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RESUMO

Neste trabalho abordamos trés assuntos importantes na area de Estatistica Matematica,
Andlise de Séries Temporais e Processos Estocdsticos, a saber, copulas, processos com longa
dependéncia e o decaimento da correlacdo em processos estocasticos. Nossa contribuicdo para
a teoria de cépulas compreende a derivacao e estudo das cépulas relacionadas com certos tipos
de processos estocasticos obtidos a partir da iteracdo de uma transformagdo suave por partes
a uma determinada variavel aleatéria inicial. AplicagOes a estimacdo paramétrica em processos
do tipo estudado s3o considerados e simula¢des de Monte Carlo s3o apresentadas.

Nossa contribuicdo a teoria de processos com longa dependéncia pode ser dividida em duas
frentes. Primeiramente, o problema de estimacdo semiparamétrica em processos multivariados
apresentando longa dependéncia é estudado. Duas classes de estimadores para o vetor de di-
ferenciacdo fraciondria sdo introduzidas e suas propriedades assintéticas estudadas. Simulagdes
de Monte Carlo s3o realizadas para avaliar o desempenho dos estimadores na pratica.

Em um segundo momento, estudamos a interdependéncia das coordenadas em processos
VARFIMA(0, d,0) bidimensionais sob o ponto de vista da distdncia de Mallows e do 7 de
Kendall sob diversas condi¢cdes. O trabalho é baseado em simulagées de Monte Carlo e foca
em uma possivel relacdo entre a distancia de Mallows, o vetor de diferenciacdo fracionaria d, o
tipo e grau de dependéncia induzido no ruido, bem como no comportamento das marginais do
processo.

Como aplicagdes, um estimador do vetor de diferenciacdo fraciondria e um teste para detectar
a presenca de coordenadas com longa dependéncia forte em processos VARFIMA(0, d,0) de
qualquer dimens3o finita sdo introduzidos. Um estudo de Monte Carlo especifico é realizado
para avaliar o desempenho tanto do estimador quanto do teste. Propriedades assintéticas do
estimador para a distdncia de Mallows utilizado no trabalho também s3o estudadas.

Finalmente, contribuimos para o estudo do decaimento da correlagdo em processos es-
tocdsticos investigando o problema de obter-se um determinado decaimento da correlagdo a
partir da reparametrizagdo de uma familia de cépulas, dadas as marginais do processo. Como
aplicagdes, uma metodologia geral de estimacdo de pardmetros, identificaveis pelo decaimento
da autocovaridncia, em séries temporais é proposta e um método para a simulagcdo de séries
temporais com determinadas caracteristicas é introduzido. A metodologia proposta ainda é
aplicada a série temporal real do indice de ativos da S&P500.






ABSTRACT

In this work we consider three major subjects in Statistics, Time Series Analysis and Stochas-
tic Process, namely, copulas, long range dependence and the decay of correlation in stochastic
processes. Our contribution to the theory of copulas is deriving and studying the copulas related
to a class of chaotic processes obtained from the iteration of certain smooth piecewise trans-
formations of the interval to an initial random variable. The theory is applied to the problem
of parametric estimation in the class of stochastic processes studied. Monte Carlo simulations
illustrating the methodology are also presented.

As for long range dependence, our contribution to the field is two-folded. Firstly, we consider
semiparametric estimation in multivariate long range dependent processes. Two broad classes
of estimators are introduced and their asymptotic properties are derived. A Monte Carlo study
is also presented to assess the finite sample performance of the estimators.

Secondly, we analyze the dependence between the components of VARFIMA(0, d,0) pro-
cesses under several different data generating methods through the Mallows distance and
Kendall's 7 point of view. The work is based on Monte Carlo simulations and the main goal is
to investigate a possible relationship between the Mallows distance, the fractional differencing
parameter d, the type and level of dependence induced in the innovation process as well as its
marginal behavior.

As applications, an estimator for the fractional differencing parameter d as well as a test to
assess the presence of a strong long range dependent component in VARFIMA(0, d, 0) processes
of any finite dimension are proposed. A Monte Carlo experiment is presented in order to assess
the performance of both, the estimation procedure and the test. Asymptotic properties of the
Mallows distance estimator introduced in the work are derived as well.

Lastly, we contribute to the study of the correlation decay in stochastic processes by in-
vestigating the problem of constructing stochastic processes with a predetermined decay of
correlation with given marginals by reparameterizing a given parametric family of copulas. As
applications, a general estimation procedure to estimate a given parameter identifiable through
the decay of covariance in stochastic processes is proposed and the problem of simulating time
series with some predetermined decay of covariance is studied. A Monte Carlo studied to exem-
plify and assess the methodology’s performance is also presented. The methodology is further
applied to the S&P500 US stock market index.
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CAPITULO 1

INTRODUCAO

Como o préprio titulo sugere, neste trabalho discutimos trés grandes tdépicos nas dreas de
Estatistica, Andlise de Séries Temporais e Processos Estocdsticos, a saber, cépulas, processos
com longa dependéncia e o decaimento da correlacdo em processos estocasticos. Nossa inten¢ao
certamente n3o é ser exaustivo nesses tdpicos mas, ao contrario, apresentar o trabalho realizado
durante o periodo de pesquisas necessarias a obtencdo do titulo de Doutor em Matematica pela
Universidade Federal do Rio Grande do Sul. Os prerequisitos necessarios ao entendimento deste
trabalho s3o basicamente um curso em andlise no espa¢co Euclideano, um curso em medida
e integracdo, um curso de probabilidade e estatistica matemdtica, um curso em processos
estocdsticos e andlise de séries temporais. Alguns conceitos que possam n3o ser padrao em
cursos nas dreas citadas s3o introduzidos no capitulo de preliminares e/ou no corpo do texto.

Conforme comentado no paragrafo anterior, o primeiro grande tépico abordado no trabalho
sdo as copulas. Informalmente, cépulas sdo fungdes que ligam uma fung¢do de distribuicdo
m-~dimensional as suas marginais de qualquer dimens3o. O surgimento das cépulas esta intima-
mente ligado ao desenvolvimento da teoria de espagos métricos probabilisticos, onde a necessi-
dade de se obter um andlogo probabilistico a desigualdade triangular levou ao desenvolvimento
das cépulas. A teoria de cdpulas e varios dos teoremas mais importantes dela, incluindo o Teo-
rema de Sklar (Teorema 2.2), foram provados entre o final dos anos 50 até meados da década
de 70. E bem verdade que a teoria de cépulas passou uma década praticamente esquecida,
quando subitamente, na segunda metade dos anos 80, a teoria ganhou forca novamente através
do estudo de medidas de dependéncia ndo-paramétricas livres de escala. O grande impulso para
a redescoberta de cépulas veio com o desenvolvimento de diversas aplicagcbes em dreas como
estatistica, financas, hidrologia, ciéncias atuariais, entre outros.

Atualmente, cépulas tém sido aplicadas com sucesso na construcdo e estudo de medidas de
dependéncia livres de escala (veja por exemplo, Mari e Kotz, 2001 e Nelsen, 2006), na construgdo
de distribuicdes multivariadas com determinadas caracteristicas (veja por exemplo, Joe 1997 e
Nelsen, 2006), na extensdo de modelos univariados para um contexto multivariado (veja por
exemplo, Lee e Long, 2009 e Palynchuk e Guo, 2011), no estudo de processos estocasticos (veja
por exemplo, Darsow et al., 1992, Lageras, 2010, Lopes e Pumi, 2011, Pumi e Lopes, 2011a),
na estimagdo e estudo de séries temporais (veja por exemplo, Chen e Fan, 2006 e Pumi e Lopes,
2011c), como ferramenta para a simulagdo de processos estocdsticos (veja por exemplo, Nelsen,
2006, Lopes et al., 2011 e Pumi e Lopes, 2011c) entre muitas outras dreas. Notavelmente,
na area de finangas cépulas ganharam muita popularidade e métodos baseados em cépulas
tornaram-se padrdo em muitas dreas da andlise financeira (veja por exemplo, Cherubini et al.,
2004).
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Neste trabalho, nossa contribuicdo para a teoria de cépulas é estudar uma classe particular
delas relacionadas a certos processos cadticos. Mais especificamente, considere T' : [0,1] —
[0, 1] uma transformag3o suave por partes e suponha que exista uma medida T-invariante p7.
Seja Uy uma varidvel aleatdéria com distribuicdo pr e seja ¢ : [0,1] — R uma fungdo up-
integravel. Podemos, desta forma, definir um processo estocastico através de

X, = (p(Tt(UO)), para todot =0,1,--- . (1.1)

Na primeira parte do Capitulo 3, apresentamos os resultados contidos em Lopes e Pumi (2011).
Neste, derivamos e estudamos as cépulas relacionadas a vetores aleatérios (X ,---,X3,)
provindos de processos do tipo (1.1) quando a transformagdo 7' é a chamada transformacio
de Manneville-Pomeau (veja Definicdo 3.2). Essas cépulas sdo singulares e ndo possuem uma
expressao fechada. Aspectos computacionais, aproximacgdes, geracao aleatdria entre outros de-
talhes também s3o discutidos, além da estimac3o paramétrica em processos cadticos baseados
na teoria desenvolvida. Na segunda parte do Capitulo 3, estudamos uma generalizacdo dos
resultados obtidos na primeira parte do capitulo. Tais resultados estao contidos em Pumi e
Lopes (2011a).

O segundo grande tépico abordado no trabalho refere-se ao fendmeno da longa dependéncia.
Longa dependéncia pode ser caracterizada pelo decaimento lento da autocovariancia do processo
ou pela presenca de um singularidade na densidade espectral na frequéncia zero. O primeiro
artigo relatando as caracteristicas de longa dependéncia em uma série temporal (a saber, a
famosa série dos niveis do Rio Nilo) foi Hurst (1951). Nesses 60 anos que se passaram desde
o trabalho de Hurst, o estudo de séries temporais com longa dependéncia se desenvolveu e se
expandiu muito, tanto do ponto de vista tedrico quanto do ponto de vista de aplicacGes e hoje é
parte importante da andlise de séries temporais. Varios modelos acomodando caracteristicas de
longa dependéncia foram desenvolvidos na literatura ao longo dos anos, tanto no caso univariado,
quanto no caso multivariado. Veja por exemplo Doukhan et al. (2003), Palma (2007) e Lopes
(2008).

Uma das classes de processos com longa dependéncia mais populares na literatura é a
chamada classe de processos ARFIMA, sigla em inglés para processos autoregressivos de médias
moveis com integracao fraciondria. ARFIMA é uma classe de processos lineares bastante
flexivel, de simples aplicacdo e com excelentes propriedades. Para mais detalhes, veja por
exemplo Brockwell e Davis (1991), Taqqu (2003), Palma (2007), Lopes (2008) e referéncias
ali contidas. A extensdo multivariada da classe de processos ARFIMA é chamada classe de
processos VARFIMA, sigla em inglés para processos vetoriais autoregressivos de médias maoveis
com integra¢ao fraciondria. A classe de processos VARFIMA foi introduzida em Sowell (1989)
e aplicacdes incluem modelagem da volatilidade em séries financeiras, modelagem e previsdo de
dados de alta frequéncia entre outros (veja por exemplo, Chiriac e Voev, 2011, Diongue, 2010
e referéncias ali contidas). Nossa contribuicdo a drea de processos com longa dependéncia,
desenvolvida no Capitulo 4, se concentra basicamente no caso multivariado, embora diversos
resultados s3o validos no caso unidimensional também.

Na Sec3o 4.1, estudamos o problema da estimacdo semiparamétrica do vetor de diferenciacio
fracionaria d em processos multivariados com longa dependéncia, no qual a classe de processos
VARFIMA é um caso particular, resultados estes contidos em Pumi e Lopes (2011b). O ponto
de partida do trabalho é o artigo de Shimotsu (2007). Nele o autor define uma classe de
estimadores baseados na otimizagdo de uma certa fungdo objetiva a qual utiliza o periodograma
como estimador da funcdo densidade espectral. Nossa contribuicdo é estender os resultados

contidos em Shimotsu (2007) considerando a substituicdo do periodograma na fungdo objetiva
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primeiramente por um estimador consistente arbitrario da fun¢do densidade espectral e, em um
segundo momento, por um estimador arbitrdrio da fun¢do densidade espectral. Propriedades
assintéticas dos estimadores propostos sao derivadas e uma simulacao de Monte Carlo é realizada
para acessar as propriedades em amostras finitas destes, bem como para comparacdo com o
estimador original de Shimotsu (2007).

Na Secdo 4.2, o objetivo passa a ser estudar a interdependéncia entre as coordenadas de
processos VARFIMA(0, d,0) bidimensionais sob o ponto de vista da distancia de Mallows. A
distancia de Mallows, embora tenha aparecido em trabalhos anteriores, recebeu este nome apds o
artigo de Mallows (1972), que a utilizou como ferramenta para provar a normalidade assintética
para somas de varidveis aleatdrias independentes. Vdrias aplicacGes para a distancia de Mallows
apareceram depois disso. Por exemplo, Bickel e Freedman (1981) utilizam a distancia de Mallows
para obter resultados assintéticos para o método bootstrap.

O trabalho apresentado na Se¢do 4.2 esta contido no artigo Lopes et al. (2011) e é baseado
em simula¢des de Monte Carlo de processos VARFIMA(O, d,0) bidimensionais para diversas
combinagdes do vetor de diferenciacdo d e ruidos dos mais diversos, incluindo os casos Gaussiano
e ndo Gaussiano, marginais de cauda pesada entre outros. Simulado o processo, a distancia de
Mallows entre as componentes do processo é estimada. Para efeitos de comparacdo, o 7 de
Kendall entre as coordenadas também é calculado. O objetivo é estudar o comportamento da
distancia de Mallows focalizando numa possivel relacdo entre esta, o vetor de diferenciacdo d,
o tipo e grau de dependéncia induzido no ruido, bem como o comportamento das marginais
do processo. O estimador da distadncia de Mallows utilizado é introduzido no préprio artigo e é
baseado na distribuicao empirica das coordenadas do processo.

Nossa contribuicdo nessa secdo pode ser dividida em trés frentes. Primeiro, apresenta-
mos os resultados da simulacdo de Monte Carlo em si, visando estudar o comportamento da
distancia de Mallows e do 7 de Kendall em processos VARFIMA(0, d,0) bidimensionais, sob
diversas condi¢des de simulagdo. Segundo, baseado nos resultados da simulagcdo, propomos um
estimador simples para o vetor de diferenciacdo d em processos VARFIMA(0, d, 0) de qualquer
dimens3o finita (incluindo a classe de processos ARFIMA(O, d,0), cuja dimensdo é 1). Terceiro,
ainda baseado nos resultados da simulagdo, propomos um teste para identificar a existéncia de
coordenadas apresentando longa dependéncia forte em processos VARFIMA(0, d, 0) de qualquer
dimensao finita m, inclusive m = 1. Isto é, propomos um teste para identificar se d; > 0.3,
para algum i = 1,--- ,m, onde d = (di,--- ,d;,). O desempenho tanto do estimador quanto
do teste é verificado através de estudos de Monte Carlo especificos. Ainda relativo ao trabalho,
na Secdo 4.3 provamos a consisténcia forte e derivamos a distribuicdo assintética do estimador
para a distancia de Mallows introduzido no artigo.

O terceiro grande tépico abordado no trabalho é o decaimento da correlagdo em processos
estocdsticos. A importancia do estudo do decaimento da correlagdo estd no fato de que este
traz informagdes importantes com relagdo a caracteristicas de longo prazo em um processo.
Um decaimento rapido é tipico de processos com dependéncia fraca, nos quais a dependéncia
entre varidveis aleatdrias distantes (em termos de indice) uma da outra é quase inexistente
enquanto um decaimento lento da correlacdo significa a presenca de uma interdependéncia
importante entre varidveis distantes uma das outras. Na classe de processos ARFIMA, por
exemplo, o decaimento da correlacdo pode ser exponencialmente rapido ou hiperbolicamente
lento, dependendo do pardmetro de diferenciacdo d.

Uma das consequéncias do Teorema de Sklar (Teorema 2.2) é que dado um processo es-
tocdstico {X;}iew com fungdes de distribuicdo marginais absolutamente continuas {F};}iew e
denotando por C, s a cépula de X, e X, para todo 7,5 € IN, para calcularmos a autoco-
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variancia entre duas varidveis aleatérias X, e X basta utilizar a terna (F,, Fy, C, 5) junto com
o Lema de Hoeffding para cépulas (veja Lema 2.1). Desta forma, para cada t € IN, podemos
calcular o comportamento da autocovariancia entre X; e X; 15, para h grande, através da terna
(Fy, Fyth, Ctysn). Assumindo que as cépulas Cy i, dependem somente de h e ndo de ¢, isto
é, Cp, := Cp, = Cp iy, para todo t € IN, e que pertencem a uma Utnica familia {Cp}pco, entdo
existe uma sequéncia {6 }rew C O tal que Cj, = Cy,,, para cada h € IN. Isto implica que, para
cada t € IN fixo, podemos calcular o comportamento da autocovariancia entre X; e X, para
h grande, através da terna (Fy, Fiyp,Cp,).

No Capitulo 5 estudamos o problema inverso, tratado em Pumi e Lopes (2011c), que pode
ser posto da seguinte forma. Dada uma familia de cépulas {Cy}gco, uma familia de fungdes
de distribui¢des absolutamente continuas {F}}icw e uma fungdo real R(h), com R(h) — 0,
quando h tende ao infinito, serd que existe e, em caso afirmativo, como podemos obter uma
parametrizacdo {6 }rew C O tal que a autocovaridncia calculada a partir de (F3, Fyip, Cy,)
se comporte como R(h), para h grande? Em outros termos, dada uma sequéncia de fungdes
de distribuicdes, uma fun¢do R(h) como anteriormente a partir de uma familia de cépulas
{Cy}yco, estudamos como obter uma parametriza¢do {65, }renw C © tal que a autocovariincia
tenha comportamento R(h).

Em dltima instancia, levando-se em conta o problema da compatibilidade de cépulas, es-
tudamos como construir um processo com marginais dadas e com um certo decaimento da
autocovaridncia a partir da parametrizacdo adequada de uma familia de cépulas bidimensionais.
O foco do trabalho s3o processos fracamente estaciondrios com longa dependéncia. A teoria,
porém, comporta qualquer tipo de decaimento da autocovaridncia e também processos nao
estaciondrios. Mostramos ainda como a teoria se encaixa com a classe de processos ARFIMA.
A construgdo de séries temporais unidimensionais a partir de cépulas ja foi abordado, por exem-
plo, em Joe (1997) no caso de dependéncia fraca. Outros trabalhos que podemos citar na area,
sempre no caso de dependéncia fraca, sdo Chen e Fan (2006), Darsow (1992) e Lageras (2010).
Nossa abordagem, porém, é bastante diferente dos artigos recém citados e, como observado
anteriormente, comporta decaimentos arbitrarios da autocovaridncia bem como processos niao
estaciondrios.

Baseado nos resultados obtidos, apresentamos duas aplicagdes. A primeira é o desenvolvi-
mento de uma metodologia geral de estimacdo de parametros identificaveis através do decai-
mento da autocovariancia em séries temporais. Um estudo de Monte Carlo é conduzido para
exemplificar a metodologia e acessar seu desempenho em amostra finitas. A segunda aplicagdo
é relacionada com a simulagdo de séries temporais com decaimento da autocovaridncia dado.
Nossas contribuices a drea sdo, portanto, a abordagem diferenciada do problema permitindo
grande flexibilidade das técnicas, a metodologia de estimag¢do desenvolvida e na simulagdo de
séries temporais com caracteristicas dadas.

O trabalho se divide da seguinte maneira. No préximo capitulo introduzimos alguns conceitos
preliminares necessarios ao trabalho. No Capitulo 3 apresentamos os resultados sobre cépulas
relacionadas a processos de Manneville-Pomeau e a funcdes mondtonas por partes e processos
associados. O Capitulo 4 trata de processos com longa dependéncia. Consideramos o problema
da estimag¢do semiparamétrica em processos multivariados com longa dependéncia e também
apresentamos um estudo de Monte Carlo a respeito da interdependéncia entre as coordenadas de
um processo VARFIMA(0, d, 0) sob o ponto de vista da distdncia de Mallows e do 7 de Kendall.
O Capitulo 5 discute o problema do decaimento da correlacdo em processos estocdsticos e a
sua relacdo com a parametrizacdo de cépulas. Conclusdes e futuros trabalhos sdo reservados
ao Capitulo 6.



CAPITULO 2

PRELIMINARES

Este capitulo tem por objetivo introduzir a terminologia basica, bem como introduzir alguns con-
ceitos que serdo necessarios ao longo do trabalho. Nem todos os conceitos utilizados no decorrer
do trabalho, porém, serao mencionados em detalhes e muitos deles assumimos conhecidos. En-
tre eles, assumimos que o leitor estd familiarizado com conceitos elementares e nota¢des basicas
em estatistica matemadtica, andlise, medida, probabilidade e processos estocasticos. Iniciamos
com alguns conceitos de andlise, medida e integracdo e probabilidade. A notagdo utilizada serd
t3o padrao quanto possivel.

2.1 Analise, Medida e Probabilidade

Neste trabalho convencionamos que o conjunto dos niimeros naturais contém o zero e denotamos
N :={0,1,---} e N* := IN \ {0}. Os simbolos Z, R e C denotam o conjunto dos niimeros
inteiros, reais e complexos, respectivamente. Para um conjunto A C R, denotamos A™ :=
A x -+ x A (m termos), o fecho de A é denotado por A e o conjunto de todos os pontos de
acumulacio de A por A', isto é,

A':={a € A: existe uma sequéncia ndo-constante {an}nenw C A tal que ap, — a}.

No decorrer do trabalho, utilizamos alguns conceitos basicos de medida geralmente presentes
em um primeiro curso no assunto. Particularmente, Royden (1988) contém os resultados bésicos
necessarios ao trabalho. Conceitos tais como o-algebra, espaco mensuravel, espaco de medida,
continuidade absoluta, teoremas bésicos de convergéncia, Teorema de Radon-Nikodym, etc, sdo
assumidos conhecidos. Recapitulamos alguns conceitos que podem n3o constar em um curso
basico de medida e que serdo necessarios.

Para uma fungdo f, denotamos o dominio de f por Dom(f) e a imagem de f por Im(f).

e Para uma transformacdo 7', denotamos 7" :=T o ---o T (m termos).

Seja (€2,.A) um espaco mensurdvel e f : Q2 — Q uma fungdo mensurdvel. Uma medida u
definida em (2, A) é dita ser f-invariante se pu(f~1(A)) = pu(A), para todo A € A.

Uma fungdo real f : A — R é dita ser a-Holder continua em A, para « € (0,1), se
existe K > 0 tal que

[f(z) = f(y)| < K|z —y|?,

para todo x,y € A.
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e Uma funcdo f: A — R é dita ser de classe C'*%, para o € (0, 1), se f é diferencidvel e
sua derivada é a-Holder continua em A.

e Se f: A — R é uma funcio diferencidvel em A e tal que |f'(x)| > k > 1, para todo
x € A, dizemos que f é uniformemente exrpansiva em A.

Neste trabalho, exceto mencao explicita ao contrario, sempre que trabalharmos nos espacos
R,R™ ou qualquer subconjunto X deles (particularmente, X = [0,1]), o espaco de medida
subentendido em conceitos como funcdo mensuravel, medida absolutamente continua, etc e
frases envolvendo/contendo conceitos valendo “quase toda a parte”, serd (X, %(X),\) onde
A(X) denota a o-dlgebra de Borel em X e A é a medida de Lebesgue em (ou restrita a)
(X, %’(X)) Alguns conceitos elementares de convergéncia fraca de medidas de probabilidade
Serdo necessarios.

e Seja ;1 uma medida de probabilidade definida em um espago mensuravel (X, Z(X)). Um
boreliano A € (X)) é dito ser um conjunto de p-continuidade (u-continuity set), se
u(0A) = 0, onde OA denota a borda (boundary) de A.

e Seja {pin}new uma sequéncia de medidas de probabilidade definidas em (X, #(X)).
Dizemos que u,, converge fracamente para uma medida de probabilidade i se

fin(A) — p(A),

quando n tende ao infinito, para todo conjunto de p-continuidade A. Note quese X = R
e definindo Fy,(z) = pn ((—00,2]) e F(x) = p((—o0,z]), entdo pu, convergir fracamente
para 1 é o mesmo que Fj, convergir para F' para todo ponto de continuidade de F'.

e Uma caracterizagdo (til de convergéncia fraca é a seguinte. Seja {p, }new uma sequéncia
de medidas de probabilidade em (X, #(X)). Entdo, p, converge fracamente para p se,
e somente se, fX fdup, — fX fdu, para toda func3o real f continua e limitada em X.

Para mais detalhes, referimos Billingsley (1999). Alguns fatos basicos a respeito de fungdes de
variacao lenta, que revisamos agora, serao necessarios.

Definicao 2.1. Uma fungdo L : S — R, para S € R um conjunto n3o-vazio, é dita ser de
variagdo lenta em um ponto a € S’, se L é uma fungdo mensurdvel, limitada em um intervalo

limitado e satisfaz
L(cx)

v L(z)

=1,

para todo ¢ > 0.
Exemplos de fun¢bes de variacdo lenta no infinito s3o:

e Funcoes constantes;
e Funcdes limitadas, mensuraveis e com limite n3o-nulo no infinito;

e Logaritmos, poténcias de logaritmos e composi¢coes de logaritmos;

e Um exemplo fora da classe dos logaritmos é L(x) = exp (%)
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e Funcgdes de variacdo lenta no infinito podem exibir oscilagdo infinita, no sentido que

liminf L(n) =0 mas limsup L(n) = oo,

n—o0 n—o0

como, por exemplo, L(z) = exp ( (In(x) cos (ln(m)))% )

Se L, L, Ly sdo funcdes de variacdo lenta no infinito, entdo L1 + Lo e L7 - Ly s3o de
variacdo lenta no infinito também e o mesmo acontece para kL sempre que k # 0. Além disso,
se 8 > 0, ent3o L(a:)x_ﬂ — 0, quando x tende ao infinito.

Uma maneira simples de se construir uma fun¢do de variacdo lenta no infinito é a partir do
Teorema da Representacdo de Karamata, o qual estabelece que uma fun¢do L é de variacdo
lenta no infinito se, e somente se, L pode ser escrita como

L(z) = f(z) exp (/ g(“)du> e (2.1)

u

para algum s > 0, onde f e g sdo fungdes mensurdveis satisfazendo lim,_, f(z) =k, k > 0
e limy o0 g(z) = 0. Mais detalhes sobre a teoria de fun¢des de variagdo lenta, bem como a
prova do Teorema da Representacdo de Karamata e das propriedades acima descritas podem
ser encontrados em Bingham et al. (1987).

Neste trabalho estamos interessados apenas no conjunto de fungdes de variagdo lenta no
infinito. Seja L uma fungdo de variagdo lenta no infinito e {ay}n,ew uma sequéncia arbitraria
de ndmeros reais. Considere a funcdo real ¥, (+) :=¥(+ ; {an}nen) definida em (0,00) por

T/Jan (Q?) = am 5

onde [-] denota a fun¢do maior inteiro. Se a, — a # 0, entdo v,, é sempre de variagdo lenta
no infinito. De fato, se a > 0, basta tomar

f(2) = Yo, (@)ex Y, gla)=—~ e s=1

em (2.1), para obtermos o resultado. Se a,, — a < 0, basta considerar —a,, € o resultado segue.
~ , . ~ o s —1

Se a = 0 entdo nem sempre 1), € de variagdo lenta no infinito. Por exemplo, a,, = (log(n))

é de variacdo lenta no infinito mas a,, = n~! ndo o é. Dizemos que, para uma funcio L de

variacdo lenta no infinito e uma sequéncia de nimeros reais {a, }neN, anL é de variagdo lenta

no infinito sempre que v, L o for.

Adotamos as seguintes definicGes para ordens assintéticas. Sejam f e g duas fungdes reais.
Dado a € R U {£o0}, dizemos que

o f(x) = O(g(ac)) quando z — a, se, e somente se, existe uma constante £ > 0 tal que
|f(x)| < klg(x)|, quando x — q;

f(z)

= , do z — a, se, te se, lim ——~ = 0;
o f(x) o(g(a:)) quando x — a, se, e somente se mlg}lg(x)
e f(z) ~ g(x), quando x — a, se, e somente se, limM = 1, ou, equivalentemente,
x—)ag(;c)

quando f(z) — g(z) = o(g(z)), quando z — a.
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Sejam {U,, } new € { Vi }new duas sequéncias de vetores aleatérios definidos num mesmo espago
de probabilidade (X, Z(X),P). No caso de ordens assintéticas em probabilidade, dizemos que

P
e U, =op(1) se, e somente se, U,, — 0, quando n — oo;

e U, = Op(1) se, e somente se, para todo ¢ > 0, existe M < oo e ng > 0 tal que, se
n > ng, IP(]Un\ > M) <e¢;

o U, =op (Vn) se, e somente se, ;‘U,Z} = op(1);

|Un|

[Vl

e U, = Op(V,,) se, e somente se,

Para a > 0, denotamos por %, o espaco de todas as funcgdes de distribuicdo satisfazendo
Jg |z|*dF < oo.

Definicdo 2.2. Seja a > 0 e F,G € #,. Considere A(F,G) o espago de todos os vetores
aleatdrios (X,Y) tais que X ~ F' e Y ~ G. Definimos a distancia o de Mallows entre F' e G
por

Da(F,G) = Aéﬁf@{E(‘X —v|)e L (2.2)

A distancia de Mallows recebeu este nome apds o trabalho de Mallows (1972). Para a > 1,
P, é uma métrica em %, enquanto que se o < 1, 25 é uma métrica em %, (cf. Bickel e
Freedman, 1981). Uma forma alternativa para (2.2) que é bastante vantajosa do ponto de vista
computacional é a seguinte (Major, 1978):

1
Z.(F,QG) :/0 ’F_l(u) —G_l(u)’adu.

Para mais detalhes, referimos ao leitor Major (1978), Bickel e Freedman (1981), Shao (2003)
e referéncias ali contidas.

Uma medida de dependéncia que utilizamos adiante é o 7 de Kendall. Para defini-la pre-
cisamos dos conceitos de concordancia e discordancia. Considere X e Y duas varidveis aleatdrias
continuas definidas em um mesmo espago de probabilidade (2, A, P) e sejam (X1, Y1) e (X2, Y2)
duas cdpias independentes de (X,Y). Dado w € , dizemos que os pares (Xi(w),Y1(w)) e
(X2(w), Y2(w)) sdo concordantes se (X1(w) — Xa(w)) (Y1(w) — Ya(w)) > 0 e discordantes se
(X1 (w) — X2(w)) (Y1(w) — Ya(w)) < 0. Note que, como a igualdade ocorre com probabilidade
0, ndo precisamos nos preocupar com esse Caso.

Definicdao 2.3. A medida de dependéncia T de Kendall ou, simplesmente, o 7 de Kendall,
entre X e Y, denotado por 7xy (ou simplesmente 7 se ndo houver perigo de confusdo) é
definido como a probabilidade de concordancia menos a probabilidade de discordancia entre
(X1,Y1) e (X2,Y2), ou seja

T=1xy = P((X1 — Xo)(Y1 — Y2) > 0) — P((X1 — X2)(Y1 — Y2) <0).

Mais detalhes sobre o 7 de Kendall podem ser encontrados em Joe (1997), Mari e Kotz
(2001) e Nelsen (2006).
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2.2 (Copulas

Nesta secdo compilamos alguns conceitos e resultados sobre cépulas que facilitardo o entendi-
mento do trabalho. Lembramos que cdpulas sdo fungdes que interligam uma determinada
funcdo de distribuicdo conjunta multivariada a suas marginais univariadas. Antes de definirmos
formalmente o que s3o cdépulas, precisamos de alguns conceitos.

e Um retdngulo em R™ é o produto cartesiano de m intervalos fechados [u,vi] X - -+ X
[Umavm]-
e Dado um retdngulo R C R™, R = [u1,v1] X -+ X [Um, U], definimos o conjunto de

vértices de R como sendo o conjunto

Ap(R)={w= (w1, - ,wy) ER tais que wx = up ou wx = vk, k=1,---,m}.

e A fungao co-sinal de um vetor w € R, denotada por csgn(-), é definida como

1, se w; = u; para um nimero par de i's (ou nenhum 7),

csgn(w) =
—1, se w; = u; para um nimero impar de i's.
e Seja H:R™ — R e seja R = [ug,v1] X -+ X [Up, V] um retdngulo em R™. Definimos
o H—wvolume de R por
Vu(R) = Z csgn(w)H (w). (2.3)
w EAm(R)

Note que se H é uma fungdo de distribuicdo, (2.3) é simplesmente a férmula de “inclusdo/ex-
clusdo” (veja, por exemplo, Tucker, 1967). Agora estamos em condi¢cdes de definir formalmente
copulas.

Definicao 2.4. Seja m € IN, m > 2. Uma cdpula m—dimensional é uma funcdo C que
satisfaz as seguintes condicdes:

(i). Dom(C) =1™;
(ii). Para todo o retangulo R C I, Vo (R) > 0;

(iii). Dado um vetor u = (uy,- -+ ,upy) € I, se u; = 0 para algum i € {1,--- ,m}, entdo
C(u) =0;

(iv). Paratodo k € IN, k <m, C(1,--- , 1, ug,1,--- 1) = ug.

O préximo teorema é um resumo de algumas propriedades importantes relacionadas com
cépulas. A prova pode ser encontrada em Joe (1997), Schweizer e Sklar (2005), Nelsen (2006)
e Pumi (2006).

Teorema 2.1. Seja C uma m—cdpula qualquer, m > 2. Entdo, C € uniformemente
. - . .. 0C(u1, - ,u
continua, nao-decrescente em cada coordenada e as derivadas parciais W, k
1,---,m, existem, tomam wvalores em I e sao mao-decrescentes em quase toda a parte.

Além disso, dado u € 1™,

W™ (u) < C(u) < M™(u),

onde W™ (u) = max{u; + -+ + upym — m + 1,0} e M™(u) := min{ui, - ,umn} sio os
chamados limite superior e limite inferior de Fréchet-Hoeffding, respectivamente.
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Cabe observar que M™ é uma cépula, qualquer que seja m > 2, enquanto que W™ é cépula
se, e somente se, m = 2, como pode ser facilmente verificado.

O préximo teorema é conhecido como Teorema de Sklar e é o teorema fundamental em
cépulas. Um esboco da prova para o caso n-dimensional pode ser encontrado em Schweizer
e Sklar (2005), uma prova alternativa mais detalhada pode ser encontrada em Carley e Taylor
(2002) e uma prova relativamente simples para o caso bidimensional pode ser encontrada em
Nelsen (2006). Enunciamos o teorema apenas para o caso em que as marginais envolvidas sdo
fungdes continuas, ja que neste trabalho estudamos exclusivamente este caso.

Teorema 2.2. Sejam X1, - -, X,y varidveis aleatdrias com distribuicdo conjunta H e mar-
ginais continuas Fi,--- | Fy,, respectivamente. Entao, eriste uma unica m—copula C tal
que,

H(zy, - ,xm) = C(Fl(xl),-'- ,Fm(xm))

Além disso, a copula C € dada por

—1 -1
C(U1,~-- 7um):H(F1 (ul)?"' 7Fm (Um)), (24)
para todo (uy, -+ ,upy) € I™.

