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The g-state Potts model in a random field with a discrete distribution of statistically independent
fields ordered along any of the g states is studied in mean-field theory. Detailed phase diagrams are
obtained in a two-component order-parameter theory for ¢ =3 and a one-component theory for
general g. Lines of critical and tricritical points are found in the first case and lines of critical points
in the second one, in the presence of a sufficiently large, constant uniform field.

I. INTRODUCTION

The order of the phase transition of the g-state Potts
model' has already been a subject of great interest for
some time.?>”® A Landau expansion of the free energy in
mean-field theory, which is exact in the limit of dimen-
sion d — 0, yields a first-order phase transition for ¢ >2
in all d. In contrast, a strong d dependence of the order
of the phase transition follows from exact work in two di-
mensions,® a 1/q expansion in three dimensions,* and
various renormalization-group calculations.’> A continu-
ous transition, for short-range ‘“‘ferromagnetic” interac-
tions, follows if g cho(d ), while the transition is of first
order otherwise. The critical value ¢2(d) varies in the
range 2 <¢%d) < « between the upper critical dimension
d,=4 and d—>17, in what seems to be a monotonic de-
creasing behavior with d.

The g-state Potts model in a quenched random field
that couples linearly to the order parameter has been
studied in recent works.®’ Explicit calculations on the
mean-field free energy in terms of a one-component order
parameter yield a first-order phase transition between a
ferromagnetic and a paramagnetic phase for all g. An at-
tempt to obtain a changeover to a second-order phase
transition at a tricritical point, in a Landau expansion for
the free energy, failed so far, independently of the form of
the distribution function for the random field.’

Thus the situation for the general g-state Potts model
in a random field seems to be different from that in the Is-
ing model.®® Indeed, depending on some general
features of the distribution function for the random field,
the second-order phase transition for the Ising model
may become of first order at a tricritical point.

It is not known whether or not a random field increases
the tendency towards a first-order phase transition in the
g (> 2)-state Potts model. The mean-field theory results
referred to above,®’ in the presence of a random field,
may be mainly a manifestation of the first-order transi-
tion already present without a random field.’

An argument based on dimensional reduction!® has
been used to suggest that fluctuations may turn the first-
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order phase transition for the three- and four-state Potts
models in a random field into continuous transitions at a
tricritical point.” However, a rigorous proof on the two-
dimensional Ising model'! in a random field shows that
dimensional reduction in the usual sense (with the same
shift everywhere between the upper and lower critical di-
mensions) does not hold for the Ising model. The same
conclusion is expected to apply to other discrete symme-
try models as the Potts model.

The purpose of the present paper is to investigate,
within mean-field theory, the tendency towards ordering
via a first-order or a continuous phase transition for the
g-state Potts model in a random field. We do this by in-
troducing a constant uniform field and consider either a
one-component order-parameter theory for general g or a
two-component theory for g =3.

Mean-field theory with a two-component order param-
eter for the three-state Potts model is known to yield a
changeover from a first-order to a continuous phase tran-
sition at a tricritical point, in the absence of a random
field.'? All that is needed is a sufficiently large uniform
field, as shown schematically in Fig. 1(a).

If a random field with an appropriate distribution
favors a first-order transition in a system with discrete
symmetry, as the available results on the Ising model in a
random field seem to indicate, with the appearance of a
tricritical point, then one may ask (a) what occurs with
the tricritical point already present in the Potts model,
and (b) can there be a second tricritical point at which
the continuous phase transition changes back to a first-
order transition, for sufficiently large random field, as
shown in Fig. 1(b)? A phase diagram with two tricritical
points, where a first-order transition becomes continuous
and then returns to first order was discussed in the con-
text of fluctuation-induced transitions not long ago. '3

‘"The restriction to a single order-parameter mean-field
theory for general g is only for simplicity. Although
there is no tricritical point in this case, there is a critical
point in finite uniform field, as will be shown here.

