of (3.3) converges as p — 1.
Hence, there is the limit

lim (p? — 1)/ (p) = L.

p—1+

Observe that the bounds on v imply that

. M
}An/ (= 1) lo(t)dt| < A’:l (s —1)"/2. (3.4)
1
If L =0, then
(2~ 1)"2(8)] = | = A / (2 — 1" u(n)dt
1
< )‘"M( 21
n
and M
/ < n
v(s)] < 22

If L # 0, we get a contradiction. Indeed, making p — 1 in (3.3) and using
(3.4),

A M

2_1TL/2< 2_1TL/2/ _L<
Mg i < (2 - 1yt - £ < 2

(s> — 1)V,

Isolating v'(s) and integrating in (p1,s1) C (1, s),
An M

o[ ) s < ofsn) — (o)

p1

A M
n

<

51
(s1—p1) + L/ (s> —1)™"/?ds.

p1
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If L > 0, the first inequality yields a contradiction (co < 2M) as p; — 1. If
L < 0, a contradiction (2M < —o0) is obtained from the second inequality
as p1 — 1. Hence L =0 and

A M
/ < n
(o) < 2
U
As a consequence, the set of bounded solutions of T),(v) = —A,v in (1, 00)

has at most dimension 1. If there were v and w two bounded linearly inde-
pendent solutions of the problem, v — Cw, for some constant C' € R would
be an eigenfunction of a compact ball of eigenvalue \,, which cannot exist.

Lemma 3.1.5. For n > 2, H" has a global positive eigenfunction. It is a
decreasing function of the distance to o and does not admit any critical point.

Proof. From Lemmas 3.1.3 and 3.1.4, it is enough to prove the result for
n=2andn=3.If n=3,

oa(s) = arccosh(s) _In (s+Vs?—1)
’ Ve — 1 Vel —1

is a bounded positive eigenfunction. It extends continuously to s = 1 and,
using Lemma 3.1.2, it corresponds to a global eigenfunction.

In order to establish a solution vy, we use the Frobenius method to solve
ODE’s. vy satisfies

(s — vl +nsv’ + (1/4)v = 0.

The method consists in assuming that
vo(s) = Z a;(s — 1)1 with ag # 0.
5=0

Substituting it on the ODE, we conclude that »r = 0 and obtain a first
solution,

vy(s) = Z%(S -1y,
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where
S L
TR
This solution extends continuously to [1,00) and a change of variable con-
cludes the proof of the existence of a global eigenfunction.

Observe that if v is a solution of T,(v) = —\,v, that extends conti-
nuously to [1,00), then applying lemma 3.1.4 to v/, we conclude that the
limit lim,_,; v'(s) exists and by induction, it exists for all derivatives of v.
Hence lim,_,; v'(s) = —a < 0 by the ODE analyzed as s — 1. Again looking
at the ODE T,,(v) = —\,v, one concludes that any critical point of v is a
maximum point, since v > 0. Consequently, there are no critical points and v
is a non increasing function of s. Since the change of coordinates is increasing,
the eigenfunction must be like v. O

Lemma 3.1.6. The equation T,(v) = —\,v has an unbounded solution v
with lim,_,;+ v(s) = 400.

Proof. Since the ODE is linear of second order, there are two linearly inde-
pendent solutions. Let w,, be a solution linearly independent to v,,. w, must
be unbounded close to 1, because of Lemma 3.1.4. Since w,, is zero at at most
one point, we can assume that there is s; > 0, such that w, > 0 in (1, s7).
If there is a critical point in (1, s1), it must be a maximum point. Hence w,,
has at most one critical point and there is an interval (1, ss) in which w, is
monotone. A monotone unbounded positive function in (1, s1] has to satisfy

lim wy,(s) = +oo.
s—1+

Lemma 3.1.7. If v is a solution of T,,(v) = —\,v, then
lim v(s) =0

5§—00

Proof. Since the derivative of v is also an eigenfunction, v has at most one
critical point. Hence it is monotone for s sufficiently large. Consequently, if
the limit is not zero, there are L > 1, M > Osuch that s > L = |v(s)| > M.
We claim that this cannot happen. Manipulating expression (3.2) like we did
in the proof of Lemma 3.1.4, we conclude that if v(s) < —M for all s > L,

then
MX 2 —1\"? M) M)
v'(s) > +<s2—1> (U(L) ns) . + O(s")
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and integrating in [/, s],

v(s) >

M, In <i

n L) +O("),

yielding a contradiction when s — co.
If v(s) > M for all s > L, then

o(s) < —MA, (L2 - 1)"/2 (U,(L) . M)\n) |

52 —1 ns

and a the contradiction is obtained analogously. O

At this point, all the claims from Theorem 3.1.1 about the global eigen-
function v,, have been demonstrated. We now focus on the unbounded solu-
tion of the eigenvalue problem.

Lemma 3.1.8. The problem T,(v) = —A\,v, has a positive decreasing solu-
tion in (1,00) with lim, 1+ v(s) = +o0.

This proof follows from an estimate from bellow for the bounded positive
solution v,, presented in Lemma 3.1.5, which will be demonstrated separately
in the next lemma.

Lemma 3.1.9. If v, is a bounded positive solution of T,(v) = —\,v, then
there is a constant C' > 0, such that

Un(s) > Cs T InsVs > 1. (3.5)

Proof. We claim that v/ > 0 in (1, 00). Observe that from Lemma 3.1.4, v/ is
bounded close to 1. Hence v, that is a solution of T},,4(v) = —\,v, converges
to zero at infinity from Lemma 3.1.7. Therefore v/ is bounded in (1, 00) and
from the remark after lemma 3.1.2 it does not change sign. Then, using that
vy, is positive and goes to zero at infinity, we get v/, > 0. Thus

0 =T, (vs)(s) = (8*=1)v(8)+nsv.,(s)+Avn(s) < 5207 (8)+nsv. (8)+Nvn(s)
Let g, be the function for which equality holds, i. e.,
0=g"(s)+nsg,(s) + Agn(s).
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Hence
(s"0)) > —A.s" 2,

and equality holds for g,. We claim that if v,(1) = g,(1) and v, > g, in a
neighboorhood of s = 1, then v, > g, in (1, c0).

Take u,(s) = vn(s) — gn(s), which is zero at s = 1. For the sake of
contradiction, assume that there is s; > 1 for which u,(s;) = 0 and u,, > 0
in (1,s1). Then

(s"ul)) > —Aps" 2u,

implies that

18:1 s"™(uy,)? >\, = (n—1)
Jit s 22 4
But
ARt
dmint (B0 e s} > o
1

The function u that minimizes the above quotient satisfies the Cauchy-
Euler ODE s?u” + nsu’ + A,u = 0. Analysing the solutions for this ODE for
different values of A,,, we conclude that it only can have a solution with two
zero points in [1, s1] if A, > \,,.

We conclude that w,, > 0, demonstrating the claim.

