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ABSTRACT

This paper implements computationally Sharpe (1964) Capital Asset Pricing Model (CAPM)

in order to provide a script that collects data, calculates the parameters of CAPM and tests

the statistical significance of those parameters for any asset traded in Brazilian Stock Ex-

change (B3). The model is estimated using Brazilian’s interbank interest rate (CDI) as

the risk free return and B3 stock market index (Ibovespa) return as a proxy for market

return. We implemented the CAPM by using Python programming language and tested

the program operation for a subset of B3 stock market assets. The results has shown the

application was able to attend all functional requirements and, in addition, it is amenable

to be developed to provide new features such as parameters of international capital asset

pricing model as stated in Frankel (1982).

JEL classification: G12, C87.

Keywords: Pricing theory. Asset valuation. Stock markets. Computational economics.



RESUMO

Esse artigo implementa computacionalmente Sharpe (1964) Capital Asset Pricing Model

(CAPM) com o objetivo de prover uma aplicação que coleta dados, calcula os parâmetros

do CAPM e testa a significância estatística desses parâmetros para qualquer ação nego-

ciada na bolsa de valores brasileira (B3). O modelo é estimado utilizando o Certificado

de Depósito Interbancário como a taxa livre de risco e o Ibovespa como uma proxy para

o retorno de mercado. Nós implementamos o CAPM utilizando a linguagem de progra-

mação Python e testamos a operação do programa para um conjunto de ações da B3. Os

resultados mostraram que a aplicação foi capaz de atender todos os requerimentos fun-

cionais e, em adição, é passível de desenvolvimento para prover novas funcionalidades,

como parâmetros do CAPM internacional como exposto em Frankel (1982).

Classificação JEL: G12, C87.

Palavras-chave: Teoria de Precificação. Avaliação de Ativos. Mercados Financeiros.

Economia Computacional.
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1 INTRODUCTION

The Capital Asset Pricing Model developed by Sharpe (1964), Lintner (1965) and

Mossin (1966) was built on Markowitz (1952) and Arrow (1953). The aim of the model

is to provide a risk-adjusted expected rate of return for an asset. Actually, in the model,

the expected return of an asset depends on two variables: the risk-free rate of return and

the expected excess of market return over the risk free (named market premium). The

risk-free rate is the rate of return of an asset that has a zero risk for a period of time while

the market return is the overall return of the market. The sensitivity of an asset return

to market premium. In this way, the expected rate of return is explained solely by the

movement of the market.

Several empirical tests have been carried out seeking to test CAPM in the last

decades. According to Fama and French (2004), tests on CAPM are based on three impli-

cations of the model: (i) expected returns on all assets are linearly related to their betas;

(ii) the beta premium is greater than zero, given the market premium; (iii) assets uncor-

related with the market have expected returns equal to the risk-free rate. Jensen (1968)

published the first study attempting to make a time-series regression to the model. The

author found a significant value for the alpha parameter, posteriorly known as “Jensen’s

alpha”. Jensen also found a linear and positive relation between the average return and the

beta parameter. Fama and MacBeth (1973) found that additional variables for the model

did not add to the explanation of average returns provided by the beta. More recent em-

pirical works, such as Basu (1977), Banz (1981), Rosenberg, Reid and Lanstein (1985)

and Bhandari (1988), indicate that the premise of a complete explanation of expected as-

set returns by the market beta does not hold. In fact, they provide evidence that CAPM

predictions about expected returns in the relation to the market betas are generally un-

dervalued. Fama and French (2004) update the evidence of the failures of CAPM. There

are three main explanations for CAPM empirical failures: (i) irrational market reactions

that the investors are exposed; (ii) data dredging; (iii) impossibility of fully explain the

expected asset return by means of a single parameter.

Particularly, in Brazil, Bruni (1996) tested CAPM for the Brazilian stock market

using a large portfolio of Brazilian assets. Bruni did not find a statistically significant

relationship between the assets returns and the market betas. Yoshino and Santos (2009)

stated that CAPM is no longer useful in Brazilian financial market due to its poor fit to

the data.
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There is strong evidence that CAPM has not adjusted well to data across the years.

Yet its constant presence on the academic and private sector reflects that the model is

still relevant to the financial sector in the present days. This study intends to develop

an application capable of estimating and testing the beta parameter for any asset present

in B3 stock exchange. To do so Brazilian’s interbank interest rate - called DI - will be

used as a proxy for the risk-free rate and the stock market Index (Ibovespa) of the unique

Brazilian stock exchange (B3) as a proxy for the overall market behavior. In this sense, the

objective of this work is solely the development of an application capable of estimating

CAPM for B3 stock exchange. It is not the purpose of this article to provide evidence

about the fit of the model to Brazilian stock market.