Sejam X1, ---, X, varidveis aleatdrias continuas com funcao de distribuicdo conjunta H e
marginais continuas {F}}}'_,. Naturalmente, podemos associar ao conjunto {H, Fy,--- , F,}
uma unica cépula C' a partir do Teorema de Sklar via (2.4). Neste caso, dizemos que a
cépula C' é a cépula associada a X7, ---, X, e muitas vezes escrevemos CY; ... x,, para deixar

este fato evidenciado. Outra cépula importante é a chamada cépula independéncia dada por
L n 7 . ~ . . , .

II(w) := [[;_, uk. A cépulaindependéncia recebe este nome pois a cépula associada a um vetor

aleatério (X1, -, X,,) é Il se, e somente se, X1, -+, X, sdo varidveis aleatdrias independentes.

O préximo lema é a versdo em termos de cépulas do celebrado Lema de Hoeffding. Uma
prova detalhada pode ser encontrada em Pumi (2006) e referéncias ali contidas.

Lema 2.1. Sejam X e Y duas varidveis aleatérias continuas com marginais F' e (G, respectiva-
mente, e cépula associada C. Entdo,
C(u,v) —uv
Cov(X,Y) =
xv)= [ e F(F () G (G (0))

dudv, (2.5)

onde F’ e G’ denotam a derivada de F' e GG, respectivamente.

Um fato interessante e muito Gtil a respeito das cépulas é a invaridncia em relacdo a
transformacdes crescentes em quase toda a parte e a forma simples que as cépulas assumem em
relacdo a transformacdes decrescentes em quase toda a parte. Este é o contetudo da préxima
proposi¢do cuja prova pode ser encontrada em Nelsen (2006) e Pumi (2006).

Proposicao 2.1. Seja Cyx, ... x,, uma copula m—dimensional associada a X1, -+, X, e
sejam f1,- -+, fm funcdes reais crescentes em quase toda a parte. Entdo, em todo I temos
Crix1) fm(Xm) = Cxy, X, - S€ [ € g sao fungoes decrescenles em quase toda a parte e
Cxy € uma copula, entdo,

Croxyy(u,0) =v—Cxy(l—u,v) e Cpx)gy)(w,v)=u+v-1+Cxy(l—u1l-0),

para todo (u,v) € I°.
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Para maiores detalhes sobre a teoria de cdpulas, referenciamos o leitor a Joe (1997), Mari
e Kotz (2001), Cherubini et al. (2004), Nelsen (2006) e Pumi (2006). Para maiores detalhes
sobre a conex3o entre cépulas e espacos métricos probabilisticos, referimos Schweizer e Sklar
(2005).

2.3 Andlise de Séries Temporais

Nesta secdo introduzimos a terminologia associada as nog¢des bdsicas em séries temporais
necessarias para o desenvolvimento do trabalho. Em momentos diferentes do trabalho, pre-
cisamos tanto de conceitos sobre séries temporais univariadas quanto multivariadas. Tais con-
ceitos sdo introduzidos separadamente para facilitar o entendimento. Ressaltamos, porém, que
nossa intencdo aqui n3o é ser exaustivo na exposicao, por isso, ao leitor interessado em uma
exposicao mais completa, referéncias sdo sugeridas.

2.3.1 Séries Temporais Univariadas

Iniciamos com conceitos basicos na analise de séries temporais univariadas.

Definicdo 2.5. Seja {X;}itciw um processo com varidncia finita (isto é, Var(X;) < oo, para
todo t € IN) e tal que E(X;) = p, para todo ¢t € IN. Definimos a fun¢do de autocovariancia
de {X;}ienw por

vx(rys) := Cov(X,, X5) = ]E((Xr —p)(Xs — M)), r,s € IN.

Note que Cov(X,, X) em geral depende de r e s. No caso especial em que Cov(Xy, Xtyp)
depende apenas de h para todo t, entdo {X;}icw € dito ser um processo fracamente esta-
ciondrio. Neste caso, denotamos yx(h) = Cov(X¢, X;yp). Outra nogdo de estacionariedade
importante é a seguinte. Um processo estocastico { X }ren é dito ser fortemente estaciondrio
se a distribuicdo de (X, -, X:,) e (X¢y4n, -, Xt +n) € @ mesma, para todo n € IN¥,
e para todo t1,--- ,t,,h € IN. Note que um processo fortemente estaciondrio com segundo
momento finito é fracamente estaciondrio, mas a reciproca n3o é verdadeira, exceto quando o
processo é Gaussiano (isto é, quando todas as distribui¢des finito-dimensionais do processo sdo
Gaussianas).

Definicdao 2.6. Seja {X;}icv um processo com variancia finita. Definimos a fun¢ao de auto-
correlagao de {X;}1ew por
Cov(X,, Xs)

px(r,s) = Corr(X,, X) = AT ONATTE 5 r,s € IN.

Note que se {X;}ien for fracamente estaciondrio, entdo Corr(Xy, X;4p) = Corr(Xo, Xp,)
para todo ¢,h € IN e, neste caso, denotamos px(h) = Corr(X¢, X¢1+5). Para mais detalhes,
veja, por exemplo, a se¢do 1.3 em Brockwell e Davis (1991) e também o capitulo 3 de Priestley
(1981).

No que segue, recapitulamos alguns resultados importantes na andlise espectral de processo
fracamente estaciondrio {X;}iew. O préximo teorema é chamado de Teorema de Herglotz e
traz uma condigdo necessdria e suficiente para que uma determinada fung¢do 7(-) possa ser uma
funcdo de autocovaridncia. Como consequéncia, fica também definida a funcdo de distribuicdo
espectral do processo {X;},civ. Uma prova pode ser encontrada em Brockwell e Davis (1991).
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Teorema 2.3. Uma funcdioy : C — Z € nao negativa-definida (e, portanto, pode representar
uma fungdo de autocovariancia) se, e somente se,

y(h) = /( | eMAdF (), (2.6)

para todo h € 7., onde F € uma funcao limitada em (—m, 7|, continua o direita, ndo-
decrescente e tal que F(—m) = 0.

A fungdo F' em (2.6) é de importancia fundamental para a andlise espectral de um processo
{ Xt tten.

Definicao 2.7. Seja {X;}icw um processo fracamente estaciondrio com fun¢do de autoco-
varidncia vx(-) e denote por F'x a fungdo definida pela decomposicdo de vx em (2.6). A
fungdo Fx é chamada de funcdo de distribuicdo espectral de {X;}iew. Se Fx for absoluta-
mente continua, a funcdo fx := dFx é chamada de funcao densidade espectral, ou simples-
mente, a densidade espectral de {X;}ien. Além disso, nesse caso

1 iNh
fx(V) = o f;e vx(h), para todo A € (—m,7].

Decorre imediatamente da definicio que a densidade espectral é uma funcdo continua,
par, positiva e integravel em (—m, |. Mais detalhes podem ser encontrados no capitulo 4 de
Brockwell e Davis (1991) e no capitulo 4 de Priestley (1991).

Consideramos agora dois estimadores para a funcdo densidade espectral de um processo
fracamente estaciondrio que serdo Uteis adiante. Lembrando que as frequéncias de Fourier
entre —m e m compreendem os nlmeros \; := 2% para j = +1,--- £ [n/2], onde n € IN* é
dado e [z] denota a parte inteira de x.

Definicao 2.8. Seja X1, -, X,, uma série temporal obtida a partir de um processo estocdstico
fracamente estaciondrio {X;};en (ou, abusando da linguagem, como fazemos repetidas vezes,
simplesmente uma realizagdo de um processo estocdstico). Definimos a func¢do periodograma,
ou simplesmente, o periodograma de Xi,--- , X, nas frequéncias de Fourier \; = 2mj/n por
I o |2
In(A)) == ’ZXtelt)‘ﬂ .
t=1

- 27n

Se > ez Ivx(h)| < oo, entdo o periodograma é assintéticamente ndo-viciado para a fungdo
densidade espectral mas ele ndo é consistente (veja, por exemplo, o capitulo 6 de Priestley, 1981
e a se¢do 10.3 de Brockwell e Davis, 1991). A hipétese de que a autocovaridncia do processo
é absolutamente somdvel é crucial e ndo pode ser relaxada (cf. Hurvich e Beltrdo, 1993).

Embora o periodograma pode ser considerado um estimador “natural” da fun¢do densidade
espectral, alguns autores o consideram (em traduc3o livre) “um estimador extremamente pobre
(se ndo indtil) da densidade espectral” (cf. Priestley, 1981, pag.420). A se¢do 6.2.2 em Priestley
(1981) traz uma excelente discussdo sobre o assunto. De qualquer forma, por ser um estimador
simples e com algumas propriedades boas, o periodograma ainda é muito difundido e aplicado na
pratica e é especialmente (til para a identificagdo de processos com longa dependéncia. Muitos
autores definem o periodograma sem a constante multiplicadora i mas sabemos da teoria de
séries de Fourier que a constante é mera questao de gosto, fazendo diferenca apenas na hora de
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aplicar a férmula de inversdo. Aqui definimos o periodograma com a constante multiplicadora
por coeréncia aos artigos que utilizamos como apoio para este trabalho.

Uma classe de estimadores com propriedades muito superiores aos do periodograma é obtida
através de uma ponderagdo do periodograma em frequéncias adjacentes a frequéncia desejada.

Definicdao 2.9. Seja X, -, X,, uma realizagdo de um processo {X;};cv fracamente esta-
ciondrio. Definimos a funcdo periodograma suavizado, ou simplesmente, o periodograma
suavizado de X1, --- , Xy, nas frequéncias de Fourier \; = 27j/n por

W) =Y Walk)Ln(Aesy),

k|<t(n)

onde {W,,(-)} é uma sequéncia de fungdes de pondera¢do satisfazendo W, (k) > 0 e W, (k) =
Wn(—k), para todo k = =£1,---,£l(n), e ainda } <4, Wn(k) = 1, onde {(n) € N,
¢(n) < n é o ponto de truncamento. Se Ay ¢ [—m, 7], tomamos o periodograma como tendo
periodo 2.

Na Definicdo 2.9 definimos o periodograma suavizado apenas para as frequéncias de Fourier
Aj em [—7,m|. E vantajoso, porém, defini-lo para todos os nimeros reais. Para isso utilizamos
o seguinte artificio. Primeiro, para X\ € [0, 7|, consideramos a fung¢do auxiliar

o ket S8 A= A1 < Ay — A
g<)\7 n) - { Ako? se )\ — )\k071 > )\ko _ A

Em seguida, se A € [—m,0), definimos g(\;n) := g(—A;n). Ent3o, se A ndo é uma frequéncia
de Fourier, estendemos o periodograma suavizado definindo

fn()\) = fn (g()\; n))

Note que o periodograma também pode ser estendido dessa maneira, ou seja, definindo I,,(\) :=
I, (g()\;n)) quando A n3o é uma frequéncia de Fourier. Na pratica, utilizamos uma estimativa
um pouco diferente para a frequéncia zero. Mais especificamente, utilizamos

£(n)

Fn(0) = W (0)Tn (M) + 2 Wa (k) Ln(Aksr).
k=1

Observamos que os autores os quais definem o periodograma sem a constante multiplicadora

1 . e~ . .
5., a incorporam na definicdo do periodograma suavizado.

Se além das condi¢cdes da Definicdo 2.9, a funcdo de autocovaridncia de um processo

fracamente estaciondrio satisfaz } ,cy [vx(h)] < 00 e 3 Z<pm) Wi (k)2 —s 0 e ainda

ﬁ + @ — 0, quando n tende ao infinito, entdo o periodograma suavizado é consistente

para a densidade espectral. Veja, por exemplo, Priestley (1981) e Brockwell e Davis (1981).
Novamente >, |yx(h)] < oo é uma condicdo crucial e sem ela o resultado ndo é mais
verdadeiro.

Existem diversas funcoes de ponderacdo populares na literatura. Na secdo 6.2.3 de Priestley
(1981), diversas fungdes de ponderagdo s3o discutidas e suas propriedades amostrais verificadas.
Neste trabalho, utilizamos apenas a funcdo de ponderacdo de Bartlett, dada por

_ sin?(nk/2)
Walk) := 2rnsin?(k/2)
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2.3.2 Séries Temporais Multivariadas

Esta secdo tem por objetivo introduzir a terminologia minima relacionada a séries temporais mul-
tivariadas necessdrias ao trabalho. Primeiramente, para uma matriz complexa M, denotamos
por M' a transposta de M e por M a transposta conjugada de M. Vetores aleatérios serao
sempre denotados em negtrito e as coordenadas de um processo m-dimensional serdo denotadas
por X; = (Xt(l), e ,Xt(m)), para todo t € IN.

Definicdao 2.10. Seja {X;};ew um processo m-dimensional com IE((Xt(i))Q) < 00, para todo
t € Netodoie€ {l,---,m}. Definimos a funcao de autocovariancia de {X}iew por

L'(r,s) = Cov(X,,X,) := E((X, - E(X,))(X, - E(X,))), rseN.

No caso multivariado, o conceito de estacionariedade fraca sera suficiente para nossos pro-
pdsitos.
Definicao 2.11. Seja {X;};ew um processo m-dimensional com IE((Xt(l))Q) < o0, para todo
t € Netodoie {1,---,m}. Se E(X;) = E(Xy), para todo t € IN, e Cov(Xy, X¢11) =
Cov(Xo, X}p), para todo t € IN e h € IN*, dizemos que o processo é fracamente estaciondrio.
Neste caso, denotamos I'(h) := Cov(Xy, Xy4p).

No caso fracamente estaciondrio, a fungdo de autocovaridncia I'(h) serd uma matriz real,
finita, simétrica e positiva definida para todo h fixo. Além disso, escrevendo I'(h) em forma
matricial I'(h) := (vi,;(h)){%—1, entdo a funcdo v, 5(h), para ;s € 1,--- ,m e h € N, nada

(

mais é do que a funcdo de covariancia cruzada entre Xtr) e X§i)h. Mais detalhes podem ser
encontrados em Hannan (1970) e Brockwell e Davis (1991).

A definicao das funcdes distribuicdo e densidade espectral para o caso multivariado é andlogo
ao caso univariado. A versdo multivariada do Teorema de Herglotz nos diz que se I'x é a funcdo
matriz de autocovaridncia de um processo m-dimensional fracamente estaciondrio {X}en,
entdo I'y pode ser escrita como

Tx(h) = / M dFy, (2.7)
(_ﬂ—’ﬂ—}

para todo h € Z, onde Fx é uma fungdo limitada em (—m, 7], continua a direita, ndo-
decrescente e tal que F'x(—m) = 0. Dizemos que F, assim definida, é a funcdo matriz
distribuicao espectral de {X¢}ien.

Definicdo 2.12. Seja { X }+ev um processo m-dimensional fracamente estaciondrio com fun¢io
de autocovariancia I'(h). Se Fx dada em (2.7) for absolutamente continua, a fungdo fy :=
dFx é chamada de funcdo matriz densidade espectral, ou simplesmente, a matriz densidade
espectral de { X }tew. Além disso, nesse caso

1 .
fx(A) = Py Z Ty (h), para todo \ € (—m, 7).
T
hez

O periodograma no caso multidimensional é meramente uma extensdo matricial do caso
unidimensional.

Definicao 2.13. Seja X, ---, X, uma realizagio de um processo estocdstico fracamente
estacionario { X }iew. Definimos a func¢ao periodograma, ou simplesmente, o periodograma
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de X1,---, X, nas frequéncias de Fourier \; = 27j/n por

- 1 )
I,(\) == wa(\)wn(X;) , onde wy();) = 3 Xt

O periodograma definido acima goza das mesmas propriedades assintéticas que seu analogo
unidimensional n3o sendo, portanto, consistente. Para definirmos o periodograma suavizado
no caso multivariado, lembramos que se A = (a;;)ij € B = (bi;)i; sdo duas matrizes m x n
complexas, o produto de Hadamard entre A e B, denotado A ® B, é definido como sendo
a matriz m X n dada por A® B := (aijbij)i,j. Isto é, o produto de Hadamard entre duas
matrizes nada mais é do que o produto entrada por entrada. O produto de Hadamard é
comutativo, associativo e distributivo. Se A e B sdo duas matrizes positivas (semi-)definidas
entdo (Teorema de Shur) A ® B é positiva (semi-)definida e (desigualdade de Oppenheimer)
det(A® B) > det(A)det(B). A identidade do produto de Hadamard é a matriz cujas entradas
sao todas iguais a 1. Mais detalhes podem ser encontrados no capitulo 5 de Horn e Johnson
(1991).

Definicdo 2.14. Seja X1, -+, X, uma realizacdo de um processo estocdstico m-dimensional
fracamente estaciondrio {X;}iew. Seja W, (+) := (W;’L’](~))szl uma matriz de fun¢des de
ponderacdo satisfazendo W7 (k) = Wi (—k), Wi (k) > 0 e D[k <e(n) Wi (k) = 1, para
todoi,j =1,---mek = +1,--- ,+(n), onde ¢(n) € N, (n) < n. Definimos a funcdo
periodograma suavizado, ou simplesmente, o periodograma suavizado de Xq,--- , X, por

-~ _—

Fa\) =D Walk) © wa(Nj k) wa(Njigk) (2.8)

k| <€(n)

onde tomamos w,, como tendo periodo 27 se A\j & (—7, 7).

A extensdo do periodograma suavizado multivariado para o caso em que A € R é idéntica
ao caso unidimensional. A maioria dos autores define o periodograma suavizado multivariado
como tendo uma unica funcdo de ponderagcdo comum a todas as entradas. Note porém que
em (2.8) permitimos que sejam usados fun¢des de ponderagdo diferentes em cada entrada da
matriz. Assim como no caso unidimensional, na frequéncia zero utilizamos a seguinte expressao
para o periodograma suavizado multivariado:

L(n)
F.(0) = Re{ Wo(0) ® wn (0 )un()' + 23" Walh) © wn (e 1) im Overt)
k=1

/!

Se Y ez [7ij (k)| < oo, para todo i e j, e cada funco de ponderagio Wi i j=1-,m,
satisfizer as mesmas condi¢des necessarias para a consisténcia do periodograma suavizado no
caso unidimensional, entdo o periodograma suavizado multivariado é consistente para a matriz
densidade espectral. Veja Priestley (1981).

2.3.3 Longa Dependéncia

Desde sua “descoberta”, reportada em Hurst (1951), o estudo de processos com longa de-
pendéncia evoluiu muito e hoje estes representam uma parte importante da andlise de séries
temporais. O decaimento lento da autocovariancia tipico em processos com longa dependéncia
produz efeitos dramdticos em estatisticas comumente utilizadas. Apenas para exemplificar,
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lembramos que quando a autocovaridncia é absolutamente somavel, sob certas condi¢es nas
fungdes de ponderacdo, o periodograma suavizado é /n-consistente para a densidade espec-
tral (Priestley, 1981), mas no caso de longa dependéncia, essa propriedade ndo é mais ver-
dadeira (Hurvich e Beltrdo, 1993). Estes e outros problemas frequentes e, ao mesmo tempo,
tnicos na andlise de séries temporais com longa dependéncia despertaram o interesse de muitos
pesquisadores e fizeram com que houvesse um grande desenvolvimento na area nas dltimas
décadas, tanto em termos de teoria quanto em aplicagdes. Uma amostra deste desenvolvimento
pode ser encontrada em Doukhan et al. (2003), Palma (2007), Lopes (2008) e referéncias ali
contidas.

Embora tendo uma histéria relativamente longa, longa dependéncia ainda n3o possui uma
definicdo globalmente aceita. Diversas maneiras de se definir e caracterizar longa dependéncia e
condi¢des para que as definicdes sejam equivalentes sdo discutidas na se¢do 4 de Taqqu (2003)
e no capitulo 4 de Palma (2007). Neste trabalho adotamos a seguinte definicdo de processo
com longa dependéncia.

Definicao 2.15. Um processo fracamente estaciondrio {X,},en € dito possuir longa de-

pendéncia se
vx(h) ~ P L(n), (2.9)

quando n tende ao infinito, para algum 8 € (0,1) e alguma fung¢do L de variagdo lenta no
infinito.

Observamos também que processos com longa dependéncia sdo comumente associados a
presenca de uma singularidade na funcdo densidade espectral na origem e também a condigdo

ZheZ [vx (h)] = oo.

Uma das classes mais difundidas de modelos com longa dependéncia é a dos modelos
ARFIMA, que revisamos a seguir. Denotamos por B o operador shift, isto &, B*(X;) = X;_,
k € IN*.

Definicdo 2.16. Um processo estocastico { X }1ew € dito ser um processo ARFIMA(p, d, q) se
{Xi}tew for uma solugdo fracamente estaciondria de

o(B)(1 - B)X; = 9(B)Zi, (2.10)

onde p(2) :=1— 1z — -+ —pzP e ¥(z) := 1 4+ V12 + --- + Y427 sdo polindmios que
assumimos n3o ter raizes em comum, {Z;}icz é um ruido branco, isto €, uma sequéncia de
varidveis aleatdrias nio-correlacionadas com média 0 e segundo momento finito, e (1 — B)¢ é
definido pela sua expans3o binomial (1—B)% := 3", . m:B8*, onde 7y := 1 e m;, := [T, ==

j=17g
para todo k£ € IN*.

Pode ser mostrado que, para d € (—1,0.5), se os polindmios ¢ e ¥ ndo tém raizes no disco
unitdrio {z : |z| < 1}, entdo a solugdo de (2.10) é fracamente estaciondria, causal e invertivel.
Neste caso, {X;}sc terd uma representacio MA(co) dada por X; = >, .y ¢k Z;—k, para todo
t € IN, onde a sequéncia {c}ren é determinada através da expansdo (1 — 2)~%9(2)/p(z) =
S pen Ck2” e satisfaz Y, o e < oo. Além disso, yx(h) ~ Kh?'~1, para h grande. Desta
forma, se d € (0,0.5), > ,cz |7x(h)| = 00 e o processo {X;};civ apresenta longa dependéncia
no sentido da equagdo (2.9) com  =1—2d. Se d € (—1,0) entdo a fun¢do de autocovariancia
é absolutamente somdvel, >, i [cr| < 0o e dizemos que {X;}iew possui dependéncia inter-
medidria. Se d = 0, entdo (2.10) se reduz a um processo ARMA(p, ¢), que possui curta de-
pendéncia. Também pode-se mostrar que a densidade espectral de um processo ARFIMA(p, d, q)
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satisfaz fx (A\) ~ KA72?, quando \ tende a 0, e, desta forma, na presenca de longa dependéncia
a densidade espectral é ilimitada na origem. Mais detalhes podem ser encontrados no capitulo
13 de Brockwell e Davis (1991), no capitulo 3 de Palma (2007) e em Lopes (2008).

A extens3o multivariada “natural” dos processos ARFIMA(p, d, q) constitui a classe de pro-
cessos conhecidos por VARFIMA(p, d, q).

Definicdo 2.17. Um processo estocastico m-dimensional { X };ew com E(X ) = u, para todo
t € IN, é dito ser um VARFIMA(p, d, q) se for uma solugdo fracamente estaciondria de

®(B) diag{(1 — B)*} (X — p) = O(B)ey, (2.11)

onde {&¢}+cz é uma sequéncia de varidveis aleatdrias m-dimensionais ndo-correlacionadas, com
média 0 e varidncia finita, ®(B) e ©(B) sdo matrizes m x m em B, dadas pelos polindmios

p q
B(B) =) ¢B e OB) =) 0,8,
£=0 £=0

0s quais assumimos ndo conter raizes comuns, onde ¢y, -+, ®,, 01, -+ ,0, sdo matrizes reais
m x m e ¢y = 0y = I,xm é a matriz identidade m x m.

Pode ser mostrado que se d € (—0.5,0.5)™, det(©(z)) # 0 e det(®(z)) # 0, para todo
z no disco unitdrio, a solu¢do fracamente estacionaria de (2.11) é também causal e invertivel.
No caso de um processo VARFIMA, sempre que d; € (0,0.5), dizemos que a i-ésima com-
ponente {Xt(i)}te]N do processo possui longa dependéncia. De fato, cada componente é um
ARFIMA(p, d;, q). Desta forma, as propriedades mencionadas para o caso do ARFIMA valem
para cada componente do processo VARFIMA(p, d, ) observando-se as caracteristicas determi-

nadas pelo pardmetro de cada componente. Mais detalhes podem ser encontrados em Sowell
(1989), Lutkepohl (1991), Reinsel (1993) e Tsay (2010).






CAPITULO 3

COPULAS E FUNCOES MONOTONICAS
POR PARTES

Neste capitulo estudamos a dependéncia multidimensional entre varidveis provindas de processos
cadticos associados a certos tipos de transformacdes monotdnicas por partes sob a dtica de
cépulas. Mais especificamente, seja 7' : I — I uma transformacdo suave do intervalo I e
assuma que exista uma medida de probabilidade pr absolutamente continua e T-invariante.
Seja Uy uma varidvel aleatéria com distribuicdo Fy(z) = pr([0,x]). Desta forma, dada uma
funcdo ¢ : I — R, pr-integravel, podemos definir o processo estocastico

X = (9o T™")(Uy) = ¢(T*(Uy)), paratodo t € IN. (3.1)

Processos deste tipo apresentam aplicagbes em diversas dreas como perfuracdo de rochas,
evolugdo de organismos vivos e intermiténcia do ritmo cardiaco em humanos (cf. Lasota e
Mackey, 1994 e referéncias ali contidas e Zebrowsky, 2001).

O processo {X;}iew, definido por (3.1), reflete basicamente a evolugdo das iteragdes da
transformacdo T' consigo mesma. Note que o papel da fun¢do ¢ é reescalar as trajetdrias do
processo do intervalo unitdrio para a reta. RealizagBes de processos do tipo (3.1) tipicamente
apresentam uma dindmica complexa, com um comportamento instavel, erratico e com grande
sensibilidade ao ponto inicial. Para exemplificar tal sensibilidade ao ponto inicial, na Figura
3.1(c) apresentamos a trajetdria de um processo do tipo (3.1), com 7" dado por (3.2), para dois
pontos iniciais distantes 10~3 um do outro. Note que, em menos de 10 passos, as trajetérias
ja estdo completamente separadas e o comportamento de uma realizacdo é completamente
diferente da outra.

Em um primeiro momento, apresentamos os resultados do artigo Lopes e Pumi (2011) onde
o caso particular em que 1" é uma transformacdo de Manneville-Pomeau é estudado. A partir
das ideias e métodos apresentados neste artigo, os autores generalizam os resultados para uma
classe maior de processos do tipo (3.1), os quais sdo discutidos no artigo Pumi e Lopes (2011a)
que apresentamos na Secdo 3.2.

21
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3.1 C(Copulas Relacionadas a Processos de Manneville-Pomeau

Nesta secdo apresentamos os resultados do artigo Lopes e Pumi (2011) (veja Anexo A). Para
s> 0, a fungdo Ts : [0,1] — [0, 1] dada por

Ty(x) := x + ' ¥(mod 1), (3.2)

é chamada de transformacdo de Manneville-Pomeau. A funcdo Ts é uma fungcdo mondtona
por partes com dois ramos completos (no sentido que a transformagdo é sobrejetiva em cada
ramo), de classe C'™ e expansiva, exceto no ponto x = 0. Na Figura 3.1(a) mostramos o
grafico da transformagdo de Manneville-Pomeau para s € {0.1,0.5,0.9}.

Pode-se mostrar que para a Transformacdo de Manneville-Pomeau sempre existe uma medida
absolutamente continua T invariante (denotada y5). Se s € (0,1), a medida serd uma medida
de probabilidade enquanto que para s > 1, esta medida ndo é mais finita, mas é o-finita (cf.
Pianigiani, 1980 e Fisher e Lopes, 2001). Por isso, sempre que s € (0, 1), faz sentido considerar
um processo do tipo (3.1) para T' = Ts, ao qual chamamos de processo de Manneville-
Pomeau. Na Figura 3.1(b) apresentamos uma realiza¢do tipica de um processo Manneville-
Pomeau para s = 0.3 tomando ¢ como a fun¢do identidade, enquanto que a Figura 3.1(c)
ilustra a instabilidade com relacdo ao ponto inicial dos processos de Manneville-Pomeau.

Outras propriedades importantes do processo de Manneville-Pomeau s3o a estacionariedade
forte, a ergodicidade e o decaimento hiperbdlico da correlagdo. Para mais detalhes na teoria
de transformacdes e processos de Manneville-Pomeau, referimos o leitor a Pianigiani (1980),
Young (1999), Maes et al. (2000) e Fisher e Lopes (2001). Aplicagdes podem ser encontradas
em Zebrowsky (2001), Olbermann et al. (2007) e Lopes e Lopes (1998).
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Figura 3.1: (a) Transformagdo de Manneville-Pomeau para s € {0.1,0.5,0.9}; (b) Realizagdo de um
Processo de Manneville-Pomeau para s = 0.3; (c) Instabilidade com relagdo ao ponto inicial de um
Processo de Manneville-Pomeau.

Sendo {X;}iew um processo de Manneville-Pomeau com s € (0,1), é natural considerar
o problema de caracterizar a dependéncia n-dimensional em vetores aleatérios (X4, -+, Xy,)-
Uma maneira bastante natural de se estudar tal dependéncia é a partir das cépulas relacionadas
com o processo. Em Lopes e Pumi (2011) os autores derivam e estudam as cdpulas relacionadas
a vetores aleatdrios provindos de processos de Manneville-Pomeau, chamadas de copulas de
Manneville-Pomeau. Estas cépulas sao singulares em relacio a medida de Lebesgue e seu
suporte, no caso bidimensional, é uma func3o linear por partes passando pelos pontos de des-
continuidade da transformac3do e suas poténcias. Os autores também mostram que a cépula
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relacionada a (X, X;.p,) depende apenas do lag h.

Devido a sua complexa dindmica, n3o existe uma férmula fechada para a medida T;s-
invariante us e como as copulas de Manneville-Pomeau s3o fun¢des desta medida, estas também
ndo possuem férmula fechada. Para resolver este problema, Lopes e Pumi (2011) propdem uma
aproximacao para as copulas de Manneville-Pomeau e mostram sua convergéncia uniforme para
a cdpula tedrica. Também s3o discutidos aspectos computacionais desta aproximag¢ao como es-
tabilidade em relagdo ao ponto inicial, Ts-invariancia, pontos de truncamento, geracao aleatdria
entre outros.

Por fim, é considerada uma aplicagdo dos resultados tedricos ao problema de estimac¢do do
pardmetro s em processos de Manneville-Pomeau. Um estimador computacionalmente simples
e rapido é proposto. Para avaliar o comportamento do estimador na pratica, uma simulagdo
de Monte Carlo é realizada e os resultados mostram que além de rapido, o estimador também
apresenta um bom desempenho.

3.2 (opulas Relacionadas a Transformacbées Monoténicas por Partes

Na Secdo anterior tratamos de cépulas relacionadas a processos de Manneville-Pomeau. Note
que a transforma¢do de Manneville-Pomeau dada em (3.2) é crescente em cada um de seus
ramos. Os métodos empregados em Lopes e Pumi (2011), com algumas modificagdes, podem
ser aplicados para derivar as cépulas para uma classe bem maior de transformacdes, que assim
como a transformag&do de Manneville-Pomeau, também possuem ramos completos (sobrejetivos)
e s3o mondtonas em cada ramo. O artigo Pumi e Lopes (2011a) (veja Anexo B) apresenta esta
generalizacdo.

Mais precisamente, a classe de transformagdes consideradas em Pumi e Lopes (2011a) é
composta por transformagdes 1" : I — [ tal que T" é uma funcdo mondtona por partes com
um nidmero finito de ramos, todos eles sendo bijetivos e de classe C1T%, o € (0,1), em seus
dominios. Além disso, assume-se a existéncia de uma medida de probabilidade absolutamente
continua T-invariante. Esta dltima hipdtese é necessaria para garantir que o processo (3.1)
estd bem definido e terd propriedades boas, como estacionariedade. Ressaltamos, porém, que o
problema de existéncia de uma medida invariante para uma dada transformacdo é um problema
geralmente dificil e os resultados existentes geralmente envolvem condicles fortes de suavidade
para a transformagdo considerada. Veja, por exemplo, Rényi (1957), Lasota e Yorke (1973),
Bowen (1979), Pianigiani (1980), Pianigiani (1981), Inoue e Ishitani (1991) e referéncias ali
contidas.

Exemplos de transformacdes satisfazendo as condi¢Ges acima s3o as seguintes:

1. A transformag¢ao Tenda com pardmetro a € (0,1) é dada por

x
-, se 0<z<a,
a

1—=x
1—a’

To(x) :=

se a<zxz<l.

Pode-se mostrar que a medida de Lebesgue em I é T,-invariante para todo a. A Figura
3.2(a) traz um grafico tipico da fun¢do Tenda enquanto que a Figura 3.2(d) traz uma
realizagdo tipica de um processo do tipo (3.1) com T'=T,, a = 0.8.
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2. A transformagao de Giampieri-Isola com pardmetro r € (0,1), dada por

(2—r)z 1

T(.%') . 1—rz se 0§.’IJ§§,
T T (2—r)(1—=x) 1

Ty 0S¢ 3 <=l

Pode-se mostrar que f,(x) := a ) ¢ a densidade de uma medida absolu-

~Tog(I=r)(I=r+ra)
tamente continua e T,-invariante (cf. Giampieri e Isola, 2005). A Figura 3.2(b) traz
um grafico tipico da transformagdo Giampieri-Isola e a Figura 3.2(e) traz uma realizag¢do
tipica de um processo do tipo (3.1) com T' = T,, para r = 0.8. Note que 7T, é bem
definida para r = 0, recaindo na transformacdo Tenda com a = 0.5. Veja Giampieri e

Isola (2005) para mais detalhes.

3. A transformacdo de Manneville-Pomeau ja considerada na secdo anterior.
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Figura 3.2: Griéfico tipico da (a) transforma¢do Tenda; (b) transformagdo Giampieri-Isola e (c) trans-
formagdo (3.3). Realizac3o tipica do processo (3.1) com T (d) a transformagdo Tenda com pardmetro
a = 0.8; (e) a transformagdo Giampieri-Isola com pardmetro r = 0.8 e (f) a transformagdo (3.3) com
pardmetros a = 0.8 e b = 0.6. O ponto inicial em todos os casos é v/2(mod 1).

Um exemplo de fung¢do suave do intervalo que n3o satisfaz as condi¢des do artigo é a funcdo
dada por

a -+ @ , se 0<xz<b,
Ta,b(x) = ( —b) (33)
i se b<uz<l,

onde a,b € (0,1). A Figura 3.2(c) traz um gréfico tipico da fung¢do (3.3) e a Figura 3.2(f) traz
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uma realizagdo tipica de um processo do tipo (3.1) com 7' = T,;, a = 0.8 e b = 0.6. Pode
ser mostrado que existe uma medida de probabilidade Tj, j-invariante (cf. Coelho et al., 2005).
Note que a funcdo n3o possui ramos completos.

