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ESTIMATES FOR SOME KAKEYA-TYPE MAXIMAL OPERATORS

JOSE BARRIONUEVO

ABSTRACT. We use an abstract version of a theorem of Kolmogorov-Seliverstov-
Paley to obtain sharp L2 estimates for maximal operators of the form:

1
#zfl0)= s o /S [fGx =yl dy.

We consider the cases where & is the class of all rectangles in R” congru-
ent to some dilate of [0, 1]"~! x [0, N~!]; the class congruent to dilates of
[0, N=11"=1 x [0, 1]; and, in RZ?, the class of all rectangles with longest side
parallel to a particular countable set of directions that include the lacunary and
the uniformly distributed cases.

INTRODUCTION

Let % be a family of bounded open sets in R" containing the origin. For a
locally integrable function f, we define the maximal operator associated to %

by
(0.1) Mz f(x) = sup ~ / (=)l dy.
sez IS| Js

The cases where % is either the family of all rectangles in R” with prescribed
eccentricity or the family of all rectangles having longest side parallel to a given
set of directions, are of particular interest and have been studied by many au-
thors.

The techniques used to prove such theorems are divided into two categories.
One is the use of very delicate geometric arguments, that is, covering lemmas,
and is found in [Cor 1-4, Str 1-2, F]. The other makes use of the Fourier
transform (g-functions, Littlewood-Paley theory) and can be found, for ex-
ample, in [NSW, CDR, and CF]. In this paper we use a variant of a theorem
of Kolmogorov-Seliverstov and Paley to obtain sharp L? estimates for certain
maximal operators that include the ones studied in the above references. Argu-
ments of this type have previously been applied to geometric maximal operators
in [S1, Ha]. In particular, we obtain simpler proofs of some of these results.
We prove the following:

Theorem A. For N > 2, let By denote the class of all rectangles in R" con-
gruent to some dilate of [0, 11"~ x [0, N~1]. For a locally integrable function
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f, let
1

(0.2) Myf(x)= sup — / f0)ldy.
IR] Jx

XEREZN
Then ||My f|lL2@ny < Cu(log N)|| f1l L2wre -

When n = 2, this is Theorem 1 in [Cor 1], which is also a consequence of a
result of Stromberg in [Str 1], both obtained by covering lemma arguments.
We also consider the following more singular operator in R" .

Theorem B. If we let @/N denote the class of all rectangles congruent to some
dilate of [0, 11 x [0, N~']""! and define My as in (0.2) we obtain

(0.3) My fll2@ny < CnNO=2/2(log N)|| £ L2 -

An estimate like (0.3) has also been obtained in [CDR], but our argument is
simpler.

In R? we obtain a stronger result: Let {w;}32, be a lacunary set of directions
in the plane (see §3 for the precise definition) and for a fixed N > 1 and

k=1,...,N,let wy be uniformly distributed directions between w; and
wjy1 . We form the maximal operator
1
(0.4) A f(x) = sup o [ |1)]dy
X€ER |R| R

where the sup is taken over all rectangles in R? with largest sides parallel to
some w;; . We prove

Theorem C. |4y fl|2re) < C(log N)||fl2rey with C independent of N and
f.

By an argument similar to the one in [Cor 1 and Str 1], Cordoba has proved
in [Cor 3] a weak-type (2, 2) inequality for the operator .#y .

The proof of Theorem C contains as consequences, the results in [Str 1, Str
2] treating the lacunary and uniformly distributed case separately. The lacunary
case has also been proved by Stein [S1] for p = 2 using the same ideas and was
extended to 1 < p < oo by Fourier transform methods in [NSW].

Using the trivial L™ estimates, together with the M. Riesz interpolation
theorem, we obtain the L? results for p > 2.

The advantage of the method used here is that the geometry involved in the
proofs is very simple compared with the original covering lemmas arguments.
Also, these covering lemmas only give weak-type (2, 2) estimates and the strong
type inequalities are then obtained by interpolating with cruder estimates for
p < 2. This does not work for Theorem C since there is no L? result for .#y
for p < 2. On the other hand, our method is essentially L?, which is very
restrictive.