From Lemma 3.1.4, the limit of the k™ derivative of v,, as s — 1 exists and
we will refer to it as v,(f)(l). Since the eigenfunction is a decreasing function
of the radius, the sign of w(Lk)(l) is positive for k£ even and negative for k£ odd.
From the ODE T,,(v,) = —An,vp,

v (1) = M

n
Let us take g, the solution of
s2u" + nsu' + Mu=0

u(l) = vn(1)
(1) = v (1) = 2,

n

then ¢//(1) = 0 < v/(1). Hence u,, is positive in a neighborhood of 1 and, by
the claim, must be positive in (1, 00).
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Solving the ODE, the function g, is given by

A (L)

Finally,

-1
Vn(8) > gn(s) = Un(l)S_(n_l)/2 ((7127) Ins—+ 1) > s D2 1n g
n

for some positive constant C. O
We are now ready to prove Lemma 3.1.8.

Proof. Using D’Alembert’s method we look for w, the second linearly inde-
pendent solution of T, (v) = —\,v, which is given by w = f.v,, for some
function f. Solving the ODE, we conclude that

C

= g

and f can be taken as

s 1
o= || EO(E 1

which is negative in (1,S5) and positive in (S, 00). By the bound (3.5), the
function f must be bounded in (S, 00) and there is a positive constant K for
which f(s) < K.

Hence a solution of the problem T,,(v) = —\,v that is linearly indepen-
dent from v, is w(s) = f(s)v,(s). We have that w(s) < Kv,(s) Vs > 1 and
w(s) < 0in (1,5), therefore the function w,(s) = Kv,(s) —w(s) is a positive
unbounded solution of T,,(v) = —A,v. The argument presented in the proof
of Lemma 3.1.6 implies that lim,_,1+ v(s) = +oc. O

To conclude the proof of Theorem 3.1.1, it only remains to observe that
w,, the positive unbounded eigenfunction, is a decreasing function. Since it
is positive, the ODE implies that its critical points are all maximum points.
But it goes to 400 as s — 1. Then it does not admit any critical point and
must be a decreasing function.
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3.1.2 Solutions in the exterior of balls

Theorem 3.1.10. The problem

Au = —Au in H"\ Bg(0)
u =0 in 0Bg(0)
u > 0 is a bounded function.

has a radial solution for any R € (0, 00). It is given by a linear combination of
the two linearly independent solutions presented in the last section. Besides,
this solution vanishes at the asymptotic boundary of H™.

Proof. Given R € (0,00), the solution u of the problem above must satisfy
(1.4) with boundary condition u(R) = 0. Consequently it corresponds to a
solution of T,,(v) = —A,v in (cosh(R), 0o0) with initial condition v, (cosh R) =
0, v}, (cosh R) > 0.

In Section 3.1.1, the ODE T,,(v) = —\,v was studied and we demons-
trated that it has two linearly independent positive decreasing solutions,
both bounded in [cosh(R),00). A solution in [cosh(R),oc0) is just a linear
combination of these two solutions, hence it converges to zero as s goes to
infinity. O

Remark 3.1.11. The radial function u viewed as a function of the distance
to OBR(0) starts as an increasing function, attains its mazimum value and
then decreases converging to zero at infinity.

The remark is justified by the fact that from (1.4) at any critical point of
u, u”(r) = —Au(r) < 0. Hence u has at most one critical point and behaves
as described in the remark.

We also present two lemmas that compare radial eigenfunctions associated
to different domains.

Lemma 3.1.12. Consider the problem Pg :

—Au = Au in H"\ Bg(o)
u =0 on 0Bg(0)
u' =1 on 0Bg(o)

Let u be the solution of P, and v a solution of Pg with R > r. Then the
function 2 defined in H"\Bgr(0) is a non decreasing function of the distance
to o.
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Proof. Observe that

(v)’ (R) = V' (R)u(R) — u/(R)v(R) -

u?(R) T

u

hence the function 7 starts increasing. Assume for a contradiction that it is
not an non decreasing function. Then it has a first local maximum at distance
S from the origin. Define C' = % and consider the function v(x) = Lc:f) It
is an eigenfunction that touches the function u from below. This contradicts
the fact that the eigenfunctions have the same eigenvalue, because multiply
v by a constant greater than 1 would give an eigenfunction of eigenvalue A,

defined in a compact annulus, a contradiction. O

Lemma 3.1.13. Let v be an eigenfuction of the whole hyperbolic space of
eigenvalue \,, presented above. Let u be a solution of P, from Lemma 3.1.12.
Then the function ¥ defined in H™"\ B,(0) is a non decreasing function of the
distance to o.

The proof of this lemma is the same as the one from Lemma 3.1.12.

3.1.3 Solutions in the exterior of horoballs

A horosphere H determines two non compact sets, its interior and its exterior.
The equation satisfied by the radial eigenfunction associated to the exterior
was presented in Section 1.3, expression (1.6).

Theorem 3.1.14. Let B be a horoball in H" and B its closure in H*. The
problem

Au = —X\u in H"\B

u=201im 0B

u > 0 is a bounded radial function

has a solution given by
u(d) = Cde™V* for any C € R,

where d s the distance to OB. It extends continuously to zero at O H\ B
and it cannot be extended to B N O, H".

We present a picture of the profile of w.
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Proof. The solution of the corresponding ODE is
u(d) = Cde= V2,

where d is the distance to the boundary horosphere H. To see that it extends
continuously to 9, H"\ B, take a point p € 9,,H"\ B. Given € > 0, there is dj
large enough such that d > dy implies u(d) < e. Consider the horosphere Hy,
parallel to H of distance dy from H and By, the closed horoball bounded by
Hy,. The set H™\ By, contains an open set around p and where u < e. On
the other hand, if {p} = H N 0,,H", any open set containing p intercepts all
horospheres parallel to H, which are the level sets of u. Hence there is no a
continuous extension of u to p. [

3.1.4 Solutions in the hyperballs

Now we show that for any hyperball H there exists a positive bounded eigen-
function associated to \,, that vanishes on the boundary and posses some
symmetry, provided the mean curvature of 0H, oriented in the opposite di-
rection of the totally geodesic parallel to OH, is smaller than some constant
that depends on n.

First, given a hyperball H C H", consider Hy the totally geodesic hyper-
sphere parallel to 9H. Hy divides H" in two connected components, H™ and
H~. We choose H* such that 0. H = 0,H*. Define the parameter d(z) by

dist(z, Hy) for x € H*
d(z) = (3.6)
—dist(z, Hy) for x ¢ HT

The next figure represents a hyperball in H?, for which dy, the distance with
sign between OH and H, is negative. We observe that dy < 0, is equivalent
to the region H being convex.
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Then the problem
—Au = \u in H,
u depends only on the distance to 0H (3.7)
u=0onoH

corresponds to (see (1.7))

(3.8)

u”(d) + (n — 1) tanh(d) v'(d) = —A\u(d) for d>dy

Observe that the second condition in (3.7) means that the black hyperspheres
represented in the last picture are level sets of the solution wu.
Doing the change of variable s = sinh d, we obtain

d*u du (n—1)2
ds? ds 4

u(so) = 0,

u for s> s
(3.9)

L,(v)=(1+ 82)7 + ns—

we have to study L, (u) = —A,u. The first result to this problem is obtained
differentiating this equation with respect to s, leading to the next lemma.