In Sec. II we present the model and in Sec. III we
derive the two versions of mean-field theory: that with a
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FIG. 1. Mean-field phase diagram, described in Sec. IV, for
the three-state Potts model in a constant uniform field h°, with
K =pBJ and 1 °=—h°/V'6J (Sec. II). Heavy lines indicate first-
order transitions and dashed lines continuous transitions. Criti-
cal and tricritical points (CP and TCP) appear (a) and one may
speculate on a second TCP, (b) in a large random field.

one-component order parameter for all ¢ and with a two-
component order parameter for ¢ =3. The phase dia-
grams that yield lines of critical and tricritical points for
the three-state model are established in Sec. IV, while
further results for general g are studied in Sec. V, in par-
ticular the limit ¢g— . We end with concluding re-
marks in Sec. VI.

II. THE MODEL IN A RANDOM FIELD

The g-state Potts model in a uniform and a random
field, h° and h;, respectively, on the sites 1 <i =N of a d-
dimensional lattice is defined here in the standard repre-
sentation by the Hamiltonian

Wz—%zJijSi'Sj—ho'ESi*'Ehi'si ’ (2.1)
ij i i

with the “spins’’ S; that can be in g states which are the

vectors af={ag(i)}, 1<a<qg and 1=k =g —1, to the

vertices of a hypertetrahedron in ¢ —1 dimensions. Thus

we write

H=—13 J,ata)—h% 3 at— 3 hl}-at, 2.2)
ij i i

with both fields taken along the Potts vectors a® to

preserve the permutational symmetry of the model.

Specifically, we take
hO: h 03.1
(2.3)
h}=hst, 1<A<gq,

where h° is assumed to remain constant, and 7 is
quenched to one of the Potts vectors at each site.
Taking further'*

7133
0 ifa<k
X 172
q— . _
—4 if a=k (2.4)
a[ge: q*k‘i‘l‘
X 1/2 )
9=k Tl i ask
qg—k+1 q—k if @ ’

where the site dependence has been suppressed for simpli-
city, and which satisfy the relationships

q
> agaf=8y ,

Popn
q—1
2 a,f‘a,g=8aﬂ l/q ’ (2.5)
k=1
q
ag=0,
a=1
we have for the three-state model
al=2/v6, ai=0,
at=—1/v6, a3=1/vV2, (2.6)
3

ai=—1/vV6, a3=1/V2.

Although the representation used here in Eq. (2.2)
differs from the more usual one®%’ in which

ﬁz—%EJij(qaki’lj_1)_h02(q87‘i71—1)
ij i

- Ezhia(qaa,oi_l) ’ (27)
1 a

where A; is a spinlike variable taking ¢ values, which may
be chosen as the g roots of unity, the results that will be
presented in the following sections turn out to be the
same. Also, infinite range interactions J, i =J /N, for all i
and j, will be taken in this work so that mean-field theory
becomes exact.

We consider a statistically independent distribution of
random fields on each site, neglecting correlations be-
tween different sites, so that P{h™i)}= [], p{h"()}.
Keeping the magnitude 2 of the random field fixed and
assigning the same probability 1 /g to a field along each of
the g vectors we have

Afs 1 il As .
pihM}=— 3 8(h™i)—hH(i)) . (2.8)
9 =1
For the three-state model Eq. (2.6) yields
Mol 1__2 1
p{h"} 3 6|h1 \/Eh 8(hy)
+8 R+ —=h |6 |n3——=n
' ve )
+8 |hi+—1n s |n3+—n (2.9)
1 \/_6 2 ‘/z ’ .

where, for simplicity, the site dependence has been
suppressed.
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In contrast to the discrete distribution used here,
which averages over orientations of the random field, a
Gaussian distribution that averages over the magnitude
has also been considered in previous works.%? Although
more complicated to deal with, it reproduces basically
the results of the discrete distribution. We comment
more on this point below.