The paper is organized as follows:

In §1, using the ideas in [S1], we prove an abstract form of a theorem of
Kolmogorov which will be the general set up for proving the above maximal
theorems. The general idea here is to linearize the operators and then use the
Hilbert space structure of L? to obtain some algebraic inequalities that imply
the boundedness of the maximal operator.
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In §2 we prove some simple estimates for convolutions in R” that contain
all the geometry necessary in the proof of the maximal theorems.

Finally in §3 we, after making some simplifications, apply the results of the
preceding chapters to prove the above theorems.

In the rest of this paper C (or C;, C;,...) will denote a constant not
necessarily the same on each occurrence.

This paper is based on the author’s Ph.D. thesis [B], written at the University
of Rochester under the direction of Allan Greenleaf.

1. THE ABSTRACT SETTING

We will now describe a general method for proving L? estimates for maximal
operators that will be used in §3 to prove Theorems A, B and C. These ideas
were first used by Kolmogorov and Seliverstov (see [KS1, KS2] and also [Z, vol.
II, p. 161]) and later by Paley to establish some results on pointwise convergence
of Fourier series. They were later extended by E. M. Stein to different problems
in harmonic analysis. The following proposition is an abstract form of these
(see also [S1, Ha]). We will, for simplicity, consider only the selfadjoint case
that will be sufficient for our purposes though simple modifications allow one
to treat nonselfadjoint operators.

Proposition 1.1. Let A be a countable set and let {T,},c4 be a family of self-
adjoint linear operators on L2*(S, dx), where (S, dx) is a o-finite measure
space. Suppose that the following conditions hold.

(1) T, are uniformly bounded.

(i) T,f(x) >0 if f(x)>0 forall u.

(iii) If f > 0, then

(11) T/lTl/f(x)SMuT¢(u)f(x)+NuT¢(p)f(x),
a.e. for all u and v where ¢ is a fixed function from A into A and where
My, N, are linear operators on L*(S) satisfying the following estimates

(1.2)

sup M, f(x)|| < M|fllL:
u L2

and

(1.3) sup Ny f(x)|| < NIflra

L?

for some constants M, N .
(iv) For a dense subspace X of L*(S), we have

(1.4) is finite.

sup T, f(x)
u

L2

Then | sup, T, f(X)|l2 < ClIfllL2, where C can be taken to be M + N .
Proof. Write 4 =J2, A; where each A4; is finite and for all i, 4; C 4;;,. We
will first prove the proposition for the finite case. Let m be a positive integer
and let u(x) be any measurable function with values on A,, . By condition (iii)
we have that for any f >0

(1’5) T,u(x)Tuf(-x) < My(x)Tmu)f(x) + N, T¢(/4(x))f(x).
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Since the operators T), are selfadjoint and positive, by taking adjoints on equa-
tion (1.5), we obtain

(1.6) T, T S (%) < Ty M S (X) + Tou0) Ny f(X),

and since f(x) >0, we take v = u(x) and obtain that

(L7) (T /s T f) < (Mg £ > Toue S )+ (N S (%) s Touiny S (%)) -
Let f > 0 be fixed. Given ¢ > 0, we choose u(x) so that

(1.8) (1 +&)Tyx)f(x) > ;él/gn T.f(x).

Then by (1.7), (1.2) and (1.3) we have that if ||f||;. <1
2

<(l+&)(M+N)
L2 L2
for all f € L? with | f]|,2 <1 since (1.9) is independent of u(x). And, since
¢ can be made arbitrarily small, we have that
2

(1.9) sup T, f(x) sup Ty f(x)
HE Am HEAM

(1.10) sup T, f(x)|| <(M+N)

UEAm

sup T f(X)
L2 UeAm 12
If we assume further that f € X, then by (iv)

2
(1.11)

< oo
12

sup T, f(x)
UEAm

< (M+N)|supTuf(x)
L2 K
for feL’NnX and ||f]2<1.

