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The local densities of states of an extended Hubbard model describing the CuO; planes of
superconducting cuprates are calculated by means of an approximate treatment that divides the
lattice into CuOz clusters. The exact diagonalization of the Hamiltonian on these trimers is utilized
to solve the lattice problem, where the hopping between different trimers is treated as a perturbation.
The hole concentrations on both orbitals and the amplitude of the staggered magnetization are
obtained as a function of the total number of holes. The overall shape of the band structure is
in good agreement with exact diagonalization on larger clusters. The stoichiometric compound is
found to be metallic in the paramagnetic phase, but becomes a charge-transfer insulator in the
antiferromagnetic phase. Electron and hole doping introduce a new band at the bottom or at the
top of the charge-transfer gap, respectively. Magnetic order is destroyed when the antiferromagnetic
phase becomes unstable against the paramagnetic phase.

I. INTRODUCTION

After intense theoretical and experimental research on
the high-7,. superconducting cuprates, it is widely ac-
cepted that their peculiar electronic properties arise from
the common CuO,; planes. In particular, the relevant or-
bitals are 3d,2_,2 for copper and 2p, , for oxygen. These
oxides are insulating in the stoichiometric phase, and
the copper sublattice exhibits antiferromagnetic order.»2
The effect of doping is to introduce carriers into the
planes, inducing high-T,. superconductivity.

Both local electronic correlations and covalency
are taken into account in the three-band Hubbard
Hamiltonian,34 which provides a realistic description of
these compounds. The doping dependence of hole dis-
tribution and the fast disappearence of antiferromag-
netic (AF) long-range order under doping®~® have been
studied by means of different approaches, namely, the
Hartree-Fock approximation,? the local ansatz method,*°
a mean-field approximation that includes the disor-
der introduced by holes,’* and mean-field slave-boson
techniques.'?!3 Also, in Ref. 12, a band was found into
the charge-transfer (CT) gap.

A discussion of the doping dependence of the ob-
served spectral weight transfer'4~!7 and the distinction
between Mott-Hubbard and charge-transfer systems is
given by Eskes, Meinders, and Sawatzky,'® based on the
exact diagonalization of one-dimensional clusters. Refer-
ences 19-23 explore the mapping to a t-J model and a
one-band Hubbard model. The dynamics of charge car-
riers has been studied in the context of these simplified
versions.24~27

The ground-state energy of the three-band Hubbard
Hamiltonian on different clusters (up to eight unit cells)
has been computed by applying the Lanczos algorithm
for numerical diagonalization.2873% Holes are shown to
bind when the nearest-neighbor Cu-O repulsion is in-
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cluded. Dopf et al.3! calculated the spectral density of
the model in the presence of hole doping assuming lo-
cal correlations only on the copper sites. They applied
exact diagonalization to a cluster with 2 x 2 unit cells
and a quantum Monte Carlo approach to a 4 x 4 clus-
ter. The results show that the Zhang-Rice state forms a
dispersive band crossing the Fermi energy. Lanczos and
Monte Carlo studies of the three-band Hubbard Hamil-
tonian have also been carried out by Scalettar et al.,32
who found that the AF correlations decrease with either
electron or hole doping, and that the additional holes
(electrons) go primarily to the O (Cu) sites.

The one-particle spectral densities on a CuyOg clus-
ter (including interatomic correlations) have been calcu-
lated numerically by Balseiro, Avignon, and Gagliano.33
The exact diagonalization on a CuyO;3 cluster performed
by Maekawa, Ohta, and Tohyama3* provides reliable in-
formations about the electronic states of the model. In
particular, the CT gap is redefined by the presence of
the Zhang-Rice (ZR) singlet band, and an in-gap band is
formed upon carrier doping.

A current shortcoming in finite-size system calcula-
tions is that the band structure arises from Lorentzian
broadening of the electronic levels, so that the band edges
are not well defined. A more proper broadening should
take into account the lattice geometry, not only inside
the basic cluster but also among the different clusters.