The average free energy per spin f,

Bf = A}im (BF/N) (2.10)
in which 8=1/kyzT, follows from
—BF=(InZ),,
= 3 P{h}}InZ{h}} 2.11)
(n})

as the random-field average of the logarithm of the parti-
tion function

Z{h}} = Tr exp(

(o'

—B7H{a ) , (2.12)

in accordance with the standard procedure for quenched
J
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random fields. The trace is taken over the vectors a*,
keeping the 7/ in Eq. (2.3) fixed.

In the next section we proceed with the calculation of
F in mean-field theory.

III. MEAN-FIELD THEORY

The partition function, Eq. (2.12), for the Hamiltonian
given by Eq. (2.2) may be written by means of a Gaussian
integration as

Z{HN=T
[ [aﬂr; f 1/21T/NK

NKm
2

2
Xexp +K > m-a¥
i

+H’ 3 a*+ 3 HMat | (3.1)
i i

in which m is a (¢ — 1)-dimensional vector of components

m*, while K =3J, H°=ph° and H,)-‘=[J’hf~“. Recognizing

that the last three terms in the exponential involve only

single-site terms, we have

dm* NKm?
= —=————exp |— +N InTr exp[(Km+H’+H")-a* 3.2)
J 117578k P 2 (] Pl ]
For large N, the integral may be done by steepest des- F o= —(Jm~+h+h")-a* . (3.7)

cent. Keeping only the contribution at the saddle point
we obtain, up to a trivial additive constant,

1 +,_ Km? 0L vk
——InZ{H"}=————In Tr exp[(Km+H"+H")-a*] .
N 2 {ak]

(3.3)

The mean-field free energy that follows from Egs.
(2.10) and (2.11) is now given by

Bf——— In Tr exp[(Km+H’+H")-a"]| , (3.4

{aH}] av

where the order parameter m is determined by the equa-
tions 3f /dm *=0 which yield

m=({a")),, . : (3.5)
The thermal average is given here by

(a")= Tr [a*exp( —BH.z)]/ Tr exp(
{a"}

fa¥}

_Bﬂcﬂ') (3.6)

in terms of the effective Hamiltonian
J

So far, m is a (¢ —1)-dimensional order parameter.
The study of the phase diagram for general g can be con-
siderably simplified by the replacement with a one-
component order parameter, as done in recent work.%’
Here we deal with both, a one-component theory for gen-
eral g and a two-component theory for g =3.

A. One-component theory
We consider the order-parameter variable
m=mal (3.8)

along the external field h° [cf. Eq. (2.3)]. This is a one-
component order parameter, as can be seen from Eq.
(2.4), with m determined by 9f /9m =0.

The random-field-averaged free energy, Eq. (3.4), be-
comes

_ Km?
Bf= 5

where H*=pBh°, H =ph, and

—G(m,HH) , (3.9)

G (m,H° H)= (1/g)In{exp[(g —1)(A +B)]+(g —l)exp[ —( 4 +B)]}

+[(g —1)/q]In{exp[(g —1) A —B]+exp[— 4 +(qg —1)B]+(q —2)exp[— (A4 +B)]} ,

in which
A=(Km+H%/q ,
B=H/q .

(3.11)

(3.10)

[
For the order parameter we find

e 1
= — . (3.12)
" ed1+e?B+q—2 explg(4+B)]+qg—1
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Equation (3.10) may be expanded in powers of m to ob-
tain the Landau expansion for the free energy. We do
not- pursue . this here since such a form in a one-
component theory has not proven to be very useful. In-
stead, the equations presented here are used below to ob-
tain analytical and numerical results for the phase dia-
grams with general q.