This proves the proposition for the finite case and f € L2 N X. But the
right-hand side of (1.11) is independent of m so that if we let m — oo, we
obtain

(1.12) < (M +N)
L2
for all £ € X with |f||z2 < 1. Since X is dense in L? we have that (1.18)

holds for all f € L? with | f||;2 <1 which is the desired conclusion.

sup 7, f(x)
u

In the rest of the paper, we will be working on R” with the usual Lebesgue
measure.

2. GEOMETRIC CONSIDERATIONS

To estimate 7,7, f, we will need to use some simple properties of convolu-
tions in R”.
The following fact is well known, see [Hor, p. 102].
Proposition 2.1. Let u and v be distributions on R" with compact support.
Then u v is a distribution with compact support and
supp(u * v) C suppu + suppv = {x +y : x € suppu, y € suppv}.

Definition. A set R in R" will be called a rectangle if it is congruent to
[ay, b1l x --- x [a,, by] for some a; and b; with a; < b;, 1 <i<n.
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Definition. Let ¢ be a fixed number satisfying 0 < ¢ < 1. We define %, to
be the class of all rectangles in R” that are symmetric about the origin and
congruent to some dilate of [—1, $]"! x [-£, £]. Similarly we define % to
be the class of all cylinders in R” that are symmetric about the origin and
congruent to some dilate of the cylinder

{x=(x1,...,x,,)eR":xlz+---+x,f_l3%and]x,,|<§}.

An element of %, is a cylinder D centered at the origin with a base of radius
% and height &4 and thus it can be described by the parameter u = (4, 6)
where 6 € S"~! is a normal vector to the base of the cylinder. This association
will be one to one if we identify the points (4, §) and (4, —0) on R* x S"~ !,

Thus, each D € %, will be denoted by D, .

For a given u = (4, 0) let %" denote the class of all rectangles in %, that
are congruent to [—% , ]” Ix[- 2 , 2] and have its largest face perpendicular
to 6.

The following lemma states that, for our purposes, all the rectangles in %}
and D, € & are equivalent.

Lemma 2.2. Let u= (h, 0) and let B} be as above. Then for all R € B} we
have that for all x € R"

C 1 (6
2.1 — X /
(2.1) IDnIXD”( )< IR’XR( ) < Dy |XD (x)
where u' = (Vn—1h, 0) and C, and C, are constants depending only on the

dimension n and not on u or ¢.

The proof is simple and is left to the reader.

Now, let u=(h,0), v=(k,y) andlet R, € B, Ry € B . Let ¢;(x),
9>2(x) be given by

1
(X (x i=1,2.
To estimate ¢; * ¢(x), we have the following easy proposition that we prove
for completeness.
Proposition 2.3. With the above notation, we have that for all x € R"
1
(2.2) @1 % 92(x) < CEXE
where E isarectangle in R" symmetric about the origin congruent to [-% , §1"~!
x [— 2 , 2] with a and b satisfying
(2.3) a= max(2h',2x'), whereh' = (n—1)'2h and k' =(n-1)"k
(2.4) b= max(2ea, dsinfy), whered = min(2h', 2«’).

E is oriented in such a way thq] its largest face is normal to 6 or y according
to whether h > k or k > h. 0y denotes the angle between 6 and y. The
constant C depends only on the dimension n and not on the rectangles R, and
R,.

Proof. We want to estimate

(2.5) @1 * 9a(x) = /R P1(x —y)pa(y)dy.
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By Lemma 2.2 we have that
O N 1
@1(x) % 92(x) < CPr = @ga(x),  where §;(x) = D[P (x),
ul
(2.6) 1 o o
Pa(x) = D, I)(D,()c) with ' = (Vn—-1h,0)= (1, 6),

v’ =( n-— Kay)=(KI’Y)'

There is no loss of generality in assuming that # > k. Then, by changing
coordinates if necessary, we can also assume that 6 = ¢, , that is

Dy ={(X1y..., %) ER" :x2+---+x2_; <h'? and |x,| < eh’/2}.