In this paper we develop an approximate solution of the
three-band Hubbard model in which the two-dimensional
lattice is considered as a periodic array of CuO; clusters
(trimers), and the hopping between different trimers is
treated perturbatively. The calculated local densities of
states on Cu and O sites consist of a number of nar-
row bands with typical two-dimensional shape. These
bands arise from the energy levels of an isolated trimer,
which are obtained through exact diagonalization. In or-
der to study the effect of doping, we concentrate on the
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trimer expansion, and define a simple interpolation to
span all values of hole concentrations. The overall band
structures of the stoichiometric and doped systems are
quite similar to those of the CuyO;3 cluster.3* An effect
of doping is to introduce new states inside the CT gap.
We calculate the hole concentrations on Cu and O sites
and the position of the chemical potential as a function
of the total number of holes per trimer n in the para-
magnetic (PM) and AF phases. For the stoichiometric
system, the PM phase is found to be metallic, whereas
the AF phase is insulating. The disruption of AF order
with doping is studied by calculating the internal ener-
gies in both phases. The critical values are consistent
with experimental findings.5—®

The validity of the present approximation has been
recently examined for the one-band Hubbard model on
a dimerized square lattice.3> where we concentrated on
the paramagnetic half-filled-band case and considered the
effect of temperature. Here, in the CuQO, lattice, the
physics is mainly governed by the charge transfer be-
tween the two orbitals involved, and the more relevant
questions concern the doping dependence, so we will re-
strict ourselves to the zero temperature limit.

In the next section, we present the model Hamiltonian
and apply a Green function technique to obtain the local
spectral functions of the PM phase. In Sec. III, an AF
solution is considered. Results are discussed in Sec. IV.

II. TRIMERS LATTICE APPROACH

We write the three-band Hubbard Hamiltonian in a
modified notation, with reference to the trimers lattice
of Fig. 1.

H=D (Hio + Viao), (1)

iaoc

where

FIG. 1. The CuO; lattice. Stars represent O sites; white
and black circles are Cu sites with up and down magnetic
moments, respectively.
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H?cw = (A - /‘l') (n?aa + nsaa) — 4 n;'iaa

177..d . d 1
+3Udniasniay + 3Up(Niginia, + néatniay)

—t(a;"aadiaa + d,?m,-aiaa - cz?aodiao' - dz?ao'ciaf" )

(2)
and

— | 1
Viao = _t(ciaa'di‘*'l;a,a - aiaadi,a"'ly"

+dl, 100 — dlagtia-1,0). (3)

The pair of indices ia give the position of each trimer on
a square lattice. b}aa (biao) is the operator that creates
(annihilates) a hole with spin o on a “b” site of the trimer
ia ( b= a or c for the oxygen sites, or d for the copper
site), and n®,_ = b} _bia,. A is the energy difference
between p and d orbitals, U; and U, are the Coulomb
repulsive interactions on copper and oxygen ions, respec-
tively, and ¢ is the hopping between neighboring p and d
orbitals.

The first step is the exact diagonalization of H) =
>, H2 . The largest size, 4 x 4, of the irreducible matri-
ces involved can be further reduced to 3 x 3 if we make the
simple assumption Uy = U, + 2A, which is not far from
realistic parameter values. The eigenvalues and eigenvec-
tors of the Hamiltonian H, in the subspaces of 0, 1, 2,
and 3 particles are shown in Table I, where we make use
of the definitions

tanf; = _AZ:-—\/};I’ (4)

tangy = S5 T (%)
tan¢y; = %%ﬁ, (6)
tanf, ; = 2840 - cos ¢, (7

1. t\/é
R, = V/A? 1 822, ®)

Ry = /(A +U,)? + 812, (9)

and A; (¢ = 1,6,9) are the roots of the cubic equation

(2A-2)(2A 4+ U, — A)(A — X) = 2t2(8A + U, — 4)).
(10)

The particular case A = 0, Ug = U, corresponds to the
one-band Hubbard model and was considered in Ref. 36.

The trimer’s Green functions gb:,)(w) for fixed number
of particles n (= 0, 1, or 2) per unit cell are obtained by
the spectral representation, after evaluation of all matrix
elements involving the corresponding ground state |(n)).
They can be written in the form
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TABLE I. Eigenvalues and eigenvectors of Ho for 0, 1, 2, and 3 particles.
Ey=0 10)
Bii=3(A-Ri) - I1,10) = sin6rd} + <724 (al — c})[0)
E1,2 =A - y7 '1 20} (aa + Ca)l0>
Bus = 3(& 4 R) — 1,30) = —costud) + %5 (al - )
Eai=A—2u (i=1,6,9) |2,4) = Snfai 22324 (ald! — cld! —aldl +cldl) |0)
cos @3 ;sin¢y ; t
+2=2R 22 (ale] —afcl) J0)
cos @3 j cos Py g t 1 t 1 t 5t
— 220202 (alaf + clel +2d1dl) |0)
Fas— 330+ U, — Rs) - 2 12,2) = 282 (ala] ~ clel) 0) + 5% (ald] ~ alal +cla] — la}) 0