B. Two-component theory for the three-state model

For ¢ =3, m=(m,m,) has two components. Noting
that HO-a*=H ", with h° given by Eq. (2.3), it is con-
venient to replace m, in Eq. (3.3) by m, + H°/K. Calcu-
lating the trace, with the explicit representation for a*
given by Eq. (2.6), and performing the random-field aver-
age, Eq. (2.11), with the discrete distribution of Eq. (2.9)
yields

Bf=12<—[(m1—H°/K)+m§]-—§ln“Ii[l T,(m,H)
(3.13)
where
T, = exp[2K (s, +h /3)]+exp[—K (s, —s, +h /3)]
+exp[—K (s, +s,+h/3)],
T,= exp[K (25, —h /3)]+exp[ —K (s, —s, —2k /3)]
+exp[—K (s;+s,+h/3)], (3.14)
T,=exp[K(2s,—h /3)]+exp[—K (s, —s, +h /3)]
+exp[—K (s, +s,—2h/3)],
in which
s1=m/V6, s,=my/V2, h=h/J . (3.15)

The two components, m,; and m,, are determined by the
equations df /dm ;=3f /0m,=0.

The Landau expansion for the free energy in the
present, two-component theory, truncated at fourth or-
der, becomes

Bf=Fy+ir(mi+m3)—w(m}—3mm3)

+u(m?+mi)’—Hm, , (3.16)
with the coefficients given by
Fo=—In(e?#3+2¢ " H3)+(H)? /2K , 3.17
r=K[1—-K(1—7%/3], (3.18)
w= lf‘jg(l—ﬂz(lﬂﬂ : (3.19)
u=K—4(l—‘r)(l+T—2T2—6‘r3) , (3.20)
144
in which
r=(e2H3— o ~H3y y(2H/3 4 2o —H/3) (3.21)

is a monotonically increasing function of H, so that
0=7=1for0<H< .
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As in Ref. 7, u is a decreasing function of 7 which be-
comes negative when 72 7* =0.542. In that case at least
the sixth-order terms in the free energy will be needed for
stability. In order to avoid this problem, and mainly be-
cause the Landau expansion is rather inaccurate even for
small random fields. As will be pointed out below, we
keep in the following the exact mean-field theory given by
Egs. (3.13)-(3.15).

IV. PHASE DIAGRAMS
FOR THE THREE-STATE MODEL

The most interesting features of the phase diagram for
the three-state Potts model follow from the two-
component theory. As shown in Fig. 1(a), in the absence
of a random field, there is a disordered phase I in which
m,;#0 and m,=0 but m, -0 as H°—0; an ordered
phase II where m ;=0 and m, =0 but m ;-0 as H°—0,
and an ordered phase III where m ;540 and m,5£0. The
“order parameter” along the first-order line between
phases I and II is the discontinuity of m, which vanishes
at the Ising critical point CP, with a nonzero magnetiza-
tion m,.. The discontinuities in both m; and m, along
the first-order I-III phase boundary vanish at a “normal”
tricritical point TCP and along the second-order I-III
phase boundary. 1°

The reason for the Ising critical behavior on the first-
order I-II phase boundary is that in a negative uniform
field the g-state Potts model has the symmetry of the
(g —1)-state Potts model.

We consider first phases I and II, where m,=0.
Defining

hO=—n/veJ 4.1)

and with A given in Eq. (3.15), we find the surface of
first-order I-II transitions. The projection on the plane
h °=0, shown in Fig. 2, is also the surface of first-order
II-I11 transitions, the two phases lying on opposite sides
of the plane of the figure. The curve shown is the I-II
phase boundary also found by Nishimori.®

Consider next the phase diagram for nonzero # °.
Defining

3Ks I
=e¢ !, g=ekt,

(4.2)

0.5

1
0 05 7

FIG. 2. Projection on the plane 4 °=0 of the phase diagram
@r the three-state Potts model in a random field A, where
h=h/J, in mean-field theory.
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FIG. 3. Projection on the plane # °=0 of the line of critical
points for the three-state Potts model in a random field A =h /J,
in mean-field theory.

where s, is given in Eq. (3.15) and Kh=H, we find the
line of critical points shown in Figs. 3 and 4, ending the
surface of first-order I-II transitions, and given by the
equations

o(x,a)=0, d¢(x,a)/dx =0, 4.3)
" in which
¢(x,a)=1/Kx —(a+1)/(a +1+x)*—a/(ax +2)* .
(4.4)

These are to be combined with the order parameter deter-
mined by Eq. (3.12).