By applying Lemma 2.2 again, we have that

(2.7) @1 * Pa(x) < Cyy x ya(x)
where
(2.8) W) = a1z (), W(X) = =1z (%)

‘ PUTIR IR T Ry R
where ﬁl is the rgctangle {xeR x5 <HW/2,i=1,...,n—1, and
|xn| < eh’/2} and R, is the rectangle {x e R" : |x;| < k'/2, i=1,...,n—1,
and |x,| < ex’/2} rotated by an angle of 6y about the e, ..., ¢,_-plane,
that is

§2={xeR":|xi|SK’/Zfori=2, 3,...,n—1;
|x1 cosé;) + X, sin @;| <«'/2 and |x, cosé; - X sinéﬂ <ek'/2}.

In order to estimate y; * ¥>(x), we will use the following formula that can
be easily obtained

|Ri N (Ry + x)]
2.9 * / X — —_——
(2.9) w1 x Ya(x )ya(x —y)dy = RiIK]
where |R;| = (h')"e and |R,| = (x')"e.

There are two cases:

Case (i). 2ea > dsinfy: in this case since we assumed /4 > k, we have
4eh’ > 2k’ siné\y . By Proposition 2.1 we have that w; * ¥, will have support
contained in the rectangle £ = {x : |x;| < A’ for i<n-1, |x,| < 2eh’} and
thus |E| = 2"+!1(h')"¢. It is clear from (2.9) that for all x in E we have

Y1 x ya(x) < o -
1T IRy (A)e”
Thus

1
(2.10) w1 * ¥a(x) < 2"+1!E—‘XE(X)-

Case (ii). dsiné;) > 2ea, that is 2x’ siné} > 4eh’ .



ESTIMATES FOR SOME KAKEYA-TYPE MAXIMAL OPERATORS 673

By Proposition 2.1, y; * y, is supported on the rectangle £ = {x € R" :
|xi| <A for i<n—1, |x,| <k’'sinfyp} and |E| = 2"*(h")"~1Kk’'sinfy. By
(2.9) we have that

k"=2(eh')(ex'/ sin 67) 1 _

211 * y2(0) = = 6y |EI"
(2.11) w1 * y2(0) [(Ane][(k)"e] (W)r=1x'sinfy  |E|

And by translating R,, it is clear that the measure of Iﬁl Nn(x+ ﬁz)l cannot
increase so that we have

n+1
(2.12) v *x pa(X) < _2|T| for all x in F.
Thus
(2.13) Wy * Yo (x) < 21 |_}5_|XE(X) for all x e R".

By (2.6), (2.7), (2.10) and (2.13), we have that

(2.14) 01 *x@2(x) < lelle(x) for all x € R”

where C 1is a constant depending only on the dimension n» and E is the
rectangle described in the statement of the proposition.

A similar result holds for some more singular measures on R?: for 42 > 0
and 0 € [F, 2], let u(, 4 be the distribution whose action on test functions
is given by

h
(2.15) u(h,g)(f)=%/ f(tcosB, tsin)dt, feCPR?.
—h

Then we have
Proposition 2.4. If [ € C$°(R?) is nonnegative, then for all (x,y) € R?, we
have that
(i) o) * tee,0) % (X ) < 2Uomax(h,x),0) ¥ f(X, V), oF
(i) wen, o) * U,y * f(x, ) < (4/|EDxE * f(x, ¥)

where E is a rectangle of dimensions 4max(h, k) and 2min(h, k)sin |0 — y|,
symmetric about the origin and with its longest side parallel to 6 or y according
to whether h >k or h<k.

The proof is similar to the preceding one and is left to the reader.
Remark. Since for any rectangle E as above, there exists a parallelogram P
centered at the origin, containing E such that
(a) its longest sides are parallel to the longest sides of E;
(b) the shortest sides of P are parallel to one of the coordinate axis;
(c) |P|<2lE],
we obtained that the conclusion (ii) above can be replaced by

.. 8
(ii") Uh,g) * Upe,y) * (X, ) < e f(x, ).
|P|
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3. PROOF OF THEOREMS

Before we proceed in proving the theorems, we will make some simplifications
in order to apply the results of the preceding paragraphs.

