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ABSTRACT
We present new calculations of unified line profiles for hydrogen perturbed by collisions with
protons. We report on new calculations of the potential energies and dipole moments which
allow the evaluation of profiles for the lines of the Lyman series up to Lyman δ and the Balmer
series up to Balmer 10. Unified calculations only existed for the lines Lyman α to Lyman γ

and Balmer α including the H+
2 quasi-molecule. These data are available as online material

accompanying this paper and should be included in atmosphere models, in place of the Stark
effect of protons, since the quasi-molecular contributions cause not only satellites, but large
asymmetries that are unaccounted for in models that assume that Stark broadening of electrons
and that of protons are equal.
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1 IN T RO D U C T I O N

Collisional broadening occurs whenever a radiating particle inter-
acts with a perturber during the process of emission or absorption of
radiation. This interaction is known to cause not only a broadening
of the line profile, but also the possibility of appearance of satellite
lines. Satellites are explained by the formation, during the collision,
of a transient bond state which has energy levels other than those
of the non-interacting particle, producing a spectrum unlike that
obtained for the isolated particle.

Hydrogen satellite lines were already observed in some lines of
the Lyman series in stars, and in the Lyman and the Balmer series in
laboratory plasmas. In stars, these detections are mainly in spectra
of white dwarf stars, but are also reported in A-type horizontal
branch stars (which may be extremely low mass white dwarfs) and
λ Bootis stars (Allard et al. 2000). The first detections were two
satellites in the red wing of Lyman α, close to 1400 (Greenstein
1980; Wegner 1982) and 1600 Å (Holm et al. 1985), of DA-type
white dwarfs with effective temperatures around 15 000 K. As they
could not be explained by transitions of the hydrogen atom, which
are the only lines expected to be observed in DA white dwarfs, they
were explained by Koester et al. (1985) and Nelan & Wegner (1985)
as quasi-molecular contributions due to H+

2 and H2, respectively.
Since then, the effect of said two contributions has been included

in atmosphere models, offering a good diagnostics of stellar pa-
rameters (e.g. Allard & Koester 1992; Allard, Kielkopf & Loeillet
2004b). With the improvement of observational techniques and in-
crease in data quality, satellites in other spectral lines have also been
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identified. Koester et al. (1996) reported two strong absorptions in
the red wing of Lyman β, at 1060 and 1078 Å, in the spectra of the
DA white dwarf Wolf 1346 obtained with the Hopkins Ultraviolet
Telescope. In the same paper, they already presented a model for
the absorptions assuming a constant dipole moment for the transi-
tions. Allard, Kielkopf & Feautrier (1998) approached the problem
again, now considering the true variation of the dipole moment. In
Lyman γ , Wolff et al. (2001) identified a satellite with wavelength
around 990 Å in the Far Ultraviolet Spectroscopic Explorer (FUSE)
spectrum of the star CD −38◦ 10980. Models were evaluated
by Allard et al. (2004a), assuming constant dipole moments, and
Allard, Noselidze & Kruk (2009), considering their dependence on
distance.

In laboratory plasmas, experiments focused on quasi-molecular
contributions were done for Lyman α and the Balmer series. Lyman
α was studied by Kielkopf & Allard (1995) using laser-produced
plasma in pure hydrogen. They detected five satellites: the already
known features at 1400 and 1600 Å and three others closer to the
line centre, at 1234, 1172 and 1268 Å, explained by their mod-
els as contributions due to the quasi-molecules H+

2 (1234 Å) and
H2 (1172 and 1268 Å), but not detected in white dwarf spectra be-
cause the large pressure broadening of the spectral lines hides them.
Kielkopf, Allard & Decrette (2002) studied Balmer α and identified
six satellites in the theoretical wing, of which only a stronger ab-
sorption at 8650 Å is observed in the plasma spectrum. For Balmer
β and Balmer γ , on the other hand, no satellites were identified,
because only the line centre experimental profiles were published
so far (Falcon et al. 2012, 2014) and usually there are no satellites
in this region, which corresponds to radiation when the particles
are far apart. In these papers and in Falcon et al. (2010b), they use
X-rays generated from a z-pinch dynamic hohlraum to drive plasma
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formation in a macroscopic gas cell and generate absorption spec-
tra for the Balmer lines, with the intention of benchmarking white
dwarf star atmosphere models, though the published data are scarce
to date.

Accuracy in model atmospheres for white dwarf stars is essen-
tial for a good determination of their physical parameters, especially
effective temperature and surface gravity, as the fit of synthetic spec-
tra is the most successful method to obtain those parameters (e.g.
Tremblay & Bergeron 2009). White dwarf stars are the final evolu-
tionary state of all stars with masses below 8–10.5 M�, depending
on metallicity (e.g. Iben, Ritossa & Garcı́a-Berro 1997; Smartt et al.
2008; Doherty et al. 2015), corresponding to over 97 per cent of the
total number of stars. They generally do not present ongoing nuclear
fusion and only emit their residual thermal energy, resulting in a
slow cooling of the star. Because they have radii of the same order
of the Earth’s radius, they have a small surface area, so their cooling
rate is small and therefore their cooling times are large; it takes
approximately 1010 yr for the effective temperature of a normal
mass white dwarf to decrease from 100 000 K to near 5000 K. As
a result, the cool ones are among the oldest objects in the Galaxy,
being extremely useful in the study of stellar formation and evolu-
tion history of the Milky Way (e.g. Winget et al. 1987; Bergeron,
Saffer & Liebert 1992; Liebert, Bergeron & Holberg 2005; Moehler
& Bono 2008; Tremblay et al. 2014).