E23= %(3A—R1)—2u

’

E2'4 = A—Z[.L

Ex5 =20+Up — 2

E2,7 = %(3A +R1) - 2/.L

12,3) = —&\/gl (a‘c} + aIc}) o) + iz (a;di + aid; + cidl + cid;) |0)

|2,30) = — cosfralct |0) + %‘L (aLd,f, + chL) |0)

— t 1 Tt t gt
2,4) = % (4.411l + aidT —cid) — CidT) |0)
12,40) = J5 (aldl —cbdl) (o)
|2,5) (a +cf cl d’df) |0)

12,7) = 9221 (ale! +alcl) |0) + <32 (ald] + ald} + cld] +c]dl) |0)

|2,70) = sinfialecl [0) + <22 (aldl + cldl) [0)

E2s=1(3A+ U, + Ry) — 2 |2,8) = —*2% (alal — clel) |0) + =25% (ald] - ald] + cld] —cld}) |0)
Es;=4A+Up— A —3p (i=1,6,9) 13,i0) = — 272 (abalcl +aldlbdl + didlct +alchel) |0)

Es2=1(5A+U, — R2) —3u |3,20) = 2% (alalc! —aldld! +dldlcl —a

Es3=31(5A-R)+Up—3p 3,30) = <222 (alalct +aldldl — didlcl —alclel) (o)

E3,4 = 2A — 3[1,

eerfnizndas (gt ctet —alaldl) o)

cos 82 ; i
———’—’—\/%L‘hk— (a tdicl +aldlc! — 2af d:‘,.cl,) |0)

42inf aLchf_—a"_df,cl 0
V2 T C4 C4

+5m0 (gt atdl + dlclcl) (o)
V2 T (-4

13,40) = L (af,df,.c; +atdlct + a;df,cf,) |0)

V3

13,400) = aldlct|o)
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TABLE I. (Continued).
Ess=3A+U,—3u 13,50) = 1 (alalcl — aldldl — didlcl +alclcl) o)
Es7=1(5A+Ri)+Up—3pu 13,70) = 2% (alalch +aldidl — didiel —alclch) o)
—e81 (abatdl +dbclet) o)
Ess = 1(50+U, + Rz) — 3p 13,80) = %292 (alalcl —aldldl + didlc) —alcicl) o)
e (abdhcl — abdlcl) [0
Ay Gg. Goy4 G2,
(n) _ 1,bb'
9 =2 o (ay G = | Gg. Go G% | (15)
! Gga gd Gccv
where
g a o
(n) [ 11t y an 920 Yad 9ac
Al bb — Z 6Ei)E(n)+Pl (zlb |(n)>((n)|b I"’) g7 = 9% 954 —95; |, (16)
i 9ac —9aa Yaa
TR .
+85, 8- (RN (@BT],  (12)
E(n) being the ground-state energy for n particles. 000 0t0
The unperturbed Green functions gg;, are expected to Ty=10001, T_-=1000 (17)
be continuous functions of the hole concentration n. The 0t0 000
form of such dependence is rather obvious in an atomic Fourier t P . eld
expansion, the Hubbard I approximation, where a self- ourter transiormation ylelds
consistency can be straightforwardly defined for both PM Go(k) = [1+ g°E° (k)| g 18
and AF solutions.3”3° For the present trimer expansion, (k) =1 +&"E7(k)] "8, (18)
we assume that the hole propagates on an effective lattice with
composed by two kinds of trimers: one having an integer "
number ng of holes and another with ng + 1 holes. The Qk et O_k
concentrations of both trimer species are functions of the E°(k)=t| e (_)k —e e |, (19)
average number n of holes per trimer, with ng < n < 0 —ett=" 0
ng + 1. Here we choose a simple, smooth interpolation X )
between ng and ng + 1: where a is the lattice parameter.
From the inverse transformation,
(0) (1) :
(1 —n)gyy +ngyy ifo<n<1,
oo = G (i3 ) = Z G (k)e™*aRia) - (20)
(2- n)gl(,;,) +(n—- )g,(,:,) ifl<n<2,
(13) . .
we obtain the local Green functions
where b,b' = a,d, or c. Fractional values of n would be
more properly described if one could increase the size of 9= / (21)
the basic cluster. 2” —= y/P(cosy)’
The remaining one-particle term, Vjoo, in (1) is in-
cluded by assuming Dyson-like equations for the lattice 1 x a, + as cos
Green functions Gg, (ia; j3) describing the propagation G, = 4 T8 y (22)
of an electron from site b’ of a given trimer (j3) to site b v (cosy)
of trimer ({a). Taking into account the symmetry of the d
lattice, these equations can be grouped in matrix form as 2™
1 tag cos
Ga(ia;jﬁ) = ‘si.’iaaﬁg;" - gg{T-’-Ga(i +1, a;j:@) :d = d ga;d/‘P(C%y Y (23)
+T4G(i - 1,05 58) — T_G? (i, + 1; jB)
~T_G°(i,a - 1;58)}, (14)  Where
where P(z) = a;2% + azz + a3, (24)
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a1 = 4t%(93,)%, (
az = —4tgg,[1 - 2t*gaa(93, + 92.)], (
az =1 — 4t?g3,a4, (
as = g3, +t%(92, + 93.) s, (28)
as = —2tgad(9gs + 9ac)s (
ag = 2(954)* + 93a(95. — 9%.)- (