Em Pumi e Lopes (2011a), as cépulas relacionadas a processos do tipo (3.1) para 7' como no
paragrafo anterior s3o derivadas e estudadas. Estas familias de cépulas compreendem cépulas
singulares cujo suporte é uma func3o linear por partes com pontos de descontinuidade e ori-
entacdo iguais aos da transformacdo original. Como no caso da transformacdo de Manneville-
Pomeau, muitas vezes as cdpulas estudadas ndo possuem férmula fechada, por isso aproximacdes
bastante gerais sdo discutidas. Sob certas condi¢cdes, mostra-se a convergéncia uniforme destas
para a cépula tedrica. A geracdo de amostras aleatdrias das cdpulas derivadas no artigo também
é discutida. Como exemplos, sdo apresentadas as cépulas relacionadas as transformacdes do
tipo Tenda além, claro, da transforma¢ao de Manneville-Pomeau.

Como uma aplicagdo da teoria, os autores investigam a estimacgdo paramétrica em processos
do tipo (3.1) quando a transformagdo satisfaz as condi¢Ges acima descritas assumindo que o
pardmetro a ser estimado pode ser unicamente determinado pelo conhecimento dos pontos
de descontinuidades da transformacdo. Este é o caso dos processos de Manneville-Pomeau.
O método descrito em Pumi e Lopes (2011a) pode ser considerado uma generalizagdo do
método proposto em Lopes e Pumi (2011). Para exemplificar o método proposto e verificar
suas propriedades, os autores conduzem uma simulacdo de Monte Carlo.






CapriTULO 4

PROCESSOS cOM LONGA
DEPENDENCIA

Este capitulo trata de processos multivariados com longa dependéncia sob dois pontos de vista
diferentes, apresentados em Pumi e Lopes (2011b) e Lopes et al. (2011). Em um primeiro
momento abordamos o problema da estimagdo semiparamétrica do vetor de diferenciacdo fra-
ciondria d em processos multivariados com longa dependéncia, e em um segundo momento,
investigamos a interdependéncia entre as componentes de processos VARFIMA(0, d,0) sob o
ponto de vista da distancia de Mallows.

4.1 Estimagao Semiparamétrica em Processos Multivariados com Longa
Dependéncia

Em meados da década de 80 e inicio da década de 90, a teoria assintdtica dos estimadores
paramétricos Gaussianos em processos univariados com longa dependéncia estava rigorosamente
estabelecida com os trabalhos de Fox e Taqqu (1986), Dahlhaus (1989), Giraitis e Surgailis
(1990), entre outros. Tais estimadores, que sdo baseados na fun¢do densidade espectral, com
algumas condi¢des de regularidade, apresentam excelentes propriedades como /n-consisténcia,
normalidade assintética e eficiéncia assintética quando o processo for de fato Gaussiano. Estes
estimadores, porém, dependem fortemente da Gaussianidade do processo (Giraitis e Surgailis,
1990 é exce¢do), requerem fortes condi¢Bes distribucionais e ndo sdo robustos quanto a especi-
ficagBes incorretas do modelo, gerando, neste caso, estimativas inconsistentes.

Ainda no caso univariado, os primeiros estimadores da classe dos hoje conhecidos por esti-
madores semiparamétricos Gaussianos (GSE na sigla em inglés, que adotamos) apareceram no
trabalho de Kiinsch (1987). Alguns anos depois Robinson (1995b) desenvolveu rigorosamente a
teoria assintética de tais estimadores. Algumas vantagens do estimador GSE em relac3o aos es-
timadores paramétricos é a maior eficiéncia, menores requerimentos distribucionais e, sobretudo,
total independéncia quanto a Gaussianidade do processo.

No caso multivariado, a situacdo é um pouco diferente. O primeiro estimador para o vetor
de diferenciagdo d em processos VARFIMA foi apresentado em Sowell (1989) que propds o uso
de um estimador de maxima verossimilhanca. O custo computacional do método na época,
porém, o tornou pouco atrativo. Alguns anos depois, Lucefio (1996) apresentou uma alterna-
tiva computacionalmente menos intensiva baseadas em aproximacdoes para a verossimilhanca do
processo. Recentemente, Tsay (2010) propds um estimador baseado na verossimilhanga condi-
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cional exata para a estimagdo de d. De qualquer forma, embora em geral métodos baseados
no principio da verossimilhanca apresentem bom desempenho, seu custo computacional ainda
¢ grande.

No caso multivariado, Robinson (1995a) apresentou o primeiro estudo assintético rigoroso
de um estimador GSE. Um estimador GSE multivariado a dois passos foi proposto em Lobato
(1999), que mostrou a normalidade assintdtica do estimador. Shimotsu (2007) introduziu um
refinamento do estimador GSE a dois passos de Lobato (1999). Estendendo as técnicas apresen-
tadas em Robinson (1995b) para o caso multivariado, Shimotsu (2007) provou a consisténcia
e a normalidade assintética de seu estimador além de provar a consisténcia do estimador GSE
a dois passos de Lobato (1999). Recentemente, Nielsen (2011) estendeu o estimador GSE de
Shimotsu (2007) para a regido n3o-estaciondria utilizando o chamado periodograma estendido.

O estimador GSE, introduzido em Shimotsu (2007), é baseado na minimizagdo de uma
func3do objetiva na qual a estimacdo da densidade espectral é feita utilizando-se o periodograma.
Em Pumi e Lopes (2011b) (veja Anexo C), os autores estudam duas generalizagdes do estimador
GSE proposto em Shimotsu (2007). Na primeira parte, consideram um novo estimador obtido
substituindo-se o periodograma na fun¢do objetiva em Shimotsu (2007) por um estimador
consistente arbitrdrio da densidade espectral. Os autores mostram que para d € (0,0.5)™, a
consisténcia do estimador da densidade espectral sozinha é suficiente para garantir a consisténcia
do novo estimador. Para a consisténcia do novo estimador quando d € (—3/2,0)™, para
B € (0,1), é necessério que o estimador para a densidade espectral seja n~B-consistente. Na
segunda parte, os autores consideram a fun¢do objetiva em Shimotsu (2007) substituindo-se
o periodograma por um estimador arbitrdrio para a densidade espectral e derivam condi¢Oes
necessarias para que o novo estimador seja consistente e assintéticamente normal. Mostram
ainda que matriz de variancia-covariancia da distribuicdo assintética ndo depende do estimador
para a densidade espectral.

Como exemplo da teoria, Pumi e Lopes (2011b) consideram substituir o periodograma na
funcdo objetiva pelo periodograma suavizado, mostram que o estimador GSE suavizado, assim
definido, é consistente e apresentam uma simula¢ao de Monte Carlo comparando o estimador
original e o suavizado. Os autores concluem que o estimador GSE suavizado apresenta um
desempenho consideravelmente melhor que o estimador GSE original.

4.2 Distancia de Mallows em Processos VARFIMA(O, d, 0)

Nesta secdo, utilizamos a distdncia de Mallows como uma ferramenta no estudo da inter-
dependéncia entre as coordenadas de processos VARFIMA(0,d,0). Note que a distancia de
Mallows entre duas func¢des de distribuicao F' e GG, pode ser vista como uma maneira de quan-
tificar a relagdo entre elas. Com isso em mente, seja {X;}iew um processo bidimensional
fracamente estacionario e assuma que as componentes do processo sejam identicamente dis-
tribuidas. Uma questdo natural é a seguinte: a distancia de Mallows calculada nas marginais
do processo {X;}iew traz algum tipo de informagdo sobre o processo e, em caso afirmativo,
esta informacdo pode ser (til, por exemplo, na estimagdo de algum pardmetro de interesse do
processo? Esse é o caso, por exemplo, em processos nos quais as marginais sdo paramétricas e
seus parametros sdo de interesse.

No artigo Lopes et al. (2011) (veja Anexo D), enderegcamos a questdo de como se comporta a
distancia de Mallows entre as componentes de um processo VARFIMA(0, d, 0) nos mais diversos
cendrios. O trabalho é baseado em simulagdes de Monte Carlo e tem por objetivo investigar
uma possivel relacdo da distdncia de Mallows com o vetor de diferenciacdo fracionaria d e, em
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caso de alguma relacdo existir, como esta relacdo se comporta em diferentes cendrios.

No estudo de Monte Carlo conduzido no artigo, assumindo a nota¢do da Definigdo 2.17,
geram-se realizagdes de um processo VARFIMA (0,d,0) bidimensional para diversas com-
binagdes do vetor de diferenciagdo d considerando-se varios cendrios para o ruido {&;}icz
incluindo ruidos Gaussianos e ndo-Gaussianos, com diversos niveis de correlacdo, com marginais
de caudas leves e pesadas e com marginais de variancias iguais e diferentes. Em cada uma dessas
situacOes, estima-se a distdncia de Mallows entre as componentes do processo. O estimador
para a distancia de Mallows é proposto no préprio artigo e é baseado na distribuicdo empirica
das componentes da amostra. A partir dai, analisa-se uma possivel relacdo entre o vetor de
diferenciacdo d, o tipo e a for¢a da dependéncia no ruido e o comportamento das marginais do
processo. Toda essa miscelanea de condicbes é geralmente induzida no processo diretamente
em {e;}tcz utilizando-se ferramentas da teoria de cépulas, mais precisamente, via o Teorema
de Sklar. Para efeito de comparacdo, os autores também apresentam o 7 de Kendall para cada
situacdo. Os autores concluem que o comportamento da distancia de Mallows e do 7 de Kendall
é bastante diferente. Por exemplo:

1. Em todos os casos, a distancia de Mallows sé é sensivel a diferencas na correlacdo induzida
no ruido na presenca de longa dependéncia forte, isto ¢, quando d € [0.3,0.5)%. J4d o T de
Kendall é sempre muito sensivel a correlagdo, mas apresenta um comportamento bastante
suave em relac3o ao d.

2. Quando as varidncias das marginais sdo diferentes, o comportamento global da distancia
de Mallows basicamente ndo muda, mas sua magnitude sofre alteracdes. J4 o comporta-
mento do 7 de Kendall em func3o de d passa a ser erratico.

3. Tanto no caso em que o ruido ndo é mais Gaussiano quanto no caso de marginais com
caudas pesadas, o comportamento da distdncia de Mallows permanece estavel com pe-
quenas mudancas na magnitude. Dada a sua natureza, em ambos os casos ndo ocorreram
diferencas significativas nem no comportamento nem na magnitude do 7 de Kendall.

Como aplicagdo, Lopes et al. (2011) propdem um estimador semiparamétrico baseado na
distancia de Mallows e nos resultados empiricos obtidos. Algumas vantagens do estimador sdo
sua versatilidade, pois pode ser utilizado para estimar o vetor de diferenciacdo d em processos
VARFIMA(0, d, 0) de qualquer dimens3o finita (inclusive dimensdo 1) e sua agilidade, j& que
mesmo para dimensoes altas, o estimador é computacionalmente simples e rapido, produzindo
bons resultados.

Especialmente em dimensGes altas, o estimador pode ser util na obtencdo de um vetor
de inicializacdo a ser utilizado em estimadores do pardmetro de diferenciagdo baseados na
otimizagdo de alguma fungdo objetiva, especialmente quando esta n3o é suave ou possui diversos
pontos de minimos e maximos locais. Um vetor de inicializagdo bom em tais condi¢bes pode
significar uma redugdo drastica no tempo gasto com a otimizag¢3o além de melhorar a precisdo
dos resultados desta, potencialmente evitando pontos de minimos/méximos locais indesejaveis.
Para exemplificar o uso e verificar o desempenho do estimador proposto, os autores conduzem
uma simula¢do de Monte Carlo no contexto de processos VARFIMA(0, d,0) Gaussianos.

Baseado nos resultados empiricos obtidos no trabalho, os autores propdem um teste para
detectar a presenca de longa dependéncia forte nas coordenadas de processos VARFIMA(0, d, 0)
de dimens3o finita, caracterizada pela presenca de alguma coordenada para a qual d; > 0.3. O
desempenho do teste é verificada através de simulagdes em diversos casos, inclusive em casos
marginais quando a evidéncia de ambas alternativas é fraca.
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4.3 Teoria Assintotica

Considere X1,--- , X, e Y1, --,Y,, duas amostras aleatdrias de funcdes de distribuicdo F' e G
em .%,, respectivamente. Em Lopes et al. (2011), apresentado na se¢do anterior, os autores
definem um estimador para a distdncia o de Mallows entre F' e G baseado nas amostras
X, , X, eYqy, Y, através de

1 1/
Gu(F.G) = Do(Frs Ci) — ( / \Fé”(u)—GSn”(u)\“du) , (4.1)
0

onde ﬁn e @m denotam a distribuicdo empirica baseadas em Xy, --- , X, e Y1,--- ,Y,,, respec-
tivamente. Nesta secdo o objetivo é mostrar que o estimador (4.1) é fortemente consistente e
derivar sua distribuicdo assintética no caso em que X1, -, X, e Y7, ---,Y,, sejam amostras
independentes e identicamente distribuidas (abreviado por i.i.d.) de duas varidveis aleatérias
X e Y com distribuicbes F' e G em %,, respectivamente.

Seja Xy,---,X,, uma amostra i.i.d. de uma distribuicio F. O Teorema de Glivenko-
Cantelli garante que se ﬁn é a distribuicao empirica baseada em X7, .-, X, entdo ﬁn(x) —
F(z) uniformemente em z, exceto, talvez, em um conjunto de medida zero. Isto implica
imediatamente que Eg_l)(x) — F(=1(z) uniformemente em z em quase toda a parte. Pode-se
mostrar (Bickel e Freedman, 1981) que a convergéncia em distancia o de Mallows é equivalente
a convergéncia em distribuicdo junto com convergéncia do a-ésimo momento absoluto. Um
argumento simples aliado a lei forte dos grandes nimeros implica que _@a(ﬁn,F) — 0 em
quase toda a parte (veja a Segdo 5.1.1 em Shao, 1993, por exemplo). Uma aplicagdo deste
resultado nos permite mostrar a consisténcia forte de @a.

Teorema 4.1. Seja o > 1 e sejam F,, e G, as distribuicoes empiricas baseadas em amostras
ii.d. Xy, , X, e Yy, Y, de duas varidveis aleatorias X eY com distribuicoes F' e
G em %, respectivamente. Entdo,

lim .@a(ﬁn,@m): lim lim .@a(ﬁn,@m) = lim lim .@a(ﬁn,@m) = 9.(F,G),

m,n—0o0 n—00 M—r00 m—r00 N—00

em quase toda a parte.

Prova: Primeiramente, é claro que F,, e GG,,, pertencem a %,. Para o > 1, a distancia « de
Mallows é uma métrica em %, desta forma, por um lado

Do(F,G) < Do(F, Fy) + Do(Fr, Gn) + DG, G),

e por outro lado

~ o~

Do(Fn, G) < Do, F) + Da(F, G) + Z0(G, G),
de onde segue que
|9a(ﬁn7ém) - -@a(Fv G)‘ § -@a(ﬁnaF) + ‘@a(@TmG) - Oa

quase certamente tanto no sentido de limite duplo, quanto no sentido de limite iterado, j& que
Do(Fpn, F) — 0 quando n tende ao infinito e Z,(G,,, G) — 0 quando m tende ao infinito,
independentemente um do outro. Isto completa a prova. ]



Capitulo 4. Processos com Longa Dependéncia 31

Na literatura podemos encontrar alguns resultados assintéticos para @g(ﬁn, F'). Por exem-
plo, distribui¢do assintdtica, velocidade de convergéncia entre outros resultados para Z»(F,, F')
podem ser encontrados em Samworth e Johnson (2008) e referéncias ali contidas e também
em Johnson e Samworth (2005). Procedemos a derivagdo da distribui¢do assintética de (4.1).
Focalizamos nossos esforcos para o caso a = 2, mas o caso geral para a > 1 segue na mesma
linha.

Para derivar a distribuigdo assintética de (4.1) precisamos de alguns conceitos que revisamos
aqui. Denotamos por S := S[0, 1] o espago das fungdes reais definidas em [0, 1] continuas a
esquerda e possuindo limites laterais a direita em todos os pontos. Considere S com a norma
uniforme,

If = glloo == sup {|f(z) —g(2)|}.
z€[0,1]

O espago normado (5, || - [|os) é completo, mas ndo ¢ separdvel, o que implica que a o-lgebra
gerada pelas bolas abertas em S, denotado por A, é estritamente menor que a o-algebra de
Borel em S, denotada por %, gerada pelas bolas abertas em S. Este fato é inconveniente
do ponto de vista da teoria da medida ja que poderia acontecer de uma fung3o real continua
em % nao ser mensuravel em ;. Para contornar esse problema, trabalhamos com o espaco
(S, %o, - ||lso) € introduzimos um conceito diferente de convergéncia fraca conforme explicado,
por exemplo, na secdo 6 de Billingsley (1999).

Definicdo 4.1. Seja {X;};cy uma sequéncia de varidveis aleatérias em (.S, B, || - || ). Defi-
nimos a convergéncia em distribui¢do em (S, %o, || - || ), denotada por d°, como
dD
X, — X = E(f(X,)) — E(f(X)),
n—oo n—oo

para toda funcdo f : S — R continua, limitada e %y-mensurdvel.

Além do conceito de convergéncia em distribuicio em (S, %y, || - [|o), as distribuicdes
assintéticas para funcionais da distribuicdo empirica geralmente envolvem os processos chama-
dos pontes Brownianas, cuja definicao lembramos em seguida.

Definicdo 4.2. Uma ponte Browniana é um processo Gaussiano {B(t)}¢c[0,1) com média 0,
Cov(B(r), B(s)) = min{r, s} — rs, (4.2)

e tal que B(0) = B(1) = 0.
No préximo teorema, derivamos a distribuicdo assintética de @g(ﬁn, CA;n)

Teorema 4.2. Sejam X1, --- , X, eYq1,---,Y, amostras i.i.d. de duas varidvets aleatorias
X e Y com distribuicées F e G, respectivamente, em Fo. Denote por F, e Gy as dis-
tribuicoes empiricas baseadas nessas amostras, respectivamente. Suponha que F' e G pos-
suam densidades f e g, respectivamente, tais que f(Ffl(t)) e g(Gil(t)) sejam positivas e
continuas para todo t € [0,1]. Assuma também que os limites limy o F~1(t), limg o G71(¢),
limyq F7Yt) e limyq G~Y(t) existam em R. Defina a varidvel aleatdria

_ (Y B B (t)
2= | <f(F1(t)) WIERID) Jer

onde {B;(t) }te0,1] sdo pontes Brownianas independentes, para i = 1,2. Se Za(F,G) # 0,




32 Capitulo 4. Processos com Longa Dependéncia

entao J )
n? (.%(ﬁn, G,) — Do(F, G)) —" s sign(2)|2] 2,
n—oo

onde sign(-) denota a fun¢ao sinal, isto é sign(z) = 1, se x > 0, e —1, caso contrdrio. Se
Dr(F,G) =0, entao F =G e

n%@2(ﬁm§n) é [2/01 (f(lf_(?(mfdt] 2,

onde {B(t) }1cj0,1] € wma ponte Browniana.

Prova: Como f(F~(t)) e g(G'(t)) sdo positivas por hipétese, o teorema 1 na pag.640 e
o coroldrio 1 na pag.48 de Shorack e Wellner (1986) implicam

e Bi(t)

o ) ¢ e aT)

nd (B () — F7'(1)

de onde segue que

~

n3 (ﬁ—l(t) G - (F ) - G_l(t))>

n n

° Bi(t)  Bs()
oo f(E7LL)  g(G1(1))

em (S, Bo, || ||o), onde By (-) e Bs(-) sdo duas pontes Brownianas independentes. Observe que
definindo By(t) := —B3(t), {Ba(t)}ic[0,1] também é uma ponte Browniana. Observe também
que, com probabilidade 1, Bi(-) e By(-) pertencem a (C, || - ||sc), © espago das fungdes reais
continuas em [0, 1] equipado com a norma uniforme que é completo e separdvel. Suponha
que Z(F,G) # 0. Entdo, aplicando o delta método funcional (functional delta method)
adaptado para convergéncia em d° para a fungdo hy : (S, %o, || - [|) = (S, %o, || - [|oc) dada
por hy(¢)(x) = £(z)? (cf. teorema 20.8 em van der Vaart, 1998), segue que

1M~ o~ 2 _ _ 2] @° Bi(t) Ba(t)
n (BNt — GH )" — (F7H () — G7H1) 2( - .
[( ) ( ) } n—00 f(F_l(t)) g(G_l(t))
Agora pelo teorema da fungdo continua (continuous mapping theorem) adaptado para con-
vergéncia em d° (cf. Billingsley, 1999) aplicado a fungdo hg : (S, Ao, || - Hoo) — R dada por
ho(f) = fol {(t)dt, segue que

(4.3)

i PR o 1
ns (gg(Fn,Gn) — 93(F, G)) nd:g 2 /O ( ; (ﬁf {(lt()t)) - (gi(f()t))>dt. (4.4)

Note que a integral em (4.4) é finita com probabilidade 1 j& que B; e B sdo limitadas pois sdo
funcdes continuas em quase toda a parte definidas no compacto [0, 1] e pela positividade de
f(F7L(t)) e g(G71(t)) em [0,1]. Observe também que a integral (4.4) depende do caminho
das varidveis By e By e pode assumir valores positivos, negativos e nulos com probabilidade
positiva. Seja Z como no enunciado e defina S := {w: Z(w) > 0}. Em S, aplicando-se o delta
método funcional a fungdo hs : [0,00) — [0, 00) dada por hs(z) := 27 resulta

1 ~ o~ d 1
ni (%(Fn, Gn) — Du(F, G)) Lz

n—oo
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1
Por outro lado, em S¢, o mesmo argumento com hy(z) = (—x)2 resulta

n3 (25(Fo, Gn) ~ B(F,G)) N

n—o0

Ambos os resultados podem ser escritos compactamente como
o~ d° _1
n? (.%(Fn, Gn) — Do(F, G)) s sign(2)| 2| ®
n—oo

e o resultado segue observando que qualquer funcdo continua e limitada de R em R é %-
mensurdvel (veja também pag.69 de Billingsley, 1999).

Considere agora o caso Z(F,G) = 0. Que F = G segue do fato de %, ser uma métrica
em Z,, e isto implica que X1, -+, X,, e Y1, -+ ,Y,, sdo amostras (diferentes com probabilidade
1) da mesma distribui¢do. Neste caso, (4.3) se torna

WA (F-1(p) — A1 & Bi(t) — Bs(t)

Defina B(t) = (Bi(t) — Bs(t))/v2, para todo ¢t € [0,1]. Entdo {Bt}iejo,1) € uma ponte
Browniana. De fato, segue diretamente da definicdo que {B;}c[0,1) € Gaussiano, tem média 0
e B(0) = B(1) = 0. Falta mostrar que a covariincia é da forma (4.2). Para r,s € [0, 1], temos

2Cov(B(r), B(s)) = Cov(Bi(r) — Bs(s), Bi(r) — Bs(s))
= Cov(Bi(r), Bi(s)) — Cov(Bi(r), Bs(s)) — Cov(Bi(s), Bs(r)) + Cov(Bs(r), Bs(s))

= 2 (min{r, s} — rs),
ja que B; e B3 s3o pontes Brownianas independentes. Assim, segue que
e /2B(t)
n—00 f(Ffl(t)) .

Aplicando-se um argumento semelhante ao caso anterior, podemos aplicar o teorema da funcdo
continua para d° as funges hs : (S, %o, || - o) = (S, %0, || - o) dada por hs(¢)(z) = £(x)?
e he : (S, Bo, || - ) — R dada por he(£) = [, £(t)dt. Com isso obtemos

n (B4t - Gl (1)

~ o~ LN - o 1 2
n23(Fy,, Gr) :n/o (BN (1) — G (1)) dt <, 2/0 (M) dt. (4.5)

n— 00 F_l(

O mesmo argumento aplicado a (4.4) pode ser utilizado para mostrar que a integral em (4.5) é
finita com probabilidade 1. Finalmente, como (4.5) é n3o-negativa, aplicando-se a teorema da

funcdo continua para d° a fungdo hy : [0,00) — [0, 00) dada por hy(z) := 22, obtemos

nz I(F,,Gy) ni—oé [2 /01 <f(lf_(f)(t))>2dt] : .

O resultado segue observando que qualquer fun¢do continua e limitada de R em R é %-
mensuravel, completando a prova do teorema. [ |

Terminamos esta secdo observando que as condicdes relativas a existéncia dos limites
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limgyo F71(t), limeo GT1H(E), limgg FL(t) e limyg G71(t) no Teorema 4.2 podem ser rela-
xadas assumindo condi¢cGes de controle do decaimento das caudas das distribuicdes F' e G, no
mesmo espirito de Csorgé e Horvath (1990), del Barrio et al. (2000) e Samworth e Johnson
(2008).



CAPITULO 5

PARAMETRIZACAO DE COPULAS E
DECAIMENTO DA COVARIANCIA

Neste capitulo estudamos o decaimento da correlagdo em processos estocdsticos e sua relagdo
com a parametrizacdes de cépulas. No Capitulo 2 observamos que, pelo Teorema de Sklar,

quaisquer que sejam as varidveis aleatdrias continuas Xi,--- , X,, com distribuigdo conjunta
H e marginais Fy,--- , F,, respectivamente, podemos associar ao conjunto {Fy,---, F,, H}
uma dnica cépula C. Reciprocamente, ao conjunto {F},---, F,,C}, associamos uma Utnica

distribuicdo conjunta H. Desta forma, sendo {X;}:cw um processo estocdstico (unidimen-
sional) tal que, para cada t € IN, X; seja continua e tenha distribuicdo F}, entdo para cada
vetor aleatério (X, X) podemos associar uma tnica cépula C, 5. Pelo Lema de Hoeffding, a
tripla (F}, Fs, Cy s) nos permite calcular a autocovaridncia entre X, e X;. Assuma que todas
as cépulas bidimensionais do processo {X;}icw pertencem a uma mesma familia de cépulas
{Co}oco e que a cépula de X; e X, ndo dependa de ¢, isto é, C}, := Cy 4y, para todo t € N
e h € IN* (isto ocorre, por exemplo, se o processo for fortemente estaciondrio). Assim, podemos
associar uma sequéncia {0, }nen+ C © de tal forma que C}, := Cy,, para todo h € IN*. Com
essa construgdo, para cada h € IN* e todo ¢ € IN podemos calcular a autocovariancia entre
X e Xy1p via Lema de Hoeffding a partir de (F}, Fi1p,Cp,). Em particular, isto nos permite
determinar o decaimento da autocovaridncia entre X; e X;,p, para h grande. Note ainda que
o decaimento da autocovaridncia pode ser determinado a partir das cépulas bidimensionais e
das marginais do processo, nao sendo necessario o conhecimento da estrutura de dependéncia
de dimensGes maiores do que 2.

Tendo em vista o paragrafo acima, quando se tratando de cépulas fica clara a vantagem
e a naturalidade em se trabalhar com o decaimento da autocovariancia do processo ao invés
do decaimento da autocorrelacdo. Além disso, a autocorrelacdo pode ser obtida diretamente
da autocovariancia do processo. Com um minimo de esforco, todos os resultados obtidos para
o decaimento da autocovariancia se traduzem para o decaimento da autocorrelacdo. Por isso,
neste capitulo, tratamos exclusivamente do decaimento da autocovaridncia.

Neste capitulo estudamos o problema inverso apresentado em Pumi e Lopes (2011c) (veja
Anexo E). Suponha que desejamos construir um processo fracamente estaciondrio { X; }1en com
marginais absolutamente continuas {F}, } ,ev predefinidas e com um certo decaimento da auto-
covariancia do processo. Para uma determinada familia de cépulas paramétricas bidimensionais
{Cy}oco dada, investigamos como determinar uma parametriza¢do {6, },cn~+ de tal forma que,
se a cOpula associada a X; e X4, for Cp,, entdo o decaimento da autocovaridncia desejado
é obtido. O foco do trabalho é determinar parametrizacdes que produzam decaimento lento
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da autocovaridncia tipicos de processos com longa dependéncia, porém os resultados permitem
obter qualquer tipo de decaimento. Além disso, embora o foco do trabalho seja obter processos
estaciondrios, os métodos e resultados derivados se aplicam a processos ndo-estaciondrios com
a devida interpretacao.

A ideia de construir processos estocasticos a partir de cépulas n3o é novo. No caso multi-
variado, a utilizacdo de cépulas para modelar a interdependéncia de duas ou mais varidveis na
construcao de modelos multivariados complexos tem se tornado rotina. Veja por exemplo os
trabalhos recentes de Lee e Long (2009), Palynchuk e Guo (2011) e referéncias ali contidas.
No caso univariado, o problema é um pouco mais delicado e a maioria dos resultados envolvem
apenas processos com dependéncia fraca. Por exemplo, Darsow et al. (1992) desenvolvem a
teoria de processos de Markov baseado em cépulas a partir de um certo produto introduzido
no espaco das cépulas. Em Lagerds (2010), as propriedades das cadeias de Markov construidas
desta maneira para varias familias de cépulas sdo estudadas. Ainda no caso unidimensional, no
capitulo 8 de Joe (1997) alguns métodos para a construcdo de séries temporais com curta de-
pendéncia a partir de cépulas condicionais sdo desenvolvidos. O autor ainda discute a constru¢io
de processos Markovianos e séries temporais com curta dependéncia a partir da parametrizacdo
de distribuicdes pertencentes a classe de distribuicdes fechadas para a convolucdo e infinita-
mente divisiveis (convolution-closed infinitely divisible class). Outro trabalho interessante
nessa linha é Chen e Fan (2006), onde as autoras introduzem uma classe de modelos lineares
semiparamétricos generalizados baseado em cépulas com estrutura de dependéncia Markoviana
e estudam propriedades, estimac¢do e simulagdo nestes.

Nosso trabalho difere dos demais acima citados essencialmente por ser baseado na para-
metrizacdo de cépulas focando na obtencdo de um determinado decaimento ou estrutura de
autocovariancia dada. Além disso, nenhuma propriedade especial para as marginais do processo
é assumida. A teoria e métodos propostos também possuem uma vantagem clara sobre métodos
baseados diretamente na parameterizacdo da covaridncia, a saber, a autonomia e flexibilidade
na modelagem da dependéncia bidimensional do processo, aplicabilidade a simulacdo de séries
temporais e generalidade dos resultados.

Varios exemplos sdo apresentados no trabalho englobando familias de cépulas populares
em aplica¢Ges, como por exemplo, as familias Euclideana, de Valor Extremo e Gaussiana além
de mostrar como a teoria se encaixa com a classe de modelos ARFIMA, entre outros. Duas
aplicagOes da teoria geral sdo apresentadas. A primeira é relacionada com a estimagdo de
pardmetros identificiveis pelo decaimento da autocovaridncia em séries temporais fracamente
estaciondrias. Um estudo de Monte Carlo é conduzido para acessar as propriedades do estimador
proposto. A segunda aplicacdo é relacionada com a simulacdo de séries temporais com marginais
dadas e decaimento predeterminado da autocovariancia. As técnicas apresentadas permitem a
simulagdo de séries temporais n3o tradicionais de forma relativamente simples e rapida. Para
finalizar, a metodologia proposta ¢ aplicada a série temporal real do indice de ativos da S&P500.



CAPITULO 6

CONCLUSOES E TRABALHOS FUTUROS

Neste trabalho estudamos alguns aspectos da teoria de cépulas, de processos com longa de-
pendéncia e do decaimento da correlacdo em processos estocdsticos, refletindo o trabalho con-
tido em Lopes e Pumi (2011), Pumi e Lopes (2011a,b,c) e Lopes et al. (2011). Na primeira
parte do trabalho derivamos as cépulas relacionadas a vetores de varidveis aleatérias provindas
de um certo tipo de processos cadticos, definidos a partir da iteracdo de uma transformacio
suave por partes a uma certa varidvel aleatdria inicial.

Em um primeiro momento, consideramos a classe das transformacdes de Manneville-Pomeau
e 0 processo cadtico associado. Derivamos e estudamos as cépulas associadas a estes, que
denominamos cépulas de Manneville-Pomeau. Como as cépulas derivadas n3o possuem férmula
fechada, consideramos alguns aspectos computacionais importantes, como por exemplo, apro-
ximacoes as copulas de Manneville-Pomeau, estabilidade e convergéncia dessas aproximacoes,
geracdo aleatdria de amostras, entre outros. Como aplicagdo, propomos um estimador para o
pardmetro do processo baseado na teoria desenvolvida e conduzimos um experimento de Monte
Carlo para determinar as propriedades do estimador.

As técnicas e resultados apresentados para a transformacdo de Manneville-Pomeau s3o,
entdo, generalizadas para uma classe maior de transformacdes suaves por partes. Como aplica-
¢3o, propomos uma metodologia para, em determinadas situacdes, estimar parametros relativos
aos processos estudados. A metodologia é ilustrada e seu desempenho avaliado através de
simulagdes de Monte Carlo.

No Capitulo 4, estudamos problemas relacionados com o fenémeno da longa dependéncia.
Podemos dividir o capitulo em duas partes. Na primeira parte, estudamos a estimacdo semi-
paramétrica em processos multivariados com longa dependéncia. A ideia é baseada em modifica-
¢Oes especificas do estimador proposto em Shimotsu (2007). Duas classes novas de estimadores
sao propostas e suas propriedades assintéticas analisadas. Em particular, encontramos condicoes
para a consisténcia e a normalidade assintética dos estimadores propostos. Para um caso par-
ticular dos estimadores considerados, uma simulacdo de Monte Carlo é conduzida para avaliar o
seu desempenho em amostras finitas, bem como compara-lo ao estimador original em Shimotsu
(2007). Concluimos que o estimador proposto apresenta boas propriedades assintéticas e em
amostras finitas, tendo desempenho superior ao original em Shimotsu (2007).

Na segunda parte do Capitulo 4, analisamos, sob diversas condicbes, a interdependéncia
entre as coordenadas de processos VARFIMA(0, d, 0) bidimensionais sob o ponto de vista da dis-
tancia de Mallows e do 7 de Kendall. O trabalho é baseado em simula¢des de Monte Carlo e tem
por objetivo explorar uma possivel relacdo entre a distancia de Mallows, o vetor de diferenciagdo
fraciondria d, o tipo e o nivel de dependéncia induzido no ruido, bem como o comportamento

37



38 Capitulo 6. Conclusdes e Trabalhos Futuros

marginal do processo. Para fins de comparagdo com a distdncia de Mallows, o 7 de Kendall
também ¢é calculado. Concluimos que o comportamento de ambos difere substancialmente. Por
exemplo, o 7 de Kendall, visto como fun¢do do pardmetro d, é bastante sensivel com relacao
a correlacdo induzida no processo através do ruido. Ja a distdncia de Mallows sé é sensivel a
correlagdo na presenca de longa dependéncia em ambas as coordenadas do processo. A partir
dos resultados empiricos obtidos, propomos tanto um estimador para o parametro d quanto
um teste para acessar a existéncia de dependéncia forte em alguma coordenada de processos
VARFIMA(0,d,0) de qualquer dimensdo finita. Simula¢des de Monte Carlo especificas sdo
conduzidas para acessar o poder do teste e o desempenho do estimador em amostras finitas.