Currently the atmosphere models in use to fit white dwarf
stars and estimate their physical parameters only take into ac-
count quasi-molecular contributions for a few lines of the Lyman
series, when they consider such contributions at all: Lyman α, Ly-
man β and Lyman γ (e.g. Allard et al. 2009). For the other lines
of the Lyman series and the Balmer series, the interaction between
hydrogen atom and free protons is approximated simply as elec-
tron Stark effect, which causes only a broadening that adds up to
the effect of the electrons. The quasi-molecular effects are thus ne-
glected, disregarding that they are responsible not only for a number
of known satellites but also for strong asymmetries between the red
and blue wings of all lines. The far red wing of Lyman α (λ > 2500
Å), for example, turned out to be the missing opacity in the blue
part of the optical spectrum of cool white dwarfs (Teff < 6000 K)
of pure hydrogen composition. The inclusion of the broadening by
collisions with H2 was the key element in obtaining such result,
as shown by Kowalski & Saumon (2006). However, contributions
to other lines remain unaccounted for, despite the fact that their
inclusion may be important to obtain accurate values for effective
temperature and surface gravity.

This lack of accuracy results, for example, in a discrepancy in the
calculated mean masses of DA white dwarfs when distinct meth-
ods are applied. Falcon et al. (2010a), analysing 449 DA white
dwarfs from the European Southern Observatory Supernova Ia Pro-
genitor Survey, via the gravitational redshift method, obtained a
mean mass of 〈MDA〉 = 0.647+0.013

−0.014 M�. A consistent value of
〈MDA〉 = 0.630 ± 0.028 M� was obtained by Romero et al. (2012)
with seismology of 44 ZZ Ceti white dwarfs. On the other hand,
when analysing 2 217 DA stars from the Sloan Digital Sky Survey
(SDSS) data release 7 with signal-to-noise ratio larger than 15 and
Teff > 13 000 K [to avoid the systematic super-estimative reported
by Kepler et al. (2006)], Kleinman et al. (2013) found a mean mass
of 〈MDA〉 = 0.593 ± 0.002 M�, which is significantly smaller than
the values obtained by Falcon et al. (2010a) and Romero et al.
(2012). Applying corrections to 3D convection, as calculated by
Tremblay et al. (2013), Kepler et al. (2015) obtained a mean mass
of 0.662 ± 0.003 M� in the analysis of 1659 DA white dwarfs from
the SDSS data release 10 with signal-to-noise ratio larger than 15

and Teff > 10 000 K, which is a value closer to the results of Falcon
et al. (2010a) and Romero et al. (2012). Hence, the inconsistencies
between the spectroscopic method and other methods are reduced
when corrections to 3D convection are applied, but are still without
a complete solution at present (Genest-Beaulieu & Bergeron 2014).

Falcon et al. (2014) noted that the inferred electronic density
of a plasma when fitting Hγ was ∼ 40 per cent smaller than the
density obtained when fitting Hβ, regardless of the set of models
used. They suggested that this inconsistency would lead to lower
determinations of surface gravities and, by consequence, a lower
mean mass would be obtained. The probable cause for the different
values obtained with each line is some missing physics in current
atmosphere models. In this work, we calculate line profiles for the
quasi-molecular contributions of collisions between hydrogen and
free protons, which is one of the effects not yet consistently included
in the models. The potentials and dipole moments for H+

2 used here
are extensions of those published by Santos & Kepler (2012). Our
results show that the quasi-molecular effects should be included
in the atmospheric models, regardless of the detection or not of
satellite lines, since they also cause large asymmetries in every line.
As they are not contemplated in the current calculated spectra, they
are probably affecting the determinations of temperature and gravity
for the analysed data.

2 T H E O R E T I C A L BA S I S

There are basically four possible approaches for the calculation of
collisional profiles: the impact theory, the quasi-static approxima-
tion (statistical theory), the unified theory and the quantum method.
The impact theory (e.g. Lindholm 1945) assumes that the duration
�t of a collision is much smaller than the interval between suc-
cessive collisions (∼2π/�ω, where �ω is the angular frequency
measured from the line centre), being useful for determining the
behaviour of the line centre, but not being able to account for the
satellites. On the other extreme, there is the quasi-static approxima-
tion, which assumes �t � 2π/�ω, being then a good method for
obtaining the line wings (e.g. Rohrman, Althaus & Kepler 2011;
Santos & Kepler 2012). Anderson (1952) showed that both ap-
proaches could be obtained from the same formulation, taken the
appropriate limits, proposing the unified theory, which can give
the shape of the whole line. Allard et al. (1999) developed such
theory in a quantum mechanical approach, obtaining from it bet-
ter results for the shape and amplitude of the satellites. The pure
quantum mechanical method can also give the whole line, but, for
its implementation, one must know all of the states involved in a
transition, including rovibrational, demanding larger computational
time (Zygelman & Dalgarno 1990). We chose the unified theory as
proposed by Allard et al. (1999) to the evaluations in this work.