Lemma 3.1.15. Ifu is a solution of L,(v) = —\,v, then du/ds is a solution
of Ly12(v) = —Ap100.
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This allows us to obtain eigenfunctions to higher dimensions from lower
ones. For instance, from the solutions of L; = —A;, we can obtain the
solutions of Ly = —\3. For that, notice that if n = 1, equation (3.9) can be
reduced to a first order ODE, whose the general solution is given by

wi(s) = CyIn|s + V1 + s?| + Cy = Charcsinh(s) + Cs.

Since Lemma 3.1.15 guarantees that the derivative of w; is a family of so-
lutions of (3.9) for n = 3, we can apply the reduction of order method to
obtain the general solution in this dimension, that is given by

1 e arcsinh(s)
Vit I+
Going back to the variable d, the distance with sign to Hy, we conclude

that a solution in the hyperball with boundary Hgy, = {z € H® | d(z) = do}
for some fixed totally geodesic hypersphere Hy in H3. is

wg(s) = Cl

— d—dy
cosh d
for any constant C' € R.
—_— 1 RN
W3,E = coshd .+*[ ., ,&‘Jg _ d—dy
‘. g ~ coshd
— .."’d
Ws,0 cosh'dh..,
do d

Indeed, we can solve (3.9) for any odd dimension as we show in the next
lemma.

Lemma 3.1.16. The functions

am < 1 ) and am <arcsinh(s))
dt™ \ /1 + s2 ds™ \ 1+ s?
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are linearly independent solutions of Loymi3v = —Aopmysv form € {0,1,...}.

Proof. Since

(s) = 1 d (s) = arcsinh(s)
WEgE(Ss _7\/14_732 an Wol S .—7\/1_‘_782,

are solutions of Ly = —A\3, applying Lemma 3.1.15 n times, the derivatives
of order n of these two functions are solutions of Lo, 3 = —A9,+3. Moreover,
wp and wp are even and odd functions respectively. Hence, if n is even,
d"wg/ds"™ is even and d"wp/ds"™ is odd, and since they are not identically
zero, these derivatives must be linearly independent. The same holds if n is
odd. 0

Remark 3.1.17. At this point we wonder if there is some similar result for
even dimension.

First we need the next two results.
Lemma 3.1.18. For any interval [a,b] C R, it holds

. { f; s2(v")2ds

1 1
TPy | 7€M b])\{O}} > 1

The proof is given in the appendix.

Lemma 3.1.19. If u # 0 is a solution of Ly = —\o, then u has at most one
zero.

Proof. Suppose that a < b are consecutive zeros of u(s) and that u is positive
in (a,b). Observe that Lo(u) = —Ayu is equivalent to

(1 + Y = o
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Multiplying this equation by u and integrating on [a, b], we have

/a (14 52) ()2 1

b 4‘
/ uds

But this contradicts Lemma 3.1.18 and fab(u’)zds > (0. Hence, u cannot have
more than one zero. ]

Now we can present a result that is similar to Lemma 3.1.16.

Lemma 3.1.20. The eigenvalue problem Ly = —M\s has two solutions defined
on R, vg and vo, that are even and odd functions respectively, such that vg
has no zero and vo has only one zero. Furthermore

dm ™m

ds—m (UE) and ds—m (UO)
are linearly independent solutions of Layiov = —Aomiov for m € {0,1,...}.
Proof. Let vg be the solution of Lyv = —Ayv that satisfies v(0) = 1 and

v'(0) = 0. From the classical theory of ODE, vg is defined globally. Moreover,
since the coefficients of the zero and second order derivatives are even and
the coefficient of the first order is odd, vg is an even function. Hence, Lemma
3.1.19 implies that vz has no zero. Using Lemma 3.1.15, we get that d"vg/ds"
is solution of Lo, 100 = —Ag,40v.

Define vp as being the solution of the same ODE such that v(0) = 0 and
v'(0) = 1. Following the same argument, vo satisfies the stated properties.

Observe that d"vg/ds™ is not the zero function for any n, otherwise the
(n — 1)-derivative of vg is constant, contradicting the fact that Lo, = —Ag,
has no constant solution. The same holds for d"vp/ds™. Hence, using the
same argument as in Lemma 3.1.16, these derivatives are linearly indepen-
dent. O

Remark 3.1.21. As a consequence of Lemma 3.1.16 and Lemma 3.1.20,

any solution of L, = —\, is the (n — 3)/2-derivative of some solution of
Ly = —X3 if n is odd, and is the (n — 2)/2-derivative of some solution of
Lo = —)Xg if n is even.
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Now we remind some basic result of ODE.
Lemma 3.1.22. Let u be a non trivial global solution of L, = —\,.

(1) If so is a critical point of u, then sy is a strict local maximum in case
u(sg) > 0 and a strict local minimum in case u(sg) < 0.

(1) If u has no zero in the interval I, then u has at most one critical point
in 1.

(11i) Between two consecutive zeros of u, there is only one critical point.

d2
Proof. (i) This is a consequence of (1 + s%)d—;;(to) = =\ u(sp).

(i) Suppose, without loss of generality, that u is positive on /. Note that
(i) implies that all critical points in I must be points of local maximum.
If s1 < s9 are local maxima of u in I, then there exists a local minimum
So € (81,82) C I. But this contradicts (i) and u(sg) > 0.

(iii) Denoting two consecutive zeros by a and b, we just need to apply (ii)
for I = (a,b). O

Lemma 3.1.23. Suppose that u is a non trivial solution of L, = —\, that
has k zeros in R, where k € {0,1,2,...}. Then

(i) limg 1o u(s) =0

(i1) The derivative of u has k + 1 zeros in R.

Proof. (i) Suppose that u(s) does not converge to zero as s — +00. Denoting
the largest zero of u by b, we can suppose that u is positive on (b, 00). From
(ii) of Lemma 3.1.22, either u increases in (b, c0) (in case there is no critical
point in this interval), or u increases up to the unique critical point, which is
a local maximum according to (i) of that lemma, and decreases afterwards.
In this second possibility u converges to some positive number, since we are
assuming that it does not converge to zero. Anyway, in both cases, there
exist K > 0 and s; > max{b, 0} such that u(s) > K for s > s;. Therefore

Lo(u)(s) < =\, K for s> s.
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Multiplying this relation by (1 + s2)*?~! we have
(1+87)"20) < =M K (148" < =\, K"

for s > s1. Integrating on [sq, s|, we get

n—1

A
o

(1 + S2)n/2u/ S _)\nK S
n —
where A = (14 52)"2u/(s1)+ A\, K5} /(n—1). If A < 0, we can replace it by
zero, and then we can suppose that A > 0. Naming B = \,K/(n — 1) > 0,
it follows that
st 1 B 1 1

A _Z .z .
(]_ + S2)n/2 + (1 + S2)n/2 < /2 g + "

u'(s) < —B

Hence, integrating on [sq, s],

1
(n—1)sm1!