Um dos grandes atrativos do estimador proposto é sua facilidade de implementacdo, o
baixo custo computacional, a relativa precisdo e versatilidade, o que o torna uma alternativa
atrativa para a estimacdo do pardmetro d em dimensoes altas. Além disso, pode ser utilizado
também para a obtencdo de uma primeira estimativa para métodos mais refinados de estimagdo
baseados na otimizacdo de fun¢des objetivas mal comportadas. Por fim, analisamos algumas
propriedades assintdticas do estimador para a distancia de Mallows proposto no trabalho, no
contexto de amostras i.i.d.

O Capitulo 5 da tese trata do problema de se construir um processo estocastico com um
determinado decaimento da correlacdo e marginais dadas, a partir da reparametrizacdo de uma
familia de cépulas. As técnicas desenvolvidas e os resultados apresentados se aplicam para
processos estaciondrios ou ndo, bem como para qualquer decaimento da correlacdo dado. O
trabalho foca no decaimento lento da correlagdo, tipico de processos com longa dependéncia.
Todavia, para a maior abrangéncia dos resultados, a analise no capitulo é conduzida sempre em
termos de autocovaridncias. Vdrios exemplos sdo apresentados, incluindo familias de cépulas
populares em aplicacdes como a Euclideana, a de Valores Extremos e a Gaussiana. Consideramos
ainda como a teoria combina com a classe de modelos ARFIMA. Como aplicacdo da teoria, uma
metodologia geral de estimacao de parametros identificaveis através do decaimento da autoco-
variancia em processos estaciondrios é proposta. Para avaliar a abrangéncia e o desempenho
da metodologia tanto na presenca de longa dependéncia, quanto no caso de curta dependéncia,
simulacdes de Monte Carlo sdo realizadas. Os resultados mostram que a metodologia se adapta
bem aos diversos tipos de dependéncia utilizados na simulac3o e apresenta um bom desempenho
em amostras finitas. A metodologia ainda é aplicada a série temporal real do indice de ativos
da S&P500.

Durante o periodo de pesquisas e todo o contato com o material estudado, nos deparamos
com vdrias outras ideias para trabalhos futuros. Destacamos duas delas.

Primeiramente, em Lobato (1999) o autor introduz um estimador semiparamétrico Gaussiano
baseado na otimiza¢do de uma determinada fun¢ao objetiva, na qual o periodograma é utilizado
como estimador da densidade espectral do processo. Em nosso préximo trabalho, pretendemos
generalizar este estimador no mesmo espirito de Pumi e Lopes (2011b) em relagdo ao estimador
introduzido em Shimotsu (2007). Em outras palavras, partindo da fungdo objetiva em Lobato
(1999), estudaremos primeiramente o que acontece quando substituimos o periodograma por
um estimador consistente para a densidade espectral. Esperamos que as técnicas utilizadas
em Pumi e Lopes (2011b) sejam adaptdveis a este problema e nos permitam obter conclusdes
parecidas, isto é, obter a consisténcia do estimador. Em seguida, consideramos a substituicao do
periodograma na fung¢do objetiva em Lobato (1999) por um estimador arbitrdrio da densidade
espectral. Esperamos que, sob condigdes similares as consideradas em Pumi e Lopes (2011b),
seja possivel obter a consisténcia e a normalidade assintética do estimador semiparamétrico
modificado dessa maneira.
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Em um segundo artigo, através de extensivas simulagdes de Monte Carlo, pretendemos
comparar o desempenho dos estimadores em Shimotsu (2007), Pumi e Lopes (2011b), Lobato
(1999) e a versdo modificada deste conforme indicado no pardgrafo anterior (e talvez outros
estimadores), sob diversos cendrios. Um trabalho assim é importante primeiro pelo fato de que
ndo ha na literatura tal comparacdo; segundo, porque para a versao modificada do estimador em
Shimotsu (2007), e o mesmo provavelmente acontecerd para a versdo modificada do estimador
em Lobato (1999), a ideia “natural”’, dentro da teoria desenvolvida, é substituir o periodograma
pelo periodograma suavizado. Nesse contexto, pontos de cortes e tipos de fun¢do de ponderagio
sao uma fonte importante de discussdo; terceiro, é de se esperar que n3o exista um estimador
uniformemente melhor que os outros para todas as situaces. Por isso, um estudo empirico
apontando qual estimador é melhor em determinada situagdo, pode ser de grande valia em
aplicacodes.
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Abstract

In this work we derive the copulas related to Manneville-Pomeau processes. We examine
both bidimensional and multidimensional cases and derive some properties for the related
copulas. Computational issues, approximations and random variate generation problems are
addressed and simple numerical experiments to test the approximations developed are also
performed. In particular, we propose an approximation to the derived copulas which we show
to converge uniformly to the true copula. To illustrate the usefulness of the theory, we derive
a fast procedure to estimate the underlying parameter in Manneville-Pomeau processes.

Keywords. Copulas; Manneville-Pomeau Processes; Invariant Measures; Parametric Esti-
mation.

1 Introduction

The statistics of stochastic processes derived from dynamical systems has seen a grown attention
in the last decade or so (see Chazottes et al. (2005) and references therein). The relationship
between copulas and areas such as ergodic theory and dynamical systems also have seen some
development, especially in the last few years (see, for instance, Kolesédrové et al. (2008)). In
this work our aim is to contribute with the area by identifying and studying the copulas related
to random vectors coming from the so-called Manneville-Pomeau processes, which are obtained
as iterations of the Manneville-Pomeau transformation to a specific chosen random variable (see
Definitions 2.1 and 2.2). We cover both, bidimensional and n-dimensional cases, which share a
lot more in common than one could expect.

The copulas derived here depend on a probability measure which has no closed formula. In
order to minimize this deficiency, we propose an approximation to the copula which we show
to converge uniformly to the true copula. The copula also depend on several functions which
have to be approximated as well, so the approximation depends on several intermediate steps.
The results related to the convergence of the proposed approximation presented here are far
more general than we need and actually allows one to change these intermediate approximations
and still obtain the uniform convergence result for the approximated copula. We also address
problems related to random variate generation of the copula and present the results of some
simple numerical experiments in order to assess the stability and precision of the intermediate
approximations. The usefulness of the theory is illustrated by a simple application to the problem
of estimating the underlying parameter in Manneville-Pomeau processes.

The paper is organized as follows: in the next section, we briefly review some concepts
and results on Manneville-Pomeau transformations and processes and on copulas. Section 3
is devoted to determine the copulas related to any pair (X, X¢45) from a Manneville-Pomeau
process and to explore some consequences. In Section 4, the multidimensional extensions are
shown. In Section 5 an approximation to the copulas derived in Section 3 is proposed. This
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approximation, which is shown to converge uniformly to the true copula, is then applied to exploit
some characteristics of the copulas related to Manneville-Pomeau process through statistical
and graphical analysis. Some computational and random variate generation problems are also
addressed. In Section 6 we illustrate the usefulness of the theory by deriving a fast procedure to
estimate the underlying parameter in Manneville-Pomeau processes. Conclusions are reserved
to Section 7.

2 Some Background

In this section we shall briefly review some basic results on Manneville-Pomeau transformations
and related processes as well as some concepts on copulas needed later. We start with the
definition of the Manneville-Pomeau transformation.

Definition 2.1. The map T : [0, 1] — [0, 1], given by
T.(z) = 2 4+ 2" *(mod 1),
for s > 0, is called the Manneville-Pomeau transformation (MP transformation, for short).
In what follows, A shall denote the Lebesgue measure in I := [0, 1] and the k-fold composition
will be denoted, as usual, by Tsk = Tso0---0T;. Figure 1 shows the plot of the MP transformation
for the values of s € {0.5,1,10}. The plots show the usual behavior of the MP transformations:

for any s, they are increasing and differentiable functions by parts in I. Furthermore, for any
s > 0, the function Tf will have exactly 2F parts.

The MP Transformation for s = 0.5 The MP Transformation for s = 1 The MP Transformation for s = 10

8
0.8
8

To(x)

04 06
To(x)

04 0.6
T(x)

04 06
L f

0.2
L
0.2
0.2

T T T T T T T T T T T T T T T T T T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X x

Figure 2.1: Plot of the Manneville-Pomeau transformation for different values of s € {0.5,1,10,10}.

Pianigiani (1980) shows the existence of a Ts-invariant and absolutely continuous measure
with respect to the Lebesgue measure in I which will be denoted henceforth by ps. However,
the proof uses Perron-Frobenius operator theory and is, for practical purposes, non-constructive
so that an explicit form for a Ts-invariant measure is unknown. However, this measure will be
a Sinai-Bowen-Ruelle (SBR) measure in the sense that the weak convergence

LS b (A) — ma(4) 2.1)
k=0

holds for almost all x € I and all us-continuity sets! A, where d,(-) is the Dirac measure at a.

As a dynamical system, the triple (I, us, Ts) is exact (that is, limg_,e (s 0 TF)(A) = 1, for
all positive us-measurable sets A) which implies ergodicity and strong-mixing. When s < 1,

'Recall that a set A is a p-continuity set if u(9A) = 0, where A denotes the boundary of A. The measure
theoretical results applied here can be found, for instance, in Royden (1988). A good reference in weak convergence
of probability measures is Billingsley (1999) and for ergodic theoretical related results, see Pollicott and Yuri
(1998).
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is is a probability measure, while if s > 1, us is no longer finite, but o-finite (see Fisher
and Lopes (2001)). Furthermore, it can be shown that us has a positive, bounded continuous
Radon-Nikodym derivative dus = hg(x)dz, fact that will be useful later. For further details
in the theory of MP transformations and related results, we refer to Pianigiani (1980), Young
(1999), Maes et al. (2000) and Fisher and Lopes (2001). For applications, see Zebrowsky (2001),
Olbermann et al. (2007) and Lopes and Lopes (1998).

Definition 2.2. Let s € (0,1) and let Uy be a random variable distributed according to (the
probability measure) ps. Let ¢ : [0,1] — R be a function in £(us). The stochastic process
given by

X; = (poTH(Uy), forall teNN,

is called a Manneville-Pomeau process (or MP process, for short).

The MP process, as defined above, is stationary since pug is a Tg-invariant measure and
s < A. It is also ergodic since ug is ergodic for Ts. By its turn, an n-dimensional copula is
a distribution function whose marginals are uniformly distributed on I. The copula literature
has grown enormously in the last decade, especially in terms of empirical applications and have
become standard tools in financial data analysis (see Nelsen (2006) and references therein). The
next theorem, known as Sklar’s theorem, is the key result for copulas and elucidates the role
played by them. See Schweizer and Sklar (2005) for a proof.

Theorem 2.1 (Sklar’s Theorem). Let X1,--- , X, be random variables with marginals Fy,--- , F,,
respectively, and joint distribution function H. Then, there exists a copula C such that,

H(zy,- ,xp) = C’(Fl(:zrl),'-‘ ,Fn(a:n)), forall (z1,---,z,) € R™.

If the F;’s are continuous, then C' is unique. Otherwise, C' is uniquely determined on Ran(Fy) X
.-+ x Ran(F,,), where for a function f, Ran(f) denotes the range of f. The converse also holds.
Furthermore,

Cug, -+ ,up) = H(Fl(_l)(ul),'-- ,F,(L_l)(un)), for all (uy,--- ,uy) €I,

where for a function F, F=Y) denotes its pseudo-inverse given by F(=V(z) := inf {u € Ran(F) :

The next theorem, whose proof can be found, for instance, throughout Nelsen (2006), shall
prove very useful in what follows. Except stated otherwise, the measure implicit to phrases like
“almost sure”, “almost everywhere” and so on will be the (appropriate) Lebesgue measure.

Theorem 2.2. Let X and Y be continuous random variables with copula C. If f is an almost
everywhere decreasing function then Cy(xyy (u,v) = u— Cx y(u,1 —v). Furthermore, if f1 and
fa are functions increasing almost everywhere, then Cy, (x) ,(v)(u,v) = Cx y (u,v).

For an introduction to copulas, we refer the reader to Nelsen (2006). For more details and
extensions to the multivariate case with emphasis in modeling and dependence concepts, see
Joe (1997). The theory of copulas is also intimately related to the theory of probabilistic metric
spaces (see Schweizer and Sklar (2005) for more details in this matter).

3 Copulas and MP Processes: Bidimensional Case

In this section we shall investigate the bidimensional copulas associated to pairs of random
variables coming from MP processes which we shall call MP copulas. As we will see later, the
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multidimensional case is very similar to the bidimensional case, so we shall give special attention
to the latter.

First, let {X,,}nenw be an MP process with parameter s € (0,1) and ¢ € L£'(us) be an
increasing almost everywhere function. Throughout this section and in the rest of the paper, we
shall treat s € (0,1) as a given fixed number. Let

Fo(z) :=P(Uy < z) = ps([0, 2]).

Since ps < A, ps is non-atomic and, therefore, Fy is (uniformly) continuous. The existence of a
positive Radon-Nikodym density for ps also shows that Fj is increasing and its inverse is well
defined. Let F; be the distribution function of T%(Up), for all ¢ € IN. For z € I, notice that

Fy(w) i= P(T(U0) < 2) = e ((TH) 7 ([0.2])) = pa([0,2]) = Foa), (3.1)

since ug is a Tg-invariant measure.

In what follows, we shall need the solution for the inequality T¢(X) < y, y € (0,1), in X,
for X a random variable taking values in I. Now, since each of the 2' parts of T is one-to-one
in its domain, the inverse of T¢ will also be continuous by parts and each part will also be a
one-to-one function in its domain. Let 0 = ay, -+ ,a;9¢ = 1 be the end points of each part of

T!. We shall call each interval [a;k,ar+1) a node of T, for k = 0,---,2" — 1 and ¢ > 0. The
(piecewise) inverse of T can be conveniently written as

THt1 — ¥
y — (Tao), -, Tize—1(y), (3.2)

where Ty (y) denotes the inverse of T? restricted to its k-th node, for all k € {0,---,2" — 1}.
Notice that both 7;; and a; depend on s for each k, but since no confusion will arise, and for
the sake of simplicity, we shall omit this dependence from the notation as we shall do in several
other occasions. Now, the solution of the inequality T¢(X) < y in X can be determined and is
given by X € A o(y)U -+ U As21(y), where

At,k(y) = [at,kv ’Ek(yﬂ ) (3.3)

which is a proper closed subinterval of [a;,atx+1), for each & = 0,--- ,28 — 1. Notice that
Aik(y) (whose dependence on s was omitted from the notation) is just the inverse image of
0, y] by the transformation T restricted to the node [at, at +1). We can now use this result
to prove the following useful lemma.

Lemma 3.1. Let X be a random variable taking values in I and let Ts be the MP transformation
with parameter s > 0. Then, for anyt € N and x € I,

P(T{X)<z)=P (Xeuk YAz Z (X € A p(2)),
where Ay 1’s are given by (3.3).

Proof: The result follows easily from what was just discussed and from the fact that the
intervals A, ;’s are (pairwise) disjoints. ]

As for the copulas related to MP processes, in view of the stationarity of the MP process,
the following result follows easily.

Proposition 3.1. Let { X, }new be an MP process with parameter s € (0,1) and ¢ € L' (us) be
an almost everywhere increasing function. Then, for any t,h € N,

CXtth-o—h (uv U) = CX(),Xh (u> U)a

everywhere in I2.
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Proof: As consequence of the stationarity of {X;}ien, if we let the joint distribution of the
pair (X, Xg), for any p,q € IN, p # ¢, be denoted by H,, 4(-,-), it follows that for all z,y € (0, 1),

t € N and h € IN* := IN\{0}, I:ft,t+h(aj,y) = ﬁoyh(x,y). Now, upon applying Sklar’s Theorem
and (3.1), it follows that

Cxy Xpon (U, 0) = Hy o (F7 (w), F () = Ho g (Fy (), Fyy H (v) = Oy x, (1, 0),
for all (u,v) € I2. [ ]

Corollary 3.1. Let Ts be the MP transformation for some s € (0,1), us be a Ts-invariant
probability measure and let Uy be distributed as pus. Then, for any t,h € IN, h # 0,

Core w0y i+ () (U ¥) = Cig 1 (175) (15 V)

everywhere in I?.

Proof: Immediate from Theorem 2.2 applied to Proposition 3.1. [ |

Now we turn our attention to determine the copula associated to any pair of random variables
(Xp, Xg), p,g € N, obtained from an MP process with ¢ an increasing almost everywhere
function. For the sake of simplicity, let us introduce the following functions: let h be a positive
integer and for k =0, ,2" — 1, let Fyp: I — [Fo(ank), Fo(ank+1)]be given by

Fui(@) = Fo(Tuw(Fy ' (2))).

Notice that for each k, F 1 (0) = Fy(ank) and Fp (1) = Fo(apk+1) and Fpy is a one to one,
increasing and uniformly continuous function.

Proposition 3.2. Let { X, }nen be an MP process with parameter s € (0,1), ¢ € L (us) be an
increasing almost everywhere function and let Fy be the distribution function of Uy. Then, for

any t,h € N, h # 0 and (u,v) € I?,

’I’Lol

CXf Xt+h u, U (Z .Fh k FO ap k)) 6]1\]*(”0) =+ mln{u Fn Mo )} — FO(ah,no)a (34)

where ow+(x) equals 1, if x € IN* and 0, otherwise, {Gh,k}zh:o are the end points of the nodes of
Th and ng == no(u; h) = {k : u € [Folank), Folankt1))} € {0,---, 20 — 1},

Proof: By Propositions 3.1 and 2.2, it suffices to derive the copula of the pair (UO, TSh(UO)).

So let again {X,}n,ew be an MP process with parameter s € (0,1) and ¢ € L!'(us) be an
increasing almost everywhere function and let Hy (-, -) denote the distribution function of the

pair (Up, T?(Up)). Notice that

Hon(z,y) =P(Uo < 2, T (Us) <y) =P(Us < z,Up € UZLBlAh,k(y))
=P (Vo € [0, 21NV Ani(®)) = P(Uo € U5 [0, 2N Ani()])

2h—1

—ZIPU()E OxﬂAhk( ))

for any z,y € (0,1). Now let ny := ny(z;h) = {k : z € [ank, ang+1)} € {0,---,2" — 1} and
assume for the moment that n; > 1. Since Ay, 1 (y) = [ah,k, ﬁk(y)], it follows

77,171

Hon(z,y) = Y P(Uy € Api(y)) + P(Up € Apn, )N [@nn,, ])
k=0
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3
S

|
—

Hs (Ah,k(y)) + s ( [ah,m s Thona (y)] N [ah,m ) 17])

I
™

3
|
-

1

= s ( [ah,lm ﬁz,k(y)] ) + s ( [ah,nl , min{$7 ﬁz,nl (y)}] ) s

k=

(=)

which can be written, since Fy(z) = us([0,x]) is increasing, as

ni—1

Hon(z,y) = Z [Fo(Thk(y)) — Folank)] + min { Fo(x), Fo(Thn, () } — Folann,)-
k=0

If ny = 0, the summation is absent of the formula and we have
Ho (x,y) = min { Fo(x), Fo(Tho(y)) } — Folan,),

so that, in any case, we have

’I’Llfl

Hon(z,y) = ( Z [Fo(Thi(y)) — Fo(%,k)]) on+(n1) + min { Fo(2), Fo(Thn, (%)) } = Folann,)-

k=0

Now upon applying Sklar’s Theorem, it follows that
CUO,T;"(UO)(uaU) = HO,h (F(;1<u), F,:l(v)) = HO,h (Foil(u), Fgl(v))

no— 1
( Z fh k FO ap k)) Ol (’no) + min {u, fh,ng (’U)} — FO(ah,no)a

where ng = ng(u;h) = ng (F ) {k u € [Fo ani), Fo(an g+1 )} The result now
follows from Proposition 3.1. [ |

Remark 3.1. Notice that the copula (3.4) can be expressed in terms of us as

Cx, X (u,v) = ( i us([ah,k, Th.k (Fo_l(v))D) dw+(no) +

k=0

1 ([an s min { B (), Thno (F5 " () 1) (3.5)

which will prove useful in Section 5. Also, expression (3.5) is helpful if one desires to verify
directly that the marginals of (3.4) are indeed uniform.

In the next proposition we address the case where ¢ is an almost everywhere decreasing
function. In view of Theorem 2.2, one could, at first glance, think that a result like Cx, x, =

Cx,,x,,, would not hold anymore, but in fact it still does, as it is shown in the next proposition.
Proposition 3.3. Let { X, }nen be an MP process with parameter s € (0,1), ¢ € LY(us) be
an almost everywhere decreasing function and let Fy be the distribution function of Uy. Then,
Cxo.x,, (u,v) = Cx, x,., (u,v) everywhere in I? and, for any t,h € N and h # 0,

nofl
CXt’XtJrh (u, ’U) = ut+v—1+ <Z []:h,k(l — ’U) — Fo(ah7k)]>5m*(no) +
k=0
+ mm{l — Uy Frmg ( } Folanne), (3.6)

for all (u,v) € 1%, where {ah,k}%h:o are the end points of the nodes of T and ng := ng(u; h) =
{k:ue (1-Flanp1),1— Folank)] }-
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Proof: Since the inverse of an almost everywhere decreasing function is still decreasing almost
everywhere and X; = cp(Tj(Ug)), upon applying Theorem 2.2 twice, it follows that

CT;(UO),T§+h(U0)(u7 v) = Ctpfl(XtL AP’I(XH}L)(U’ v) =u-— CXMF’l(XHh)(u’ 1—v)
= u—(1-v-Cx, x,.,(1—u,1-0)),
or, equivalently (changing v by 1 — u and v by 1 — v),
Cxy, Xon (4, 0) =40 = 14 Cpe ) pran(,) (1 —u,1 = 0). (3.7)

Now (3.6) follows upon applying Proposition 3.2 with the identity map and substituting equation
(3.4) into (3.7). As for the equality Cx, x, (u,v) = Cx, x,,,(u,v), Corollary 3.1 and Theorem
2.2 applied to (3.7) yield

CXhXt,Jrh, (ua 1)) = ut+v—1+ CUU,TSh(Uo)(l —u, 1 — v)
= utv =14 Comr(euo),e-t (e o) (L~ 41— 0)
= Coo) o) (wv) = Cxo,x, (w,0),
everywhere in 12, as desired. [ |

7

Remark 3.2. In view of the “stationarity” results of Theorems 3.1 and 3.3, a copula associated
to a pair (Xy, X¢yp) from an MP process will be referred to as lag h MP copula.

The copulas in (3.4) and (3.6) are both singular, as it can be readily verified. So the question
that naturally arises is, for each h, what is the support of Cx; x,,,”7 The question is addressed
in the next proposition, which will be useful in Sections 5 and 6. For simplicity, for a given MP
process and h > 0, let E;’k,ﬁ}zk : [Fg(ahyk), Fg(ah7k+1)) — I be functions defined by

x — Fo(ank) - Fo(apk1) — @
o (z) = - and /¢, (z) = : ,
() Fo(ank+1) — Fo(ank) i) Fo(ank+1) — Fo(ank)
for all k =0, ---,2" — 1. Notice that, for each k, f; ;. is the linear function connecting the points

(Fo(a;“k), 0) and (F()((:Lh7k+1), 1), while E,;k connects the points (Fo(ahﬁk), 1) and (Fo(ah7k+1), 0).

Proposition 3.4. Let {X, }new be an MP process with parameter s € (0,1), for o1 € L (ps)
an almost everywhere increasing function and let {Y, }new be an MP process with parameter s €
(0,1), for v € LY(us) an almost everywhere decreasing function. Also let Fy be the distribution
function of Uy. Then, for any t,h € N, h > 0,

supp{Cx, X,.n} = Uih:_o1 (uaéik(u)) u € [Folank), Fo(ank+1)) } (3.8)

and
supp{Cyi. v, } = U2 (w6 () = u € [Folans), Folanss)) }- (3.9)

Proof: Let R = [uy,us] x [v1,v2] be a rectangle in I? and let its Cx,,x,,,-volume be denoted
by Vey (R). Let k € {0,--+,2" — 1} be fixed and suppose that u; € [Fy(an), Fo(ank+1)]. This
implies that ng = k for all four terms in Vi, (R), hence the summands and constants on the
copula cancel out so that we have

Ve (R) = min {ul,fhyk(vl)} + min {uQ, fh,k(w)} — min {ul, .Fhﬂlg(vg)} — min {uQ, ]'_h,k(m)}
= Vi ([wr, u2) X [Frp(v1), Frop(v1)]),
where M (u,v) = min{u,v} is the Frechet upper bound copula whose support is the main

diagonal in I?. Since [u1, uz] X [Fp (v1), Frr(v1)] C [Fo(ank), Foanrt1)]* Vox (R) > 0 if, and
only if, RN {(u, € () : w € [Fo(ank), Folanks1))} # 0.
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Analogously, denoting the Cy,y,,,-volume of R by Vi (R), if u; € [1 — Folang),1 —
Fo(ah’k_;_l)], we have

Vey (R) = min {1 —uy, Fpp(l — vl)} + min{l —ug, Fp k(1 — ’1)2)}—
— min {1 —uy, Fpp(l— ’Ug)} — min {1 — ug, Fp (1l — vl)}
= VM([l —uy,1 — ug] X []:h,k(l - Ug),]:}hk(l — 1)1)]). (3.10)

Since [1 — Ui, 1-— UQ] X [,Fh,k(l — Ul),fhk(l — 'UQ)] C [F0<ah7k),F0<ah7k+1)]2, VCY (R) is pos-
itive if, and only if, RN {(u, 0, ,(v)) : v € [Fo(ank), Folank+1))} # O (notice the terms
1 — v; in expression (3.10), for ¢ = 1,2). Now (3.8) and (3.9) follow by observing that I =

h_ h_
Pl [Folank), Folanks1)] = i [1— Fo(anss1), 1 — Folank)]. [

Remark 3.3. We close this section by noticing that as an application of Propositions 3.1 and
3.3, together with the so-called copula version of Hoeffding’s lemma (see Nelsen (2006)), we
can show in a rather different way that an MP process is weakly stationary. Let F, be the
distribution function of X; and notice that Fx,(x) = Fx,(x), for all t € IN, by the stationarity
of {Xt}tew and since Ckx, x,., (u,v) = Cx, x,, (u,v), the result follows immediately.

4 Multidimensional Case

In this section we are interested in extending the results from the previous section to the mul-
tidimensional case, that is, in this section we are interested in deriving the copulas associated

to n-dimensional vectors (X, --,Xy,), t1,-++ ,t, € IN, coming from an MP process with ¢
an increasing almost everywhere function. In view of Theorem 2.2, it suffices to derive the
copula associated to the vector (T2 (Up),- - ,Ti"(Up)). It turns out that there are more simi-

larities between the bidimensional and multidimensional cases than one could expect. In fact,
an expression very similar in form to (3.4) holds for the multidimensional case as well.

Let {X,}nenw be an MP process with parameter s € (0,1) and ¢ € L(us) be an al-
most everywhere increasing function. For the sake of simplicity, we shall use the following
notation: let a,b € IN, a < b, we shall write x4 = (x4, --,2p) and for a function f,
f(xap) = (f(xa), e ,f(xb)). Again we shall denote the distribution function of Uy by Fp.

Theorem 4.1. Let {X,,}nen be an MP process with parameter s € (0,1), with ¢ € LY (us) an

almost everywhere increasing function. Let ty,--- ,t, € IN and set h; := t; —t1. Then, for all
(ug,--- ,up) €I,
no—1
Cx, o Xy, (U1, up) = (Z Fo (bhn,k(F(;l(UQ:n))) - Fo(ahn,k)> Onv+(no)+
k=0
+ min {ul, F() (bhmno (F(;l(UZn)))} - FO(ahn,no)a (41)

where ng := no(u1,n) = {k : w1 € [Folan, ), Fo(an, k+1)) } {ahn,k}%io are the end points of
the nodes of TI, fori = 2,---,n, j =0,---2M — 1, Thi,j is given by (3.2) and for a vector
(z2,  yan) € I, by, k(22:0) = min {ci(@i; hny k) }, with

=2, n

(@i T, k) = Qah,, k if (z )=0
Bi(z; hy, k), otherwise.

and

Bi(zishn, k) = , in, 1{77%-,]‘(%) : Thg (@) > an, k. and ap, j < an, ke1}-
J=Uee 870 —



S.R.C. Lopes and G. Pumi 57

Proof: Let {X,}nen be an MP process with parameter s € (0,1) and ¢ € £(us) be an almost
everywhere increasing function. Without loss of generality, we can assume that 0 < t; < --- < t,,.
In view of Theorem 2.2, it suffices to work with the vector (T2 (Up),--- ,Tin(Up)). Let Hy, ... 4,

be the distribution function of (T (Up),--- ,Ti"(Up)). Let h; = t; — ty, for each i = 1,--- ,n,
and notice that h; > 0 since t; < t;, for all i = 2,--- ,n. Let (x1,--- ,x,) € (0,1)" and for the
sake of simplicity, let Yy, := T (Up), so that we have

S

(Y2-51 < xlaTshQ(Yl-fl) < Xg, - aTsh"(Yﬁ) < ‘T”)

h hn _
(Ytle (0, 21), Y € Uiy " Any i (22), -+, Y€ Uy 1Ahn»k($”))
hi _
(Vi€ 0,21N e [UF25 Ani()] )

Uo € NUF2g 102N A, l2)] ). (4.2)

Htl;"' tn (1‘1, t 7xn) = IP(Ttl (UO) <Xy, 7Tstn(U0) < l‘n)

where Ay, 1’s are given by (3.3) and the last equality is a consequence of the Ts-invariance of
ps. For k=0,---,2/m=1 let

g _ hi _
Ap, k(T2:0) = A, k(@)1 (U520 A (22)]

In order to simplify the notation, for i = 2,--- ,n and k = 0,--- ,2" — 1, let B;(x;; hy, k) be
as in the enunciate. Notice that, for each k and i, B;(x;; hy, k) is either empty or the smallest
77L1J(:c,) which is greater than ay, , and such that the correspondent Ahi,j(:c,-) has non-empty
intersection with Ay, p(xy). Let

ah,, k> if  Bi(wi; hn, k) = 0;
Bi(zi; hn, k), otherwise.

ci(zi hns k) = {
Then, for each k = 1,---, 2" — 1, setting bh,, k(T2:m) = rglin {Ci(ﬂfi; han, k:)}, it follows that
1=2,

Apy p(w2) = [an ks Ohy e (T2:m)]

which is a closed subset of [ap,, k,an, k+1]. Also notice that, from the definition of by, x(x2:n),

we could have ghmk(xgm) = {ap, k}, in which case we set /Thmk(xgm) = () (although from a
measure-theoretical point of view, this correction makes no difference). Again we are omitting

the dependence in s from the notation on both, by, ;. and thk. Each by, (22:n) determines
the smallest 7, j(z;) that lies on the k-th node of T/ (which has the smallest nodes among all
Thi’s), so that ghmk’s are just the intersection of all Ay, 1(z;)’s with end point in the k-th node
of Thn. Also notice that the Ehn’k’s are pairwise disjoints. One can rewrite (4.2) as

Hmmwwhuwﬂg:PQ%GU&{TEWM@mmmJM>. (4.3)

Now, let ny := ny(z1;n) = {k : 21 € [an, k, an,k41)} € {0,--+,2" — 1}, and assume for the
moment that n; > 1. Then (4.3) becomes

|
—

ni

Hy g (- 2y) = P (U, € ghn,k(IQ:n)) +P(Up € Ap oy (T2:0)N) [an, ni» 1))

N\

2
3
L

tis ([an, & bn,, & (T2:0)]) + ps ([@n,, oy min{ 1, b,y (22:0)}])

GRS
[
- O

[Fo (br, % (2:n)) — Folan, )] + min {Fo(z1), Fo(bn,, n, (22:)) } — Folan, n,)-

i
(=)
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If n; =0, then

Hy, g, (21, @) = min { Fo(1), Fo(bn,, 0(z2:0)) } — Fo(an, 0)-

In any case, we can write

71171
Hyp g (@1, ) = (Z Fo (b, k(z2:n)) — Fo(ahn,k)>5]N*(n1)+

k=0
+ min { Fy(21), Fo(bn, n, (£2:0)) } — Fo(an, n,)-

Recall that the distribution function of T!(Up) is also Fy by the Ts-invariance of us. Now
applying Sklar’s Theorem, it follows that,

Cth v Xty (ul’ e aun) = Htu“ tn (F(]_l(ul)v e aF()_l(un))

= (02: FO (bhn,k( (U2 n))) - Fo(a,hmk)> 5]N*(”1)+

k=0
+ min {ul,FQ(bhmno (FO U2:n, ))} Fy ahmno)

where ng = n1 (Fy *(u1),n) = {k : u1 € [Fo(an, ), Fo(an, k+1)) }, which is the desired formula.
|

Remark 4.1. Notice that the proof of Theorem 4.1 from equation (4.3) on is exactly the same
as the one in Proposition 3.2 with the obvious notational adaptations.

Now we turn our attention to the case where ¢ is an almost everywhere decreasing function.
In view of Theorem 2.2, one cannot expect a simple expression for the copula. What happens
is that the copula in this case will be the sum of the lower dimensions copulas related to the
iterations T*(Up), as the next proposition shows.

Proposition 4.1. Let {X,,}nen be an MP process with parameter s € (0,1), and ¢ € L (ps)
be an almost everywhere decreasing function. Let t,hy,--- ,hy, € N, 0 < hy < -+ < hy
and set Yy := Uy and Yy, := Tshk(Uo). Denote the copula associated to the random wector
(Xt, Xtthys o s Xegn,) by Cr. Then the following relation holds

Ct(u(),-~.7 —1—n+Zuz+ZZCy“y —u;, 1 »)_|_...+

=0 j=i+1

1)n—1 Z Z Z CYkly'“,Yk”,l(l — Uk, .1 —uk,,Hl) +

k1=0ko=ki+1 kn_1=kn,_o+1
+(7]‘)n(on,Y1,-<~,Y.,,,(]- —Upg,* 7]- 7un)7 (44)

everywhere in I"t1,

Proof: Let t,hi,--- ,hy € N, 0 < hy < -+ < hy, t #0. Set Yy := Uy, Y} := T/ (Up) and
yr = @(xx). We have

HXmX;Ll,“',th (Tos 1,77+ yan) = IP(UO >y, Y1 Z2y1,- 0, Yn 2 yn)
= P(UZzpi 2 Va2 g Yo 20 )P(Vi Zuny o Yo = )

= IP<Y1 >y, Y, Zyn) —PU <yo. Y1 >y1, .Yy > yn). (4.5)

Upon applying a long chain of a conditioning argument on both terms in (4.5), we arrive at

Hxy Xy, X, (T0, 21, Tn —1—ZF0 Yi +Z Z Hy, v, (i y;) +
1=0 j=1+1
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oo (=Dt Z Z .. Z Hy, ..y . (Yiyr > U, ) +

k1=0ko=ki+1 kn_1=kp_2+1
+(=1)"Huy vy, v, (Yo, 5 Yn)- (4.6)

A simple calculation (using the Tg-invariance of us) shows that, for all t€ N* and x € (0, 1),
Fx,(z)=1-Fy(¢(z)) and F;fl(a:) = NFy (1 -2),
so that, the result follows upon applying Sklar’s Theorem to (4.6) (recall that yr = ¢(xr)). =

Remark 4.2. Notice that the copula in Proposition 4.1 can be explicitly calculated since (4.4)
is written as sums of the copulas of vectors containing Uy and T%(Up) for different t’s, so that
the desired formulas can be deduced in terms of the copulas in Theorem 4.1.