In the unified theory, the normalized line profile measured from
the line centre is given by the Fourier transform of an autocorrelation
function 
(s):

I (�ω) = 1

π
Re

∫ ∞

0

(s)e−i�ωsds . (1)

The autocorrelation function measures the influence of the presence
of perturber particles – in this case, free protons – in the radiation
of the particle – here, hydrogen. As shown by Allard et al. (1999),
it can be written as


(s) = eng(s) , (2)
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Figure 1. Opacity profiles for every computed line in the Lyman series
for a temperature of 10 000 K and perturber density of 1017 cm−3. Strong
satellites can be identified at the wavelengths of 1400, 1080, 1060, 990 and
965 Å. The last one has not been identified in observations yet.

where n is the perturber density and g(s), for a transition α = (i, f)
between the initial state i and the final one f, is given by

gα(s) = 1∑α
e,e′ |dee′ |2

∑
e,e′

α

∫ ∞

−∞
dx0

∫ ∞

0
2πb db d̃ee′ [R(0)]

×
{

e
i
�

∫ s
0 Vee′ [R(t)]dt d̃∗

ee′ [R(s)] − d̃ee′ [R(0)]
}

, (3)

where e and e′ denote the energy subspaces containing the states
which approach, respectively, the initial and final atomic states of
the transition as R → ∞, with R the distance between radiator and
perturber, dee′ the dipole moments for the transition, d̃ee′ the dipoles
modulated by the Boltzmann factor e−βVe , x0 the perturber initial
position, b its impact parameter and Vee′ (R) = Ve(R) − Ve′ (R) the
potential energy difference between states i and f.

We adopted this approach to evaluate the line profiles I(�ω) for
the Lyman series up to Lyman δ and to the Balmer series up to
Balmer 10. The input data for potentials and dipole moments were
calculated by Santos & Kepler (2012) and are available at their web
page,1 except for the potential energy data used for the evaluation
of the line centres, which were obtained with an improvement of
the code, as will be described in Section 6. Calculations via unified
theory existed in the literature only for Lyman α (Allard et al.
2004b), Lyman β (Allard et al. 1998), Lyman γ (Allard et al. 2009)
and Balmer α (Kielkopf et al. 2002). For the other lines, calculations
were done only by Santos & Kepler (2012), but via the quasi-
static approach. Evaluations covering also the line centre were in
order, not only to improve white dwarf atmosphere models but
especially to allow comparison with new experimental data like
those published by Falcon et al. (2010b, 2012, 2014). That is the
scope of the present work.

3 L I N E PRO F I L E S F O R T H E LY M A N SE R I E S

The Lyman series corresponds to transitions which have n = 1 as
the final level, for absorption lines, or as the initial level, in case
of emission. Its wavelengths are in the ultraviolet region, between
912 Å (Ly∞) and 1216 Å (Lyα). Here we evaluated Lyα, Lyβ, Lyγ

and Lyδ, whose opacity profiles are shown in Fig. 1 for a temperature

1 http://astro.if.ufrgs.br/marcios/index.htm

of 10 000 K and perturber density of 1017 cm−3. The behaviour is
linearly extrapolated for log(σλ) � −26. Many satellites can already
be identified, as listed in Table 1, but each profiled is shown in more
detail in the next subsections, for clarity.

3.1 Lyman α

Lyman α has contributions due to six transitions of the H+
2 quasi-

molecule. The total profile accounting for each contribution is
shown in Fig. 2 for temperatures of 10 000, 15 000 and 20 000 K
and perturber densities of 1016, 1017 and 1018 cm−3. Four satellites
can be identified, with approximate wavelengths of 980, 1100, 1240
and 1400 Å. The first two are probably too faint to be detected in
stellar spectra, at least at these temperatures. The one at 980 Å
would also be blended with the Lyman γ line in stellar spectra. The
other two were already observed, as cited in the introduction, in
laboratory plasmas and in white dwarfs. We can also note that, in
large scale, the temperature does not seem to affect the profiles, but,
in the detailed box, it can be seen that the satellite at ∼ 1400 Å has a
consistent behaviour: it broadens with the increase in temperature,
while its peak is displaced to smaller wavelengths. Such behaviour
might be useful as a good temperature diagnostic for plasmas. The
effect of increasing density is simply a linear shift (in log scale) and
a larger broadening.

In Figs 3 and 4, we show comparison between observed data
for the stars HS 0507+0434A and WD 0231−054 in the region of
Lyman α and calculated models using the codes TLUSTY (Hubeny
1988) and SYNSPEC (Hubeny & Lanz 2011). The dashed line shows
the model obtained using the quasi-molecular contributions calcu-
lated in this work, and the dotted line uses tables provided by N. F.
Allard.2 The models are not fitted to the data, but simply overplotted
considering normalization at an arbitrary wavelength and assuming
effective temperature and surface gravity found in the literature. In
both cases, there are two major differences between the models: the
blue wing of the central line and the position of the satellite. Allard’s
models seem to fit better the central line, but the central wavelength
of the satellite is underestimated, being better determined by our
model. A possible explanation for such difference is that Allard’s
calculations use potential energy data only to small distances, so the
real asymptotic value of each level is not reached. As a subtraction
of the calculated asymptotic value [so that V(Rmax) = 0] is necessary
to the numerical evaluation of the line, a larger value than the real
one is subtracted, overestimating the shift in the difference poten-
tial and making the satellite appear closer to the line centre. Such
problem does not happen in our calculations, since we evaluated the
potential energy data to large distances.