B
u(s)g—wlns—fl +C,

where C' is some constant. Therefore, u(s) is negative for s large, contradict-
ing the positivity of u for s > b. In the same way lim wu(s) = 0.
S——00

(ii) Let s1 < -+ < s be the zeros of u. In each interval (s;, s;11) there is
one critical point according to (iii) of Lemma 3.1.22. Note that the zeros of u
cannot be critical points, otherwise, u is identically zero from the uniqueness
of solution to initial value problems. Hence, in [s1,si] there are exactly
k — 1 critical points. In (s, 00), there is a point of local maximum or local
minimum since u(s;) = 0 and u(s) — 0 as s — +o00. This critical point is
unique from (ii) of Lemma 3.1.22. By the same argument, there exists only
one critical point in (—o0, s1), completing the result. a

Lemma 3.1.24. Let u be a solution of L, = —\,, where n € {2,3,4,...}.

) n—-2 , ; o n—1 n=3 ;
Then, the number of roots of u is 5 or *5= if n is even and is *5= or *3= if

n s odd. Moreover u converges to 0 as s goes to 00.

Proof. Suppose that n is even. Using Remark 3.1.21, u is the (n — 2)/2-
derivative of some solution w of Ly = —Xy. According to Lemma 3.1.19, w
has either no zero or one zero. Hence, from Lemma 3.1.23, u has (n — 2)/2
or n/2 roots. If n is odd, the argument follows in the same way, since the

o4



solutions of L3 = —\3 also have at most one zero according to the expression
w3 = Cle + CQ’LUO.
Using that v has finite number of zeros, Lemma 3.1.23 implies that

li =0.
L, uls) =0

O
This lemma implies that if u is a solution of L,, = —\,,, then there exists

aroot s* of u that is the largest one. Therefore, the restriction of u to [s*, 00)
is a solution to the initial value problem (3.9) with sy = s*, that does not
change sign. Hence the set

A = {s¢ | the problem (3.9) has a positive solution}

is non empty. To obtain the main claim of this section, we need to show that
A is an interval.

Lemma 3.1.25. If n = 2 orn = 3, then A = R. Ifn > 3, there exists
Sn € R such that A =[S, c0).

Proof. Consider first the cases n = 2 or n = 3. For any so € R, if u is a
solution of (3.9), then u > 0 or u < 0 in (sg,00) since u can have at most
one root from Lemma 3.1.24. Hence sy € A.

Suppose now that n > 3 and s; € A. Given sy > s1, we have to show
that sy € A. For that, let u; be a solution of (3.9) with sy = s, that is
positive on (s1,00). From the classical results for ODE, there exists a global
solution uy of (3.9), for sy = sy with u4(0) = 1. Then wy is non trivial and
S9 is a simple root. Suppose that us has a root s3 > so. We can assume that
ug > 0 in (s, s3) and consider

_ us(s)

a = max :

[s2,83] ul(s)
Observe that the maximum is positive and is attained for some s* € (s9, s3),
since us(sy) = wua(s3) = 0. Hence auy(s*) = ua(s*) and auyi(s) > ua(s)
for s € [sg,s3]. Thus au(s*) = uh(s*) and, from the uniqueness result,
au; = uy. However this contradicts u;(s2) > 0, and, therefore, uy has no
roots larger than s,. Then sy € A, proving that A is an interval with 400

endpoint.
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Moreover, if n = 2m—+2 is even and v = %vo orifn =2m+3is odd and
U = ds—mmwo, then u has at least two roots from Lemmas 3.1.16, 3.1.20 and
3.1.23. Let s* be the smallest root of u. Any eigenfunction that vanishes at
s = s* is multiple of u and, therefore, has another root larger than s*. Hence,
problem (3.9) does not have positive solution and A is bounded by below by
s*. Let S, =inf A > —oo. To complete the proof, we just need to show that
S, € A. For that, take a decreasing sequence s, that converges to S,, and a
sequence of eigenfuctions such that ug(sg) = 0 and uj(sg) = 1. Hence uy is
positive for s > s, and the sequence converges to some non trivial solution
u of (3.9) for sy = S,,. Then u > 0 in (S,,00). Furthermore, if u(5) = 0
for some § > S,,, then ¢/(§) = 0 and u = 0, contradicting that is non trivial.
Then S, € A. O

Now we present a characterization of S,,.

Lemma 3.1.26. If n = 2m + 2 is even, S, is the largest root of js—mmvE, and
if n=2m+ 3, S, is the largest root of js%wE. In particular, Sy = S5 = 0.
Furthermore, Sy < Sg < Sg < ... and S5 < S; < Sy < ....

Proof. For any function v : R — R, denote the largest root of u by S(u).
Assertion 1: if v and v are solutions of L, = —\, and S(u) < S(v), then
S(u') < S(v'). Suppose this is not true. Hence S(u’) > S(v'). Note that
S(u) < S(u'), since u = 0 at S(u) and lims, ;- u(s) = 0 imply that u has
a critical point in (S(u),00). (Indeed, S(u’) is the unique critical point of
w in this interval from (ii) of Lemma 3.1.22.) Therefore (S(u), S(v')] D
[S(v),S(v")] and, assuming that w and v are positives in (S(u),00) and
(S(v), 00) respectively, we have v > 0 in [S(v), S(¢v")]. Hence,

is finite, positive and attained at some s* € (S(v), S(v)]. If s* € (S(v), S(v)),
then, using that au—v > 0in [S(v), S(v')] and (au—wv)(s*) = 0, we conclude
that (au — v)'(s*) = 0. Therefore, from the uniqueness of solution, au = v,
contradicting au(S(v)) > 0 = v(S(v)). Hence s* = S(v'). However, since
au > v and au is increasing in [S(v), S(v')] (u is increasing in [S(u), S(u)]),
we have that 0 < au/(s*) < v/(s*) = 0. Then, it follows again that au = v,
which is an absurd. This completes assertion 1.

Observe that this argument also holds it S(u) = —oo, that is the case if
u = vg or u = wg. Hence, for n = 4 (or n = 5), if v is a solution of L, = =\,
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with S(v) € R, then S(v') > S(v) =0 (or S(v') > S(w) = 0). Therefore,
Sy = S5 = 0, that is the largest zero of the first derivative of vg and wg.
Thus the statement is true for m = 1, and, using induction and assertion 1,
it holds for any m € N.

Finally, as we pointed out in assertion 1, S(u) < S(u’). Then, Sy,i2 =

m m—+1 . .
S(js—mvE) < S(%UE) = Somi4. In a similar way, S5 < S7; < .... O

Theorem 3.1.27. Consider H a hyperball in H". The problem

-Au = M\u inH
u = 0 on OH

has a positive solution u that depends only on the variable d, if and only
if minus the mean curvature of OH is larger than or equal to S,/+/S2 + 1,
where S, is given by the previous lemmas. In particular, if n =2 orn = 3,
the problem has this kind of solution for any hyperball.