Since Myf = My|f]|, it is enough to prove Theorem A for nonnegative
functions.

For N > 2 fixed, let m be an integer such that 2” < N < 2™*!_ Then if R
is a rectangle in R” containing x congruent to [0, A]*~! x [0, AN~!] where
h > 0 satisfies 2/ < h < 2*! for some i € Z, we have that for all />0

1 1
(3.1) i /R /Wy < Caf + gt ()

where R’ is a rectangle centered at the origin, congruent to [-2¢, 2/]"~1 x
[=2f=m, 2i=™] and with sides parallel to R, that is, R’ belongs to .%,-~ and
has the same orientation as R. Thus R’ = R, with u = (2',0), i € Z,
0 € S"1. Also, by continuity of the Lebesgue integral, we can assume that 6
belongs to a dense countable subset Q of S"~!.

Thus, Theorem A is equivalent to

Theorem A’. Let Q = {w;}jez be a dense countable subset of S"~'. For
u = (i,j) € Z2, let R, be the rectangle in B,-» congruent to [-2',2'] x
[-2i=m, 2i=m] with w; as a normal to its largest face. Define T and T™ by

(3.2) T f(x)= |R Ry * f(x),
(3.3) " f(x) = SgplT,I"f(x)l-
Then

(3.4) 17" fll ey < Com|| fll 2wy -

Proof. By positivity, we only need to prove (3.4) for f>0.

Clearly 7, is a bounded selfadjoint operator on L? and if f(x) >0 ae.
then 7" f(x) > 0 everywhere for all u.

In order to apply the ideas of §1, we need to estimate 7,"7," f(x) for f>0.
Let u=(i, j), v=(k,[), then by Proposition 2.3, we have that

(3.5) TP f(x) < Crgge + /(%)
where C; depends only on the dimension n and E is a rectangle in R”
symmetric about the origin, congruent to [-%, £]"~ I x [—— , %] with a and

b satisfying (2.3) and (2.4) and E is orlented accordmg to the statement
of Proposition 2.3. Thus E is an element of some %,-; where s satisfies
1 <s<m-1 and E is parallel either to R, or R, according to whether
i<k or k<i.Thusif ¢:2Z% — Z? is defined by ¢((i, j)) = (i, j) where ¥
satisfies 2 ~! < (n — 1)1/22/ < 27" | we have that

(3.6) T T f(x) < Ci(Tp f(x) + Tg,,) f(x))

where s = s(u, v) <m-—1. Westill have to eliminate the dependence of s on

4 and v and this is done by summing in s. One has
m—1

(3.7 TrTr f(x) < Cy Z oS (X) + T f(x).
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By repeating the steps on the proof of Proposition 1.1, we obtain
m—1
(3.8) IT™ f132@ny < 2C10 D NTS Sl ey -
s=1

The proof is now completed by induction on m:

m = 1: T! is dominated by the Hardy-Littlewood maximal operator, so
1T fliz < C|fllL2. Suppose that for all s < m we have that ||T5f];. <
Cs||fllz where C is independent of s and f. We can assume that C > C; .
Then by (3.8)

m—1
(3.9) 1T f112. <2C2 Y sllf Nl < C*m?| flle -
s=1
This completes the proof of Theorem A’ and hence of Theorem A.

As a corollary we immediately obtain an improved version of Theorem 1
in [Cor 1]. This was previously obtained by Stromberg in [Str 1] by covering
lemma arguments.

Corollary 3.1. Let
1
My f(x) = sup - [ 1f0)ldy,
XER |R| R

where the sup is taken over all rectangles in R? satisfying

largest side of R N

(3.10) shortest side of R~

Then for all f € L*(R?)
(3.11) | MNSllL2re) < Clog N[ Sl r2(re) -
Proof. This is just the case n =2 of Theorem A.