3.2 Lyman β

Ten transitions contribute to the Lyman β profile. Their combined
effect gives the total profile shown in Fig. 5. Our calculations
are shown for temperatures of 10 000, 15 000 and 20 000 K and
perturber densities of 1016, 1017 and 1018 cm−3. Apart from the
strong satellites at 1060 and 1078 Å already studied in white
dwarf spectra, there is another satellite around 1035 Å, proba-
bly too close to the line centre to be identified in white dwarfs,
since the broadening of the line due to other mechanisms hides
it. Temperature does not seem to affect the shape of the line,
result that is current in the literature. However, again in a more

2 http://mygepi.obspm.fr/∼allard/
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Unified line profiles for H perturbed by H+ 2335

Table 1. Wavelengths for the maximum of the stronger satellites in each calculated line in the Lyman
series (for T = 10 000 K and n = 1017 cm−3), the transition(s) that originates them and notes on
observation and theoretical models.

Line Satellites (Å) Transition(s) Observed? Previous model

Lyα 979.55 2pσ u–3dπg No Allard et al. (1994)a

1118.42 2sσ g–2sσ g No Allard et al. (1994)a

1230.88 1sσ g–4fσ u Yes (Kielkopf & Allard 1995) Kielkopf & Allard (1995)a

1sσ g–2pπu

1396.40 2pσ u–3dσ g Yes (e.g. Koester et al. 1985) E.g. Allard et al. (1999)a

Lyβ 1035.77 1sσ g–6hσ u No Allard et al. (1998)a

1060.99 1sσ g–4fπu Yes (Koester et al. 1996) Allard et al. (1998)a

1078.34 2pσ u–5gπg Yes (Koester et al. 1996) Allard et al. (1998)a

Lyγ 978.24 1sσ g–8kσ u
b No Allard et al. (2009)a

992.05 1sσ g–8kσ u Yes (Wolff et al. 2001) Allard et al. (2009)a

996.03 2pσ u–7iπg Yes (Wolff et al. 2001) Allard et al. (2009)a

Lyδ 953.03 1sσ g–10mσ u No Santos & Kepler (2012)c

2pσ u–9lπg

961.61 1sσ g–8kπu No Santos & Kepler (2012)c

2pσ u–9lσ g

Notes. avia unified theory.
bThe level 8kσ u is often wrongly written in the literature as 8jσ u. The letter j, by convention, must not
used for orbital representation.
cvia quasi-static approach.
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Figure 2. Normalized profiles for the Lyman α line. In black for
T = 20 000 K, dark grey for T = 15 000 K and light grey for T = 10 000 K.
The dotted line shows calculations for a perturber density of 1016 cm−3, the
continuous for 1017 cm−3 and the dashed for 1018 cm−3. The same labels
are adopted for the other Lyman lines. The smaller box shows in detail the
behaviour of the satellite at ∼ 1400 Å with changes in temperature for a
density of 1017 cm−3.

detailed scale, the strong satellites do show some variation. They
also show small oscillations. Possible reasons for that are the
fact that the calculations presented here assume that the per-
turbers have a single constant velocity and no averaging was
done, causing an effect similar to diffraction, as mentioned by
Allard (1978) and, mainly, the contribution of the window func-
tion in the Fourier transform (as reported by Allard, Sahal-Brechot
& Biraud 1974).

3.3 Lyman γ

Fourteen transitions of the H+
2 quasi-molecule contribute to Lyman

γ . The calculated total profiles, for temperatures of 10 000, 15 000
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Figure 3. Hubble Space Telescope (HST) spectrum of the white dwarf HS
0507+0434A (grey) and TLUSTY/SYNSPEC models using the quasi-molecular
contribution tables evaluated by us (dashed line) and by N. F. Allard (dotted
line), assuming a temperature of 20 000 K and log(g) = 7.75 [close to the
values determined by Andrews et al. (2012)]. In the small box, the spectrum
was smoothed to enhance the position of the satellite.

and 20 000 K and perturber densities of 1016, 1017 and 1018 cm−3,
are shown in Fig. 6. The noticeable satellite features are at 979,
990 and 995 Å. The first one is again too close to the line centre
for detection in stars, but the combined effect of the other two was
already detected, as detailed in the introduction. Since this satellite
has two components, as already reported by Allard et al. (2009), its
behaviour with temperature shall not be very simple, because each
component has its independent variation. The rest of the line shows
no significant change.