5 Numerical Approximations to the MP copulas

The MP copulas derived in the last sections do not have readily computable formulas, especially
because ps does not have explicit expression and because even apparently simple tasks like
determining the discontinuity points of 77 or to compute explicit formulas for the branches
of T! can be highly complex ones. However, one can still study the copulas derived in the
last sections by using appropriate approximations to the functions appearing in the copula
expression. Besides the invariant measure pg, computation of the bidimensional copulas so far
discussed also involves computation of the quantile function F{; ! the inverse of Tsh and the end

points {ah,k}iio of the nodes of T

In this section our goal is to derive simple approximations to these functions in order to
obtain an approximation to the copula itself, which we shall prove to converge uniformly in its
arguments to the true copula. The approximations presented here are simple ones, usually a
linear interpolation based on a grid of values, but the technique and results we shall use and
prove here are stronger and cover a wide range of approximations, for instance, all results hold if
we use some type of spline interpolation instead of a linear one. This is so because the functions
to be approximated are generally very smooth. We also evaluate the stability and performance
of the approximations by simple numerical experiments.

Approximation to p;

We start with an approximation to ps. In this direction there are at least two ways to compute
approximations to pus. One way is by using the ideas and results outlined in Dellnitz and Junge
(1999), which are based on a discretization of the Perron-Frobenius operator by means of a
Garlekin projection type approximation in order to compute the eigenvectors of the discretized
operator corresponding to the eingenvalue 1. Although it can be used to approximate any SBR
measure, the method is especially suited to approximate and study (almost) cyclical behavior
of dynamical systems. However, its complexity makes the efficient implementation troublesome.
A much simpler idea, which we shall adopt here, is to approximate the measure by truncating
equation (2.1) for a reasonably large value of n. That is, we consider the approximating measure

n—1

1
pn(As s, 20) = - Z 0Tk () (A) (5.1)
k=0

which converges in a weak sense to us as n tends to infinity, for almost all initial points xzg € 1
and all pg-continuity sets A. The iterations of Ts are known to be unstable with respect to the
initial point in the sense that, given a small ¢ > 0 and a point € (0, 1), the trajectories T (x)
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and Tf(af + ¢) become far apart exponentially fast. The approximation (5.1), however, is quite
stable with respect to the initial point zq for large n. For instance, in Figure 5.1 we show the
measure of the sets [0.1,0.2] and [0.4,0.6] obtained by using p,(+;s,zo) with s = 0.5, for 50
different initial points z¢ and 3 different truncation points n € {300, 000; 1,000, 000; 3,000, 000}.
All plots are in the same scale (within set) in order to make comparison possible. In Table 5.1 we
show basic statistics related to Figure 5.1. Notice that, in average, the 1,000,000 and 3,000,000
iteration cases are very similar and all cases are fairly stable with respect to the initial points
(observe the scale).

Set [0.1,0.2] with 300,000 lterations Set [0.4,0.6] with 300,000 lterations
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Figure 5.1: Performance of the approximation (5.1) for truncation points n €

{300, 000; 1, 000, 000; 3,000,000} (top, middle and bottom, respectively) and 50 different initial
points for s = 0.5. The measured sets are (left) [0.1,0.2] and (right) [0.4,0.6]. All plots within the same
set are in the same scale.

Table 5.1: Summary statistics for the data presented in Figure 5.1.

| Set | n \ 300,000 1,000,000 [ 3,000,000 |
% | [min, max] | [0.12511,0.13067] | [0.12431,0.12901] | [0.12688,0.12825]
= range 0.00556 0.00470 0.00137
= mean 0.12790 0.12775 0.12777
= | [min, max] | [0.15349,0.16092] | [0.15326,0.15944] | [0.15676,0.15857]
) range 0.00743 0.00618 0.00181
= mean 0.15792 0.15771 0.15771

Next question is how good is the approximation (5.1)?7 One way to test this is by test-

ing whether the approximation is invariant under Ts. For given initial points, say z1,--- , g
and some interval [a,b], we calculate p,([a,b];s,z;) and p, (T, *([a,b]);s,2;). If the differ-
ence between the two quantities is small for different pairs (x;,x;), one can conclude that the
approximation is reasonably good. In Table 5.2 we present the difference ‘ ,un([a,b];s,:ri) —
1n (T ([a, b]);s,xj)’ for 7 different initial points and 3 different sets [a,b]. The truncation
point was taken to be 3,000,000 and s = 0.5. From Table 5.2 we conclude that the approxi-
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mation (5.1) performs very well in all cases and that it can be taken to be Ts-invariant. As
expected, when z; = z; the differences are the smallest (< 1078 in all cases).

Table 5.2: Difference |, ([a,b];s,x;) — pn (T3 ([a,b]); s, ;)| for different values of xy and sets [a,b].
The truncation point was taken to be n = 3,000,000 and s = 0.5. The initial points are (x1,--- ,z7) =

(m,m/(V2+1),7v2, 7+ V2,7, 7+ VT,V11 + V/7)(mod 1).

l [ initial [ xq [ x9 [ x3 [ T4 [ x5 ze x7
T 0.00000 0.00019 0.00040 0.00008 0.00004 0.00062 0.00022
) 0.00019 0.00000 0.00020 0.00027 0.00024 0.00043 0.00042
g z3 0.00040 0.00000 0.00000 0.00047 0.00044 0.00022 0.00062
B T4 0.00008 0.00030 0.00047 0.00000 0.00003 0.00070 0.00015
=3 T5 0.00004 0.00020 0.00044 0.00003 0.00000 0.00066 0.00018
Te 0.00062 0.00043 0.00022 0.00070 0.00066 0.00000 0.00084
z7 0.00022 0.0004 0.00062 0.00015 0.00018 0.00084 0.00000

l [ initial x1 x2 x3 x4 z5 zg x7
1 0.00000 0.00019 0.00011 0.00009 0.00052 0.00036 0.00155
T 0.00019 0.00000 0.00008 0.00028 0.00033 0.00016 0.00136
£ x3 0.00011 0.00008 0.00000 0.00020 0.00041 0.00024 0.00144
:,“ T4 0.00009 0.00028 0.00020 0.00000 0.00061 0.00045 0.00164
S 5 0.00052 0.00033 0.00041 0.00061 0.00000 0.00016 0.00103
Tg 0.00036 0.00016 0.00024 0.00045 0.00016 0.00000 0.00119
x7 0.00155 0.00136 0.00144 0.00164 0.00103 0.00119 0.00000

l [ initial xq To T3 T4 5 T z7
T 0.00000 0.00011 0.00005 0.00012 0.00003 0.00012 0.00089
) 0.00011 0.00000 0.00016 0.00022 0.00013 0.00022 0.00078
g x3 0.00005 0.00016 0.00000 0.00006 0.00003 0.00006 0.00094
S» Tyq 0.00012 0.00022 0.00006 0.00000 0.00009 0.00000 0.00100
=3 5 0.00003 0.00013 0.00003 0.00009 0.00000 0.00009 0.00091
Tg 0.00012 0.00022 0.00006 0.00000 0.00009 0.00000 0.00101
x7 0.00089 0.00078 0.00094 0.00100 0.00091 0.00101 0.00000

In the remaining of this section we shall assume that s € (0, 1) has been fixed and o € (0,1)
has been chosen so that the approximation (5.1) converges to us. Since no confusion will arise,
we shall drop s and z( from the notation and write the approximation (5.1), based on a size n
iteration vector, just by pu,(+)-

Approximating F;, ' and the nodes of T"

In order to approximate Fj 1 one can use an empirical version based on the same iteration
vector from which pu, is derived. First we need to define an approximation to Fy from which
an approximation to Fj 1 will be derived. Let ﬁn be the empirical distribution based on a
size m iteration vector (aco,TS(a:o), e ,Tsnfl(a:o)) and let x1,---,x, be the jump points? of
ﬁn. Consider the set L, := {0 = zg,z1, - ,Zp,Tnt1 = 1}. Given z € I\L,, there exists a
k€ {0,--- ,n} such that x € (zy, vx+1). We define the approximate value of Fy(z), denoted by

~

F,(z), as the linear interpolation of x between the points (a:k,Fn(a:k)) and (ka,Fn(ka)),
that is, we set

~

Fo(zps1) — Fular) .t Fo(z)xhs1 — Fo (@) n
Tk+1 — Tk Te+1 — Tk

F,(z):= (5.2)

If x € Ly, we simply define F,,(x) := ﬁn(x) Notice that, for each n, F}, : I — I is a one-to-one,
increasing and uniformly continuous function, so that its inverse, F);'!, is well defined and is also
one-to-one and uniformly continuous. In the next proposition, we show that F,(x) — Fy(x) and
E7Y(x) — Fy'(z), both limits being uniform in z.

by the choice of xo, there will be exactly n jump points.
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Proposition 5.1. Let ﬁn be the empirical distribution based on an iteration vector (xo,TS(a:O),
,T;‘_l(fvo)) and let x1,--+ ,x, be the jump points of E,. Let F, be the approximation (5.2)
based on {x1, - ,x,} and F;' be its inverse. Then,

n

F,.(z) — Fy(z) and Ffl(x) — Fofl(x),

uniformly in x.

Proof: By the Glivenko-Cantelli theorem, F, () — Fo(z) uniformly in z € [0, 1], so that, given
e > 0, one can find ng := no(e) > 0 such that if n > ng, then ‘ﬁn(l') — Fy(z)| < & uniformly in
z. Now, for z € (0,1) (if « equals 0 or 1, the result is trivial), there exists a k € {1,--- ,n} such
that « € [z, xk11). Hence, if n > ng

|Fu(z) — Fo(z)] < |Fulz) = Fu(2)] + [Fu(z) — Fo(z)]
< |F\n($k+1)_ﬁn($k)| +e
< s {|Fa(@is1) — Fal:)|} +e
S %—"57

uniformly in . To show the convergence of the inverse, let y € [0,1] and € > 0 be given and
notice that F, ' being uniformly continuous, one can find a § := §(¢) > 0 such that

[z —yl <d = |F, (z) - F (y)l <e
Now, since F,, converges uniformly to Fp, there exists n; := ni(e) > 0 such that,
n>n, = |Fn(a:) - Fo(:n)‘ <6,

for all x € I. Also, since Fy is one to one, there exists vg € [0, 1] such that y = Fy(vg). Therefore,
if n >n

|F{1 | = | (Fo Vo ) - vo| = | (Fo(vo)) - Frfl(Fn(UO))’ <€

and since n; is independent of y, the desired convergence follows. [ |

As for the end points {ah’k}ihzo of the nodes of T, let {x1,--- ,a:m} € (0,1), z; # z;
and consider the set {T/(x1),---, T (xm)}, for m > 0 sufﬁciently large®. Note that apo = 0
and ajon = 1, for any h. Let D = {i : T!(z;) > TMaiy1)} C {1,---,m}. The set D

contains the indexes i € {1,---,m} for which the interval [z;, x;11] contains a discontinuity of
Th. Let {d; } 1! denote the ordered elements of D, so that the interval [Z4,,7a;,,] contains
the j-th dlscontmulty of Th. Now consider the function T}, . : [z4;,Ta;+1] — [0,2] given by

Ty (x5 s) = Th=1(z) + (Tsh_l(x))HS and notice that we can write

TP (x) = Tip(w;s) = Oz (Tin(23 ).

Since there is a discontinuity of T in the interval [z4,,24,41], we have T}, (z4;s) < 1 and
ﬂ’fh(mdﬁl; s) > 1 and since T}, is continuous and increasing, there exists a point z € [Zd;, Td,+1]

3By “sufficiently large” we mean that m should be at least large enough to guarantee that the set
{Tr(z1), -, TP (xm)} reflects the 2" — 1 discontinuities of 77, or, in other words, m > 2". The limits in m
taken for an approximation are understood to be in terms of partitions, that is, we start with a sufficiently large
set of points, say I, = {x1, -+ ,Zm} and consider refinements of the form Int1 = InU{Tm+1}, s Imyr =
Imsk—1U{®m+x}. Suppose that R, := R(I,) is an approximation based on I,. For a sequence of refinements
{I%}7Z s 1 we consider the sequence { R(Ix)}7Z 1. Whenever the last limit exists, we set lim R,, = klin;o R(Ix).

m— oo
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such that T (x;s) = 1, which is precisely ap ;. With this in mind, let a}’; denote the approx-
imation to ap; obtained from {x1,---,2,,} by using a linear interpolation between the points
(:cdi,ﬂ*h(xdi; s)) and (a:diH,Ti*h(:cdiH; s)) That is, a}’; is given by

m T, +1 — Td, i}
Ah,i = Tdi + * * 1—7"7, Td;3S)), 5.3
" T7 (g, 415 8) = T (2a;508) ( n( ) (5.3)

for all d; € D. Clearly ap'i g, since |r4,41 — xq;] — 0 and by the continuity of T},
m—0o0 ’
for each i € {1,---,2" — 1}.

Approximating 7,

Concerning the approximation of 7, 5, we shall use an argument based on an empirical inverse
and linear interpolation, but we shall also need a doubling argument in order to improve accuracy
of the approximation near the discontinuities and guarantee the uniform convergence of the
approximation to its target. So let {0 = z1,--- 2y, = 1} € I, 2; < z; and consider the set
{Tsh(ml), e ,Tsh(a}m)}, for m > 0 sufficiently large. Given y € [0, 1], recall that the inverse
image of y by T! is a size 2" vector denoted by (7p, - - , Thon_1)- Let again D = {i : T (z;) >
TMziy1)} c {1,--+ ,m} and {d; }2 7! be the ordered points in D. Suppose that we know exactly
or have good estimates for the nodes {ah,k’}%h:o of T! (for instance, we could use {a’,”{fk}zhzo, as

described before, based on the same set {x1,--- ,2,,} considered here). For i = 0,---,2" — 1,
let p; = di41 — d; + 2 and let

= {xhw"' ) hz } = {ahwmd +1,° 7xdi+1’a2fi+l}
and .
Ing = {yslo ol = {0, T (@an), -+ T (@a ), 1)
Given y € [0,1], for each i = 0,--- ,2" — 1, there exists a y,(fz) € I; such that y € [y,(”),y,(lkjl)).
We define the approximation 7, (y) of Tp;(y), as being the linear interpolation of y between
the points (33;”) , y,gkz)) and (J;gf;rl,) yhkf 2 ). That is, for each i =0, -1,
(k+1) (k)
m () Thi Lh,i (k)
Thii(y) = hz+m(y Yhii ) (5.4)
h,i h,i

Notice that if y equals 0 or 1, we have 7;"(y) = Th,i(y). Also, as the partition {z1, -+, zn}

increases, |xk+1 — xk‘ — 0 and the uniform continuity of T/ clearly implies ai(y) —
m—0o0 ’ m—0o0
Th,i(y), for each y € [0,1], for ¢ = 0, --- ,2" — 1. More is true: the convergence is actually

uniform in y, as we show in the next proposition.

Proposition 5.2. Let 7;?}; be the approximation of Ty, i, given by (5.4) based on a partition R,
Then,
Tnk(®) — Thi(y),

foreachk =0,---,2"—1, as m goes to infinity (that is, as the partition gets thinner). Moreover,
the convergence is uniform in y € [0,1].

Proof: Given € > 0, the uniform continuity of 73 j implies the existence of a ¢ := d(e) > 0
such that
|z —yl <0 = |Tar(x) = Tnr(y)| <,

for all z € [0,1]. Let Ro = {0 =z1,--- ,2m, = 1} € I for a sufficiently large mo € IN* such that

sup  {|wip1 — x|} <6

1=1,--- ,;mo—1
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For m > my, let Ry, = {z},--- ,z},} D Ro be a size m refinement of Ry. Given y € (0,1), for
each i =0,---,2" — 1, let T,7% be the approximation (5.4) based on R,,. By construction and
since y € (0, 1), it follows that

Tha(wh)) < Tin) < Taa(ehs V) and Taa(ef) < Thaly) < Taaleil ™).
so that
[ Ti(hts ™) = Tas(eil))|
S {|Thi(xj41) = Tni(ay)|} <e,

[T (y) — Thi(y)|

IN N

Jj=

for all y € (0,1). If y € {0,1}, by construction T ;(y) = T;%(y), so that the result follows
uniformly for all y € [0, 1], as desired. ]

5.1 Approximating the lag h MP copula

With these approximations in hand, we can now define the approximation for the copula Cx, x,
when ¢ is almost everywhere increasing given in Proposition 3.2 but in the form (3.5). For
(u,v) € I?, n > 0 and m > 2", we set

*
ng—1

o) = (3 st TP 01)]) e +

k=0
ot [y min (B (), Tit, (F () ]), (5.5)

where nf :=ng(m,n) = {k:u € [Fn(a;l'fk),Fn(akaH))} and mlérgoons = nyg since F), converges

uniformly to Fy and aj', converges to ap . In the next theorem we establish the convergence of
the approximation (5.5) to the true copula.

Theorem 5.1. Let Cyy, ,(u,v; h) be given by (5.5). Then, for all (u,v) € I, t >0 and h >0

lim lim Cyyp(u,v;h) = lim lim Cpp(u,v;h) = lim  Cy,n(u, vy h)
n—00 Mm—00 m—00 Nn—00 m,n—00

and the common limit is Cx, x, ,(u,v) (given by (3.4)). Furthermore, the above limits are
uniform in (u,v) € I2.

The proof of Theorem 5.1, is a consequence of the following stronger lemma.

Lemma 5.1. Let {ji, }nen be a sequence of probability measures defined in I such that i, —>
w. Let fr, : I — I be a sequence of continuous functions converging uniformly to a function
f:I — I. Let {am}men be a sequence of real numbers such that a,, € [0,1] for all m and
am — a. Also let gm @ [am, 1] — I be a sequence of continuous functions converging uniformly

to a function g : I — I, Spp(v) := [am, gm (fn(v))] and S(v) := [a,g(f(v))]. Then,

lim  lm i, (Spn(v) = lim  Hm gy, (Spn(v)) = ’lrilgooun (Smn(v)) = p(S(v))

m—00 N—00 n—oo m—roo m

uniformly in v € 1.

Proof: For all m,n >0 and v € [0, 1], let Sy, ,(v) and S(v) be as in the enunciate and let
Sp(v) == [a,g(fn(v))] and S, (v) = [am,gm(f(v))].

Notice that all sets just defined are p-continuity sets for all m, n and v. Since the convergence
of f, to f is uniform, we have

lim gm(fn(v)) = lim lim gm(fn(v)) = lim lim gm(fn(v)) :g(f(v))

m,n—o0 n—o0 MmMm—0o0 mMm—r 00 N—r00
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for all v, so that, both, the iterated and the double limits exist and Sy, ,(v) — S(v), for all
v € [0,1]. Also notice that we have dg,, , (x) < é7(z) uniformly in m, n and z, and since pu,
converges weakly to p and I is a p-continuity set, it follows that

/ 51(2)dpt, —> / b1(x)dp.

< é1, by the Lebesgue convergence

m,n —

Now, in one hand, since Sy, ,(v) — Sy, (v) for all v and dg
theorem, it follows that

Mn(smm(v)) = /6Sm,n(x)d/Jn n:;/(sSm(x)dMa

and, since dg,, < d; and [ d;dp < oo, by the Lebesgue dominated theorem, we conclude that
Jos.@au = [ ss@idn = u(s),

which shows that lim lim i, (Smn(v)) = p(S(v)) and the convergence holds uniformly in

m—r00 N—r00
€ (0,1). On the other hand, since ds,,, < d; and J 6rdp, < oo, by the Lebesgue dominated
theorem, it follows that

b (S (0)) = [ 85, @) > [ 85, (0)kn,

and, since dg, < 67 and [ d7du, — [ drdp, by the Lebesgue convergence theorem we conclude
that,

/(55,” (z)dpn, v /6S(x)du = ,u(S(v)),

that is, lim lim p, (Smn(v)) = M(S (v)), which also holds uniformly in v. Since the iterated
n—s

o0 M—r00
limits are established, in order to finish the proof we need to show that the double limit exists

and is equal to the iterated ones. Let € > 0 be given. Since p < A, the Radon-Nikodym theorem
implies the existence of a non-negative continuous function h, which will be bounded since we
are restricted to the interval I, such that, for any A € B(I),

u(A) = /Ah(x)d)\ < MA(A),

where M = sup{h(z)} < oco. Now, since a,, — a, one can find m; := my(g) > 0 such that, if
xecl
m > my,

€ €
am € Kq(g) := [a— —10M,a—|— 710M}

and - - -
Ki(e)) < M - a4+ ——|) ==,
n(Ki(e) < A({“ 10M’a+1OMD 5

The uniform convergence of g,, to g implies the existence of ms := mgy(e) > 0 such that, if

m > ma, |gm(z) — g(z)| < e/20M, for all x € I, or equivalently, taking x = f,(v), if m > ma

_ &
20M

g (Fa0)) € [g(n(0)) — g0 () + 5a7]-

20M
Now, the uniform continuity of g implies the existence of a ¢ := §(¢) > 0 such that

€
20M "

|:E—fn(v)| <6 = ‘g(x) —g(fn(v))‘ <
But since f,, converges to f uniformly, there exists a ny = n1(d) > 0 such that

n>n = ‘fn(v) —f(v)} < 9,
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for all v so that, taking x = f(v), for n > n;, we have

9

9(£a0)) € [9(F () = 35779 (F0) + 5077

for all v € I. Hence, if we take m > mo and n > nq,

9(fa()) = 337 € [9(/©) = 10772 9(F@)]

and

9(Fn(v) + 5577 € [g(f(v)%g(f(v)) + msM}
so that, setting
K(e) = |g(f(0) = 7o 9(F ) + To77) -
for m > meo and n > nq, it follows that
9o (F2(0)) € [g(fa(v)) -
for all v € I. Also observe that

1(Ka(e)) < MA ([g(f(v)) - miM»g(f(v)) + IOEMD < %

The convergence of (i, to p implies the existence of ng := na(g) > 0 such that if n > ng (K;(g)
is a u—continuity set)

3

20M79(fn( ))

n (Ki0)) = n(Ki(e)| < 5

for i = 1,2. Also, if we set Fj,(z) = ([0, 2]) and Fy(x) = p([0,2]), then Fy is continuous (since
u << N), F, = Fy, and, by Pélya’s theorem, there exists a n3 := ns(e) > 0 such that, if n > ng

€
sup {|Fu(2) ~ Fo(a)]} <
xzel

Now, notice that, if n > ng

|1 (S () = (S(v))]

IN

Fu(9(£()) = Folg(f )] + [ Fu(a) = Fo(a)
2s;1£ {|Fn(x) — Fo(x)|} < %,

IA

for all v € I. Observe further that, by construction, if m > max{mi, ms} and n > ny,

Smn(V)\S(v) C Ki(e)U Ka(e),
for all v so that, setting ng = ng(e) := max{ms, ma,n1,n2,ng}, if m,n > ngy, we have
’Mn(sm n(v)) _N (v) )‘ <
< Jtin (Smn(v) = pn (S(0)) | + Iun(S(v)) —u(S()]
< |pn (Ki(e)) +,Un(K2 )| + =
(

< Jpn (Ki(e)) —p(Ki(e) |+ Kl(ﬁ))ﬂﬁ(fﬁ )+ | (Ka(e ))—M,L(KQ(e))|+§
< e,

for all v, which implies the existence of the double limit, equality with the iterated ones and the
desired uniform convergence. [ |
Proof of Theorem 5.1: First notice that taking f,, = F,’!, gm = Ti'k> @m = apy,, it follows
from Lemma 5.1 that

b ([ T (B @)]) | o[ T (B @)]),

m,n— 00
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for each K =0, -+ ,ng — 1. It remains to show that

lim ,un([azt’no,min {Frjl(u),'mﬁm (Fn_l(v))}D = u([ah)no,min {F&l(u), Thono (F()71(11))}])7

m,n— 00

and that the iterated limits exist and are equal to the double limit. First, since we can write
min{u,v} = “F¥ — |“§U|, it is routine to show that if f, — f uniformly, with f, and f
uniformly continuous and g,, — ¢ uniformly, with ¢, and ¢ uniformly continuous, we have
min{fn(u),gm(fn(v))} converging uniformly to min {f(u),g(f(v))} in n, m, v and v. So,
the problem simplifies to show that if a,, — a, gmn(u,v) is a sequence of functions such that

Gm.n (1w, v) = g(u,v) uniformly in u,v,n,m and @y, < gmn(u,v) for all u,v,n,m and p, —— u,
then
lim ,un([amagnL,n(uaU)]) = u([a,g(u, U)])a

m,n— oo

uniformly in u and v and the double limit above is equal to the iterated limits. A similar
argument to the one used in Lemma 5.1 to establish the existence and equality of the iterated
limits can be used to show the existence and equality of the iterated limits in this case. As
for the double limit, let M be as in the proof of Lemma 5.1. By the uniform convergence of
Gm.n(u,v) to g(u,v) and since g, ,, and g are uniformly continuous for all m,n, it follows that
there exists my := mq(e) > 0, depending on ¢ only, such that, if m,n > mq,

o) € K00 = [0) = 5000+ 5]

for all v and v and p(K(e)) < €/5. The rest of the proof is carried out by mimicking the
proof of Lemma 5.1 with the obvious adaptations. Identification of gy, »(u,v), g(u,v), a,, and a
with min { £, ! (u), ho (F, ' (v))}, min {Fgl(u), Thno (Fy ' (v)) }, ap'n, and ap g, respectively,

completes the proof. ]

Remark 5.1. Notice that neither the convergence proved in Lemma 5.1 nor the one in Theorem
5.1 is uniform in m and n.

As for the case when ¢ is almost everywhere decreasing, we observe that, in view of (3.7),
the function
Crn(u,vih) =u+v—1+ Crypn(1 —u,1 —v;h)

is an approximation to the copula in (3.6). Clearly C.n converges to the true copula as m and
n tends to infinity (view either as an iterated or a double limit) and the convergence is uniform
in (u,v).

Implementation and Random Variate Generation

The implementation of the approximations so far discussed is routine. All the approximations
we mentioned can share the same iteration vector, which further improves the efficiency and
precision of the task and greatly reduces the computational burden. In the top panel of Figure 5.2
we show the three dimensional plot of the lag 1 and 2 MP copula for values of s € {0.1,0.4}. The
respective level plots are shown in the bottom panel of Figure 5.2. Notice the non-exchangeability
of the copulas in all cases.

Obtaining random samples from an MP copulas is a trivial task in view of Proposition 3.4.
There we show that the support of an MP copula is the union of graphs of certain linear functions.
The following algorithm can be used to generate a pair of variates from a bidimensional MP
copula for ¢ an almost everywhere increasing function.

1. Generate an uniform (0, 1) variate u.
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Lag 1 MP copula for s = 0.4

Lag 2 MP copula for s =0.1

Lag 2 MP copula for s = 0.4

Lag 1 MP copula for $=0.1

Level Plot of the lag 1 MP-copula for s = 0.1

Level Plot of the lag 1 MP-copula for s = 0.4

S

S

Level Plot of the lag 2 MP-copula for s = 0.1

Level Plot of the lag 2 MP-copula for s = 0.4

&

W

Figure 5.2: From left to right, three dimensional plots of the lag 1 MP copula for s € {0.1,0.4} and lag 2 MP
copula for the same parameters (top panel) and respective level sets (bottom panel) obtained from approximation

(5.5).

2. Let kg denote the index for which u € [Fo(ahy,ﬁo), Fo(ahmﬂ)] and set v = KZHO

3. The desired pair is (u,v).

In practice the Ts-invariant probability measure is unknown and Fy has to be approximated.
Furthermore, most of times the nodes related to Tsh, for h > 0, s € (0,1) cannot be analytically
obtained. However, we can apply the approximations developed in this section together with
the algorithm above to obtain approximated samples from MP copulas. In Figure 5.3 we show
500 approximated sample points from a lag 1 and 2 MP copula for s € {0.1,0.4} and ¢ an
almost everywhere. Obvious modifications in the algorithm, allow handling the case where ¢ is

an almost everywhere decreasing function.

500 sample points of the lag 1 MP copula for s = 0.4 500 sample points of the lag 2 MP copula for s = 0.1 500 sample points of the lag 2 MP copula for s = 0.4

500 sample points of the lag 1 MP copula for s = 0.1
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Figure 5.3: Left to right: 500 approximated sample points from a lag 1 MP copula for s € {0.1,0.4} and lag 2

MP copula for the same parameters.

Remark 5.2. For small values of the lag, the resemblance of the sample to a piecewise contin-
uous function is very clear, but this is not always the case as it can be seen in Figure 5.4, where
we show 500 approximated sample points of the lag 4, 5 and 7 MP copulas for s = 0.2. This
is a general principle, for a fixed sample size the higher the lag, the harder to distinguish the
support of the copula based on the sample, since the number of branches of T ;” grow as fast as
2" For instance, for h = 7 in Figure 5.4 is difficult to say that the sample came from a singular

copula at all.
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500 sample points of the lag 4 MP copula for s = 0.2 500 sample points of the lag 5 MP copula for s = 0.2 500 sample points of the lag 7 MP copula for s = 0.2
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Figure 5.4: Left to right: 500 approximated sample points from the lag 4, 5 and 7 MP copulas for s = 0.2.

6 Application

In this section we apply the theory developed in Section 3 to the problem of estimating the
parameter s in MP processes. This problem have been studied before in Olbermann et al.
(2007), where the authors adapt and apply several estimation methods from the classical theory
of long-range dependence to the problem of estimating the parameter s. In this section we
propose an estimator for the parameter s based on the ideas developed in Section 3, which is
both, precise and fast.

The mathematical framework is as follows. Let s € (0,1) and consider the associated MP

process { X, tnen for ¢ the identity map. Suppose we observe a realization x1,--- ,xx from X,
and our goal is to estimate the unknown parameter s. Let a := a(s) € (%, ‘/5271) denote the
discontinuity point of the MP transformation and notice that s and a are related by
log(1 —
a+att=1 — SZM—L
log(a)

Hence, the problem of estimating s is equivalent to the problem of estimating a.

To define the proposed estimator, we start by observing that Proposition 3.4 for h = 1
implies that the lag 1 MP copula’s support is given by the graph of the piecewise linear function

O
ph) it a € [Fy(a), 1],

so that, any (independent or correlated) sample from a lag 1 MP copula consists of points
scattered through the lines defined by ¢ (see Figure 5.3). The discontinuity point of the function £
is precisely Fy(a). Let y; = Fy(x;), fori = 1,--- , N, and consider the series {u; := (yi, yi+1) 21"
By Sklar’s Theorem, {uz}f\i ]1 is a (correlated) sample from the lag 1 MP copula, so all points

should lie in the graph of the function /.

These considerations suggest the following procedure to obtain s based on a path x1, -+ ,zn
of X,, within a given accuracy € > 0. We choose s € (0, 1) as an initial guess for s and calculate
U; = Fu(xi;80), 1 =1,-+- | N, where F,, is the approximation of Fj given in (5.2). Next we define
{u; := (yi, Qi+1)}ij\izl, from which we estimate the slope of the two branches of the approximated
sample from the lag 1 MP copula obtained by this way. The discontinuity point (and hence s)
can then be easily calculated. In this manner we obtain an estimative 5 which can be compared
to sg. If sg is close to the true value s, then the difference between § and sy should be small. If
not, we choose another starting value and repeat the operation until obtain the desired accuracy.
This leads to an optimization procedure to obtain s within a predefined accuracy.

To illustrate the procedure, Figure 6.1(a) shows a sample path of an MP process for s = 0.2,
with N = 200 while Figure 6.1(b) shows the sample path y; = F,(2;;0.2), ¢ = 1,--- , N. From
{yi}¥,, we construct the sequence {u;}Y 7', where u; = (Fn(yis s), Fu(yit15s)), i=1,-++ N —
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1, for the correctly specified s = 0.2 and for s = 0.3. Figure 6.1(c) presents the graph of
{u; f\; Il obtained from the correct specification of s, while Figure 6.1(d) shows the graph of the
misspecified one. In Figures 6.1(c) and 6.1(d), the solid lines represent the respective theoretical
support of the copula given in Proposition 3.4. Some distortion in the points can be seen given to
the use of the approximation F;, instead of the theoretical Iy, especially in lower quantiles. From
Figure 6.1(d) it is clear that the line obtained from the sequence {u;};* ;' and the theoretical
one for the chosen value of sy, namely, 0.3, do not match, while for the correct specified one in
Figure 6.1(c), they do.
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Figure 6.1: (a) Sample path z1,- - -, z200 of an MP process with s = 0.2 starting at v/5(mod1). (b) Sample path
yi = Fn(xi). Plot of u; = (ys,yi+1) for the (¢) correct and (d) misspecified s. The solid lines correspond to the
theoretical support of the respective lag 1 MP copula.

The procedure just outlined is, however, computationally expensive given the fact that to
calculate the approximation F;, with reasonable stability and accuracy, for each s, it requires
the construction of an iteration vector of large size (see Figure 5.1 and Table 5.1). Such an opti-
mization procedure can easily take hundreds of evaluations, depending on the desired accuracy,
and hence, can be a very time consuming task.

To overcome this difficulty, observe that in Figures 6.1(a) and 6.1(b), little differences can
be seen between them. In fact, since Fy is a smooth distribution, an alternative is to apply
the previous argument to the points 0; := (x;,xj+1), @ = 1,---,N. There will certainly be
some distortion in the lines due to the absence of Fy, but we expect to be able to estimate the
discontinuity point a based on v; by similar idea as before.

As an illustration, Figure 6.2 shows the plots of v; = (z;, z4+1), 9 = 1,--- , 199, based on MP
processes with s € {0.2,0.4,0.6,0.8} all starting at \/g(modl). The solid lines correspond to the
lines joining the points (0,0) and (a, 1) and joining (a,0) and (1, 1), where a denotes the correct
discontinuity point of the respective MP transformation. From the graphs in Figure 6.2 we see
the identification of the line based on v; with the correct line, especially in the second branch
of the graph. That is so because a € (%, \/52_1), so that the second branch, being smaller, is less
affected by the distortion due to the absence of Fj.

In order to assess the performance of the estimation procedure, we perform the following
experiment. We randomly select 100 initial points* in (0, 1) and for each initial point we generate
a path (of size N = 200) of an MP process for s € {0.1,0.15,---,0.95}. For each path, say
1, , X200, we perform the proposed estimation procedure. In order to estimate a, we applied
two methods: the first one is a simple least squares method applied to the points lying in
the second branch of (z;,x;4+1). The second method is the following: let (zpg,Tmy+1) and

(Zmy» Tmy+1) denote the points among the ones lying on the second branch of {(z;, z;1)}Y !