To prove Theorem B, we first have to introduce some more notation. As in
the statement of Theorem A, let Q = {w;};cz be a countable dense subset of
S7~1 . In order to simplify the argument, we will assume that for each w; € Q,
there exists a wy in Q such that w; is orthogonal to w;. Let m be a positive
integer. For u = (i, j) € Z?,let C, be the cylinder, symmetric about the origin,
congruent to {x = (X1, ..., X,) : =271 < x; <271, (X2 +- -+ x2)12 < 20-m}
and such that its axis is parallel to w; .

Define S f(x) by

(3.12) SPf(x) = ﬁxcﬂ « f(x).

An argument similar to the one preceding Theorem A’ shows that Theorem
B is equivalent to the following.

Theorem B’. With the above notation, let
(3.13) S"f(x)= Sgp 1Sy f(x)].
Then for all f € L*(R"), we have

n=2
(3.14) (1S™ fll L2rey < c2m2 )m”f”LZ(R")'
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Proof. For u = (i, j), let o(u) = (i, k(j)) where w; is orthogonal to wy .
Thus, if 7)) f is defined as in Theorem A’, we have that for all /> 0.

(3.15) Spf(x) <2me=ATm  f(x) a.e. forall ueZ?.

The theorem is then a consequence of the following.
Lemma 3.2. Forall u, v € Z? and f >0 we have

m—1
(3.16) SiSPf(x) < C2"0D Y 7 TR F(6) + TS (%)

s=1

where C is a constant depending only on the dimension, B :Z? — Z? is a fixed
function and ¢ is the function on Z? described above.

Thus applying the reasoning of Proposition 1.1, we obtain from (3.16) that

m—1

(3.17) 1S™ 122 < €270~ ST £l 2oy -

s=1
By Theorem A’, ||T* f||r2re) < Cs forall f € L%(R") satisfying || f]|2rn) <
1. Thus we have
(3.18) ||S’”f||iz(R,,) < C2mn=2m?  for all f with A1l 2mey < 1.
In order to complete the proof, we just need to prove Lemma 3.2.

Proof of Lemma 3.2. The proof is a combination of the ideas in Proposition
2.3 and Theorem A’. Let u = (i, j), v = (k, ) and assume that i > k. By
(3.15) we have that for />0

(3.19) PSR f(x) < 2T S f(x)
where

m = L * m = —1-— *
(3.20) g,(,,)f(X)—lRﬂlxRﬂ f(x) and S§7 f(x)_lCVIXC” f(x)

and after changing coordinates, if necessary we can assume that R, = {x € R":
|xp| < 2i=1 for p<n—1 and |x,| < 2/=1=™} . See the figure for n = 3.
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An argument similar to the one in Proposition 2.3 shows that
C
(3.21) pnSy f(x) < TEXE f(x)
where E is the rectangle {x € R" : |x,| <2’ for p <n—1, |x,| <d} where
d = max(2i-"*1, 2k cosw;e,) . Thus if B(i, j) = (2i, j) we get
(3.22) T, Smf(x) < CTyli) f(x),  where s(u, v) <m—1.
As in Theorem A’, we add in s and get
m—1

(3.23) STSTf(x) < C2MD N T f(x) if P> k.

s=1

The case i < k is obtained by “interchanging” u and v. Note that (3.16)
includes both cases. This finishes the proof of the lemma and of the theorem.

We will now show by examples that the power of log N in Theorem A and
the power of N in Theorem B cannot be improved.

Example A. For N > 1, x = (x1,..., Xx,) in R? let Cy be the “cylinder”
{(xeR": 1<x}+x2<N?,0<x;<N for 2<i<n}.

Let {

Sn(x) = WXCN(X),
then
(3.24) /vl = CN"=272(1og N)'/2.
If x satisfies x? + x3 ~ j2, an easy computation shows that
(3.25) My fn(x) > Cj'logj
and thus
4 (log )2
(326) |IMNfN||iZ(Rn) > CZN"_z———J—_—— ~ N”‘z(logN)3.
j=1

Combining (3.24) and (3.26), we obtain that
(3.27) 1My fvll L2 ey = C(log N)|| full 2wy -
Example B. Let f be the characteristic function of the unit ball in R” so that
||f||L2(Rn) =Cy.