Note that, except in the region of small fields, a larger
constant uniform field is needed to reach a critical point

the larger the size of the random field. This is what one |
would expect, if the role of the random field is to push the

system deeper into the first-order transition region al-
ready present in the three-state Potts model.

It is also reasonable to expect that a small random field
would first slightly smooth out the discontinuity in the
magnetization at the boundary of first-order transitions,
with a consequent decrease of the constant uniform field
needed to reach a critical point, as shown in the inset of
Fig. 4.

70 <l
-h c 10
10
7210’
C
05 0.0330
0.0329
ot
0 0.2
0 | !
05 1.0 h

FIG. 4. Projection on the plane K ~!'=0 of the critical line
for the thrt_:_e-stat_e_ Potts model in a random and constant uni-
form field, 4 and 4 °.
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Note also, incidentally, that the critical point in zero
random field, given here by Kc"’=% and
h%=—3.3X10"% in the full mean-field theory differs
considerably from the result K. '=Z  and
h%=—6.2X1073 that follows from the Landau expan-
sion to fourth order. Even larger discrepancies start to
appear when 2 S0.5.

Before presenting the results for the tricritical line, it is
interesting to discuss the zero-temperature behavior of all
three phase boundaries, shown in Fig. 5. In phase I the
free energy f, Eq. (3.13), and the order parameter are

given by
f‘—:—%(ho)zj_l—‘%-h ,

. 4.5)
my=h"/J, m,=0.
In phase II,
=R - 2oy
V6
5 (4.6)
m1=h°/J+‘/—_6, m,=0,
and the I-II phase boundary is given by
h=—h/3+1. @.7)

There are two solutions in phase III involving the two
components of the order parameter m, and m,. In re-
gion A, to the right of & =2, the stable free energy and
the corresponding order parameter are given by

1, 1
f=—4n% ‘+—V—Eh°—§h -1,

4.8)
B ‘
Ve’ V2
In region B, to the left of h =%, the more stable free ener-
gy and the order parameter are, instead,

m,=h/J— m,=

iy 1
==+ —=h"~1J,

v
! 6 ! (4.9)
= 0 —_—— = —_—
m,=h"/J e m, V5
EO
05
B A
I
I
0 05 /3 h
I
-05k

FIG. 5. Zero-temperature behavior of the phase boundaries
of first-order transitions for the three-state Potts model in a ran-
dom and a constant uniform field, # and & °, discussed in Sec.
Iv.
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with the same free energy on the line 2 =2. As the tem-
perature increases we expect the discontinuity in m,
within phase III to disappear,

Accordingly, the zero-temperature I-III phase bound-
ary has two parts. An upper one is given by

h°=h/3—1 4.10)
and a lower one by

h°=2h/3—1 @.11)
This one ends on the phase boundary 0, h< 1, be-

tween phases II and III.

We consider next the tricritical line that ends the first-
order I-III phase boundary. If the break in the slope of
the phase boundary has a persistence to higher tempera-
ture, one should expect a crossover in the rate of growth
of h ° with 7 on the tricritical line, and that is precisely
what follows from our mean-field calculations that we
outline next, as shown in Fig. 6.