In Figs 7 and 8, we show FUSE observed spectra in the region
of the lines Lyman β and Lyman γ compared to calculated models
using the codes TLUSTY (Hubeny 1988) and SYNSPEC (Hubeny &
Lanz 2011). As before, the dashed line shows the model which uses
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Figure 4. HST spectrum of the white dwarf WD 0231−054 (grey) and
TLUSTY/SYNSPEC models using the quasi-molecular contribution tables eval-
uated by us (dashed line) and by N. F. Allard (dotted line), assuming a
temperature of 15 000 K and log(g) = 8.80 (similar to the values determined
by Gianninas, Bergeron & Ruiz 2011). Again we show the smoothed spec-
trum in the satellite region to enhance the satellite position, which is better
fitted by our data.
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Figure 5. Normalized profiles for the Lyman β line. The smaller box shows
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with changes in temperature for a density of 1017 cm−3.
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Figure 7. FUSE spectrum of the white dwarf Wolf 1346 (grey) and
TLUSTY/SYNSPEC models using the quasi-molecular contribution tables eval-
uated by us (dashed line) and by N. F. Allard (dotted line), assuming a
temperature of 20 700 K and log(g) = 8.00 (as determined by Giammichele,
Bergeron, & Dufour 2012).
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Figure 8. FUSE spectrum of the white dwarf CD −38◦ 10980 (grey) and
TLUSTY/SYNSPEC models using the quasi-molecular contribution tables eval-
uated by us (dashed line) and by N. F. Allard (dotted line), assuming a
temperature of 26 000 K and log(g) = 8.00 (as determined by Giammichele
et al. 2012).

the quasi-molecular contributions calculated in this work and the
dotted line uses tables by N. F. Allard. In this case, there seems
to be no difference between the central line of each model, but
the position of the satellite is again underestimated by Allard’s
models, probably due to the same reason as for the Lyman α satellite.
The underestimation becomes more evident as one moves to high-
order lines because higher levels converge at larger distances, so
that the higher the line, the larger is the error in the calculated
asymptotic value and, by consequence, the larger the shift of the
satellite towards the central line.

3.4 Lyman δ

Lyman δ has contributions of 18 transitions. It is evaluated with the
unified theory for the first time in this paper. The normalized profiles
are shown in Fig. 9 for temperatures of 10 000, 15 000 and 20 000 K
and perturber densities of 1016, 1017 and 1018 cm−3. We find stronger
satellites around 953 and 962 Å. Neither has reported detection in
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Figure 9. Normalized profiles for the Lyman δ line. The smaller box shows
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for a density of 1017 cm−3.
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Figure 10. Opacity profiles for every computed line in the Balmer series
for a temperature of 10 000 K and a perturber density of 1017 cm−3. The
satellites are not very intense in this case, but it is worth noticing that all
lines are very asymmetrical, especially the high-order ones (in the detailed
box), in which the red wing falls down very quickly, while the blue wing
has a smother behaviour.

the literature. The former probably is too close to the line centre
for that, but the latter, although not mentioned in the literature, is
present in the FUSE spectrum of CD −38◦ 10980 published in fig.
4 of Wolff et al. (2001). Similar to what was noted for the 1400 Å
satellite in Lyα, we see that its peak moves to smaller densities
and that it broadens as temperature increases, so its behaviour is
probably also a good diagnostic for temperature determinations.

4 LINE PRO FILES FOR THE BA LMER SERI ES

The Balmer series is composed of transitions that have n = 2 as the
final level, in case of absorption, or the initial level, for emission. It is
located in the visible portion of the spectrum, between 3646 Å (H∞)
and 6563 Å (Hα). We evaluate here every line from Hα to H10,
as can be seen in the opacity profiles in Fig. 10, for temperature of
10 000 K and perturber density of 1017 cm−3. The stronger satellites
are listed in Table 2. Only one of them was observed so far, which is
probably due to lack of laboratory data away from the line centre for
the other lines. Such satellites would be stronger for temperatures

around 10 000 K, but the ionization rate of hydrogen is low at such
a temperature, so they are effectively stronger around 15 000 K,
when the H+ population is more significant. In white dwarfs, lines
above H11 are hardly ever seen, since the high pressure causes them
to overlap and disappear. The profiles evaluated here are probably
sufficient to study any spectra in the visible region.

4.1 Balmer α

For the Balmer α line, there are contributions due to 32 transitions.
The total profile is shown in Fig. 11 for a temperature of 10 000 K
and densities of 1016, 1017 and 1018 cm−3. The strongest satellite
is around 8500 Å and has been observed in plasma spectra by
Kielkopf & Allard (1995). However, in white dwarfs, it has not
been identified for two reasons: first, it is too close to the region
where the Paschen series is and, second, because, for temperatures
at which the H+

2 population is relevant (10 000–25 000 K), the star
emits predominantly in the blue, having little flux in the region of
this satellite. The satellite also contributes to the line asymmetry.

4.2 Balmer β

Forty-six transitions contribute to Balmer β. Its total profile is shown
in Fig. 12 for a temperature of 10 000 K and densities of 1016, 1017

and 1018 cm−3. We can see many faint satellites in the red wing,
causing asymmetry. The strongest satellite is around 5400 Å, but it
is probably too faint compared to the line intensity to be observed
in white dwarfs. It is important to notice, though, that it contributes
to the asymmetry, which, is worth remembering, does not appear
if the interaction between hydrogen and proton is treated simply as
Stark effect, as is done in current atmosphere models.

4.3 Balmer γ

To Balmer γ there are contributions due to 60 transitions. The
total profile is shown in Fig. 13 for a temperature of 10 000 K
and perturber densities of 1016, 1017 and 1018 cm−3. There are two
noticeable satellites, close to 4400 and 4600 Å. The former is too
close to the line centre to be observed in white dwarfs, the latter,
despite being away from the centre, has very small intensity than
the continuum, which would make its observation difficult or even
prevent it. However, both of them cause asymmetry.