Proof. We have already shown that if v = wu(d) is such solution, then wu(s)
must satisfy (3.9), where sy = sinh dy and arc tanh(K) = dy. According to
Lemma 3.1.25, problem (3.9) has a positive solution if and only if so > S,,.
This is equivalent to sinh dy > S,,. Hence, using that arc tanh(K) = dy, it
follows that K must be larger or equal than S, /1/S2 + 1. 0O

Remark 3.1.28. We have a similar result to the exterior of a hyperball.
The solutions in this region that depends on d can be studied considering the
problem (3.9) for s < so. Making the change of variable z = —s, we get
the same equation, and therefore, we conclude a similar result as in Theorem
3.1.27 provided minus the mean curvature of OH is smaller or equal than

—Sp/\/S2+ 1.

If n > 3, according to Lemma 3.1.24 there exists a solution u of L,, = —\,
with at least two zeros. Suppose that s; and s, are consecutive zeros of wu,
that is positive in (s1, s2). Then u(d) is a bounded positive eigenfunction as-
sociated to A, in the region {arcsinh s; < d(z) < arcsinh so}, that vanishes
on the boundary. This proves the existence of eigenfunction to this hyperan-
nulus bounded by the hyperspheres {d = arcsinh s;} and {d = arcsinh s,},
provided n > 3.
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3.1.5 Non existence of solutions in horoballs or subsets

The ODE that corresponds to the interior of a horoball was presented in
Section 1.3 and has solution

v(r) = KreV™ K € R

which is not bounded. We will refer the function v as the usual eigenfunction
of the horoball. It will be useful in the next proof.

Theorem 3.1.29. Let B be a horoball in H". The problem

Au = = u in §
u =0 in OS2
u 1S a bounded function.

does not have a non trivial solution for any Q) C B.

Proof. Let us assume that there is a solution uy in 2. Take v a positive
eigenfunction associated to B, presented above.

Given C > 0, we claim that u < Cv.

Let d be the distance to 0B. Since ug is a bounded function, and v
increases with d, there is dy > 0, such that Cv(z) > ug(xz)+1V x with d(z) >
do

In order to make thing easier, we set the notation

[ {eeB||dx)=d}ifd>0
Bd—{ {x¢B\}d(x):—d}ifd<0

and A, is the horoannulus bounded by B, and By.
Define Q; = {z € Q|(ug—Cv)(x) > 0} C Apq, = {z € B|0 < d(z) < dp}.
If €2, is empty, the claim is shown. Otherwise, define

U

u; = (ug — Cv) and uy = —.
max uy

Consider v; the usual eigenfunction associated to the interior of the horoball
with boundary B_; such that vl}Bd =1.
0

Now construct a function w, which will allow us to repeat the process in
a smaller region.
Given p € By, 41, take w, the eigenfunction rotationally symmetric associated
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to H™\ B;(p) whose maximum value is 1. Let r9 be the distance from 0B (p)
to the sphere where w, attains its maximum value. From Remark 3.1.11,
we know that w, is an increasing function of the distance to p at the points
where the distance is smaller than r,. Concentrate in the set

Al,TQ-l-l(p) N Ao,do = {I c Ao,d0|1 S d(x7p> S T + 1}

Notice that
0 (A1 pt1(p) N Agdy) € Bay U 0B, 1+1(p).

On 0 (A1 ,,+1(p) N Agg,) N Bay, ug <0 and 0 < w.

On 0 (A1 ,+1(p) N Aggy)NOB;,+1(p), w = 1 and uy < 1. Hence, by Lemma
1.3.3, w > uy in Ay ,y41(p) N Agg,- We define the function w in Ay 4, in the
following way: For each = € Agg4,, there is a unique corresponding p such
that the geodesic starting at the center of the horoball that passes though p
contains x.

We define w(z) = wy(z). In this way, w is defined in the whole Ao 4,, is
an increasing function of the distance to By, and u; < w in Agy—ry dp-

Finally, we define r; < ry as the distance between By, and By,_,, = {z €
Ady—ry.do|w () = v1(x)}. Since w is an increasing function of the distance to
By,, is zero on By, and 1 at distance ry and v; decreases with the distance
to By, in Agy—r,q4, and has value 1 at distance 0, there must be r < rs.
Moreover w < vy in Agy—r, do-

We conclude that u; < vy in Agy—y, 4, and r; does not depend on w;. If
r1 > dp, the contradiction is found, because v; < 1 in Agy—r, .4, \Ba, and u,
has maximum 1 in Qy C Agy—r, 0 \Bd, -

If 1 < dy, we repeat the process in a way that the width decreases r;
again. Take Qy = {x € Qy|ui(z) > v1(x)} and uy the eigenfunction of €y
that is a positive multiple of u; — v; and has maximum 1. Consider v, the
usual eigenfunction of the horoball that has boundary B_;_,, and has value 1
on B_4,—,. Now construct wq for By, _,, in the same way that we constructed
w for By,. wsy is then a kind of translation of w to a parallel horoball. That
is why the distance ry between the maximum of w, and By, _,, is the same 7
from w. Since vy is also a kind of translation of vy, r; is also the same as the
r1 above. Applying the argument of the first step, us < vy in Agy—2r, .dg—r -

We repeat this process up to By C Agy—ry,dy—(k—1)r,» Where the contra-
diction happens by the fact that vy < 1in Agy—gr, dy—(k—1)r; and uy, < vy has
maximum 1 in Q C Agy—(k—1)r, do—kr, - Hence uy cannot exist. ]
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3.2 Existence of solutions

In this section we study the existence of non negative bounded eigenfunctions
that admit a continuous extension to O,,H". We show that domains that
contain an open set of JH" admit such an eigenfunction.

Theorem 3.2.1. Let Q2 be an open set in H" that contains an open subset
of O cH™. Then Q admits a positive bounded eigenfunction of eigenvalue A,
that vanishes at Osf).

Proof. Since ) contains a truncated cone (defined in Section 1.2) it contains
a totally geodesic hyperball H.

Fix p; and p, two points that are equidistant from 0H, p; € H and
po ¢ H. Consider u; a global eigenfunction centered at p; with u;(p;) = 1.

Define
U — Ug in H
Uy = .
0 0 in HC.
Since u; = ug on OH, ug is a continuous function and it follows from u; being

a decreasing function of the distance to p; that ug > 0.
Take z¢ a point in 02 and consider the problem Pg

—Au = M\uin Qg = QN Br(xg)
u = ug on dQ2p

for R great enough such that H N Qg # 0

Let uy be a solution of Py, N € N. Since uy > ug on 02y, by the
comparison principle (Lemma 1.3.3), uy > wug in Q. On the other hand
uy < uqp on 0€y, hence also in Q. We conclude

0 <wug<uy<wu;in Q. (3.10)

Taking u = limy_y0o uyn in €, it follows from (3.10) that the sequence
uy is equibounded and, from standard PDE theory, it has a subsequence
converging uniformly on compact subsets of €2 to a solution u of

—Au = \,u in )
u =0 on Of
u > 0 is bounded.