For x in R” satisfying |x| > N, it is easy to see that
(3.28) My f(x) = CN®=D|x|~"
and thus
(3.29) |Myfllz2 > CNO=D12,

The following maximal operator has been considered by Cordoba in [Cor 3].
Let {w jo};‘i , be a lacunary sequence converging to zero, that is, there exists a
number A satisfying 0 < A < 1 and such that

(3.30) Wis1.0

SAQ w1,0=1'
wj,o
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Let N satisfy N> 1,andfor k=0,1,..., N—1,let wj, satisfy
(3.31) Wijp1,0 < Wik S Wj o
and
al; A;
(332) —Ni{kl —'k2l S {w]-kl —wjk2{ S —]élkl — k2|

where A; = w; o —wj;1,0 and g satisfies 0 <a < 1.
For locally integrable f in R? consider the maximal operator

1
(3.33) A f(x) = s0p /R f0)ldy

where the sup is taken over all rectangles in R?> having largest side parallel to
(1, wj) forsome j>1and k< N-1.

Then it is proved in [Cor 3] that .#y satisfies the following weak-type esti-
mate

(3.34) [ - M f(x) > @ > 0}] < Gy 4(10g 3N)a 2| f1oa ey

where C; , dependson A and a but noton N or f. Theorem C, stated in
the introduction, shows that .#y is bounded on L2(R?), with the same norm
essentially.

There is no loss in generality in assuming that the rectangles involved in
(3.33) are centered at x and have dimensions 2™ x 2™ where m,, m; € Z.
These affect .# only by a multiplicative constant.

If Ry is such a rectangle, with dimensions 2™ x 2" (m; > m;) and with
its largest side parallel to (1, wjy,), then we have that for f >0

1
(3.35) W/za SNy < 8Sm, Tim, , jo, ko) S (%)
0
where for x = (x, y) in R? we have
1 m
(3.36) Snf(r,3) = gy [ e,y =s)ds
and
1 (7
(3.37) T, j0f(x,y)= ST _2’f(X—S,y—Swjk)dS-

Since S,, is dominated by the one-dimensional Hardy-Littlewood maximal op-
erator acting in the y-variable which is bounded on L? for p > 1, Theorem C
is then a consequence of

Theorem C'. For ieZ, j=1,2,...,and 0O<k<N-1,let u= (i, j,k)
and define T, f by

21
(338) Tf.9) = g [ S =5,y =sw)ds,
and

(3:39) Tf(x,3) = sup|Tuf(x. )
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then

(3.40) 17T fll2mey < Cy,a(log N)|| Sl 2(re) -
Proof. Again, it suffices to prove (3.40) for f > 0. Let u = (i1, ji, ki),
v = (iz, j2, k2) and let us estimate 7,7, f(x,y). These estimates will fall
into two different cases.
Case 1. |ji— j2| > 2.
Assume, for the moment, that j, > j; . Then we have two subcases.
Subcase 1.1. i, > i . By Proposition 2.4

(3.41) T,T,f(x,y) < !%szs*f(x,y)

where E is a parallelogram with longest sides parallel to (1, wj,,) and length
2i2+1 and vertical sides of length 2d = 2"+ (w; g, — Wjx,) -
Since wj,, /(W) k, — Wjk,) < 1/(1 — 1) we have

8
(3'42) TuTuf(x, y) < ]’f‘jA#TW)f(x’ y)
where ¢(i, j,k)=(i+1, j, k) and

2w

(3.43) Ap o f (6, y) = = / fx,y—s)ds.

2l+1w_]k —2'11)][‘

Subcase 1.2. i} > i,.
In this case, and inequality like (3.41) still holds with E being a parallelogram
with longest side parallel to (1, wj,,) and horizontal sides of length 2d where

d=2. (Wi, — Wjiky) .

Wjiky
By (3.30) we have that d satisfies 22(1 — A) < d < 2" so that
8
(3.44) T,T,f(x,y) < mBu Ty f(x,¥)
where
1 1
(3.45) By (69 = g [ fGe=s. p)ds.