4Tables with the initial values applied in our experiments and the complete simulation results are available
upon request.
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Figure 6.2: Plot of v; = (x5, xi41), ¢ = 1,--+,199 from a sample path of an MP process with (a) s = 0.2, (b)
s =0.4, (¢) s =0.6 and (d) s = 0.8. The solid lines correspond to the lines joining the points (0,0) and (a, 1) and
joining (a,0) and (1, 1), where a denotes the correct discontinuity point of the respective MP transformation.

for which x,,, is minimum and x,,, is maximum. We define the estimator of a, say a, as

N B Tm 1~ Tmo+1
G4=——, where A:= Sl Zmotl o and Bi=a, 11— Az, (6.6)

A Ty — Tmg 0 0
For reference, in the subsequent we shall call this the min-maz procedure. Geometrically, @ is
the inverse image of 0 by the linear function joining (T, Tmg+1) and (T, , Tmy+1)-

Least squares Min-max procedure Histogram of the LS proc. for s = 0.5 Histogram of the min-max proc. for s = 0.5
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Figure 6.3: Plot of the estimated values for s € {0.1,0.5,0.9} for 100 random initial points by using (a) the
least squares procedure and (b) the min-max procedure. The dashed lines correspond to the correct value of s.
Also shown the histogram of the estimated values for s = 0.5 by using (c) the least squares procedure and (d) the
min-max procedure.

Table 6.1 summarizes the experiment results by presenting the mean, range, standard de-
viation (st.d.) and mean square error (mse) of the results. Figures 6.3(a) and 6.3(b) present
graphically the results for both methods for s € {0.1,0.5,0.9} while in Figures 6.3(c) and 6.3(d),
the histogram of the results for s = 0.5 are presented. From Table 6.1 and Figure 6.3, we see
that the min-max procedure (MM) outperforms the least squares estimates (LS) obtained. Some
bias can be seen for both estimates, especially when s increases.

The min-max procedure can be carried out even for time series of sample size as small as
20, as long as the second branch of {(z;, xi+1)}£\; _11 contains at least 2 points, which does not
always happen (for instance, for N = 110, a sample path of an MP process with s = 0.8 starting
at v/74(mod1) has only one point in the second branch). In such a situation, a straightforward
adaptation of the min-max procedure can be applied to the first branch and still yields reasonable
estimates. The closer to 0 and 1 the points x,,, and x,,, in (6.6) are, respectively, the better
the estimation performance.
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Table 6.1: Summary statistics of the experiment results. Presented are the mean estimate (§), the range, the
standard deviation (st.d.) and the mean square error values (mse) of the estimates. The min-max procedure is
denoted by MM while LS denotes the least squares.

’Proc. H s ‘ 3 ‘ range ‘ st.d. ‘ mse H s ‘ 5 ‘ range ‘ st.d. ‘ mse ‘
MM 0.10 0.1008 | [0.1000,0.1024] | 0.0006 | 0~ 0.55 0.5581 [ [0.5500, 0.5888] | 0.0069 | 0.0001
LS 0.1087 | [0.1056,0.1128] | 0.0017 | 0.0001 0.6036 | [0.5501,0.6287] | 0.0142 | 0.0031
MM 0.15 0.1516 | [0.1500,0.1597] | 0.0015| 0O~ 0.60 0.6091 | [0.6000,0.6451] | 0.0090 | 0.0002
LS 0.1632[0.1573,0.1710] | 0.0026 | 0.0002 0.6545 | [0.6012,0.7023] | 0.0186 | 0.0033
MM 0.20 0.2023[0.2001, 0.2101] | 0.0021 | 0" 0.65 0.6600 | [0.6501,0.6927] | 0.0087 | 0.0002
LS 0.2179 | [0.2098,0.2315] | 0.0038 | 0.0003 0.7089 | [0.6579,0.7584] | 0.0197 | 0.0039
MM 0.25 0.2534 | [0.2501,0.2632] | 0.0027 | 0~ 0.70 0.7125 | [0.7001,0.7726] | 0.0119 | 0.0003
LS 0.2730 | [0.2636,0.2875] | 0.0049 | 0.0006 0.7646 | [0.7038,0.8170] | 0.0226 | 0.0047
MM 0.30 0.3036 | [0.3000,0.3128] | 0.0028 | 0~ 075 0.7621 | [0.7502,0.8019] | 0.0110 | 0.0003
LS 0.3272[0.3128,0.3410] | 0.0052 | 0.0008 0.8177 [ [0.7505,0.8612] | 0.0246 | 0.0052
MM 0.35 0.3544 | [0.3500,0.3669] | 0.0039 | 0~ 0.80 0.8165 | [0.8001,0.8659] | 0.0131 | 0.0004
LS 0.3835 | [0.3550, 0.4024] | 0.0078 | 0.0012 0.8781|[0.8005, 0.9449] | 0.0277 | 0.0069
MM 0.40 0.4050 | [0.4000,0.4214] | 0.0049 | 0~ 0.85 0.8677 | [0.8500,0.9428] | 0.0151 | 0.0005
LS 0.4367 | [0.4082, 0.4570] | 0.0078 | 0.0014 0.9307 | [0.8507,1.0111] | 0.0297 | 0.0074
MM 0.45 0.4556 | [0.4501,0.4703] | 0.0046 | 0.0001 0.90 0.9172 {[0.9002,0.9704] | 0.0141 | 0.0005
LS 0.4909 | [0.4702,0.5174] | 0.0102 | 0.0018 0.9774([0.9011,1.0477] | 0.0306 | 0.0069
MM 0.50 0.5065 | [0.5001,0.5189] | 0.0051 | 0.0001 0.95 0.9706 | [0.9500, 1.0517] | 0.0189 | 0.0008
LS 0.5475 | [0.5059, 0.5746] | 0.0111 | 0.0024 1.0371[0.9500, 1.1641] | 0.0384 | 0.0090

Note: 0* means that the mse is smaller than 5 x 1075,

7 Conclusions

In this work we derive the copulas related to Manneville-Pomeau processes for almost everywhere
monotonic functions ¢. In the bidimensional case, we find that the copulas of any random pair
(Xt, X¢4n) depend only on the lag h and are singular. The support of the copulas is derived as
well.

As for the multidimensional case, when ¢ is increasing almost everywhere, the functional
form of the copulas are very similar to the ones derived in the bidimensional case. We conclude
that the copulas of vectors (X;,, -+, X,) and (U, Tf27"* (Up), - -+ , Tin =" (Up)) are the same. When
 is decreasing almost everywhere, we find that the copulas of an n-dimensional random vector
from an MP process can be deduced from the ones derived for the increasing case.

The copulas derived here depend on the Ti-invariant measure pus which has no explicit
formula. For the bidimensional case, we propose an approximation to the copula which is shown
to converge uniformly to the true copula. From this approximation, we are able to present plots
of the copulas for different parameters and lags and to present a simple algorithm to generate
approximated samples from the copulas. Some simple numerical calculation are presented to
test the steps of the approximation. To illustrate the usefulness of the theory, we derive a fast
estimation procedure of the underlying parameter s in Manneville-Pomeau processes.
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Abstract

In this work we derive the copulas related to vectors coming from stochastic processes
defined by the iteration of certain smooth piecewise monotone functions of the interval [0, 1]
to some initial random variable. We study some of its properties and present some examples.
Since often these type of copulas do not have closed formulas, we provide a general method
of approximation which converges uniformly to the true copula. Our results cover a wide
class of processes, including the so-called Manneville-Pomeau processes. The general theory
is applied to the parametric estimation in certain chaotic processes and we also present a
Monte Carlo study.

Keywords. Chaotic Processes, Copulas, Interval Maps, Invariant Measures, Parametric
Estimation.

1 Introduction

Let T : [0,1] — [0, 1] be some smooth function of the interval [0, 1] and suppose there exists an
absolutely continuous 7T-invariant probability measure, say, pur. Let Uy be distributed as prp.
We can define a stochastic process by setting X; := cp(Tt(Ug)), t € IN, for a given ur-integrable
function . This type of stochastic process has been applied in a variety of problems from
rock drilling (see Lasota and Mackey, 1994 and references therein) to intermittency in human
cardiac rate (see Zebrowsky, 2001). Realizations of this type of process usually present complex
dynamics, chaotic behavior and instability with respect to the initial point Xj.

In this work we consider the problem of characterizing the copulas related to random vectors
obtained from these type of stochastic process. More specifically, we are interested in the case
where the transformation 7' is a smooth piecewise monotone function of the interval and ¢ is
a strictly monotone function. Our results cover a wide class of stochastic process, such as the
so-called Manneville-Pomeau process (studied in Lopes and Pumi, 2011) and the process related
to the tent transformation (see Example 6.2) among many others (see, for instance, Lasota and
Mackey, 1994).

The present work greatly generalizes the results in Lopes and Pumi (2011), where the au-
thors derive and study the copulas related to Manneville-Pomeau processes, by considering T’
belonging to a certain general class of smooth piecewise transformations which can have either
increasing, decreasing, or monotone branches. We consider the important bidimensional case as
well as the multidimensional case. As the problem of existence of an invariant measure for a given
transformation is usually a difficult one, often the copulas derived do not have closed formulas.
In that case, we have to rely on approximations to study these copulas. In this direction, we
develop a somewhat general approximation to the copulas which is shown to converge uniformly
to the theoretical one. The problem of random variate generation of the copulas presented here
is also addressed. As an application of the general theory, the problem of parametric estimation
in certain chaotic process is discussed and an estimation procedure motivated by the results
obtained in this paper is proposed. To assess the finite sample performance of the proposed
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estimator, a Monte Carlo study is performed. Examples are also provided.

The paper is organized as follows: in the next section, we briefly review some concepts
and results on copulas and introduce the class of stochastic processes we will be interested
in this work. Section 3 is devoted to determine the copulas related to any pair (X, Xiyp)
coming from the aforementioned processes and to explore some consequences. In section 4,
some multidimensional extensions are shown. In Section 5 we develop a general approximation
to the copulas derived in Section 3 and prove its uniform convergence to the true copula. Random
variate generation is also addressed. Section 6 brings two examples. In Section 7 we apply the
general theory of Section 3 to the problem of parametric estimation in certain chaotic processes.
A Monte Carlo study is also performed. The conclusions are reserved to Section 8.

2 Preliminaries

We begin by establishing the necessary mathematical set up. We say that a map T : I — I,
where I := [0, 1], is of class CLT%(I) if it is a one-to-one function of class C1T%(I) (the class of
C! functions whose derivative is a-Holder continuous), for o € (0,1). A map T : I — I, is said
to be finitely piecewise C1T(I) if there exists a partition {I;}7_, of I such that the restriction
of T to the interior of each I}, is a C17%(I) function. Each I} will be called a node of T. If, in
addition, the restriction of T' to the interior of each Ij is monotone (increasing or decreasing),
then we call T' a finitely piecewise monotone (increasing or decreasing) CLF*(I) function.

For consistency, when we call for a partition relative to a map T', we shall always mean the
mazimal partition {I},}, in the sense that if {I,} is another partition such that T restricted to
the interior of each Ij, is a C'1T*(I) function, then, for each k, there exists j such that I;, C I;.
We shall refer as the net relative to the nodes of a (finitely piecewise CLT(I)) map T, the
collection of all endpoints of each Ij in the maximal partition {I;}. Notice that the net of the
nodes of T are discontinuity points of 7', except, perhaps, the points 0 and 1. For the sake of
simplicity, but without loss of generality, we shall assume that I} = [ag_1,ax) and that T is
right continuous, except at 1 where we assume that T is left continuous. The reason why this
convention is advantageous will be clear later.

Given an arbitrary function 7" : I — I one can ask whether there exists a smooth T-invariant
probability measure. The problem of establishing the existence of such measure is often a hard
one. The literature on the subject is relatively extense and has a long history. Rényi (1957) shows
that, for transformation of the form 7,(x) = az (mod 1), a unique absolutely continuous invariant
probability measure always exists. Remember that a map T : I — [ is said to be uniformly
expanding in I if |T"(x)| > k > 1, for all € I, whenever T" is defined. Lasota and Yorke (1973)
show that for piecewise smooth uniformly expanding function there always exists an absolutely
continuous invariant measure. Under more stringent, but easily verifiable conditions, Pianigiani
(1980) show that this measure is unique and it is a probability measure. However, many non-
expanding functions are known to possess such a measure. Sufficient conditions for this to
happen for non-expanding functions can be found, for instance, in Bowen (1979), Pianigiani
(1980) and Pianigiani (1981). We shall denote the space of all transformations 7' : I — I for
which an absolutely continuous invariant probability measure exists by .. More specifically,
let us define the following spaces:

7t :={T € . and T is finitely piecewise monotone CLr(I) function };

7+ :={T € . and T is finitely piecewise decreasing CLr(I) function};

Tt = {T € . and T is finitely piecewise increasing C1 (1) function}.
Certainly 7'N 7+ = () and 7Y 7+ € 7¢. When T € 7%, for any t > 1 we shall denote by

K] :={k: T, is increasing} and K} := {k: T?|;, is decreasing}, (2.1)
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where, as usual, 7% = T o T*~! denote the k-fold composition. Clearly, KINK} =0, K] =0, if
TeTvand K} =10,if T € 7.

In this paper we are interested in study the copulas related to the following class of stochastic
process.
Definition 2.1. Let T € 7% and let ur be a T-invariant probability measure. Let Uy be a
random variable distributed according to pur and ¢ : I — R be a function in £'(uz). The

stochastic process given by
X; = (poT"(Up), forallteN,

is called a ‘Zﬁ—z’nduced process (or Tg process, for short).

By taking, in Definition 2.1, T' € 7" or T' € 7+ instead, we define a 7] -induced process and
a ‘Z‘g—mduced process, respectively, or, for short, 'I@T and ‘TJ process. The processes just defined
are stationary since pr is T-invariant and absolutely continuous.

Regarding copulas, a n-dimensional copula is a distribution function whose marginals are
uniformly distributed on I and whose support is the n-dimensional cube I™. The usefulness of
copulas lies on its ability to model dependence independently of the marginals and vice-versa.
The literature on the subject has grown enormously, especially in the last decade, due to the
discover of several applications of copulas on many areas such as finance, actuarial science, time
series, hydrology, among others. For instance, an interesting application of copulas in finances
can be found in Wang et al. (2009), where the authors present one-factor models to pricing
credit default index swap tranches and collateralized debt obligations, based on heavy tailed
copulas specially designed to allow a continuous time tail-fatness control. We refer the reader
to Cherubini et al. (2004) (and references therein) for applications in finances, Frees and Valdez
(1998) for a review on the use of copula on actuarial sciences, Chen and Fan (2006) for an
interesting copula based on a unidimensional time series model, and to Genest and Favre (2007)
for a step-by-step guide to the dependence study through copulas with application to hydrology.

Among others, the invariance by almost everywhere increasing function and the simple func-
tional form the copula takes when the transformation is decreasing almost everywhere are some
of the properties we shall use very often in what follows. In the next theorem, we summarize
these properties. The proof can be found in Nelsen (2006). In this work the measure implicit to
phrases like “almost everywhere” and “almost sure” will be the appropriated Lebesgue measure.

Theorem 2.1. Let C be any copula and let f1,-- - , fn be almost everywhere increasing functions.
Then C,(x,),ee fr(x,) (U1, -+ s un) = Cxy o x, (U1, un). Moreover, if f and g are two almost
everywhere decreasing functions instead, then Cy(xy gv)(u, v)=u+v—1+Cxy(l—u,1—v).

The next theorem, the so-called Sklar’s theorem, is the key result for copulas. See Schweizer
and Sklar (2005) for a sketch of the proof in the n-dimensional case and Nelsen (2006) for a
more detailed proof in the bidimensional case.

Theorem 2.2 (Sklar’s Theorem). Let X1, -+, X, be random variables with joint distribution
function H and marginals F,--- | Fy,, respectively. Then, there exists a copula C' such that,

H(zy, - @) = C(Fi(21), -, Fulwyn)), forall (z1,---,z,) € R™
If the F;’s are continuous, then C' is unique. Otherwise, C' is uniquely determined on Ran(F) x
- x Ran(F,). The converse also holds. Furthermore,
Cuy, -+ ,up) = H(Fl(fl)(ul), e 7FT(L_l)(un))7 for all (uy,--- ,u,) €I,

where for a function F, FY denotes its pseudo-inverse given by F(=V(z) := inf {u € Ran(F) :

For more details on the theory of copulas we refer the reader to Nelsen (2006) and Joe
(1997). Copulas are also in close connection to probabilistic metric spaces. See Schweizer and
Sklar (2005) for details on this matter.
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3 Bidimensional case

In this section we shall investigate the bidimensional copulas associated to ‘TJ , ‘TJ and ‘Té
processes where ¢ will be taken to be an almost surely monotone function. As we will see later,
the multidimensional case is very similar to the bidimensional case, so we shall give special
attention to the latter. Let us start with the following lemma of general interest.

Lemma 3.1. Let T € 7% and suppose that T has s > 1 nodes. Then, T* € T*, fort > 1, and
it will have st nodes.

Proof: We shall use induction on the number of nodes. For t = 1, the result is clear. Suppose
that for t > 1, T* has s* nodes. Let {Ik}Z;l be the partition relative to T*. Since T € 7%, it is
clear that T* € 7% and T**! € 7% as well. Now T = T'(T*) and since T" restricted to each Iy,
is surjective, it implies that, for an arbitrary node I,

T (1) = T(T' (1)) = T(I),
and since T'(I) has s nodes, it follows that T¢*! will part each node of T into s new nodes, and

since by assumption there are s? such nodes for 7%, T**! will have sxs* = s**! nodes as desired. ®

Given T € 7%, we shall always fix an absolutely continuous T-invariant probability measure
and denote it by pur. Now let ¢ € L1(u7) be an almost surely increasing function and consider
{Xi}tew the T% process associated to T. For all t € IN, let Fi(-) be the distribution function of
X;. By definition, for all z €

Fo(w) = P(Up < 2) = ([0, 2]).
Observe that the T-invariance of pur, implies that, for any t € IN, t > 0, and = € I,
Fy(z) :=P(T"(Up) < z) = pr (T*)7'([0,2])) = pr ([0, z]) = Fo(z). (3.1)

Also, pr < X implies that u7 is non-atomic and since T € C1T%(I) implies the existence of a
continuous positive density for pp, F; is continuous, increasing and its inverse is well defined.

Remark 3.1. Notice that for ¢ > 0 and T € 7%, the restriction of T? to each of its s' nodes
(say {1 k}ztzl) is a one-to-one function, so that on each I}, its inverse is locally well defined. Now,

we can conveniently define the inverse of T* at y € (0,1) (y € {0,1} is trivial) as a piecewise
function by setting 7z x(y) := (T%) 7|1, (y), so that

()~ ) = (1) e (), (T

I+ (y)) = (ﬁ,l(y)v to ’ﬁ,st (y))

This is just a simple way of writing the inverse image of the singleton {y} by 7¢. With this
in mind, let y € (0,1) (y € {0,1} is trivial), ¢ > 0, X be a random variable taking values in
I and {atyk}ztzo be the net associated to the nodes of T¢. For T € 77(J T+, the solution of the
inequality 7%(X) <y in X can be written as X € A;1(y)U - - U A ¢ (y), where

- 7T y if Te ‘TT,
Ak(y) = (arj-1, Ter(@)], . (3.2)
(Tex(y),aek], if T €T,
will be a proper closed subinterval of [a;_1,ar ], for each k = 1,---,s'. Notice that Ay (y)

is just the inverse image of [0,%] by the transformation T restricted to its k-th node, that is,
Ak (y) = (T ([0, y])N 1

The next result will be used several times during the work.
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Lemma 3.2. Let X be a random variable taking values in I and let T belong to either T* or
T4 and suppose that T has s nodes. Then, for anyt € N and x € I,

St

P(T'(X) <o) = P(X € Ui Aei(z)) = Y P(X € Agp(2)),
k=1

where the Ay ’s are given by (3.2).

Proof: The result follows from Remark 3.1 and from the fact that the A;;’s are (pairwise)
disjoint. [ |

The case where T'€ T\ (7T7\JT") is treated in the next lemma. As one could expect, it will
be a mix of the results in Lemma 3.2.

Lemma 3.3. Let X be a random variable taking values in I and distributed according to a
non-atomic distribution. Let T belong to T%\ (T'UJT*) and suppose that T has s nodes. Then,
foranyt e N and z € 1,

t
S

P(T'(X) <) = P(X € ULl (A1, (1)U ALy (@) ) = 32 (P(X € A7, (1)) + P(X € Afy(2),
k=1
where
T e e S R T R B A L
Proof: Let Al,k and Ai,k be as in expression (3.3). Since T' € T4\ (77U T+), K, € {1,---,s'}
and Ky C {1,---,s'} are non-empty. To prove the first equality, notice that

P(T'(X) € @) = P(X € (U, 1 AL@) U (U, i AL @) ) = P(X € Uili (AL (@)U AL, (@) )
As for the second, one can write
P(T'(X) <2) = P(X € (UAli@)UU, At @)
P(X € (U, A04@)) +P(X € (U, gl @) -
“P(X € (U,per AL )N (Ui AL, (@), (3.4)

Now upon noticing that A ()N A} ;(z) = 0 and A ;(x)N Ay ;(x) = 0 whenever i # j and by
the definition of A;i and A7 ., it follows that

£

t
S

IP(X € UieKtTAI,i(x)) = IP(X € UitzlAL(w)) = ZIP<X € AIk(ﬂ)
k=1

and similarly P (X € (U jeKﬁAtj ())) :Zztzl P(X e Aik(a:)) At this point, upon substituting
these two equalities into (3.4), the lemma will be proved if we show that
P(X € (Ui AL @)N (U, i AL, @) ) = 0.
This follows upon observing that
P(X€ (U, AL @NN (U, i AL, @) ) = P(X € Uiy (AL (0N A7 () )
< P(Xe (Uilofor U (Ui {Tin(@)}) ) =0,

since, by assumption, X has a non-atomic distribution. This completes the proof. [ |
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Remark 3.2. Lemma 3.3 is the analogous of Lemma 3.2 in the case where T'e TH\ (7' 7%), but
with an extra condition: we had to impose the condition of non-atomicity in the distribution
of X. The non-atomicity condition is necessary because the intersection in (3.4) may be non-
empty, in which case it will contain only a finite number of isolated points. However, in our
work we will always assume that the underline distribution is absolutely continuous, so the extra
imposed condition has no impact in the development of the work.

Proposition 3.1. Let T € T*, pup be a T-invariant probability measure and let Uy be distributed
as pir. Then, for anyt,h € N, h # 0, (T*(Up), T (Uy)) 4 (Uo, T"(Up)) and Coe (i) e (vy) =
CU(),Th(UQ) .

Proof: The first result follows from the fact that, for T € 7% and ¢ € L (ur), the ‘Tg process
associated is stationary. In particular, the result holds for ¢ taken to be the identity map. The
second result is a consequence of the process’ stationarity and of Sklar’s theorem. ]

As for the copulas related to Ipi processes, for ¢ almost surely increasing, the following result
holds.

Corollary 3.1. Let T € T*, ur be a T-invariant probability measure and o € L'(ur) be an

almost everywhere increasing function. Let {X;}iew be the associated ‘Té process. Then, for any
t,he N, h#0,

CXt,Xf,+h (ua 'U) = CXO,Xh (ua ’U) = CUO,T"(UO)(ua ’U),

everywhere in I2.

Proof: Direct consequence of Proposition 3.1 and Theorem 2.1. [ |

Remark 3.3. Notice that the result in Corollary 3.1 actually holds in a much more general
context when combined with Proposition 3.1, but for our purposes, we only need it as stated.

Now we turn our attention to determine the copula associated to any pair (X, X,) of random
variables, for any p,q € IN, obtained from a ‘IZPI process with ¢ increasing almost everywhere.

Let T € ‘ZZ} and assume that 7" has s > 1 nodes. Let u7 be a T-invariant probability measure
and Fy be as before. In order to simplify the notation, let us define the functions %, : I —

[Fo(ank—1), Folank)] by

Fnal@) = Fo (T (Fy (@) ), (3.5)
for h >0 and k € {1,---,s"}. For a given set S, we also define dg(u) as being 1, if u € S, and
0 otherwise. We start with the case T'€ 7%\ (77(JT*). We shall denote the copula related to a
given ‘Tg process {X;}ew by C Cﬁ(hXH-h and C}Q’XH}L when T belongs to 77, 7+ and
T\ (TTY TY), respectively.

t,X¢h?

Proposition 3.2. Let T € TN\(T'JT"), ur be a T-invariant probability measure and ¢ € L (ur)
be an almost everywhere increasing function. Let {X;}iew be the associated ‘Z;g process. If we

let {ah,k}zhzo be the net associated to the nodes of T", then

C’%hxwh (u,v) = Z [Zhs(v) = Fo(ane—1)] + [min {u, Fpne(v)} — Fo(ah,no_l)]éKZ(no) +
keng
+ > [Folank) = Fnx()] +max {0,u — Fpp, (v) }0,. (o), (3.6)
k‘E’rLZ)L

where ng := no(u; h) = {k tu € [Fo(amk,l),Fo(ah,k))}, and, with K} and K; as in (2.1),

ny =11, ,ng—1}NK] and n}:={1,-- ,ng—1}NK;}. (3.7)
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Proof: We start by determining the copula associated to the pair (U(),Th(U())). Let T €
TN\(T'UT*), ur be a T-invariant probability measure and ¢ € L!(ur) be an almost everywhere
increasing function. Also let {X;};ew be the associated ‘1‘3 process and Hyp(-,-) denote the
distribution function of the pair (Uo, Th(Uo)). Notice that, by Lemma 3.3, we have

Hop(z,y) = PU<2,T"U) <y) =P(Us < ,Up € Uj1 Ani(y))
= IP(U Omek 1Ahk( ))

S

= Y [P(Us € 4] Lm)N [0, 2]) + P (Vo € 4f ,(»N0,3])]
k=1

where A;k and A;L’k/, are given in (3.3). Set ny :=ny(z;h) = {k: 2 € [an k-1, ank)} and let
n)={1,-- ,ng — 1}ﬂK; and  ny:={l,-- n; — 1}ﬂKt,

with K] and K} as in (2.1). Notice that njN\ny = 0 and njUnj = {1,--- ,n; — 1}. Tt follows
that

Sh

Hop(z,y) = Z[IP(UOGA;,C(y)ﬂ[O,x])+P(U06Aﬁ,k(y)ﬂ[0,x])}

k=1
- Z IP(UOGA,TLk(y)ﬂ [O,x]) + IP(UOEAZWl (YN [ann, ] )5K1(n1) +

anI

:=QT

+ 2 P(Uo€ 4, ()N [0,2]) + P(Us € A7, (1) [an,n1, 2] )81 (1)

kEnf

= Z pr ([ank—1, Thi(y)]) + MT(QT)CSKI(TM) +

anI

::Q¢

—+ Z pr ([Thi (W), anr—1]) +NT(QL)5K#(H1)>

kEnf
where
Q" = [anm 1, min {z, Trn ()]  and Q= { - ,qu’ymL NS
so that
Hop(z,y) = Z [Fo(Thx(y)) — Folank—1)] + Z [Folank) — Fo(Tni(y))] +

kEnI ken%

+ [Fo(min {x, Thony (y)}) — Fo(ah,nl,l)] 5KZ (n1) + max {0, Fo(z) — Fo(Th,n, (y))}(SKt (n1).

Upon noticing that Fo(min {a;, Enl(y)}) = min {Fo(:r), Iy (ﬁz,m (y))}, by Sklar’s Theorem, it
follows that

CIEO T (U, )(u,v) = Ho,h(Fofl(u),Fl;l(v)) = HO’h(Fofl(u),Fofl(U))
= Z [fh,k(v) — Fo(ah,k_l)} + [min {u,ﬁh,no(v)} — Fo(a;,,mo_l)}(?KI(no) +
ang
+ Z Fo(ank) — Fni(v)] + max {0,u — Fp n, (U)}(SKi(nO)’
anO

where ng := ny (Fo_l(u);h) and n) and n} are given by (3.7). Now by Proposition 3.1 and

Corollary 3.1, C’g(t’ Xoon = C(I](),Th (o) and the desired result follows. [ |
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Remark 3.4. Let {aj}ren be an arbitrary sequence of real numbers and let D C IN be a set of
indexes. As usual, if D = ), we shall set >, ar = 0.

Next we shall derive the copula associated to any pair (X, X,), for any p, ¢ € IN, of random
variables obtained from a T or ‘ng process with ¢ increasing almost everywhere. The results
follow from a specialization of Proposition 3.2.

Proposition 3.3. Let T € T'JT*, ur be a T-invariant probability measure and o € L' (ur)
be an almost everywhere increasing function. Let {X}iew be the associated ‘IJ or Tsj process.

If we let {amk}ihzo be the net associated to the nodes of T" and ng := no(u;h) = {k : u €
[Fo(ahk,l),Fo(ah’k))}, then the following is true:

(). If T € T7, then, for any t,h € N, h # 0 and (u,v) € I?,

no—1
CXt,Xt_‘_h u,v) (Z Fhk(v Fo(ah,k—1)> on(np — 1)+
-+ min {u,Jh,nO (v)} — Fo(anne—1), (3.8)

where IN* := IN\{0}.
(ii). If T € T+ instead, then, for any t,h € N, h # 0 and (u,v) € I?,

no—1
CBLQ,XH}L (u,v) = (Z Fo(ah7k) — ﬁhyk(v)> 5]1\1*(710 — 1) + max {O,u — jh,no(v)}- (39)

Proof: 1f T € T, (i) follows from Proposition 3.2 by noticing that K; = 0 while if T € T*,
the opposite happens, namely, K} = () which implies (ii). [

Remark 3.5. For computational purposes, it can be advantageous to write copulas (3.6), (3.8)
and (3.9) explicitly as a function of p7. In this case, (3.6) becomes

C)i(,,,xwh (u,v) = Z HT([ah,k—hﬁ,,k (Fo_l(fu))]) +

keng
+ 17 ([anng 1 min {F5 (), T (B (0)) }] ) 8,1 (o) +
+ > nr ([T (F5 @), ani] ) + oz ([Tono (B3 () By ()] ) dges (mo), - (3.10)

kEng

where [a,b]" equals [a,b], if b > a, and () otherwise. By their turn, copulas (3.8) and (3.9)
become respectively

ngfl

C’;hxt% (u,v) = Z MT([ah,k_l,ﬁ}k (Fo_l(v))])ém* (np — 1)+

k=1

o g1z ([anmg -1 min {F5 (), T (F5 () 1]).

and
Chxron (w0 0) = 3 o [Tk (5 (), ane] ) e (o = 1)+ g [Tiomo (Fy*(0)), By ()] ).
k=1

In the next lemma we show that the relation C'x,
still holds in the decreasing case.

Xepn = = CUx,,x,, valid when ¢ is increasing,
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Lemma 3.4. Let T € T% and let {X; }ien be the associated T} process for o € LY (ur) an almost
surely decreasing function. Then, the relation

Cx, Xy (W,0) =u+v—1+ CUO,Th(UO)(l —u,1—v) =Cx, x, (u,0), (3.11)
holds for all (u,v) € I?.
Proof: In Proposition 3.1, we have shown that Crp(yy re+nwy) = Cuprn(uy) (independently of

©). Now, since the inverse of an almost everywhere decreasing function is still decreasing almost
everywhere, upon applying Theorem 2.1, it follows that

CX,,, Xiqn (u, 'U) = Cw—l(Tt(UO))7¢—1(Tt+h(U0))('LL, ’U) =u+v—1+ CTt(UU)7Tt+h(UO)(]. —u,1 — ’U),
which proves the first equality. As for the second, it suffices to notice that
CXo,Xh (’U,, U) = Ccp(Uo),go(Th(Uo))(uv ’U) =u+v—1+ OUO,Th(UO)(l —u,l — ’U)7

everywhere in I2, by Theorem 2.1, and the result follows by Proposition 3.1. [ |

In the next propositions we present the copulas related to ‘ZZPi processes in the case where
¢ € LY(uy) is an almost everywhere decreasing function. In this case, we use the same notation
for the copulas as before, but we add an asterisk in order to emphasize the difference on ¢. We
start by considering T'€ 74\ (77U 7%).

Proposition 3.4. Let T € 7\ (T'UT*) be a transformation with s > 1 nodes, ur be a T-
invariant probability measure and ¢ € L' (ur) be an almost everywhere decreasing function. Let

{Xi}iew be the associated TS process. If we let {amk}zhzo be the net associated to the nodes of
Th, then

C§7Xt+’L(u ’U) = U+U—1+Z 1—U FO(ah,k—l)}‘FZ [FO(@h,k)_g\h,k(l_'U)]‘F
g* kené*
+ [min {1 — Uy T (1 — v)} — FQ(ahm(’;—l)] 5Kz(n6) +
+ max {0,1 —u— Fppn; (1 fv)}dKL(nS), (3.12)
h

where nfy == ng(u;h) = {k:u € [1 - Fylank),1 — Folank-1))},
ng*i={1,---,ny —1JNK}, and n§ ={1,--- ,n5 - 1INK}.
Proof: By Lemma 3.4, we have
C% xp (W 0) =40 =14 CF ) (1 —u,1 =) (3.13)
so that the result follows by Proposition 3.2 (with ¢ as the identity map) upon substituting
(3.6) into (3.13). [

Proposition 3.5. Let T € T'UT*, ur be a T-invariant probability measure and o € L (ur)
be an almost everywhere decreasing function. Let {X;}iew be the associated T] or T process.

If we let {ah,k}z};o be the net associated to the nodes of T" and nj := nj(u;h) = {k : u €
[1 — Folapk),1 — Fo(ahﬁ_l))}, then the following is true:

(). If T € T*, then, for any t,h € N, h # 0 and (u,v) € I?,

ng—1
C;(*t Xoin (’LL 'U) = ut+ov—1+ (Z yh)k(l — U) — Fo(ah’kl)) (S]N*(TLS - 1) +
k=1

+ min {1 — u, Fpnz (1 — )} — Folanns—1)- (3.14)
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(ii). If T € T4, then, for any t,h € N, h # 0 and (u,v) € I?,

ng—1
C’ﬁ(t’XHh(u,v) = ut+v—1+ (Z Fo ahk hk(l —11)) 5]1\1*(713 — 1) +

+ max {0,1 —u— Fpn: (1 —v)}. (3.15)
Proof: Immediate from Proposition 3.4 and (3.13). ]

All copulas derived in this section are singular in the sense that dCY, x,,, (u,v)/0udv = 0
everywhere on I2. A question that naturally arises is what are the support of these copulas? To
answer that, the following notation will be useful. Let T" € 7'y 7* and Fy be the distribution
associated to a T-invariant probability measure. Assume that 7 has s > 1 nodes and let h be a
positive integer. We define, for all k € {1,--- , s"}, functions Kz’k,ﬁt’k : [Fo(ah,k—l), Fo(ah’k)] —

I by setting

x — F Qh k—
£ pla) 1= = olani 1)

Fo(ank) —
and /()=
o(ank) — Fo(ank_1) hi(T) 7

o(ank) — Fo(ah k—1)
and Eg*k, Kﬁ*k [1 — Folapk),1 — Fg(ahk_l)] — I by setting

x4+ Fo(ank—1) — 1
Folank) — Folank—1)

1— Fg(a;%k) — X

0 (z) = ’
hok(T) Fo(ank) — Foank—1)

and Et*k(x) =

Observe that ET b 1S just the linear function joining (Fy(apk—1),0) and (Fo(ank), 1), while Ei &
joins (Fy(ap k— 1) 1) and (Fo(ank),0). In the next proposition we provide a characterization for
the support of the copulas derived so far.