4.4 Balmer δ

We have to account for contributions of 74 transitions in
Balmer δ. Its profile for a temperature of 10 000 K and perturber
densities of 1016, 1017 and 1018 cm−3 can be seen in Fig. 14. The
strongest satellite is close to 4200 Å, but, as for the 4600 Å satellite
in Balmer γ , its intensity does not seem to be strong enough, when
compared to the continuum, to allow its detection in white dwarf
spectra.

4.5 Balmer ε

There are 88 transitions that contribute to Balmer ε. We show the
total profile in Fig. 15 for a temperature of 10 000 K and perturber
densities of 1016, 1017 and 1018 cm−3. We can see a very faint
satellite around 4005 Å, with intensity of the same order as the
continuum in the blue wing of the line, meaning it is probably
not observable. However, as the intensity of the red wing rapidly
decreases after the satellite, while the intensity in the blue line
changes slowly, knowing the satellite is important to model the line
asymmetry.
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Table 2. Wavelengths for the maximum of the stronger satellites (if existent) in each calculated
line in the Balmer series (for T = 10 000 K and n = 1017 cm−3), the transition(s) that originates
them and notes on observation and previous theoretical models.

Line Satellite (Å) Transition(s) Observed? Previous model

Hα 8506.60 3dπg–4fπu Yes (Kielkopf et al. 2002) Kielkopf et al. (2002)a

4fσ u–5gπg

Hβ 5413.33 3dπg–6hπu No Santos & Kepler (2012)b

Hγ 4392.21 3dπg–8kδu No Santos & Kepler (2012)b

3dπg–9kσ u

3pσ u–7gσ g

4571.88 2pσ u–7iδg No Santos & Kepler (2012)b

3dσ g–8kπu

3dπg–8kπu

Hδ 4203.87 2pσ u–10lσ g No Santos & Kepler (2012)b

3dπg–9kπu

Hε 4005.35 2sσ g–10kπu No Santos & Kepler (2012)b

2pσ u–10iδg

2pσ u–11lδg

2pσ u–12nσ g

3pσ u–12nσ g

3dπg–10kπu

4fσ u–12nσ g

Notes. avia unified theory.
bvia quasi-static approach.
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Figure 11. Normalized profiles for the Balmer α line. The temperature is
10 000 K and densities are 1016 (light grey), 1017 (dark grey) and 1018 cm−3

(black). The same labels are adopted for the other Balmer lines. Various
satellites appear in the red wing, making the line very asymmetric.

4.6 Balmer 8, Balmer 9 and Balmer 10

The lines of Balmer 8, Balmer 9 and Balmer 10 have contributions
due to 102, 116 and 130 transitions, respectively. Their profiles
are shown in Figs 16–18, again for a temperature of 10 000 K and
perturber densities of 1016, 1017 and 1018 cm−3. It is worth noticing
that, for n = 1018 cm−3, these high-order lines start to fade due
to the high pressure. There are no satellites visible in those lines.
One might wonder in that case if the quasi-molecular contributions
really matter. However, it is very clear that they do affect the line
behaviour, again causing a strong asymmetry between the red and
blue wings, which is until now completely ignored in white dwarf
star atmosphere models.
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Figure 12. Normalized profiles for the Balmer β line. The stronger satellite
is at 5400 Å, but it is still too faint for observation, its main importance being
thus the asymmetry it causes.

5 C O M PA R I S O N TO E L E C T RO N I C S TA R K

In current synthetic spectra for DA white dwarf stars, the effect
of the interaction between free protons and radiating hydrogen is
assumed to be exactly the same of the interaction of free electrons
with hydrogen. So the profiles are calculated with density ne of
electrons, and such density is simply doubled to account for protons
as well, as the number of free protons must be the same as the
number of free electrons, because both originate, in this case, when
hydrogen is ionized. As already said in the introduction, such an
approach disregards the quasi-molecular contributions that appear
when temperature and pressure are adequate to the formation of a
transient bond state between hydrogen and proton.

This is not a good practice and must be affecting the determination
of temperature and surface gravity. We plot here the calculated lines
for T = 10 000 K and log(n) = 17 together with the corresponding
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Figure 13. Normalized profiles for the Balmer γ line. There are two strong
satellite features, at 4400 and 4600 Å, none of them reported in observed
spectra until now.
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Figure 14. Normalized profiles for the Balmer δ line. The most noticeable
satellite is at 4200 Å, but again it seems too faint to be observed in white
dwarf spectra.
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Figure 15. Normalized profiles for the Balmer ε line. A satellite feature
appears at 4005 Å, and the intensity of the profile drops after it.
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Figure 16. Normalized profiles for the Balmer 8 line. No satellites are seen,
but the line is largely asymmetric.