The paper is organized as follows: Section 2 presents a revision of CAPM and its

empirical tests in the last decades; Section 3 will display the data and methodology used

for the implementation of the model, as well the final coding of the program; Section 4

provides some results and tests of the program operation; Section 5 concludes the study.
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2 THE CAPITAL ASSET PRICING MODEL

2.1 The model

Mossin (1966) provides a formal proof of the asset pricing equation verbal ex-

plained in Sharpe (1964) in a general equilibrium economy under risk as exposed in Ar-

row (1953) where agents utility maximization problems reduce to Markowitz (1952). The

pricing equation as stated in Sharpe (1964) is:

E (Ra) = Rf + βi. [E (Rm)−Rf ] (2.1)

where:

• E(Ra) : expected return of the asset;

• Rf : risk-free rate of return;

• E(Rm) : expected market return;

• E(Rm −Rf ) : market premium;

• β : sensitivity risk parameter.

In this setting, the parameter β is :

βi =
Cov(Ra, Rm)

V ar(Rm)
(2.2)

where:

• Cov(Ra, Rm) : covariance between asset return and market return;

• V ar(Rm) : variance of market return;

This means that the expected return of the assetE(Ra) depends on two parameters:

the risk-free rate of return and the expected market return. The risk-free rate can be

defined as an asset that theoretically has a zero risk for a period of time. For the Brazilian

case it can be thought in terms of the CDI (Interbank Deposit Certificate) or the SELIC

rate. In turn, the expected market return can be defined as the overall return of the market.

The Bovespa Index (Ibovespa) is generally used as a proxy for this variable in Brazil,

since it captures the overall market behavior. Fama and French (2004) assert that the

sensitivity parameter - also known as the systematic risk - can be defined as a measure of

the asset return to variation in the market return. In this way, the expected rate of return

is explained solely by market movement. Sharpe’s idea was that portfolio diversification
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was capable of eliminating the specific risks of each asset. However, it can not eliminate

the risk of the market to which the assets are subject.

One of the main purposes of CAPM is to provide a conceptual framework to in-

vestor decision to add assets to a well-diversified portfolio. The Security Market Line

(SML) is a line capable of estimating whether an asset is overvalued or undervalued. In

the x-axis is the estimated beta value, while in the y-axis is the expected return of a given

asset. The assets above the SML for some risk can be seen as overvalued assets, while the

assets under the SML can be seen as undervalued.

Figure 2.1: Security Market Line

Although the model developed by Sharpe (1964) is remarkably simple, it is based

on a set of hard assumptions. One of them is the unrestricted risk-free borrowing and

lending. Thinking about that, Black (1972) developed a new version of CAPM without

risk-free borrowing or lending. This new version of CAPM is also known as zero-beta

CAPM. According to Fama and French (2004), the relations between expected return and

the market beta of the Black and Sharpe versions of the CAPM differs only in terms of

what each says about the expected return on assets uncorrelated with the market.

2.2 Tests outside Brazil

Several empirical articles have been written intending to test the CAPM in the

last decades. According to Fama and French (2004), tests on CAPM are based on three

implications of the model: (i) expected returns on all assets are linearly related to their

betas, excluding marginal effects of other variables; (ii) the beta premium is greater than

zero, given by the market premium; (iii) assets uncorrelated with the market have expected
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returns equals to the risk-free rate.

The first author to make a time-series regression test to Sharpe’s CAPM was

Jensen (1968). In CAPM the expected value of an asset excess return was fully explained

by the expected risk premium. In Jensen’s model extension, the intercept term is equal to

zero for every asset:

Rit −Rf t = α + (Rmt −Rf t) + εi,t (2.3)

where:

• α : Jensen’s alpha;

• (Ri,t −Rf,t) : excess asset return;

• (Rm,t −Rf,t) : excess market return

In the case of the intercept term being different from zero, the results of CAPM

are different from Jensen’s model. Jensen found a significant value for alpha, which made

Sharpe’s CAPM overstate the predictions for the analyzed period. The author stated that

transaction and managing costs could have influenced the results. Thus the author found

that the relation between the average return and beta is roughly linear and positive.