The local densities of states (LDOS) p(w) on Cu and
O sites, shown in Figs. 2, 3, and 4 for n = 0, 1, and
2, respectively, arise from the imaginary part of these
Green functions, which we obtain by numerical integra-
tion of Egs. (21) and (22). We have chosen the param-
eter values A = 2.6t, U, = 4.6t, and Uy = 9.8t. The
energy w is given in units of ¢ and measured with respect
to A/2. The arrows mark the position of the chemi-
cal potential. The different bands originating from the
one-particle energy levels of the CuQ; trimer have typi-
cal low-dimensional shape, with logarithmic singularities
and sharp band edges leading to well-defined gaps.

In the absence of correlation, the densities of states in
Fig. 2 would be filled in a rigid band way. In addition
to the hybridized bonding and antibonding bands, there
is an oxygen nonbonding band at w = A/2. Each one of
these bands can accommodate up to 2.00 holes. The CT
gap E, conserves its atomic value A.

By comparing Fig. 3 to the spectral functions ob-
tained from exact diagonalization on a CuyO;3 cluster,3
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FIG. 2. LDOS on Cu and O sites for n = 0 in the PM
phase. Units and parameters are specified in the text.
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the position of the chemical potential.
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T0.0 0.5 1.0 15 2.0
n
FIG. 5. Chemical potential x in the PM (dashed) and AF
(solid) phases as a function of the total number n of holes per
trimer.

where slightly different parameter values were employed,
we find good agreement in the position of the bands. We
observe that E, is reduced by the presence of the band at
w = 0.7t, with predominantly O character, which corre-
sponds to the Zhang-Rice singlet band.34:31:1° Indeed, in
our treatment, this band originates from the transition
between the trimer’s ground state of one particle (|1, 10))
and the lowest energy state of two particles (|2,1)). In
the large U, (and Uy) limit,
1
75 (41} - sldl) o), (31)

12,1) = 73

where

¢! = al —cl). (32)
By direct integration one verifies that the total weight of
the lower band is &~ 1.13, so that the chemical potential
p is clearly located below the CT gap.

------

08 /.

0.6

04 |-

02}

0.0 L= ;
0.0 05 1.0 15 2.0

n
FIG. 6. Hole concentrations on Cu and O sites in the PM
(dashed) and AF (solid) phases, and the staggered magneti-
zation (dotted) as a function of the total number n of holes
per trimer.

lized, practically all doped holes (until the concentration
n = 1.10) would go to the Cu sites.

III. THE ANTIFERROMAGNETIC PHASE

In the AF phase, we define two sublattices, with
g7 = g? for i,j belonging to different sublattices. The
“down spin” trimers (marked by black circles in Fig. 1)
are eliminated by using Eq. (14). In the new lattice
all trimers are equivalent and each one is connected to
eight neighbors (its nearest-neighbor and next-nearest-
neighbor trimers) through renormalized hopping matri-
ces.