 2

 3

 4

 5

 6

 7

 8

 9

 3790  3800  3810  3820  3830  3840  3850  3860

lo
g 

I(λ
)

λ (Å)

1016cm−3

1017cm−3
1018cm−3

Figure 17. Normalized profiles for the Balmer 9 line. In spite of the absence
of satellites, we can note a line asymmetry that does not exist in pure Stark
profiles.
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Figure 18. Normalized profiles for the Balmer 10 line. Again no satellites,
but a large asymmetry between red and blue wings can be seen.
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Figure 19. Comparison between each calculated line in the Lyman series
(black continuous line) and the corresponding pure electronic Stark profile
(grey dashed line) for T = 10 000 K and log(ne) = log(np) = 17. There is no
great difference if one considers only the blue wing, but the red wing is very
different, showing satellite features when the quasi-molecular contributions
are taken into account.
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Figure 20. Comparison between calculated lines in the Balmer series (black
continuous line) and the corresponding pure electronic Stark profile (grey
dashed line) for T = 10 000 K and log(ne) = log(np) = 17. For the lower
order lines, we see that the satellite in the blue wing must have a considerable
contribution. On the other hand, in the high-order lines, the major difference
is the rapid decreasing of the red wing compared to the blue wing, an effect
that does not appear in the electronic Stark profiles.

electronic Stark effect to show that. Profiles for the Lyman series
are shown in Fig. 19 and for the Balmer series in Fig. 20. It is
easy to notice two large differences: the existence of satellites and
the large asymmetries between red and blue wings. The former is
more important for low-order lines (nf ≤ 5), when the red wing
usually shows at least one strong satellite. The latter is evident for
high-order lines (nf > 5), in which the red wing falls down quickly
for the quasi-molecular profile, while the red wing in the electronic
Stark behaves similarly to the blue wing and decreases slowly. These
differences may be the cause of the inconsistent densities reported
by Falcon et al. (2014) and Genest-Beaulieu & Bergeron (2014),
which are obtained when different lines are fitted.

It is worth mentioning that the validity domain of the VCS theory,
in which the Stark models shown here are based, is �ω/ωp ≤ 1

(Vidal, Cooper & Smith 1971), where �ω is the angular frequency
measured from the line centre and ωp =

√
4πnee2/me is the plasma

frequency (cgs units). According to that, the profiles would be valid
only in the central 1–10 Å of the line. However, the validity of the
theory has been extrapolated in the current models, since observed
lines of white dwarf stars are usually more than 100 Å wide.

6 TH E L I N E C E N T R E

Quasi-static profiles are inherently a poor approximation to the
line centre, since its main assumption of zero velocity implies that
only collisions whose duration is larger than the interval between
them are taken into account, and that is only appropriate for the
frequencies in the line wings. Therefore, the central behaviour of
the profiles evaluated by Santos & Kepler (2012) should not be
relied upon. Besides that, such profiles were calculated summing
up contributions due to different transitions, when, actually, they
should be convoluted, since lifetimes for hydrogen excited states
are of the order of 10−8 s, while the typical duration of collisions
in the physical conditions of white dwarfs is around 10−13–10−12 s,
implying that different states may form throughout the electronic
transition and contribute to the line.

The profiles calculated here are based on the unified theory, in
which no assumption is made concerning the duration of collisions,
and the partial profiles are convoluted, so the form of the line can
be relied upon for the whole wavelength range. Nevertheless, we
recall that both the unified theory and the quasi-static approach
assume adiabatic perturbations, disregarding interference between
different levels, which can result in underestimation of the line shift
(Allard et al. 1999). However, as the behaviour of the line centre
in white dwarf stars is dominated by electronic Stark and Doppler
effects, being the quasi-molecular contributions more important in
the wings, the profiles shown in the previous sessions should be
satisfactory for model atmosphere applications.

However, with the advent of experiments such as the one done
by Falcon et al. (2012) at the Z Pulsed Power Facility at San-
dia National Laboratories, more accurate profiles in the central
region of the line are necessary. When trying to evaluate such de-
tailed profiles using the published data of Santos & Kepler (2012),
we noticed that the data were not accurate enough for that. There
were discontinuities in some of the potential data, due to conver-
gence issues in the implemented computational methods, as can be
seen in Fig. 21. That led to abnormal behaviour in the line cen-
tre, as shown for Lyman α in Fig. 22. To avoid that behaviour, it
was necessary to truncate the potentials at ∼180 a0, where a0 ≈
0.5292 Å is the Bohr radius, but that way the asymptotic behaviour
is not reached and the line centre is still not accurately determined
(Fig. 23), since it is formed mainly when the particles are far apart.
Besides, as the mean distance between the particles for density of
1017 cm−3, for example, is around 250 a0, going up to 180 a0 is not
sufficient if one is concerned with the line centre. As at that distance
the asymptotic behaviour of the potential energy, which is ∝ r−2, is
still not reached, it is also not possible to extrapolate the data with
the necessary precision. For larger values of n, the asymptotic be-
haviour is reached even farther away, so the truncation may largely
affect the determination of the line centre profile.

Thus, we recalculated the potential data for the H+
2 quasi-

molecule. In order to check the convergence of the potentials to
their asymptotic values, we had to make use of a larger number
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Figure 21. Difference potentials (minus the asymptotic value) for the six
transitions contributing to the Lyman α line. We can note that in the old data
there is a discontinuity, which, transformed to wavelength, corresponds to
>1.2 Å. This issue was solved in the new data.
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Figure 22. Profile for the centre of the Lyman α line for a temperature of
10 000 K and a perturber density of 1017 cm−3 evaluated using the data pub-
lished in Santos & Kepler (2012, dashed line) and the profile calculated with
the improved data (continuous line). We can note an abnormal behaviour in
the old profiles, which is a consequence of discontinuities in the potential
data.

of terms in the recurrence relations,3 which leads to a larger set of
homogeneous linear equations and demands, in consequence, larger
matrices to solve. We calculated the profiles for Lyman α, Lyman
β and Balmer α with the new data.