Proposition 3.6. Let T € T and pr be a T-invariant probability measure. For o1 € LY (ur)
an almost everywhere increasing function and w2 € LY(ur) an almost everywhere decreasing

function, let {X;ew and {Y;hew denote respectively the associated ‘Z‘él and ‘1232 process. Also
suppose that T' has s > 1 nodes. Then, for any t,h € N and h > 0,

supp{C .y, b = (U {0 ,0(0) s w € R U (U {(60(w) 0 € Ria}).

keEKT keK+

and

supp{C}i,t’YHh} = ( U T{(LL,Et*k(fLL)) Tu € R;;,&)U( U {(u Q* ) u € Rfl,k}),
keK

kekt

where Ry, j, = [Fo(ah,k—l), Fo(ah,k)} and R}, | = [1 — Folank), 1 — FO(ah,k—l)]~

Proof: Let R = [u1,ug] X [v1,v2] be a rectangle in I?. First assume that T € 7], and let

VC; (R) denote the Cy, x,,,-volume of R. Let k € {1,--,s"} be fixed and since for any copula

C, the C-volume is a (doubly stochastic) measure, we can assume without loss of generality that

u; € Rpy, for © = 1,2, so that ng = k for all terms in the expression of V. (R). Hence the
X

summands and constants on the copula cancel out so that we have

V_+ (R) = min {ul,ﬁh & } + min {ug,ﬁh k(’l)g)} — min {ul,ﬁh,k(vg)} — min {ug,ﬁh,k(m)}

CX
= Vi ([ur, u2) X [Fhi(v1), Fk(v2)]),

where M (u,v) = min{u,v} is the Frechét upper bound copula, whose support is the main
diagonal in I?. Since [u1,uz] X [Fp(v1), Fa(v2)] C R,Qlk., it follows that V1 (R) > 0 if, and
X

only if, RN {(u,ﬁz,k(u)) tu€ Ry} #0.
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Now assume that T € Tgoﬂ and, considering a rectangle R as before and u; € Ry 1, let V(Jl (R)
X
-volume. Again the summands and constants on the copula cancel out and

denote its CXt,Xt+h
we have
Vi (R) = max {0,u1 — Fp (1) } +max {0,uz — Fp g (v2) } — max {0,u1 — Fp i (v2) }—
X

— max {0, Uy — ﬁh,k(vl)}
= Viv ([u1,u2] x [1 = Fpp(v1),1 — Fpi(v2)]),
where W (u,v) = max{0,u + v — 1} is the Frechet lower bound copula, whose support is the

secondary diagonal in I?. Since [u1, us] X [1 — Fni(v1),1— ﬁh,k(vg)} C Ry % R}"l,k, it follows
that VCﬁ((R) > 0 if, and only if, RN {(u,ﬁik(u)) tu€ Ry} #0.

Now suppose T'€ 7%\ (T'U 7*) and let V¢ (1) denote the Cx,,
X
fixed as before and let u; € Ry, i, ¢ = 1,2. We can write

Xy,p-volume of R. Let k be

Vor (B) = Vop (R)d et (no) + Vg (R)d et (no),

so that the result follows from the previous cases and by observing that we can write I =
h
Us=1 Bh.k-
As for T € ‘122, the result follows similarly as the previous case, by noticing that for a
rectangle R as before and u; € R} ., i =1,2,

1% I'(R) = VM([l —ug, 1 — ul] X [g\h,k(l — UQ), yh,k'(l — ’Ul)])

c
and
Voi (R) =V ([1 —ug, 1 —ui] x [1 = Fpp(l —v2),1 — Fpi(l —v1)]),
and by applying standard arguments. This completes the proof. [ |

We end this section with the following remark on the unicity of a T-invariant probability
measure and the copulas related to the associated process.

Remark 3.6. A map T € 7% can have several different absolutely continuous T-invariant
probability measures. This implies that, for a single given T' € 7%, the associated ‘T£ process
can have several different copulas associated to it depending on the choice of the T-invariant
probability measure. This happens because Uy, which fundamentally defines the probability
structure of the process, also depends completely on the choice of the T-invariant probability
measure.

4 Multidimensional Case

In this section we shall extend our results from the previous bidimensional set up to a mul-
tidimensional one. That is, in this section we are interested in deriving the copulas related
to n-dimensional vectors (Xi,,---, Xy, ) coming from a ‘Z;,i process for ¢ an almost everywhere
monotone function. It turns out that the bidimensional and the multidimensional case have
more in common than one could expect and much of the work will be built over the results of
last section.

First, let us establish some useful notation. Let a,b € IN with a < b. We shall write a:b :=
{a,--+ b}, zgp := (zq,- -+ ,xp) and, for a function f, we shall write f(z4.p) 1= (f(a:a), . ,f(:cb)).
Again we shall denote the distribution of Uy by Fy. The next proposition will be useful to simplify
the proofs of the main results of this section and in establishing notation.
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Proposition 4.1. Let T € 7%\ (7'"JT*) and suppose T has s > 1 nodes. Denote by {atyk}ztzo
the net associated to the nodes of Tt. Let t,h1,--- ,hp, €N, 0 < hy < -+ < hy, set t = (t,t +
hi,--- ,t+ hy) and let Hy denote the distribution function of (T*(Up), T* " (U),--- , T " (Uy)).
Then, for all (xg,--- ,x,) € I"F1,

Hy(xo,an) = Y P(Up € Al (z1)N[0.z0]) + > P(Us € &), (z1:)N[0,20]),  (4.1)

keK) keK}
where [ - N )
~ ahn,,k—labhmk T1:n)|, ka € Kh"7
A} k(@) = , (4.2)
’ 0, otherwise,
and L) .
~ b T1m) Qh, k| s ikaK ,
e R " (43)
" 0, otherwise,
with,
by (@) = min {cl(@iihn, k)} and by y(@1n) = min {e;(@i; ho, k) } (4.4)
where 1 -
T _ Ah,y k=15 if Bj(wi;hn, k) =10,
i (@i fin, k) = { B (%i; hn, k), otherwise,
L. _ ap,, ks Zf Bi’(l}z,hn,k) :®7
i (@i fin, k) = { B} (w45 hn, k), otherwise,
Bl (wi; hn, k) = min {Thii (@) 2 Thy (i) > an, k-1 and an, j < an, k},
j=
and
Bj(xi;hn,k) {nax {’E (@) Tny (@) < ap, k and ap, ; > ahmk_l}.
j=
Proof: In view of Theorem 2.1, given ¢, hy,--- ,hy, € N, 0 < hy < --- < hy, it suffices to prove

the result for the vector (T*(Up), T""1(Up),- -, T (Uy)). Let Hy denote the distribution
function of (T*(Up), T"M (Uy),- -+ , T (Up)) and let g, € (0,1)"*!. Also, for the sake of
simplicity, let V; := T*(Up). We have

Ht(.’Eo, T ,ZL’n) = IP(Tt(UO) < anTt+h1 (UO) S PRRE 7Tt+hn(U0) < x")
(Ve S mo, T" (Vi) < @1, , T (V1) (Up) < )

P
P(Yi € [0,20], Vi € Uity (4], (@)U AL, (1), Ve € Uil (4], k(@)U AL i (@a))
= P(Y; € 0,20l 1= U (4], (@)U Af, i (@0))
P(er[o,xom:luz*;( ha@U AL (@) (45)
IP(UOE[O,mO}ﬂZ Ui AL k(xz))—HP(er [0, zo]N " U5 114;1,7,6(xi))—

— P(Uo € 0.2l Ui (4], 1@ 4f, 4 (@) ) (4.6)

where A} , and Aj; , are given in (3.3). The last term in (4.6) is equal to zero since the
non-atomicity of the distribution of Uy implies

IP(UO € [0, zo]N iy 2’”1 (Azk(xl)ﬂAik(xl))) <
Us € 10,200 [(UZ{an, #DU (UL T 1(2))])

<p(
< P(Us € [(Ufofan, DU (UL {Th, (@)})]) = 0.
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Considering K, and K given by (2.1), let bzmk(xlzn), b,ﬁmk(aﬁl;n), Ezn,k(xlm) and /T}Mk(xln)
be as in the enunciate. Notice that ggnk (21.,) and ﬁﬁn x(Z1:n) are both proper closed subsets
of lan, k—1,an, k). Each b;nyk(:clm) actually is the smallest 7Ty, j(x;) that lies on the k-th node
of Th» (which determines the thinner partition among all 77, so that /ﬁlmk(xlm)’s are just
the intersection of all A, x(z;)’s with the k-th node of T"». In opposition, btn,k(xlin) is the
largest T, j(x;) that lies on the k-th node of Th» . Also notice that the g;lmk(xlm)’s are pairwise

disjoint and so are the ﬁfbn w(*1:n)’s. Now, with this machinery, we can rewrite (4.6) as

Hy(zg, - ,2n) = IP(UO € UkeKI gzn,k(xln)ﬂ [0,$o]> + IP(UO € UkEKt gtmk(xlm)ﬂ [0,%0})

= > P(oe A ,(z)N0,2]) + > P(Ug € A} (z10)N [0, 20)),

ke keKy,

which is the desired formula. [ ]

Proposition 4.2. Let T € T'YT* and suppose T has s > 1 nodes and denote by {at,k}ztzo the
net associated to the nodes of Tt. Let t,hy,--- ,h, € N, 0 < hy < --- < h,, and Hy denote the
distribution function of (T'(Up), T (Up),--- , T (Uy)). Then, for all (zg,- - ,z,) € I,

Shn

Ht($07 t vxn) = ZP(UO € Zhn,k(fcl:n)ﬂ [vao])a (47)
k=1

where
[ahn,k—la bzmk(xl:n)}a ZfT S TT,

[btmk(xlzn)a ahn,k]7 ZfT € Tia

with biTzn,k(fUl:n) and bin,k(*rl:n) given by (4.4).

Avhn,k(xlzn) - {

Proof: With the notation of Proposition 4.1, the result follows by noticing that Avhn,k: is just
a combination of (4.2) and (4.3) and that if T € 77, then K; = 0, while if T € 7', we then
have K; = 0. [ ]

Proposition 4.3. Let T € T*, pr be a T-invariant probability measure and let Uy be distributed
as pwr. Then, for any t,hy,--- ;hp €N, 0 < hy < -+ < hy,

(TH(Uo), T (Uy), -+, T (Ug)) £ (Uo, T (Up), -+, T (U)). (4.9)

Furthermore, (T"(Up), T (Uy), - -+ , Tt (Uy)) and (Up, T (Uy), - -+ , T"(Up)) have the same
copula.

Proof: Let Hp denote the distribution of (U, T (Up), -~ , T (Up)). Notice that it suffices
to prove that, for any (zo,--- ,x,) € I""1, Hy is equal to (4.5). Indeed, we have

Hh(l'(), e ;xn) = ]P(UO é anThl(UO) S T1,y- ;Th”(UO) S xn)
= ]P(UOG[OJOLUOGUZZ (A}, k@DUAL, (1)), JUoeUi (A£7l,k($n)UAﬁﬂ,7k($n)))
= P(Uo € 0,20l 12 U5 (4], sk (m)U Af, ik (20)),

which is precisely (4.5). The other assertion follows from Sklar’s theorem in view of (4.9) and
from the fact that T¢(Up) < Uy, for all t € IN. n
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Upon specializing the results seen so far, we can now determine the copulas associated to
multidimensional vectors coming from a ‘Iﬁ process with ¢ increasing almost everywhere starting
with the case T'€ T+\ (7"J T+), which essentially embodies the other two cases.

Theorem 4.1. Let T€ T\ (T'UTY), ur be a T-invariant probability measure and ¢ € L (ur)
be an almost everywhere increasing function. Let {X;}iew be the associated ‘ZZPi process. If we

let {ahn,k}i}:o be the net associated to the nodes of T", and Cy be the copula associated to
(Xt, Xtthys s Xegn, ), fort,hy, -+ yhy € N, 0 < hy < -+ < hy, then

Celug, -+ un) = Z [Fo(r), x(u1n)) — Fo(an, k1) +Z Folan, k) — Fo(ry, p(urn)) +

keng keno

+ [min {uo, Fo (r;mno (u1n))} - Fo(ahn,nrl)} 5Kln(”0) +

4+ max {0, ug — Fy (rimno (uln))} 6K# (no),
where ng = {k ug € (Fo(ahmk 1), Fo(an,, k ]} with K;L and K,ﬁ given in (2.1),

ng=A{1,---,ng—1JNK} , ng=A{1--- ,ng—1}NK} ,
with b;lmk and bﬁn . given in (4.4),
TZL r(uin) = bh k_(F Y(un)) and rt r(uin) = bhn,k(F Y(utin)). (4.10)
Proof: 1In view of Proposition 4.3, we only need to show the result for the vector (UO, T (Uy),
,Th”(Uo)), where hy, - ,hy, € N, 0 < hy < -+ < hy,. Considering K}TL and Kh as in
(2.1), let b%mk(:z:l;n), bin,k(l‘lvn) Ah #(z1) and Az k(azl n) be respectlvely as in (4.4), (4.2)
and (4.3). Set n; = {k : 29 € (an, k—1,an, 4} and let n] = {1,--- ,n — 1N K}, and ny =

{1,---,m — 13N K}, . Notice that niNny = 0 and njUny = {1,--- ,n1 —1}. We can now
rewrite (4.1), in view of Proposition 4.3 and setting h = (0, hy, - , hy,), as

Hi(eo. - van) = 3 pr([an,or: b, wer)]) + 30 pr ([, (o) an,]) +

anI an{
+ MT([anl—h min {zo, b;tmnl (xlzn)}DszZ (n1) +

+ /‘T<[bh iy (T1m), xo]) 5[1# (@) 1] (20)0 1 €(n1)

hp,mq hn
= > [Fo(b), x(@1:n)) = Folan, k-1)]+ > [Folan,r) — Fo(by,, (x1:0))] +
anI ken%

+ {Fo(min {:Co, b,tmn1 (mln)}) — Fo(ahn,nlfl):| 6K2n(n1) +
+ max {0, Fo(zo) — Fo (bimn1 ($1n))} 5K}¢L (n1)

Now, by Sklar’s Theorem and (3.1), taking ng = {k: Dy € (Fo(ahn,k,l),Fo(ahmk)] }, it follows
that

Ch('UO,"' ;un) = Hh(Foil(UO)f" vFoil(un))

= Z [Fo(rf,, n(u1n)) — Fo(an, k1) +Z Folan, k) — Fo(ry, p(urn))] +
kEng anO

+ {min {uo, ) (r,tmno (Uln))} - Fo(ahn,nrl)} 5;(: (no) +
+ max {0,u0 — Fo(ry, . (u1n))} 5Ki (no),

where !, and 77 , are as in the enunciate. [ |
hn,k hn,k
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From Proposition 4.1 we have all we need to work with the case T' € TTJ7T*. This is the
content of the next proposition.

Proposition 4.4. Let T € T'\JT*, pur be a T-invariant probability measure and ¢ € L' (ur) be
an almost everywhere increasing function. Let {X;}iew be the associated Ts; or ‘Tg process. 1If

we let {ahmk}z}:o be the net associated to the nodes of T, and Cy be the copula associated to
(Xt, Xthys s Xegn,, ), fort,hy, -+ Jhy € N, 0 < hy < -+ < hy, then

(). if T € T7,
Ce(ug, - ,un) = n:z: [Fo (7 1 (wren)) — Fo(an, —1)] +min {uo, Fo (rh, no (1))} = Folan, n—1);
(ii). if T € T+,
Ci(ug, -+ ,up) = 7;02__:: [Foan, k) — Fo(rh, k(uin))] +max {0, uo — Fo(Th, no (w1m)) }s

where ng 1= {k tug € (Fo(ahn,k—1)7F0(ahn,k)] }, b;mk and bin,k given in (4.4), and

b}m,k (Fo—l(ulm))v if Tedt,
rhwnk(ul:n = ’ . . )
by o (Fo H(urn)), if T eTh

Proof: We observe that ryp,, j is just a combination of the two expressions in (4.10) and that if
T € 7', then K} =0, so that ng = {1,--- ,no — 1} and ng = 0, while if T € 7+, then K| =0
so that ng = {1,--- ,n9 — 1} and n}) = 0. With this in mind, the results follow directly from
Theorem 4.1. [ |

The generalization to the n-dimensional case for ¢ an almost surely decreasing function
leads to more complicated formulas in terms of the copulas in Theorem 4.1 and Proposition 4.4.
Although the set up here is much more general than the one in Lopes and Pumi (2011), it is
interesting to notice that the same result valid there can be applied here, so that we include it
just for the sake of completeness.

Proposition 4.5. Let T € T*, ur be a T-invariant probability measure and let {X;}iew be the
associated ‘ZZ} process for o € LY (ur) an almost surely decreasing function. Lett, hy,---  h, € N,

0< hy <+ <hy and set Y}, := Thk(Ug) and Yy := Uy. If we denote the copula associated to
(Xt, Xithys o s Xegn,) by Cy, then the following relation holds

Ct(’LLO’...?un):l—n—i-Zui—i—Z Z C}/i,)/j(l_ui71_uj)+"'+
=0

i=0 j=i+1

+ (_1>n—1 Z Z Z Cykl’.”’yk'rL—l(l — Uy, ey 1 _uk”,l)'i‘

k1=0ko=k1+1 kn_1=kpn_2+1
+ (_1)nCUU,Y1,---,Yn(]-_u07"' 71_un)7 (411)

everywhere in I+

Proof: See Proposition 4.1 in Lopes and Pumi (2011). [ ]

The copula in Proposition 4.5 can be explicitly calculated since (4.11) is written as sums of
the copulas of vectors containing Uy and T¢(Up) for different #’s. Hence, Theorem 2.1 can be
applied to derive the desired formulas in terms of the copulas in Theorem 4.1 and Proposition
4.4.
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Remark 4.1. In principle, we could have assumed T belonging to the slightly broader family of
C}, transformations. However, for T € CL, \ C12(I), if an absolutely continuous T-invariant
probability measure exists, it does not have a positive continuous Radon-Nikodym derivative.
This implies that Fy 1is not always well defined. In this case one can substitute Fy L by its
pseudo-inverse, Fo(fl). Since Fyo Féfl) and Fo(fl) o Fp are not the identity map, the expressions
for the copulas become more complex. If T € C}, \ CLF%(I), the results in Sections 3 and 4
hold if Fj; ! is substituted by Fo(fl) and expressions of the form Fjy (Fo(fl) (z)) and Féfl) (Fo(z))
will appear instead of the identities Fj (Fo_l(:c)) =z and F, ! (Fo(z)) = .

5 Numerical Approximations and Computational Issues

Let T € 7%, h > 0, pur be a T-invariant probability measure and consider the associated
T} process for ¢ € L'(ur) a monotone function. The computation and implementation of the
copulas derived in Sections 3 and 4 depend on the knowledge of several elements. These elements
are the invariant probability measure pr, the associated distribution function Fy and its inverse
F;', the inverse of T" in each branch ({’ﬁLk}Zh:l) and the net {amk}zi;o associated to T", where
s > 1 denotes, as usual, the number of branches of T.

As mentioned in Section 2, the general problem of determining the existence of a T-invariant
absolutely continuous probability measure is usually a hard one. Therefore, one rarely finds an
explicit formula for a T-invariant probability measure. Furthermore, although the computation
of T"(y) is usually straightforward, the exact calculation of 7;, (y) can be a highly complex
task. Even for small values of h, the apparently simple calculation of the net associated to T"
can be troublesome. Nevertheless, one can still rely on approximations in order to implement,
compute and study the copulas related to ‘Iﬁ processes.

With this in mind, our goal in this section is to present general results and conditions to
construct simple approximations to the copulas derived in Sections 3 and 4 in such a way to
guarantee its uniform convergence to the true copula.

5.1 Approximating the T-invariant probability measure and related functions

Perhaps the most appealing way to approximate a measure, assuming it is ergodic, is by using
Birkhoft’s ergodic theorem. Recall that a measure p is called a Sinai-Bowen-Ruelle measure
(SBR, for short) if the weak convergence

n—1
L by (4) — w(A) (5.1)
k=0

holds for almost all x € I and all y-continuity sets A. In this work, all the T-invariant proba-
bility measure discussed are assumed to be absolutely continuous with respect to the Lebesgue
measure. However, if ur is ergodic and absolutely continuous with respect to the Lebesgue mea-
sure, it is also an SBR measure (see, for instance, Keller, 1998), so that we will only consider
the latter case.

Given T € 7% and pr a T-invariant absolutely continuous SBR. probability measure, one

way to approximate pr is by truncating expression (5.1) for a reasonably large value of n > 1.
That is, let £y € I be a point such that the weak convergence (5.1) holds. Set

n—1
1
Hn(As T, 20) = = 3 Oy (A), (5:2)
k=0

for all pp-continuity sets A. This is not the only way to approximate an SBR measure, see for
instance Lopes and Pumi (2011) and references therein. For simplicity and since no confusion
will arise, we shall drop T and x( from the notation of .
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From p,, an approximation for Fj is obtained simply by setting Fn(x) = un([O,m]; T, wo).
From a computational standpoint, fixed zg and truncation point n > 0, to calculate u, for
different sets one needs to compute the iteration vector (zo,T(z¢), -+ ,T" (o)) only once.
Furthermore, by the choice of zq, T%(zg) # T7(x¢) for all i # j, therefore, F, will coincide with
the empirical distribution function based on the iteration vector. To improve the performance
pointwisely, one can use some interpolation method based on the iteration vector and F,. That
is, we choose a sequence of interpolating functions' based on (zo, T'(zo), -+ ,T" !(z0)) and its
image by F,.

For approximations based on a vector of iterations, the limits taken are understood to be in
terms of partitions in the following manner. Starting with a set of points R,, = {z1, -+ ,zm},
we consider refinements obtained by adding a single point to the set R,,. That is, we consider
refinements of the form R,,4+1 = RpU{Zm+1}, s Rtk = Rmpk—1U{Tm+r}. Let fi (o) =
f(-;Rpy) be an approximation based on R,,. For a sequence of refinements {Ry}72, ., we
consider the sequence of functions {fx}3,, ;- If the sequence {fi}72, has a limit, we set

i f ()= Jim S5 )
Proposition 5.1. Let S = {x1, - ,x,} be a given (ordered) sample of some continuous and
monotone distribution Fy and let Fn be the empirical distribution based on S. Let F, be an
approximation based on a sequence of interpolating functions defined from S and let xg = 0
and xn41 = 1. Suppose that F, satisfies, for each x € (x;,z; + 1), F,(z) € (Fn(xi>,pn(xi+1)),
i=0,---,n and Fy(z;) = Fy(z;), for alli =0,--- ,n+ 1. Then F,(z) — Fo(z) uniformly over
x € I. If, in addition, F, is continuous and monotone, then also Fy'(x) — Fy '(z) uniformly
overz € 1.

Proof: By the Glivenko-Cantelli theorem, F,,(z) — Fy(z) uniformly in = € [0,1], so that,
given £ > 0, there exists ng > 0 depending on ¢ only such that ’ﬁn(az) - Fo(x)’ < ¢/2, for all
x € I, whenever n > ngy. Now, for = € [0, 1), there exists k € {1,--- ,n} such that x € [z), zp11)
and since F,(z) € [Fn(xz), Fn($i+1)), if n > max{no, [2/€]}, it follows that

|Fo(z) = Fo(z)| < [Ful@) = Fu(@)| + | Falz) = Fo(@)| < |Fa(@ria) = Fulze)| + 5
= 7’:1;8111,)71—1{‘}/?\”(3%4_1)_ﬁn(xl)‘}—’—% < %_‘_5 < g,

uniformly in = € [0,1) and, by the continuity of Fp, it holds uniformly in I.

As for the inverse, notice that, by hypothesis, F);'! is (uniformly) continuous and monotone.
Therefore, given € > 0 and y € I, there exists a § > 0 (depending on ¢ only) such that

z—y|<d = |F, (=) - F, ' (y)| <e.

By the Glivenko-Cantelli theorem, there exists ny > 0 (depending on § only) such that |F,(z) —
Fy(z)| < 6, whenever n > ny, and the inequality holds for all # € [0,1]. Furthermore, the

monotonicity of Fj implies the existence of zy € [0, 1] such that y = Fy(20). Now, taking n > nq,
it follows that

|F (y) — Fcfl(y)’ = |F, (Fo(20)) — 20| = | F; ' (Fo(20)) = F, ' (Fu(20))] <,

and since n; does not depend on y, the convergence is uniform. [ |

by interpolation function, we mean a function f : [a,b] — [c,d] such that, given a collection of pairs P =
{(u1,v1)y -+, (Un,vn)}, ui € [a,b] and v; € [¢,d], i = 1,--- ,n, and a point = € [a,b], f assigns a value f(z;P)
for each z € [a,b] \ {u1, - ,un} and f(u;; P) = v;, for ¢ = 1,--- ,n. A simple linear interpolation or a spline
interpolation are examples of such functions.
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Suppose that 7" has s > 1 nodes. There is no general optimal way of approximating the
net related to T", for a given h > 1, so the task has to be handled case by case. A general
method, which may not be optimal in most cases, is as follows. Let S := {z1, -+ ,z;,} be an
ordered set of points in I and, to avoid trivialities, suppose that 1 = 0, 2,,, = 1 and x; # z;, for
i,j=1,---,m, i # j. Let R denote the image of S by T". The next step is to identify possible
intervals where the discontinuities of 7" lie on, by using the elements of R. In order to do that,
S must reflect all the s* discontinuities of T". Usually a relatively thin grid of equally spaced
points solves the problem (obviously, m > s" points should be used).

If T € 77, the identification can be done in the following manner. Note first that a,o = 0
and ay g = 1, for any h. Let Dt = {i : T"(z;) > T"(zi41)} C {1,--- ,m} and let {d; ot 1

7j=1
denote the ordered elements of Dt. The set DT contains the indexes ¢ € {1,--- ,m} for which
the interval [zq, ,2q,,,] contains the k-th discontinuity of T". If T € 7*, we let D~ = {i :

Th(z;) < TMziy1)}. I T € 74\ (T'UT*), one has to define D as a mixture of D™ and D™,
One obvious way to detect a poor choice of S is the number of elements in the respective set
DT, D~ or D, which should have exactly s* — 1 distinct points.

Once the intervals containing the discontinuities of T" are found, one can perform a simple
bisection, a golden search or any other root-finder algorithm to find an approximation to as 1, up
to a predetermined acceptable error. This gives an “instantaneous” estimate which, in terms of
precision, should not improve as the number of elements in S increases. However, given the fact
that, depending on the transformation, most of the times there are easier ways of calculating
an approximation to ay ;, based on S, our results cover this possibility as well. See also Remark
5.1.

As an example of this possibility, we mention the method presented in Lopes and Pumi
(2011). Although presented in the context of Manneville-Pomeau transformations, it can be
extended to a broader family of transformations as follows. Consider transformations of the type
T(x) = g(z) (mod 1) for a suitable increasing and differentiable function g, such that 7 has s > 1
full branches. Let S and DT be as before, and consider the function 7, ¢ [z, va, 1] — [0,2]

given by T, (z) := g(T" " Y(z)), for i = 1,--- ,s" — 2. Clearly T}, (zq,) < 1, T}, (za,+1) > 1 and

Tsh(x) = ifh(z) - 5[1,2] (Tz*h(x)),
for all € [xg,,2q,4+1). We denote the approximation to aj ;, based on S, by aj’;, and define it
as the linear interpolation of 1 between the points (g4, T}, (zq,)) and (ch,ﬁl,Ti’f’h(xdiH)). This
approximation can be very crude if m is small, but the precision increases fast as m increases,
especially for large h. The method can be easily adapted to cover the cases where g is decreasing
and differentiable. In Section 6 we present a simpler example.
As for the approximation to 7y, 1, we shall use an interpolation argument based on a grid of

values from T". Let S = {x1,29, -+ , T}, be an ordered set of points in I and assume that
z1 =0, 2y, =1 and x; # xj, for i, =1,--- ,m, i # j. Suppose the net {Gh,k}ihzo related to T"
is known or estimates based on S, say {aznk}zhzo, are available and satisfy, for all k =0, --- , s",

ap’, — apk, as m tends to infinity. Let DT, D~ or D, depending on the case, be given as before.
Fori=1,---,s" let

Shﬂ = {95511,27 U ﬂmgzp;)} = {G’Zfifh Ldi+1," " 7$di+1ﬂami}7 (53)

Rug = {yps s} = {0. T @an), -+ T (@a ) 1, (54)

and Op; = {(y,(fz),xékz)) Zi:l, where p; := d;j11 — d; + 2. Notice that the elements on Sy, ; are
just the values among x1,--- ,x,, that lie on the i-th node of T" and that Ry ; is the image

of Sp; by T". Suppose that a sequence of interpolation functions him = I — laj’_q,ap],
i=1,---,s" is given. Given y € [0,1]\ {T"(z1), - ,T"(zm)}, there exists y}(Lkl) € Ry, ; such
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that y € (y,(lkz) ) y}(lk;r 1)). We define an approximation to 7 (y) based on S, which we denote by

ni(y), simply by

i (Y) = him(y; Oni), (5.5)
fori=1,---,s"
Remark 5.1. The estimates a}'; and 7", are both assumed to be based on S. This is convenient
because it allows the following updating scheme to determine both approximations: given a
refinement of .S, first we update the net, and secondly, the net new values are used to determine
the approximation to 7 1. This type of scheme can be applied very often in practice. The proofs
of the results in this section, however, assume solely that ah"fk — apk, as m goes to infinity. The
inverse scheme (update 7,7, and then update aj',) also works, because app = Tpi(1), for

k =1,---,s" but it is computationally more delicate to implement than the former. This
happens because in updating 7,;. to, say, mﬂ, one uses aj’;.. Next, to obtain a}f:,jl, T[L”,j Lis
applied which, by its turn, is based on the old value aj’.. To account for this discrepancy, a

posterior adjustment has to be made, but we shall not get into details here.

Proposition 5.2. Let T € Tt and suppose T has s > 1 branches. Let S = {x1, 22, - ,Zm}, be
an ordered set of points in I and assume that x1 =0, x,, = 1 and z; # x;, fori,j =1,--- ,m,
i# 7. For h >0, let {Q%}}io be approximations to {ah’j}‘;-hzo based on S such that ap'; — apj,

h

for all j = 0,---,s", as m — oo. Let Sy; and Rp; be as in (5.3) and (5.4), respectively.

For a sequence of interpolation functions {h;,}5, based on S, let Tnii be as in (5.5). If, for
aly € =), Trw) € @ a®0), fori = 1, sh and k€ {1 pi — 1}, then
h% — Thi uniformly, as m — oo.

Proof: The uniform continuity of 7j; implies that, for any given e > 0, there exists a 6 > 0
depending only on ¢, such that

lz -yl <0 = ‘E,i(w)—ﬁ,i(?})‘ <e, (5.6)
for all z € I. Let S := {x1, -+ ,Zm,} be an ordered set of points in / and assume that x; = 0,
Tmo =1 and z; # xj, 4,5 =1,--- ,mp, © # j. Without loss of generality, assume that mg > 0 is
such that
sup  {|wip — @} <6 (5.7)
i=1,-- ;mo—1
For m > my, let Sy, = {aF,--- ,2},} D S be a size m refinement of S. By hypothesis, given

€ (0,1), for each i € {1,---,s"}, there exists a k € {1,---,p; — 1} such that 7;7;(1/) €

(yﬁf,-),y,ﬁ'ff”) = (”ﬁL,i(acng),E,i(wé’ff)))- Also, since T' € 7%, T (xékz)) < Thi(y) < Th, (ngjl)),
so that, by (5.6) and (5.7),

T3w) = Tas@)| < 1Thalell ™) = Taa (i)
< sup  {|Thi(@j1) = Tha(z)|} <e,

j=1, ,m—1

independently of y € (0,1). For y € {0,1}, by definition 7;";(y) = Tn,i(y), so that the result
holds uniformly for all y € I. [ |

5.2 Approximating the copulas

In this subsection we present a general approximation for the copulas in Section 3 and prove
its uniform convergence to the true copula. As mentioned before, the formulas for the copulas
presented in Remark 3.5 are the ones used for approximation purposes. Although we could
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proceed by using the approximations developed in the last subsection, our convergence results
hold in a more general setting. Let T € 7+ \ (7'U7*) and pr be a T-invariant probability
measure. Let ¢ € L (ur) and {X; }1en be the associated ‘ZZ} process. Let u, be an approximation
to ur and let F,, and F,, ! be approximations to Fy and Fy ! respectively. Suppose T has s > 1
nodes and, for h > 0, let {a}:‘i}fio be an approximation to the net related to 7". Also let h’fg
be an approximation to 7j4, ¢ = 1,--- ,s". Define, for all u,v € I,

Chalwvih) = 3 (o, T (B )]) + 3 o ([T (B () aiia] ) +

keng kEnEL)
o o (a7 min { B (), Ty, (Fi () }]) 8,07 (o) +

o ([T5, (B (@), B )] ), o), 59)

where 7g = ng(m,n) = {k : u € [Fn(amk),Fn(a;{ka))}. Expression (5.8) can be used as
an approximation to Cg(t Xpip D (3.6), for t > 0. In the next theorem, we show that, under

certain simple conditions on the approximations in (5.8), Cf, n(u,v) — C%Q (u,v) uniformly

Xitn
in (u,v) € I? as m and n go to infinity.

Theorem 5.1. Let T € 7\ (T'UTY) and pr be a T-invariant probability measure. Let ¢ €
LY (ur) be an almost everywhere increasing function and let { X }sew be the ‘1‘991 associated process.
Let 1, be a sequence of measures converging weakly to ur and let Fy, and F;' be approzvimations
to Fy and Fal, respectively, such that F, — Fy and F;! — F(;l uniformly. Suppose T has

s > 1 nodes and, for h > 1, let {ahmz-}fio be an approzimation to the net related to T" such that

aZfZ- — apg, for alli=0,--- , s as m goes to infinity. Also let {7;:’; fil be an approrimation
to {77”}15}11 and suppose T, — T uniformly for alli=1,--- ,s". Let Ctn be given by (5.8)

with the approximations just defined. Then, for all (u,v) € I?,

lim lim C%  (u,v;h)= lim lim C}  (u,v;h)= lim C%  (u,v;h),

n—00 Mm—r 00 m—o0 N—00 m,n—o0

and the common limit is C'g(t (u,v) given by (3.6), for all t > 0. Furthermore, the limits

’Xt+h
above are uniform in (u,v).