Since s,, Eq. (3.15), vanishes at the tricritical point and
on the part of continuous transitions on the I-III phase
boundary, a more transparent but still exact mean-field
free energy, asymptotically close to the continuous transi-
tion, may be obtained expanding in powers of s, to yield

f=

In%x +—( 1+ 6k %)Inx +§11—(-lna +Bg(a,x)

3K2
+B,(a,x)s3+B,(a,x)s5 , (4.12)
in terms of x and a defined in Eq. (4.2), and where
Bo(a,x)=—3iK1n[<ax +2)a+x+1)7], (4.13)
K 1 (@ +1)x +4a
B,(a,x)=1—— —+ , (4.14)
2 3 |ax+2  (a+x+1)?
AT
00170

0 ' L
05 10 h

FIG. 6. Projection on the plane K ~'=0 of the tricritical line
for the three-state Potts model in a random, constant, uniform
field, # and 4 °. Note that small initial dip in the inset and the
crossover to the high-temperature extension of the phase
boundary I- 4 in Fig. 5, for larger .
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B(ax)=—K—3 ax—4 _ A(a,x)
A 36 | (ax +2)? (a+x+1)* |’

Aa,x)= (14+a)x>—4(a —1)*x?
+[1+a*—13a(1+a)]x +16a(a’—4a +1) .

(4.15)

The surface of continuous transitions on the I-III
phase boundary is given by

B,(a,x)=0 (4.16)

%lnx +1+6h °+3KxB{(a,x)=0 (4.17)

where Bj=dB,/dx. The tricritical line follows from
Egs. (4.16) and (4.17) together with

2 —
W(l—lnx)_ 5 (1+6h,)
+B( )——————[Blz(a””]2 =0, (4.18)
0T B (a,x) ’ '

in which Bl =d?B,/dx? and B, =dB, /dx. For the tri-
critical point in zero random field we find -
Ki'=%, hy=4IInlI-1),

182 4

(4.19)

which again differs considerably from the tricritical point
K;'=2, h %=1 obtained in the Landau expansion for
the free energy, 1n both s, and s,.

The small initial drop in the constant uniform field on
the line of tricritical points and the further increase with
a larger random field again follows the expected behavior
discussed above, as shown in Fig. 6.

To explore next if there is a second tricritical point for
sufficiently large A, at which the phase transition on the
I-IIT boundary changes back from a continuous to a
first-order transition, consider the limit % — o. In this
case there are two possibilities: (i) x remains finite, which
means from Egs. (4.16) and (4.17) that the I-III boundary
of continuous transitions, if present at all, must shrink to
a point at T'=0. However, the zero-temperature analysis
that yields only first-order transitions eliminates this pos-
sibility. Otherwise, (ii) x —0 such th?t ax remains finite,

p—

and we consider this next If so, K7 = Z is the limiting

nonzero value of K7 ! with which the curve in Fig. 7 has
K7

05

F-

@

(@)

L 1
05 10 h
FIG. 7. Projection on the plane 4 °=0 of the line of tricriti-

cal points for the three-state Potts model in a random field
=h /J, in mean-field theory.
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been plotted. One also finds that & 3=k /3, as h — .
Combined with the monotonic behavior of % %(%), at the
larger values of i, shown in Fig. 6, together with the fact
that both the uniform and the random field couple linear-
ly to the Potts vectors in the Hamiltonian of the model,
we infer that & § 9.(h) is never a two-valued function of %,
excluding therefore a second tricritical point.

V. RESULTS FOR GENERAL ¢

We extend here the work of Nishimori,® in a one-

component mean-field theory, to include the effects of a
constant uniform field. '

The phase transition in only a random field is known to
be of first order for all ¢ >2. The addition of a uniform
field yields a line of critical points for the three-state
Potts model, if the uniform field is larger than a threshold
value which depends on the random field as shown in Fig.
4. Due to the small dip in the curve (which may be ex-
pected to become smaller for larger g) the value of |4 9|
at h =0 is a good approximation to the minimum thresh-
old. This is used to find out if there is a critical point for
general ¢ when there is a finite minimum threshold for
the constant uniform field.