Also from (3.10) u extends continuously to the asymptotic closure of the

domain and is zero at 0,.€).
]
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3.3 Appendix

Proof of Lemma 3.1.18: Naming the quotient that appears in the left-hand
side of the statement by Q,,(v), we have to prove that Q,,(v) > 1/4 for any
non vanishing function v € Hi([a, b]).

First consider an interval [—c, ¢], that contains [a, b], and the correspond-
ing quotient ) := @Q_.., that is obtained from @),; by replacing a and b by
—c and c¢. Since any function v € H}([a,b]) can be extended to [—c,c] as
being zero outside [a, b], the minimum of Q on H{([—c, c]) is smaller or equal
than the minimum of @), ;. Hence, it is enough to prove that Q(v) > 1/4 for
any v € H}([—c, c|). For observe that

/ v3dt hroo / v3dt

1k i |t < 1/k
£ i [t > 1/k

Therefore, if we show that inf Qp(v) > 1/4 for any k, where Q(v) is the
quotient that appear in the right-hand side, the lemma is proved. Using
classical techniques for eigenvalue problems, we can minimize @)y for any
k, since g is bounded by below by some positive constant. Moreover any
minimum vy, of Qy in Hi([—c, c]) satisfies

—(gr(t)v, (1)) = axvr, (3.11)

where aj = min Qx(v) = Qk(vy). We prove now that ag > 1/4 for any k,
completing the proof. Proceeding by contradiction, suppose that o := ay <
1/4 for some k. From the fact that ay is the first eigenvalue of the operator
that appears in (3.11) and gy, is an even function, it follows that vy is even.
We can also compute the classical solutions of (3.11), since it has constants
coefficients for [t| < 1/k and it is a Cauchy-Euler equations for [t| > 1/k.
For instance, one possibility for vy, restricted to [—c, 0], is

where

gi(t) =

L
vi(t) = crem

Acos (ky/at) + Bsin (ky/at) for —1/k<t<0

for —c<t<-1/k
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where
1+ V14 -1—-v1—-4a
N 2 ’ 2

my

A= () [eostva = Zsintva)]

+H(g) |estva - Dsntva)

and

- () [mvar s Zheostva)

(i) [ + 22 costvm].

Hence, according to this expression, v}, (0) = ky/a B # 0, since k, a and B
are positive. To prove that B > 0, observe that

sin(v/a) + % cos(v/a) = %\/\a/a) (Vatan(va) + ms) <0,
since my < —1/2 and /atan(y/a) < 1/2 for o < 1/4. Using this and that
(1/ke)™ < (1/ke)™ (since k¢ > 1 and my > my), we get

(&) [mtva)+ 22 costva)

> (i)m {sin(\/a) + %cos(\/a)} |

B> (1) [smta + Seostva)| - (1) [sintva) + 2 costvi)

) s

On the other hand, v}, (0) = 0, since vy, is a C? function from the regularity
theory and is even. Then, we have a contradiction. .

> 0.
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Chapter 4

Isoperimetric Functions
applyed to Eigenfunctions
Estimates

4.1 Introduction
Results related to bounding the quotient

el

[l

(4.1)

of an eigenfunction u defined in a compact domain of a manifold M are
obtained. The results presented here hold in R™ and are generalized for a
complete Riemannian manifold M.

In the first part symmetrization techniques are adopted to demonstrate a
version of Chiti’s Theorem, which provides an upper bound for the quotient
(4.1) for the first eigenfunction of Q2 given by the same quotient of the sym-
metrized u. The procedure consists in defining a symmetrized function v* and
adapt the original proof to this procedure. The definition of the symmetrized
u follows from [6].

In the second part a result relating an isoperimetric function of M, an
eigenvalue of €2, which doesn’t have to be the first, and the quotient (4.1) is
obtained.

63



4.2 Symmetrization techniques on manifolds
and Applications

Chiti’s comparison argument [15] is a specialized comparison result which
establishes a crossing property of the symmetric decreasing rearrangement
of the eigenfunction and the first eigenfunction of the geodesic ball that
has the same first eigenvalue. Chiti’s argument was adapted to the the
hemisphere of S" [1] and to H™ [4], where it is observed that rearrangements
and symmetrization techniques can also be applied in these spaces. In a
general manifold these techniques cannot work, since they require symmetry
of the space. Hence, in order to symmetrize a function defined in a manifold,
we have to leave the manifold and define the symmetrized function in a model
space.

As a motivation and to explain where the ideas of the result come from,
we take a brief look at the symmetrization techniques in the Euclidean space.

4.2.1 Symmetrization in R"

Fix U C R™ a domain of finite measure and a measurable function v : U — R.
The distribution function of u is

p(t) = {z € Us lu(z)] > t}] = [U.

i is a decreasing measurable function, hence differentiable almost every-
where. By the co-area formula (1.8),

o 1
w(t :/ 1d$:/ / ——dH" ' ({u = s})ds,
( ) Uy t {u=s} |gradu‘ ({ })

then, at the points of differentiability,

Wit) = — / L (fu=1)).

{u=s} ‘ gradu|

The decreasing rearrangement of u into [0, oo] is denoted by u# and defined as
the smallest decreasing function from [0, co] into [0, oo] such that u# (u(t)) >
t for all . More concisely,

u¥(s) = inf{t > 0; u(t) < s}.
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An important property of u# is that it has the same distribution function
from wu.
The symmetrized U is U*, the ball centered at the origin of R™ with the
same measure of U. Then the spherically symmetric rearrangement of u is
. # h 1(sm ! "
uw*(z) = u” (nw,|xz|"), where nw, =vol (S"") = ————,
() = u# (n ") ) =i

which is rotationally symmetric and also has p as the distribution function.
Principle of Polya and Szeg6 states that

/|gradu|2 2/ | grad u*|?
U U

and hence Rayleigh’s quotient reduces when one symmetrises.
This construction, the isoperimetric inequality and some computations
allow the proof of two beautiful facts:

- Faber-Krahn Theorem, which says that round balls minimize eigenvalues
among sets with the same volume;

- Chiti’s Theorem, which says that balls maximize the quotient

el oo
]l 2

among all domains of eigenvalue .

4.2.2 Symmetrization in a manifold M

We try to extend the above results to a manifold. The greatest difficulty
is that a general manifold doesn’t have a round ball, so the symmetrization
will deal with two manifolds. Given a manifold M and a function on M, how
do we obtain a ”symmetrization” of this function? Inspired by a book of
P. Bérard ([6], chapter IV) we choose one that preserves the isoperimetric
function.

The model space M*

Consider M a Riemannian manifold and H an isoperimetric function on M
(Definition 1.4.1).
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Our first idea was to construct a model space M* which is rotationally
symmetric and has isoperimetric profile H, but what turns out to be needed
is a rotationally symmetric model in which the balls centered at the origin
satisfy equality for the function H, but they don’t have to be isoperimetric
domains (realize equality in the isoperimetric inequality of M*).

The model space is then M* = [0,vol(M)) x S"~! with metric dt* +
f(t)2d6?, f(0) =0, f(0) = 1. The function function f will be determined in
the next lemma.