We assume that an infinitesimal magnetic field h re-

solves the ground-state degeneracy for n = 1, so that gl(,;,)

is replaced by spin-dependent definitions g,(,ll,,) ?. Follow-
ing the procedure adopted in the nonmagnetic solution,
we obtain

Inspection of Fig. 4 shows that the width of the lower - oo ia1—1 o
band decreases monotonically as n increases, whereas the G?(k) = [1+glES (k)] g7, (33)
width of the ZR singlet band increases. The very narrow where
band at w ~ —2.5¢ arises from the pole E;; — E; 5 (see
Teblel). . gl =[1-g"W] g, (34)
For intermediate values of n, we make use of the in-
terpolation defined in Eq. (13). The dashed line in Fig.
5 gives the chemical potential u (measured from A/2) 934 0 0
as a function of n. The CT gap corresponds to the dis- W= 0 297, 0 |, (35)
continuity at n =~ 1.10. The doping dependence of the 0 0 g3,
hole concentrations on Cu and O orbitals is shown by the
dashed lines in Fig. 6. If the PM phase could be stabi- and
J
0 _gfdeik,a'(l + eikva') ggdeikval
EZ(k) =% | —gleo' (14 e~he) 267 cosk,a!  gleiked (14eihe) | (36)
ggde—ihya' gfdeik,a'(l +e—ik,,a') 0
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with @’ = av/2.
We can write the following expressions for the local
Green functions:

1
a4 = 7C (Moo + ALTL), (37)
Gga = **' + —_— (/\0[0 + /\1I1 + /\2.[2) s (38)
and
o=ty 1 (Aodo + AL + A3 L),  (39)
ad 2g7, " 4mg?,C 0Lo 141 242/,
where

/ Y (T P e S

The new quantities appearing above are defined in the
Appendix.

The first term in Eq. (38) gives rise to the nonbonding
part of the band structure, consisting of a number of §
functions. This term is also present in Eq. (22), although
not explicitly.

The LDOS determine the concentrations (n2), (n2),
and also the Fermi energy that corresponds to the given
n [= Y ((nd) + 2(n2))]. Figure 7 shows the calculated
spectral functions of the undoped system. Comparing
to the PM case in Fig. 3, we observe a narrowing in

1.0
o0 !
05
0.0 .
30 [ ‘
2.0
Cu
10 |
1

LDOS
Q
1l I

05 Cu |

0.0 n . L/ n

40 0.0 40 8.0 2.0

(O]

FIG. 7. LDOS for n = 1.0 in the AF phase for up and down

spin on Cu and O sites.
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the lower band. With the new distribution of spectral
weight among the bands, the Fermi level falls in the CT
gap. Logarthmic singularities are observed at both edges
of this gap.

Figures 8 and 9 illustrate the influence of doping on
the spectral functions for n = 0.95 and n = 1.01. Com-
paring to the stoichiometric LDOS of Fig. 7, we see that
electron doping (Fig. 8) produces a new band inside the
CT gap near the lower band. For hole doping (Fig. 9),
the corresponding band appears at the opposite side of
the CT gap, through the splitting of the ZR band. Thus
the assumption of the interpolation defined in Eq. (13)
produces the same qualitative behavior emerging from
cluster diagonalization.34

The chemical potential y as a function of the total
number of holes per trimer n is shown by the solid line in
Fig. 5. The doping dependence of the Cu(3d) and O(24d)
hole densities and the magnetization on the Cu sites can
be seen in Fig. 6 (solid line). As in the PM phase, doped
electrons prefer the Cu ions, but doped holes go mostly
to O sites.

Although the AF phase is defined in the whole range of
concentrations, we know that magnetic order is destroyed
for a sufficiently large amount of doping. Thus one has
to examine the relative stability of the two phases we
are considering. The internal energy per unit cell can be
calculated through

0.8 0

0.6

0.2

LDOS

20 Cu

0.0

-3.0 "“‘ -2lv -1‘.0 0.0 = 1.0
(O]
FIG. 8. Low energy part of the LDOS for up and down

spin (solid and dashed lines, respectively) on Cu and O sites
in the AF phase for n = 0.95.
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FIG. 9. Same as in Fig. 8 but for n = 1.01.