Proof: The hypothesis on the approximations in expression (5.8), allow us to apply Lemma
5.1 in Lopes and Pumi (2011) to conclude that, for any k,

tim oo (a1 T (B @)]) = o ([ane—1, T (B3 ()]

m,n— oo

and, by the same argument,

i ([T (B ) g ) = e ([T (B ) ana] )
From the same lemma we also conclude that the iterated limits exist and are equal to the double
ones above and all limits are uniform in v. By using the same argument as in the proof of
Theorem 5.1 in Lopes and Pumi (2011), we conclude that

lim un([a}f%_l,min {Fn_l(u), I o (Fn_l(v))}]) = uT([ah,nO,l,min {Fofl(u)ﬂ'h’no (Fal(v))}]),

m,n—o00

and that the iterated limits are equal to the double one above. Furthermore, the limits are all
uniform in uw,v € I. So, it remains to show that

tim o ([0, (B ), B @)] ) = s ([Toma (F5 () By ()] ),

m,n— oo
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uniformly and that the iterated limits are equal to the double one. First, the existence and the
uniform convergence of the iterated limits follow by the same argument in the proof of Lemma
5.1 in Lopes and Pumi (2011). As for the double limit, by the hypothesis on pu7, the Radon-
Nikodym theorem applies and implies the existence of a non-negative bounded (since we are
restricted to I) continuous function h such that, for any A € B(I),

pr(A) = /Ah(:v)d)\ < MA(4),

where M = sup{h(z)} < co. Now, the uniform convergence of F; ! to F; ! implies the existence
zel

of ng > 0 such that, if n > ng, Fy ' (u) € K(¢) := [Fy *(u) — ¢/10M, Fy *(u) + ¢/10M] and
€

pr(K(e)) < MA(K()) = 5.
for all u € I. The rest of the proof is carried out by mimicking the proof of Lemma 5.1 in Lopes

and Pumi (2011) upon substituting K (¢) there by K(g) just defined and noticing that ngy here
plays the role of mj there. This completes the proof of the theorem. [ |

From Theorem 5.1, we derive approximations to the copulas in the case T' € 7\ (77U T%)
given in (3.8) and (3.9).

Corollary 5.1. Let T € T'"UT* and pr be a T-invariant probability measure. Let ¢ € L (ur)
be an almost everywhere increasing function and let {X:}32, be the ‘Z:pl or ‘Z‘J associated pro-

cess. Let {1, }22, be a sequence of measures converging weakly to pr and let F,, and F, ! be
approzimations to Fy and F(fl, respectively, such that F,, — Fy and F;' — F(;l uniformly.
Suppose T has s > 1 nodes and, for h > 1, let {ami}fio be an approximation to the net related
to T" such that aZfi — apq, for all i =0,--- , s, as m goes to infinity. Also let {77:2};921 be an

approzimation to {7ﬁ7z}fi1 and suppose Tt — Ty, ; uniformly for alli =1,--- ,sh.

(). If T € T, then, for all (u,v) € I?,
ﬁo*l

Chalw i) = 3 ([af s T (B ()] )de(Ro — 1) +

k=1
o ([0 - min { (), Tk, (Fi () }])
is an approximation to the copula (3.8),

lim lim C!  (u,v;h) = lim lim C}  (u,v;h) = lim C! (u,v;h),

m,n m,n m,n

n—oo Mm—oo m—00 N—00 m,n— o0
and the common limit is C', Xoin (u,v) given by (3.8).
(ii). If T € T+, then, for all (u,v) € I?,
ﬁofl n
Chon03h) = 3 i ([T (B 0)) 03] ) oo — 1) + o ([Tot, (B (), F )] )
k=1
is an approximation to the copula (3.9),
nh~>nolo %gnoo Oj’n’n(u, v h) - %gnoo nh~>ngo Ci'n,n (U, v h) - m,17%,11>100 Oi’n”n(u’ vs h)7

and the common limit is C, Xion (u,v) given by (3.9). Furthermore, in all cases the limits are
uniform in (u,v).
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Proof: 1f T € 7%, (i) follows from Theorem 5.1 by noticing that K; = (), while if T € T+, the
opposite happens, namely, K] = ), which implies (ii). [

As an application of Theorem 5.1 and Lemma 3.4, we obtain the approximations for the
copulas in the case where ¢ is an almost everywhere decreasing function.

Corollary 5.2. Let T € T and ur be a T-invariant probability measure. Let ¢ € L (ur) be an
almost everywhere decreasing function and let { X}, be the ‘2‘3 associated process. Let p, be a
sequence of measures converging weakly to pr and let I, and F;' be approzvimations to Fy and
Fgl, respectively, such that F, — Fy and F;! — Fgl uniformly. Suppose T' has s > 1 nodes

and, for h > 1, let {a%}fio be an approzimation to the net related to T" such that aZfZ- — Qhg,
foralli=0,---,s" as m goes to infinity. Also let {7;:’2 f; be an approzimation to {77”}5;
and suppose Tt — Ty ; uniformly for all i =1,- - ,s". For all (u,v) € I?, let

C};:n(u,’l);h) =utv—1+ C’%Ln(l —u, 1- (%N h)a

Chrn(wvih) =utv—1+4Cp (1 —u,1—v;h),
and
Cﬁ,n(u7v;h) =ut+v—-1+ C#l,n(l —u, 1-— v, h)

Then
lim lim C}, (u,v;h) = lim lim C}, (u,v;h) = lim CL*, (u,v;h),

n—o0 Mm—0oQ m—00 N—00 m,n—oQ

and the common limit is C’g(*t (u,v) given by (3.12),

7Xt+h

lim lim C'* (u,v;h) = lim lim C}* (u,v;h) = lim C!* (u,v;h
n—00 M—>00 m,n( Y ) m—00 Nn—00 m,n( b ) m,n—00 m,n( » )’

and the common limit is C, Xoin (u,v) given by (3.14),

lim lim CY (u,v;h) = lim lim C¥ (u,v;h) = lim C.* (u,v;h
n—00 M—>0Q m,n( T ) m—00 Nn—00 m,n( b ) m,n—00 m,n( » )’

*

and the common limit is C', Xoin (u,v) given by (3.15). Furthermore, all the above limits are

uniform in (u,v) € I?.

Proof: Immediate application of Theorem 5.1 and Lemma 3.4. [ |

Remark 5.2. The uniform convergence of the approximations is a crucial hypothesis for the
results in this subsection and cannot be dropped. Nevertheless, if the uniform convergence of
any of the approximations for Fp, Fy Lor Th,i is violated, but the pointwise convergence to its
target is maintained, the results of Theorem 5.1 and its corollaries will hold pointwisely instead
of uniformly. The proof of Theorem 5.1 can be easily adapted to cover this case and the details
are left to the reader. We observe that the approximations developed in Subsection 5.1 satisfy
the conditions of the theorems presented in this section.

5.3 Random Variate Generation

In view of Proposition 3.6, obtaining a random sample from the copulas derived in Section 3
is a trivial task. Given T € 77 a transformation with s > 1 nodes, let ur be a T-invariant
probability measure and ¢ € £!(ur) be an almost everywhere increasing function. Let {X;}iew

be the associated ‘Tg process and let {ah,k}zhzo be the net associated to the nodes of T", for
h > 0. Let Cgft Xoin denote the copula associated to {X;}iew. To obtain a random pair from

C'}(t’ Xoin? the following simple algorithm can be used:
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1. Generate an uniform (0, 1) variate w.

2. Let ko be the index for which u € [Fy(an ky—1), Fo(ank,)). Set

{ Ez’ko(u), if kg€ K;;;
(W), if ko € K.

v i=

3. The desired pair is (u,v).

Also notice that given two transformations 77,7y € 7% such that both have the same dis-
continuity points and, in each node, they are either both increasing or both decreasing, then a
sample from the copula related to one of the respective ‘TJ processes cannot be distinguished
from a sample to the other. This is so because from Proposition 3.6 both copulas have the same
support, which, in this case, ultimately characterizes the sample.

Remark 5.3. By using a similar argument as in Proposition 3.6 associated with a cumbersome
analysis of the possible cases, the support of the copulas derived in Section 5 can be obtained
as well. Samples from those multidimensional copulas can be obtained in a similar fashion as in
the bidimensional case.

6 Examples

In this section we present two examples of the copulas derived in the last sections. We concentrate
ourselves on the bidimensional case, especially because there is no simple graphical represen-
tation of copulas in dimension higher than 2. The first presented example is the Manneville-
Pomeau copula (MP copula for short) extracted from Lopes and Pumi (2011).

Example 6.1. For s > 0, consider the so-called Manneville Pomeau transformation 7 : I — 1,
given by
T,(z) = 2 4+ 2" *(mod 1).

Figure 1 shows the plot of the Manneville-Pomeau transformation for s € {0.1,0.5,0.8}. If
s € (0,1), there exists an absolutely continuous Ts-invariant probability measure, say (s, so that
T, € 77. The MP copula is, therefore, given by (3.8), although a slightly different notation for
no is adopted in Lopes and Pumi (2011). No closed formula for p is known, but it can be shown
that pus is an SBR measure.

To approximate the MP copulas, the authors apply similar ideas to the ones presented here.
To approximate pg, the authors use (5.2) and to approximate F|,~ 1 a local linear interpolation
function is applied. To approximate the net related to T/ and Th i, the same scheme presented
here, with a local linear interpolation function, is considered. For more details, see Lopes and
Pumi (2011).

The next example is related to the well known Tent transformation (see Lopes and Lopes,
1998 and references therein).

Example 6.2. For a € (0,1), consider the piecewise linear transformation Ty : I — I given by

X .
-, if0<z<a,
a

To(x) := 1o

, ifa<zxz<1.

1—-a
This is the so-called Tent transformation. Figure 6.1 presents the graphs of the Tent trans-
formation for a € {0.1,0.5,0.8}, where it can be seen that T, has s = 2 full branches. Also,
T, € TV \ (T'UT*), since it can be shown that the Lebesgue measure in I? is a T,-invariant
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The Manneville-Pomeau Transformation The Tent Transformation

1.0
1.0

T(x)
0.6
0.6

04
Ta(x)

04

0.2
0.2

0.0
L
0.0
L

Figure 6.1: Plot of the Manneville-Pomeau transformation for s € {0.1,0.5,0.8} and the Tent transformation
for a € {0.1,0.5,0.8}.

Lag 1 Tent copula fora=0.2 Lag 1 Tent copula fora=0.7 Lag 2 Tent copula for a=0.2 Lag 2 Tent copula for a = 0.7

Level Plot of the lag 1 Tent copula for a = 0.2 Level Plot of the lag 1 Tent copula for a = 0.7 Level Plot of the lag 2 Tent copula for a = 0.2 Level Plot of the lag 2 Tent copula for a = 0.7

N Y W N

Figure 6.2: From left to right, three dimensional plots of the lag 1 and lag 2 Tent copula for a € {0.2,0.7} (top
panel) and respective level curves (bottom panel).

probability measure. This implies that Fy(z) = z and F, '(y) = y everywhere. Let {X;}iew be

the ‘Z;} process associated to T, with ¢ increasing almost everywhere. It is easy to see that, for
any h > 0 and ¢ > 0, the copula related to the pair (Xy, X¢yp), referred here as the lag h Tent
copula, is given by

Cx Xpon W,0) = D (Thr(v) = ang—1) + [min {u, Tnny ()} = anny-1] 81 (no) +
kEng ’
+ Z (ah,k - ﬁl,k(v)) -+ max {O’ u— 777,,710 (U)}aK’J{ (no),
kEng
where K] contains the odd numbers in {1, - ,2M and K ;. contains the even ones. Also notice

that both, the net related to 7" and Thk, can be determined exactly since, being each branch
a linear function, any two points in the node suffice to give all information on the function
to determine 7, and apk. In this context, linear interpolation produces exact, instead of
approximate, results.

Figure 6.2 shows the tree dimensional graphs of the lag 1 and 2 Tent copula for a € {0.2,0.7}
and its level curves. At the top panel of Figure 6.3, we present 500 sample points for the lag
1 and 2 Tent copula for a € {0.2,0.7} and at the bottom panel, for the lag 7 Tent copula for
a € {0.2,0.4,0.5,0.7}. Notice that, for small values of h, the sample resembles its support, but
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as h increases, it becomes hard to guess whether the sample came from a singular copula or
from a continuous one.

The case h = 1 is very simple and the Tent copula can be easily calculated. In this case,
the copula coincides with the one presented in Example 3.3 in Nelsen (2006). In the aforemen-
tioned example, the copula is derived by using a purely geometrical argument based only on the
support, which coincides with the support of the lag 1 Tent copula. More details on the Tent
transformation can also be found in Lopes and Lopes (1998) and references therein.

Figure 6.3: 500 sample points from the lag 1 and 2 Tent copula for a € {0.2,0.7} (top panel) and the lag 7 Tent
copula for a € {0.2,0.4,0.5,0.7} (bottom panel).

7 Application

Let Tg € 7%, for 8 € S C RP, p > 1, with s > 1 nodes. In this section we apply the general
theory of Section 3 to the problem of estimating the parameter 8 based on a sample path of
the associated Tﬁ process {X;}ien, assuming that the parameter is identifiable through the
knowledge of the discontinuity points of Ty. The idea is to generalize the method described in
Lopes and Pumi (2011), but the task will heavily depend on the transformation at hand. The
general idea is as follows. According to Proposition 3.6, the support of the copula associated to a
pair (X, Xy+1) from the ‘Z} process is the graph of a piecewise linear function joining consecutive
points of the net and its image by Ty (equal to either 0 or 1). Let Lg denote this function. This
implies that all points in a sample from the lag 1 copula lie on the graph of Lg. Suppose for the
moment that ¢ is the identity map and let z1,--- ,zx be a sample from the process X;. Let
U = (Fo(xk),Fo(ka)), k=1,---,N —1, where Fy denotes the distribution of X, (for now,
assume it is known). By Sklar’s theorem, the sequence {uk}ivzjjl can be regarded as correlated
sample from the lag 1 copula associated to the ‘Zﬁ process. Often this simple situation makes
an estimation possible.

Suppose that closed formulas for Fy(-;0) and Lg, which may depend on 6, are available.
Then the reasoning on the previous paragraph suggests the following optimization procedure
to obtain an estimate 6 of 6. Let 1, -+ ,xn be a sample from the ‘IZPI process and assume
that we have at least two points in each branch of Tp. Let 2(-,-) : R¥N"! x R¥~1 = R be a

given function measuring the distance between two vectors in R ~!. With the notation on the
beginning of Section 4, we define the estimate of 8 by

6= arggin{@(Fo(xzzN; 0), Lo(x1:n-1)) } (7.9)
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Usual choices of 2 are Z(x,y) = Yoo (zx — yp)? and Z(z,y) = S0, |zx — ykl, where
x,y € RV~ The optimization procedure (7.9) is justified by noticing that for the correct
0, (Fo(a:k;e),Fo(a:kH;O)) = (Fg(.%‘k;O),Lg (Fo(xk-+1;9))), for all k, while for a misspecified
0, the equality does not hold. Most of the times, however, the particular form of Fpy is not
known and often the net cannot be obtained analytically. This is the case of the Manneville-
Pomeau transformation, for instance. A solution for this problem is to use approximations for
Fy and {ay};_, in the spirit of Subsection 5.1. However, an optimization procedure such as (7.9)
performed by using the approximations of Subsection 5.1 may be computationally too expensive
for all practical purposes, so we shall seek for another faster estimation method.

In practice many different situations may occur. For instance, if T} is the Tent transformation
in Example 6.2, then Fj is the identity map, so that ux = (xg,zrr1) in the notation of the
previous paragraph. This means that any two points u in the same branch is sufficient to
obtain the parameter a.

Another method can be devised upon noticing that the net of Ty and the net of Lg (whose
graph is the support of the copula C associated to the ‘ZZ} process) are the same. Let vy 1=
(g, Tks1), K =1,--- ,N — 1. By Sklar’s theorem, the points {vk}kN:jl lie on the graph of Ty.
At this point, it could be possible in some cases to obtain @ by a more direct argument (see
Example 7.1) or by applying an argument such as the preceding paragraphs. That is, for Z a
function as above, 8 can be obtained by performing the optimization procedure

éZ: i -@ : 7T N — :
aregégm{ (z2:n, To(w1:n 1))}

The methods above may not be applicable or may fail, especially for high values of s. In
this case another computationally fast method is obtained by adapting the argument in Lopes
and Pumi (2011). Let Tp € 7%, with s > 1 branches and 6 := (61,---,6,) € S C RP, for
1 <p<s—2. Let {a;};_, denote the net associated to Tp. Suppose that € can be uniquely
determined by the knowledge of the net {ax};_, in the sense that, given {a;};_,, @ can be
computed. That is, @ := f(ag,--- ,as), where f : I*T! — S is known. Notice that we allow for
f; to be obtainable from two or more different a;’s as long as the value of 6; agree in all cases.
Let {X;}tenv be the associated ‘ZZ} process, assuming that ¢ is the identity map. The goal is to
estimate the parameter 8 based on a sample z1,--- ,zy from the process X;.

Given that Ty € 7%, Fj is generally smooth so that, near {ax};_,, Tp should locally behave
like a linear function. With this in mind, the estimation of @ can be performed as follows.
Let {I;};_, be the nodes relative to Ty. Let P, := {Tmy1 : ©m € I,m = 1,--- N — 1},
k =1,---,s. Notice that, if x,, € P, vy, lies on the graph of the k-th branch of Ty. Set

zy :=max{z : z € Py} and z; :=min{z : x € P }. Let
~ _ Y= DBk o af—wy o o+
ag(y) :== o where ay, 1= To D) Taas) and Sy :=To(x})) — arxy.

Notice that for each y € R, ax(y) is the inverse image of y by the linear function connecting
(;E,;,Tg(m,;)) and (J,‘ZF,TQ({L‘g)). For k € {1,--- ,s — 1}, we define the estimator a; of a; by

ap(1), if Ty is increasing in I,
&k::{ak() if Ty is increasing in I}, (7.10)

ax(0), if Ty is decreasing in I.

Once we have the estimates {a;};_} (recall that agp = 0 and a5 = 1), we obtain the estimate
0 := f(aog, - ,as).

Remark 7.1. Notice that by inverting the roles of a;(0) and ax(1) in (7.10) we obtain an
estimate of a;_1. That is, for k € {2,--- , s}, define

an(0),  if Ty is i ing in Iy,
Gy = { ax(0), if Ty is increasing in Iy, (7.11)

ar(1), if Ty is decreasing in Ij.
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Thus, for each k = 2,---, s —1 we obtain an estimate of a; from Ij by using (7.10) and another
one from I.1 by using (7.11). Of course, the net related to Ty is unique and we assume that
0 is uniquely determined by the knowledge of the net, but in practice, the estimates (7.10)
and (7.11) usually do not agree. This implies that the estimated value of 6 depends on which
estimator we apply. Hence, the question which one provides better results is a valid one. The
answer is intuitive: the “best” one is usually the one obtained from the node which is closer to a
straight line and for which the points vy’s are closer to (ag,0) and (agt1,1). In this case the line
connecting (z,Tg(z;)) and (27, To(z})) is “closer” to the respective branch of the copula’s
support.

Example 7.1. Let a € [0,1] and b € (0,1) and consider the map

fa(z)(modl), if0<z< 3,
Tap(z) = { @-D0-2) 1o, (7.12)
1—-b+bx 2 = ="

where fo(x) := 2[2 —0.6asin(2.1a)]z + 0.6asin(4.2ax). The map T, ; has 3 full branches, two of
them are increasing and one is decreasing. Figure 7.4(a) presents the typical graph of T, ;. It is
easy to see that T is uniformly expanding and it can be shown that there exists an absolutely
continuous Ty, p-invariant probability measure (cf. Theorem 1 and Remark 1 in Pianigiani, 1980)
and so Ty € T*. Let {X;}tew be the associated ‘Zzpi process. A sample of size 100 from the ‘Tj
process with a = b = 0.9, for ¢ the identity map is shown in Figure 7.4(b).

Sample Path fora=09and b=0.9
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Figure 7.4: (a) A typical graph of T, 5; (b) A sample of size 100 from the Tf process with a = b = 0.9 for ¢ the
identity map and Xo = 0.385969; (c) Behavior of the estimators @i and a2 as a function of the initial point zo.
The parameters are a = 0.3 and b = 0.5 in all cases.

To exemplify the estimation procedure developed in this section, we perform the following
Monte Carlo simulation study. For 100 randomly chosen initial points, we simulate a sample of
size 100 from the ‘Tg process {X;}ew for all combinations of parameters a and b ranging over
the set {0.1,0.3,0.5,0.7,0.9}. For simplicity, let {do, - - ,ds} denote the net of T}, ;. In this case
dy =0, dy = 0.5 and d3 = 1, so that d; is the only discontinuity to be estimated. This estimation
is performed by using the two methods (7.10) based on the first branch and (7.11) based on

the second branch, the estimators of d; being denoted by czgl) and dgz)’ respectively. From aigl)

and de), we set a; 1= f, 1(clgi)), 1 = 1,2, where the inverse of f, is obtained numerically. The
parameter b needs no estimation since it can be exactly calculated by noticing that for a pair

(g, Tk11), with 0.5 < xp < 1, b is exactly obtained by the formula b = %

The simulation results are reported in Table 7.1, where the mean estimated value along with
its mean square error (values in parenthesis x10~%) are presented. The overall performance of
ap and ag are very good with small bias and small variability. As expected (see Remark 7.1
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Table 7.1: Simulation results based on samples of size 100 of the ‘ZZ;: process associated to (7.12) for 100
randomly chosen initial points and parameters a and b ranging over the set {0.1,0.3,0.5,0.7,0.9}. Presented are
the estimated values and the respective mean square error (x107%).

| | | | |

o [ o | o[ ol alalalalola]
0.1005 | 0.1011 || 0.1007 | 0.1012 || 0.1005 | 0.1011 || 0.1005 | 0.1011 || 0.1005 | 0.1011
(0.0045) | (0.0251) || (0.0089) | (0.0303) || (0.0055) | (0.0224) || (0.0054) | (0.0248) || (0.0039) | (0.0241)

0.3018 | 0.3040 || 0.3019 | 0.3045 || 0.3017 | 0.3039 || 0.3016 | 0.3033 || 0.3015 | 0.3035
(0.0589) | (0.2491) || (0.0690) | (0.3625) || (0.0585) | (0.3394) || (0.0486) | (0.2056) || (0.0439) | (0.2462)

0.3

0.5033 | 0.5064 || 0.5027 | 0.5072 || 0.5024 | 0.5054 || 0.5027 | 0.5054 || 0.5030 | 0.5064
(0.2031) | (0.7755) || (0.1332) | (1.1065) || (0.0924) | (0.5878) || (0.1215) | (0.6567) || (0.1528) | (0.9126)
0.7046 | 0.7130 || 0.7039 | 0.7097 || 0.7042 | 0.7099 || 0.7040 | 0.7087 || 0.7044 | 0.7090
(0.3845) | (2.9859) || (0.2515) | (1.8811) || (0.3369) | (2.2650) || (0.2767) | (1.3976) || (0.3638) | (1.5546)

0.5

0.7

0.9051 | 0.9185 || 0.9043 | 0.9172 || 0.9049 | 0.9174 || 0.9050 | 0.9182 || 0.9049 | 0.9162
(0.4326) | (5.9339) || (0.3095) | (6.3317) || (0.4276) | (6.8437) || (0.4598) | (7.0888) || (0.5110) | (4.2946)

0.9

and Figure 7.4(a)), a; outperforms ap since the first branch of T, is “closer” to linear than
the second one. Both estimators always overestimate the true parameter. The behavior of the
estimators a; and as as a function of the initial point zg for a = 0.3 and b = 0.5 are presented
in Figure 7.4(c). Also notice that the particular value of the parameter b does not significantly
affects the estimation of parameter a.

8 Conclusions

In this work we study the copulas related to pairs and vectors of random variables coming
from a class of stochastic processes defined in terms of iterations of a certain smooth piecewise
monotonic transformation of the interval to some initial random variable. More specifically,
we study the copulas related to random variables coming from a stochastic process defined as
X¢ = ¢(T"(Up)) for T a piecewise monotonic transformation of the interval, Uy an initial random
variable distributed according to a T-invariant probability measure and a smooth function ¢ :
[0,1] — R, taken to be monotonic. We show that the copulas depend only on the lag h between
components and we derived formulas and properties for both, the joint distribution function
and the copulas for pairs of random variables coming from the process {X;}iew. As expected,
the copulas heavily depend on the T-invariant probability measure. The multidimensional case
is similar to the bidimensional one so we follow the same agenda as in the latter and we are
able to show analogous results. We notice the similarities among the results of Sections 3 and
4 when ¢ is increasing. For ¢ decreasing, the multidimensional case poses some difficulties
which ultimately lead to more complicated formulas compared to the bidimensional case. We
also discuss random variate generation and approximations for the copulas derived on Section 3.
The general theory is applied to the problem of parametric estimation in ’Té processes. Examples
and a simple Monte Carlo study are also provided.
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Abstract

In this paper we propose and study a general class of Gaussian Semiparametric Estima-
tors (GSE) of the fractional differencing parameter in the context of long-range dependent
multivariate time series. We establish large sample properties of the estimator without as-
suming Gaussianity. The class of models considered here satisfies simple conditions on the
spectral density function, restricted to a small neighborhood of the zero frequency and in-
cludes important class of VARFIMA processes. We also present a simulation study to assess
the finite sample properties of the proposed estimator based on a smoothed version of the
GSE which supports its competitiveness.
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1 Introduction

Let d = (d1,--- ,dg)" € (—1/2,1/2)7 and let B be the shift operator. Consider the g-dimensional
weakly stationary process {X;}72, obtained as a stationary solution of the difference equations

diag {(1—B)"}(X; - E(X,)) =Y, (1.1)
ke{l,-,q}

where {Y;}$°, is a g-dimensional weakly stationary process whose spectral density function fy

is bounded and bounded away from zero. Each coordinate process in (1.1) exhibits long-range

dependence whenever the respective parameter d; > 0, in the sense that the spectral density

function satisfies f(\) ~ KA72% as A — 0%, for some constant K > 0 and i € {1,--- ,q}.

Processes of the form (1.1) constitute the so-called fractionally integrated processes. As a
particular case, consider the situation where the i-th coordinate process {Yt(i)}zo follows an
ARMA model. In this case, the associated coordinate process {Xt(i)}toi0 will be a classical
ARFIMA process with the same AR and MA orders and differencing parameter d;. If the
process {Y;}72, is a vectorial ARMA process, then the resulting multivariate process will be
the so-called VARFIMA process with differencing parameter d = (dy,--- ,d;)’. VARFIMA and,
more generally, fractionally integrated processes, are widely used to model multivariate processes
with long-range dependence. See, for instance, the recent work of Chiriac and Voev (2011) on
modeling and forecasting high frequency data by using VARFIMA and fractionally integrated
processes.

The parameter d in (1.1) determines the spectral density function behavior at the zero
frequency as well as the long run autocovariance/autocorrelation structure. Hence, estimation
becomes an important matter whenever the long run structure of the process is of interest.

Estimation of the parameter d in the multivariate case has seen a growing interest in the
last years. A maximum likelihood approach was first considered in Sowell (1989), but the com-
putational cost of the author’s method is very high. A few years later, Luceno (1996) presented
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a computationally cheaper alternative for the maximum likelihood approach based on rewriting
and approximating the quadratic form of the Gaussian likelihood function. In a recent work,
Tsay (2010) proposed an even faster approach to calculate the exact conditional likelihood based
on the multivariate Durbin-Levinson algorithm. Although the maximum likelihood approach
usually provides good results, it is still a computationally expensive method.

The works of Fox and Taqqu (1986), Giraitis and Surgailis (1990), among others, provided
a rigorous asymptotic theory for (univariate) Gaussian parametric estimates which includes, for
instance, n'/2-consistency and asymptotic normality. One drawback is the crucial role played by
the Gaussianity assumption in the theory, which also requires strong distributional and regularity
conditions and is non-robust with respect to the parametric specification of the model, leading
to inconsistent estimates under misspecification.

In the univariate case, Gaussian Semiparametric Estimation (GSE) was first introduced
in Kiinsch (1987) and later rigorously developed by Robinson (1995b). It provides a more
robust alternative compared to the parametric one, requiring less distributional assumptions
and being more efficient. In the multivariate case, Robinson (1995a) was the first to study and
develop a rigorous treatment of a semiparametric estimator. A two-step multivariate GSE has
been studied in the work of Lobato (1999), which showed its asymptotic normality under mild
conditions, but without relying on Gaussianity. A few years later, Shimotsu (2007) introduced
a refinement of Lobato’s two-step GSE, which is consistent and asymptotically normal under
very mild conditions (Gaussianity is, again, nowhere assumed), but with smaller asymptotic
variance than Lobato’s estimator. The technique applied in Shimotsu (2007) was a multivariate
extension of that in Robinson (1995b), powerful enough to show not only the consistency of the
proposed estimator, but also the consistency of Lobato’s two-step GSE. Recently, Nielsen (2011)
extended the work of Shimotsu (2007) to include the non-stationary case by using the so-called
extended periodogram.

The estimator introduced in Shimotsu (2007) is based on the specification of the spectral
density function in a neighborhood of the zero frequency. Estimation of the differencing pa-
rameter d is obtained through minimization of an objective function, which is derived from the
expression of the Gaussian log-likelihood function near the zero frequency. To obtain the ob-
jective function, the spectral density is estimated by the periodogram of the process. Although
asymptotically unbiased, it is well known that the periodogram is not a consistent estimator of
the spectral density and do not even converge to a random variable at all, cf. Grenander (1951).
Some authors actually consider the periodogram “an extremely poor (if not useless) estimate of
the spectral density function” (Priestley, 1981, page 420).

Our contribution to the theory of GSE is two-folded. First, being consistency a highly
desirable property of an estimator, we study the consequences of substituting the periodogram in
Shimotsu (2007)’s objective function by an arbitrary consistent estimator of the spectral density
function. We prove the consistency of the proposed estimator under the same assumptions as in
Shimotsu (2007) and no assumption on the spectral density estimator other than consistency.
Second, considering Shimotsu (2007)’s objective function with the periodogram substituted by
an arbitrary spectral density estimator, we derive necessary conditions under which GSE is
consistent and satisfy a multivariate CLT. Gaussianity is nowhere assumed. In order to assess
the finite sample properties of the estimators studied here and its competitiveness, we present
a simulation study based on simulated VARFIMA process. We apply the so-called smoothed
periodogram as an estimator of the spectral density function.

The paper is organized as follows. In the next section, we present some preliminaries concepts
and results necessary for this work. In Section 3 we introduce the Smoothed GSE as well as a
general class of estimators based on appropriate modifications of the GSE’s objective function.
Section 4 is devoted to derive the consistency of the proposed estimator while in Section 5, its
asymptotic normality is studied. In Section 6 we present some Monte Carlo simulation results to
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assess the finite sample performance of the proposed estimator. Conclusions and final remarks
are reserved to Section 7. Proofs are presented in Appendix A.

2 Preliminaries

Let {X;}2, be a ¢g-dimensional process specified by (1.1) and assume that the spectral density
matrix of Y; satisfies fy ~ G for a real, symmetric, finite and positive definite matrix G. Let f
be the spectral density matrix function of X3, so that

T

E[(X; — B(X})) (Xesn — B(X)) ] = / " F(N)dA,
for h € N* := IN\ {0}. Following the reasoning in Shimotsu (2007), the spectral density matrix
of X; at the Fourier frequencies \; = 2mj/n, with j = 1,--- ,m and m = o(n), can be written
as

—_—/
7

FOG) ~ A(d)GA;(d) |, for Aj(d)= diag {A(d)} and A(d) = A MelTAIA/2 (21

k‘G{L-“ 7q}

where, for a complex matrix A, A’ denotes the conjugate transpose of A. Let

/

W) = 3" X and  Iy() = wn(\wn ()

be the discrete Fourier transform and the periodogram of X; at A, respectively. In order to define
the smoothed periodogram of X, let W, (k) := ( ff(k‘))gj:l be an array of functions (called
weights) and {{(k)};2, be an increasing sequence of posi‘éive integers satisfying the following
conditions

Al. 1/¢(n) + £(n)/n — 0, as n tends to infinity;
A2. Wi (k) =W (—k) and W, (k) > 0, for all k;

Al Y <o) W4 (k)2 — 0, as n tends to infinity.

Conditions A1l - A4 are standard in the literature of smoothed periodogram. See for instance
Priestley (1981). For a Fourier frequency A;, let

Fa) =) W (K) © w5 (At )wn Ng1r) (2:2)
[k|<e(n)

be an estimator of the spectral density matrix of X, where ® denotes the Hadamard product.

If, for some j and k, Aj1i ¢ [—, 7], we take w, as having period 27. The function fn can be
extended to take values on R. In order to do so, we need to introduce the following auxiliary
function. For a fixed n > 0, given A € [0, 7], there exists kg € IN* such that A\g,—1 < A < Ag,.
Define

SRY (5 YT N AR VS
g()hn) = { )‘km if A — >‘k0—1 > Ako -\

If A € [-7,0), we define g(A\;n) := g(—A;n). Then, if A is not a Fourier frequency, we extend
(2.2) by setting

fn()‘) = fn (Q(A; n))
Expression (2.2) extended in this way is a multivariate extension of the univariate smoothed

periodogram function. In (2.2), we allow the use of different weight functions for different com-
ponents (including cross spectrum components) of the spectral density matrix. In this manner
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we accommodate the necessity, often observed in practice, to model different characteristics
present in the spectral density matrix by using different weight functions. We refrain from
presenting further discussion on the different types of weight functions in the literature, since
they can be found in most text books on the subject. See, for example, Priestley (1981) and
references therein.

In practice, at zero frequency, we use a slightly different estimative, namely,

£(n)

fn(O) = Re|W,(0) ® wp(A)wn (A1) ' +2 Z Wi (k) © wp(Aga1)wn (Aps1)
k=1

/

1/2_consistent

Considering (1.1), under conditions A1 to A4, the smoothed periodogram is n
for the spectral density matrix whenever d € [-1/2,0]?. See, for instance, Grenander and

Rosemblatt (1953) and Priestley (1981).

3 Smoothed Gaussian Semiparametric Estimation

From the local form of the spectral density at zero frequency (2.1) replaced in the frequency do-
main Gaussian log-likelihood localized at the origin, Shimotsu (2007) proposed a semiparametric
estimator for the fractional differencing parameter d based on the objective function

R(d) = log (det{G(d)}) — 22@% > log(A), (3.1)
k=1 =1
where .
G(d) = %ZRe[Aj(d)_lfn()\j)Aj(d)*l 1. (3.2)
j=1

with A;(d) defined in (2.1). The estimator of d is then given by

d = argmin{R(d)}, (3.3)
deo
where the space of admissible estimates is of the form © = [—-1/2 + €1, 1/2 — €3], for arbitrarily

small ¢, > 0, i = 1,2, henceforth fixed. In Section 6 we shall denote the estimator (3.3)
by Sh. Shimotsu (2007) shows that the estimator based on the objective function (3.1) and
(3.2) is consistent under mild conditions. The proof, however, is complicated and involves
somewhat delicate results on the periodogram function I,,. A natural question is what happens
if the periodogram I, is replaced by a consistent estimator of the spectral density function?
As we shall see later, replacing the periodogram I,, by a consistent estimator of the spectral
density is sufficient to guarantee the consistency of the estimator (3.3) in the case of long-range
dependence, d € (0,1/2)?. For the case d € (—1/2,0)?, surprisingly, consistency alone is not
enough, but n’-consistency, for some 8 € (0, 1), guarantees the consistency of the estimator for
d € (—f/2,1/2)9. Under extra regularity conditions on f,, the n’-consistency can be relaxed
(see Theorem 4.2). Proofs are significantly simpler than the original ones.

Let f,, be an arbitrary estimator for the spectral de