In M*, the volume of a ball centered at the origin (O =0 x S*™™1) of
radius r, denoted by B,.(O), is given by

V(r) = nw, /0?“ " 1(s)ds, if f(s) > 0in (0,7)

and the area ((n — 1)-dimensional volume) of the sphere 0B,.(O), is

A(r) =V'(r) = nw, [P (r), if f(s) > 0in (0,7). (4.2)
Lemma 4.2.1. If o
" ds
7’:/0 Vel AL (4.3)

then
HV(r))=A(r)Vre|0,R],

i. e., the balls B.(O) in M* realize equality for the function H.
Proof.

Vi ds . o V(r)
A (O R Al TTiAPS)

Given a Riemannian manifold M with isoperimetric function H, such that
1/H is an integrable function in [0, vol(M)), we define V (r) as the solution
of the integral equation

V(r) ds

0 H(s)

Vr e [0, vol(M)]

with initial condition V'(0) = 0. We will assume that the isoperimetric func-
tion H is nice enough to guarantee the existence of V' and that M* is a
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Riemannian manifold, meaning that the function f defined by (4.2) has the
needed properties for dt? + f(t)?d6? to be a Riemannian metric. If H has the
necessary properties, we define the model space M* as described above and
are able to construct rearrangements.

Rearrangements

Given a domain 2 C M and a measurable function u : Q — R, we define
Q* C M* and a symmetrized u* : Q* — R, equimeasurable to u.

The symmetrized domain * is the ball B.(O) = [0,r) x S whose
volume is equal to the volume of €2,

vol(QQ) = nw, "ot ds.
ol(Q) = nw /0 " (s)ds
Observe that
|0QY > H(vol(2)) = H(vol(Q2)) = |0 (4.4)

Hence our new symmetrization process preserves the volume and reduces the
perimeter (area of the boundary), like the process from the Euclidean space.
We are now ready to define the function u*. We mimic the definition from
R™.

Definition 4.2.2. 1. The level sets of u are Qy = {z € Q | |u(z)| > t}.

2. The distribution function associated to u is
w(t) = vol ().
3. The decreasing rearrangement of u into [0, 00| is

u(s) = inf{t > 0; u(t) < s}.

4. The spherically symmetric rearrangement of u is

The rearrangement of v in M* has the same properties as the rearrange-
ment in R”.
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Theorem 4.2.3. The functions u, u™ and u* are equimeasurable, i. e., they
have the same distribution function. The distribution function associated to
u, i, 1s differentiable almost everywhere and its derivative is given by

1N 1 n—1(f, —
() = /{uzs}—|gradu|dff (fu=1}) (4.5)

at the points where it is differentiable. Besides u? (u(t)) = t and ()" =
(€2)e.

The proof of this theorem follows, using the co-area formula, the same
steps as its version in the Euclidean space. Therefore we won’t write it here.
Using observation (4.4), we obtain the following corollary.

Corollary 4.2.4. vol(9€;) > vol(0€2) for all t € [0,vol(M)) .

Lemma 4.2.5. Some properties hold for integrals of u. They are
1[uP = [.(u")? ¥ p>0.
2. [ lgradul® > [,.

8. Jo, u= Ou(t) u (s)ds.

gradu*|* vV u € H'(M).

Proof. 1. The first item follows easily from the co-area formula.

sup u P
/ uP = / / W) e (= )t
Q 0 {u=t} | grad u|

- [ ecma= [ wy.

2. From now on we will denote dH" '({u = t}) by da;. In order to
demonstrate 2., we apply the co-area formula taking f = v and g =
| gradul?>. By Sards Theorem, the set 4, = {t €¢ R | 3z € {u =
t} with grad f(x) = 0} has measure zero. Hence,

supu
/ | grad u|*dx = / (/ |gradu|dat) dt,
Q 0 {u=t}
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From Cauchy-Schwarz inequality,

2
(/ dat) < (/ |gradu|dat) (/ | grad u|_1dat) (4.6)
{u=t} {u=t} {u=t}

and replacing u by u* the equality holds since | grad u*| is constant in
{u* = t}. Hence, denoting {u =t} by G(t), p, by p and g+ by p*,

2
/ | grad ulda; > Gl
G(t) (fG(t) | grad u|_1dat)

GOP 6"
() = =

= / | grad u*|day.
fur=t}

Thus, observing that the symmetrization process makes any function
smoother, u* € H'(Q*) and

sup u
gradu|“dx = grad u|day | dt
dul?d duld d
Q 0 G(t)
sup u=sup u*
> / (/ | grad u*|dat) dt
0 G (t)

= /|gradu*\2dx.
Q

3. The third item follows from observing that the set Qf = {u# > ¢} is the
interval of extremal points 0 and p(t), then from the co-area formula,

p(t)
/ u:/ u#:/ u¥ (s)ds.
Q: o 0

A Version of Faber Krahn’s Theorem

Theorem 4.2.6. If we consider the symmetrization above and A\(2) denotes
the first Dirichlet eigenvalue of €0, then A(€2) > \(Q*).
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Proof. In order to demonstrate the theorem, we use the Raylaigh character-
ization of the first eigenvalue, which states that

_ Jo lgradul?

fQ u?

From Lemma 4.2.5, R(u) > R(u*) for all u € H}(Q), concluding the
proof. O

A(Q) = inf{R(u) | u € Hy(Q),u # 0}, where R(u)

A version of Chiti’s Theorem

Theorem 4.2.7. Consider u : 0 — R the first eigenfunction of a domain
2 C M, a Riemannian manifold with isoperimetric function H. Let z(r) be
the the first eigenfunction in Sy, the ball in M* centered at the origin (with
radius R) with the same eigenvalue as Q. Assume that u and z are normalized

such that
/u2:/ 22, (4.7)
Q S1

Then there is ro € (0, R), such that z(r) > u*(r) ¥ r € (0,79) and z(r) <
u*(r)Vr e (ro,R)

Remark 4.2.8. The existence of Sy is guaranteed by the fact that A(2*) is
less than or equal to N\(Q2) and the eigenvalues increase up to infinity when
the ball radius decreases to zero.

Proof. Applying the divergence theorem and observing that for almost every

t, the inner normal vector of €); is ézzcdlm, we obtain

—Au:)\u:>>\/ u = —/ div(grad u)
Qy

Qy

grad u

= / gradu——dH,,_,
00 | grad ul

:/ | grad u|dH,,_1.
o0

Now we use the expression to the derivative of u given by (4.5) and (4.6)
remembering that replacing u by u* equality holds.
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Putting all together,

109 < —u’(t))\/ u.
Q¢
From Corollary 4.2.4, |0€2| > |0€2;| and, of course, if €, = 2}, equality
holds.
09| > [09] = vol(S"H)a" " (r(t)) = V'(V(4])).