The case where j; > j, is treated similarly and so we obtain that if |j; — ja|
>2
C
TuTVf(x9 y) < 1— A(AuT(p(u)f(x, y) + AI/T¢(ﬂ)f(x’ _V)

+ BHT(I,(,,)f(X R y) + B, T¢(;t)f(x 5 y)) .

(3.46)

Case2. |j1—jo| < 1.

We again will first assume that j, > j; and divide Case 2 into two subcases.

Subcase 2.1. iy > iy .

Similarly to Subcase 1.1, by Proposition 2.4 we have that an estimate like
(3.41) holds where E is a parallelogram with longest side parallel to (1, w,,)
and length 22+ and vertical sides of length 2d where d satisfies

i — .
(3.47 2ha(l — wyo

by (3.31) and (3.32).
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Now if [z] denotes the greatest integer less or equal than z, let Ly be
defined by

(3.48) Ly= [log< = ))/log2]+l

and for /=0,1,..., Ly let
(3.49)
. -1 1+l -1
21+1+l 1=MNaw; 2 (1-A)aw, N
C(z;kf(X,J’)=( (N ) ,o) /21 _Slx,y—s)ds.
=21+ (1-2)aw,oN—!
Then, as in the proof of Theorem A’, one has
(3.50)
Ly
T/lTVf(X, y) < 8 (Tw(u)f(x, y) + T(])(V)f(x’ y) + Z C;ltT¢(V)f(X, y)) .
=0

Subcase 2.2. iy > iy.

As in Subcase 1.2, an estimate like (3.41) still holds only with the difference
that now d satisfies
(3.51) 22q(1 = A)/N <d < 2%,

With Ly as above, let
i+ _ g\ ! 2t (1=2aN!
@52 Dl uftxon = (25720) flx=s.y)ds.
—2'+’(1—i)aN—1

We then obtain
(3.53)

T.T,f(x, y)<8( Ty S (x5 ¥) + Ty f(x, ») +ZD Ty f(x, y))

=0
Similarly when j; > j,. By (3.46) and (3.53) we obtain that for all 4 and v

T,T,f(x,y)<C ( o) T Tow) + AuTp) + A Ty
Ly
!
(3.54) + BuTyu) + By Ty + Y ChTy)
=0
+ Cy Ty + Dy Ty + Dy, T¢(u)) f(x,y)
where C, = C/(1—1).

Since operators A4,, By, C,ﬂ and D,’, are dominated by a one-dimensional
Hardy-Littlewood maximal operator acting in the x or y directions, we obtain

C
(3.55) N7 fllr2mey < m(l + Ly)|I fll 2 re)
where Ly is given by (3.48). Or equivalently
(3.56) 1T fll2®ey < Ca,a(log N[ fll 2w

with C; , independent of N and f.
This completes the proof of Theorem C’.



ESTIMATES FOR SOME KAKEYA-TYPE MAXIMAL OPERATORS 681

The proof of Theorem C’ contains as consequences L2 versions of results
previously obtained by different methods. See [Str 1, Str 2 and NSW].

Corollary 3.2. Let {wn}32, be a lacunary sequence converging to zero. Let
1
(3.57) Aif(x) = sup o [ 11l dy,
XER ' ' R
where the sup is taken over all rectangles in R? with its longest side parallel to
(1, wy,) for some n. Then

(3.58) 21 fll L2 ey < Call fll L2mey -

The proof of (3.58) is just a repetition of Case 1 in the proof of Theorem
C’. This is also proved in [S1] using the same method.

Corollary 3.3. Let e;, e;, ..., ey be N uniformly distributed directions in R?
and let

1
(3.59) AV (x) = sup e [ 17l dy
XER |R| R
where R is any rectangle with one side parallel to the one of the e;’s. Then
(3.60) 2" fll2mey < Clog N fl we) -

The proof of the corollary is a slight modification of Case 2 in the proof of
Theorem C'.

Remark. 1t is an easy consequence of Fubini’s theorem that Theorem C and its
corollaries still hold in R” as long as we have that the set of directions involved
in the respective maximal operators lie in a fixed two-dimensional subspace of
R".
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