1 [
E= 3 / dwp(w)w — 4t Z(a:-'adg,,) + Lun + An?,
—oo -

(41)
where p(w) is the total LDOS of the trimer, and

mn
(a:-'adg,) = —111_/ dwImGZ4(w + i6). (42)
An equivalent expression for the one-band Hubbard

0.6

02

-0.2

-0.6

0.0 0.5 1.0 1.5 2.0

FIG. 10. Internal energy per trimer as a function of the
hole number in the PM (dashed) and AF (solid) phases.
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model has been utilized in Ref. 40, where the derivation
is indicated.

Figure 10 shows the energy E as a function of n. One
can see that the AF phase is stable between n ~ 0.70
and n = 1.02. The stoichiometric concentration n = 1.00
corresponds to a local minimum of E(n). In the region
where the two curves coincide, the PM phase should be
stable, because one can no longer justify the introduction
of the infinitesimal magnetic field h that gave rise to the
AF phase.

IV. CONCLUSION

An approximate Green function formalism has been
developed for the three-band Hubbard model. The
Hamiltonian is divided in such a way that it preserves
in the unperturbed part, i.e., inside the trimers, part of
the competition between local correlations and itineracy.

The emerging physical picture is the following: as par-
ticles fill the band structure shown in Fig. 2, its shape
is continuously changed (Figs. 3 and 4) in order to ac-
count for the Coulomb repulsions U, and Ug. One can
identify the presence of the Zhang-Rice singlet band near
the top of the CT gap. In the PM phase, this gap is only
crossed by the chemical potential for n = 1.10, as indi-
cated by the jump of u(n) in Fig. 5 (dashed line). The
insulating character of the stoichiometric compound is
verified in the AF phase (solid line), where the discon-
tinuity is shifted to n = 1.00. With reference to the
stoichiometric densities of states in Fig. 7, one observes
that in-gap bands are formed upon carrier doping. For a
larger amount of doping, these bands eventually collapse
with the nearest ones, assuming the form of Figs. 2 and
4 (for electron and hole doping, respectively).

There is an intrinsic asymmetry between electron and
hole doping. The critical concentrations for the disrup-
tion of antiferromagnetic order are n = 1.02 for hole
doping and n = 0.70 for electron doping. For electron
doping, it is interesting to note that, in the range of con-
centrations n = 0.70 to n =~ 0.97, the chemical potential
is not located at the gap states but near the singular-
ity in the lower band, as illustrated in Fig. 8. In the
AF phase, doped holes prefer the O sites, in contradis-
tinction to what occurs in the PM phase. It is worth
remarking that the critical concentrations are sensitive
to the interpolation scheme adopted [Eq. (13)], and thus
constitute an estimate for the model. An improvement
can be achieved by introducing variational parameters
for the concentrations of the two trimer species which
minimize the internal energy.

" The important role of the direct hopping t,, between
nearest-neighbor oxygen ions has been put into evidence
in Ref. 23. One predictable effect of its inclusion in our
model Hamiltonian is to produce a broadening of the §
functions appearing in the nonbonding part of the LDOS,
with a corresponding decrease in the magnitude of the
CT gap. The introduction of the Coulomb repulsion Ug,
between neighboring copper and oxygen ions can also be
explored by the present technique in the search for an
electronic local pairing mechanism.
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APPENDIX

In Egs. (38-40), we make use of

Ao =24" — g7 A, (A1)
A =2B' — ¢ B, (A2)
A2 = —g%C, (A3)
Ao = 917 +t*(952)%9%° [2(923) + 953977, (A4)
N =2t%9%, [(929)* + 922933 ) » (A5)

A=1+4t%932)% [(927)% — 929933 — t*(9%a) 977 9™°
+4t°(924) 922977 [2(923)* + 9239771 , (A9)
B = 2t*(93795. + 93a9a0) + 2t* [2(923)* + 93397°)
x {2(954)% + t*9329% [2(9%2)% + 9%.9%4] }» (A10)

C = 4at* [(929) + 922 9ad] [(922)° + 95c9%4) »  (AlD)
D = —4t’g;3974 (1 +t°922957] (A12)
A= g7 + 264977 (954)° [2(929) + 9339%°],  (A13)
B'= A"~ 937 - 2t* [(:9)” — 9a09u3] » (A14)
F =2(g24)" + 93297, (A15)
9+ = Jac % Gaa, (A16)
and 7, s, u, and v are the roots of
P' = [Cz*+ (B + D)z + (A+ D)]
x [C2® + (B~ D)z + (A - D)]. (A17)
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