Hence,

1 / -1 2
Mz v )

From Theorem 4.2.3,
m(t)
/ u= / u®(s)ds.
Q 0

If we take s = u(t),

)\/OS u? > —u® (s)V'(V1(s))2 (4.8)
If we replace u by z, we always have equalities, so

)\/08 = (s)V (V7 (s))% (4.9)

We claim that either u# and z# are identical or they cross exactly once
in [0,]S1]]. Since u and z are normalized by (4.7), they must be identical or
cross at least once. Let’s assume that they cross twice or more times. Then
there are two points s; and s, in [0, |S;|], such that

1. 0 < sy <89 <|51];
2. u?(s) > 27 (s) Vs € (s1, 82);
3. u(sy) = 2% (s9);

4. Either u#(s1) = 2% (s;) or s; = 0.
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We set . .
( (0, 1) if folu# > fol 27,
2% (s) in (0, sy) if f051 u# < f051 27,
Y=Y (s) i (
(

Then, because of (4.8) and (4.9),

—Z—Z(s) <AV(VH(s)) 72 /0 oty (4.10)

Vs € [0,|51]]. Let us now define the test function ¥(r,6) = v(V(r)), which
is the way we obtain u back from u*. Define r(S;) the radius of S; in M*.
By the Rayleigh quotient, if u# and z# are not identical,

r(S1) -
)\/Sl U2dV < /51 | grad U|°dV = /0 W'V (r)V'(r)* V' (r)dr

Observe that using (4.10),

V(r)
r=V"s)= - (V(r)) < AV’(T)_Q/O v(t)dt

Hence,

)\/S W2dv < /T(Sl) —U/(V(T))V/(T)?’ ()\V/(r)_2 /OV(T) U(t)dt) dr
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The second equality comes from an integration by parts:

r(51) V(r)
/0 —'(V(r))V'(r) (/0 v(t)dt) dr
r(51) Vi(r)
= /0 — ((V(r)) (/0 v(t)dt) dr

r=r(S1)

r(S1)
n / WV () oV )V (r)dr

_ /0 s

Corollary 4.2.9. Among all domains of first eigenvalue X\ in all manifolds in
which H is an isoperimetric function, the ball in M* maximizes the quotient

V(r)
o(V(r) /0 v(t)dt)]

r=0

O

2] oo ()
||U||L2(Q) ’

for u the eigenfunction associated to the eigenvalue \.

Application
In [21], the following theorem was proved.

Theorem 4.2.10. (Kleiner) Let M3 be a complete, simply connected 3 di-
mensional Riemannian manifold with sectional curvature Ky < k < O, and
let Q3(k) be the model space with constant sectional curvature k. If Q C Q3(k)
is a compact domain with smooth boundary 02 and * is a geodesic ball in
Q3 (k) with the same volume as ), then

vol(0€2) > vol(9€2%).

As a consequence of this theorem the isoperimetric profile of Q*(k) is an
isoperimetric function in M, if Kj; < k. Let us now work with the particular
case of Ky < 0. Then the isoperimetric profile of R3 is an isoperimetric
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function in M. Using the fact that balls are ioperimetric domains in the
Euclidean space, one easily calculates

H(v) = 3w§/302/3

is the isoperimetric profile of R3.
Applying Lemma 4.2.1, we obtain that f(¢) = ¢ is the function that

sin(|z|)
||

function of B,(0) associated to eigenvalue 1, we have the following result.

determines M* implying that M* is R3. Since u(x) = is the first eigen-

Theorem 4.2.11. If M 1is a complete, simply connected 3—dimensional
Riemannian manifold with sectional curvature Ky < 0 and @ C M is a
compact domain of eigenvalue 1, then the eigenfunction associated to 1 in )

satisfies
|| sin(|z|)

- ol |22 (Bx (0
]| oo (2) < Sil(llxl) B 0.839798.
lullzz@ ™ =5 nesa o)

4.3 An estimate obtained directly from the
isoperimetric function

The ideas of this section follow [10] and [28].
Let M be a n—dimensional complete Riemannian manifold in with isoperi-
metric function H.

Theorem 4.3.1. Let u be a solution of —Au =c in Q, u =0 on 0. Then
supu < cf (|€2]),

where

f(t) = /Ot ﬁds.

Remark 4.3.2. We assume that H is nice enough at the origin in order that
the integrand is well defined.

Proof. Let u be a solution of —Au = cin Q, u = 0 on 0f2. Consider p the
distribution function of u (Definition 4.2.2). For all ¢t > 0, the set {|u(x)| > ¢}
is at a positive distance from the boundary 0f). It is compactly contained

in Q, has boundary {u = ¢} with inner normal vector éizcdlzl, well defined
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for almost all ¢ > 0 by Sard’s Theorem. If the inner normal vector is well
defined for t, we apply the Divergent Theorem on the differential equation,

obtaining
/ cdr = / | grad u|day. (4.11)
{u>t} {u=t}

From the expression for the derivative of 1 a. e. (4.5) and the Cauchy-
Schwarz inequality (4.6), we obtain

a1}l = (a0 /{ |gradu\Hn_1<dx>)l/2.

u=t}
On the other hand,
[{u =1} > H(u(?)),

by the isoperimetric inequality applied for €.
Hence, joining all the expressions,

—p (H)eplt) = (—u'(t))/{ i |grad ulday > [{u = t}[* > H*(u(1)),

for almost all ¢ > 0, which implies that

Note that

is the right hand side of the above inequality, so that one can integrate it in
0, ¢], obtaining
t < —c(f(u() = f(Q0)

Taking ¢ = supu, pu(t) = 0 and the proof is complete. O

Remark 4.3.3. In the hyperbolic plane @(s) = 4ws + s, which implies that

f(s) = In(*2£2) and applying the theorem supu < cln(1 + %)

In order to continue the process we have to observe that f is an invertible
function, which happens by its definition. Besides, since the derivative of f
is positive, f~! is also an increasing function.
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Theorem 4.3.4. Consider Q) C M a bounded domain and let w be a solution

of

—Aw = \w 1
w =0 on 0f)

for A any eigenvalue of Q. Then & < f 2w, | " where f was defined in
22 llwlloo

theorem above.

Proof. Denote by K = [|w||w and let us assume that maxw = max |w|. Fix
p>1land Q= {z e Q||w(z)| > K/p}. Then,

ol = [ frde > [uras> (5) 18 (1.12)
Q Q P

On the other hand,
—Aw = \w < \K.

By the comparison principle, w < u in Q where v is solution of

—Av=)\K in Q
v=K/pon 0

From Theorem 4.3.1,
K ~
K =supu < —+ AKf <|Q|>
P

Hence,

- K- K
Q> (28
=1 (AKP)

Taking p = 2 and remembering equation (4.12), we obtain

r K ' —1 1
= (5) 7 (55):

Applying f in the inequality, the proof ends. O
In the particular case of H(v) = Dv™1/" Theorem 4.3.1 states that if

u is a solution of —Au = ¢ in , u = 0 on 052, then
ne|Q2/m
2D%

supu <
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Theorem 4.3.4 states that a solution u of

—Aw = win
w =0 on 0N

for A any eigenvalue of () satisfies
maxu < 2(n\)2r D™ ||u)|,

for any r > 0. Furthermore,

N n/2

nA[uflo
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