Figure 8 shows that there is always a finite |#2], for
any finite g, but that for very large g the minimum
threshold becomes asymptotically large. This is neces-
sary to invert the strong tendency towards a first-order
transition for large g, already present in the model in the
absence of a random field.

We are interested next in the behavior of the infinite
state model, also considered by Nishimori.® It is con-
venient to take

fo= lim f/Ing (5.1)
q—»m

and to define
K=K /Inq, h°=h°/J , (5.2)

in which K =pJ, together with & =h /J introduced be-
fore. Equations (3.9) and (3.10) yield then

fo=31Km?— lim In(g*' Rim+7% 4 0Khi0)/Ing .

g— ©

(5.3)

-l

(ho)

100

1 ] 1 |
0. 0.2 /3 04 q

FIG. 8. Critical constant uniform field for the g-state Potts
model as a function of g, in mean-field theory.
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Depending on which of the terms in the first natural
log argument dominates, one finds one of three phases.

A “ferromagnetic” phase exists when m +hO
>sup(%,K 1), where
fo=—3K—KK" m=1. (5.4)

A paramagnetlc phase (para I, in Nishimori’s notation)
exists when & >sup(m +h %, K ~!), with

fo=—Kh, m=0, (5.5)

and a second paramagnetlc phase
K “'>sup(m +h O k) with

fo="—1, (5.6)

It follows from Egs. (5.4)-(5.6) that, as in the absence
of a nonrandom uniform field, there are three phase
boundaries of first-order transitions, as shown in Fig. 9.
For a given strength of the random field, the ferromag-
netic phase occurs only for a sufficiently large additional
nonrandom field.

Although there is no true spin-glass order in a random
field, ® the paramagnetic phases may be distinguished by a
spin-glass order parameter defined as

=({a*)-(a")). (5.7)

Explicit calculation in the limit g — o yields ©Q =1 when
K h>1 (the para. I phase) while Q =0 if K & <1 (the
para. II phase), regardless of the size of the uniform field
h° We also found that Q=1 in the ferromagnetlc
phase These results agree with those of Nishimori® when
h°=0.

(para. II) for

m=0.

V1. SUMMARY AND CONCLUDING REMARKS

We have obtained a number of new results about the
phase diagrams for the g-state Potts model in a random
field, within mean-field theory, with an additional non-
random uniform field. Lines of critical and tricritical
points are obtained for the three-state model in a two-
component order-parameter theory, while only lines of
critical points follow for general g (other than two) in a
one-component order-parameter theory.

We find that there is a clear increase in the tendency to

para 1(1/2)

ferro (1/72)

para_ 1(0)

12 para, 1 (1/2)

ferro (1/2)

ferro(0) | PTC- 1(0)

172 1 g
FIG. 9. Mean-field phase diagrams for the infinite-state Potts
model in a random field for zero or finite normalized uniform

tr,ld A °, the values of which are in parentheses and where
K=K /Ing.
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order via a first-order phase transition for the g(>2)-
state Potts model, due to the presence of the random field
beyond small values, and that the first-order transition
ends either at a line of critical and tricritical points in the
presence of a sufficiently large nonrandom field. It is also
interesting to note, as we find here, that a small random
field reduces the magnitude of the necessary critical or
tricritical nonrandom field. The initial effect of the ran-
dom field is thus to reduce the discontinuity in the mag-
netization at the boundary of first-order phase transi-
tions.

There are two comments concerning the random-field
distribution. The first one is that we only considered a
statistically independent distribution of random fields, in
which there is no correlation between the random fields
at different sites. Although this is a limitation, it is a con-
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sistent one with the usual mean-field theory employed in
this work in which the same saddle point is taken for all
sites. Second, we considered a discrete distribution of
random fields which preserves the permutational symme-
try of the model and we averaged over the orientations of
the random field. Such a distribution is expected to
enhance most clearly a first-order transition, guided by
what one knows on the Ising model.?
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