The obtained profile for Lyman α is shown in both Figs 22 and 23
to compare with the profiles with previous data. It is extremely dif-
ferent than the one calculated with the old data without truncation,
since it has no discontinuities (Fig. 22). Compared to the profile cal-
culated with the old data truncated in 180 a0 (Fig. 23), the difference
is little, but is still important, especially in the central wavelengths,
where we can see that the broadening is underestimated if one does
not consider the behaviour at large distances. The same result is
obtained when one analyses the profiles for Lyman β (Fig. 24) and

3 In Santos & Kepler (2012), the recurrence relations were truncated at
indices equal to 25. Now, for n = 1 and 2 for example, we had to truncate
the indices at 300 to get the correct asymptotic value to a precision at the
21st decimal.
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Figure 23. Same as Fig. 22, but now truncating the old potentials before
the discontinuity. The abnormal behaviour disappears, but as the asymptotic
behaviour of the potential is not reached, the contributions to the centre are
not so well determined. A better determination is obtained with the improved
data.
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Figure 24. Profile for the centre of the Lyman β line for a temperature of
10 000 K and a perturber density of 1017 cm−3 evaluated using the data
published in Santos & Kepler (2012, dashed line) and the profile calculated
with the improved data (continuous line). The broadening of the line is
underestimated when one uses the old data, affecting also the position of the
satellite.

Balmer α (Fig. 25), with the addition that it becomes apparent that
such underestimation may also affect the position of the satellite,
which will appear closer to the line centre.

7 C O N C L U S I O N S

The quasi-molecular contributions of H+
2 are an effect very impor-

tant to the shape of the lines in a hydrogen gas. The most remarkable
contributions are the satellite lines, which are a consequence of the
formation of transient bond states between hydrogen atoms and free
protons due to an extremum in the potential difference. However,
that is not the only effect of the quasi-molecular absorptions: they
are also responsible for large asymmetries in the line wings. The
satellites are an effect often discussed in the literature (e.g. Allard
& Koester 1992; Allard et al. 2009; Santos & Kepler 2012), since
they are quite easily observed in the ultraviolet. Meanwhile, the
asymmetry seems to be ignored, as it may not be directly detected.
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Figure 25. Profile for the centre of the Balmer α line for a temperature
of 10 000 K and a perturber density of 1017 cm−3 evaluated using the data
published in Santos & Kepler (2012, dashed line) and the profile calculated
with the improved data (continuous line). Again it is clear that the broadening
is underestimated when the potential is truncated.

However, the fact that the quasi-molecular profile red wing falls
down very quickly, especially for transitions involving states with
high n, is probably very important in the opacity determinations.
Not taking it into account, and continue to use the symmetric Stark
profiles for protons, is almost certainly affecting not only the deter-
minations of temperature, but also those of gravity, to which such
high-order lines are more sensible.

The only line considered at present in this sense is Lyman α,
whose quasi-molecular contributions turned out to be very impor-
tant to the opacity of cool white dwarfs (Teff < 6 000 K), as shown
first by Kowalski & Saumon (2006). It is worth noticing that, at
such temperatures, satellite lines are not even observed, but the
quasi-molecular effect is important anyhow. The first step towards
generalization of those results was done by Santos & Kepler (2012),
who calculated all potential energies for n up to 10 and dipole mo-
ments for the Lyman series up to Lyδ and the Balmer series up to
H10. They also evaluated the quasi-static profiles for those lines,
and already pointed out there that the quasi-molecular effects in
the line wings shall probably be important for opacity, but remain
unaccounted for in the current models, which assume that the inter-
action between hydrogen and protons is completely analogous to
that of hydrogen with electrons. Considering that the quasi-static
profiles are not correct at the line centres, we re-evaluated here all
those line profiles, now using the unified theory, that can give the
whole line shape. The data files are available to the community as
online material accompanying this paper and also at our web page
(http://astro.if.ufrgs.br/ingrid/index.htm). We believe that such pro-
files are enough to study both Lyman and Balmer series in white
dwarfs.

We also noted that the precision of the current potential energy
data was not enough to compare the calculated profiles to exper-
imental results. The main reason for that was discontinuities due
to numerical imprecision. We solve that in the code by increas-
ing the truncation in our recurrence relations from index 25 to
300. Results were shown in Section 6 for Lyman α, Lyman β and
Balmer α, and a large improvement could be verified. We hope
to be able to compare our profiles to experimental data and actu-
ally confirm the importance of quasi-molecular contributions due

to H+
2 even when no satellites are observed, in order to make their

inclusion in atmosphere models more consistent and consolidated.
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Allard N. F., Kielkopf J. F., Hébrard G., Peek J. M., 2004a, Eur. Phys. J. D,

29, 7
Allard N. F., Kielkopf J. F., Loeillet B., 2004b, A&A, 424, 347
Allard N. F., Noselidze I., Kruk J. W., 2009, A&A, 506, 993
Anderson P. W., 1952, Phys. Rev., 86, 809
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