Tests also have been made to find out if market betas could explain expected re-

turns of an asset. Sharpe and Black versions of the CAPM state that differences in ex-

pected returns across portfolios are fully explained by differences in market beta. In this

way, the diversification of a portfolio could eliminate all specific risks of an asset. Fama

and MacBeth (1973) tested these predictions inserting additional explanatory variables

for a monthly cross-section regression of returns on beta. In the case of the additional

coefficients being statistically significant, then these additional variables were likely to

expose CAPM prediction problems and reject the idea that expected asset returns were

totally explained by expected market returns. Nevertheless, the additional variables did

not add to the explanation of average returns provided by beta.

Although additional cross-section regression tests were conducted posteriorly, the

main predictions of Sharpe and Black CAPM were not rejected. The risk premium for

beta being positive and the market betas suffice to explain expected returns. However,

Fama and French (2004) affirms that the prediction of premium per unit of beta is market

premium is consistently rejected.

More recent empirical work seems to indicate that the premise of a complete ex-

planation of expected asset returns by the market beta does not hold. Basu (1977), Banz
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(1981), Rosenberg, Reid and Lanstein (1985) and Bhandari (1988) provide evidence that

CAPM predictions about expected returns in relation to the market betas are generally

undervalued.

An important article that updated and synthesized the evidence on the failures of

the CAPM was Fama and French (1992). The authors found that size, earnings-price,

debt-equity, and book-to-market ratios add to explanation of expected stock returns pro-

vided by beta. In the same article, the authors show that the relation between average

return and beta is flatter for common stocks than predicted by CAPM.

There are three main explanations for CAPM empirical failures. Behavioralist

economists state that the investor which bases his assets choices on index values is ex-

posed to irrational market reactions. Then the CAPM used by rational investors is going

to reflect different results from reality. This is the explanation defended by Bondt and

Thaler (1987), Lakonishok, Shleifer and Vishny (1994) and Haugen (1999). On the other

side, there is a group of economists who believe that the empirical rejection of CAPM

is tied to data dredging: a process where researchers choose the data to identify patterns

and establish relationships. This hypothesis is rejected by several empirical works for dif-

ferent markets. Finally, there is the hypothesis that CAPM is an extremely simple model

and can not fully explain the expected asset return by means of one single parameter. The

investor could also care about other factors rather than only the mean and variance of an

one-period portfolio return.

There were presented a considerable number of empirical tests that have demon-

strated the poor adjustment of CAPM to the data. The model has made some progress

with its variation proposed by Black (1972), achieving some success with a flatter relation

between the expected asset return and the market beta. However, the addition of some sta-

tistically significant explanatory variables to the model has made CAPM lose even more

its power. Despite the large evidence of the empirical failure of the model, CAPM is still

used in the academy and private sector. It may be explained by the relative simplicity of

the model, which makes easier its application compared to more sophisticated models. In

this way, CAPM can be seen as a rule of thumb to investing.

2.3 Tests in Brazil

Bruni (1996) had tested CAPM to Brazilian stock exchange. The author analyzed

the behavior of 330 non-financial companies in Bovespa (B3 stock exchange before the
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merger) using anual cross-section data between 1988 and 1996. Although Bruni found

significant results for secondary issues, the author could not identify a statistically signif-

icant relationship between asset returns and the market betas. Thus there was no positive

association between the systemic risk and returns. The empirical evidence provided by

Bruni corroborates earlier works, like Bhandari (1988) and Fama and French (1992).

Yoshino and Santos (2009) also tested CAPM in the Brazilian equity market. To

do so, it was used Bovespa monthly data from 1998 to 2006. The model was estimated

using FMOLS (fully modified OLS), a useful estimator for emergent markets where there

are a limited number of companies in the stock exchanges. The conclusion is that CAPM

is no longer useful in Brazilian financial market for two main reasons. The first one is

that the intercept found for the Security Market Line is not zero. The second is that

other possible relevant variables for the panel stock premium were found: (i) the market

premium; (ii) the square of market premium; (iii) the firm size; (iv) the equity profile; (v)

the equity price-earnings ratio; and (vi) the dividend yield.

Nascimento (2017) verified if the Security Market Line of the Brazilian stock mar-

ket is flatter than foreseen by CAPM. Two portfolios were considered to do the work: the

Ibovespa and a portfolio created by NEFIN, a center for research in financial economics

of Universidade de São Paulo. All tests that were performed considering Ibovespa also

were performed considering the alternative NEFIN portfolio, which permitted the verifi-

cation of the sensitivity of the tests to the portfolio composition. It was possible to raise

strong evidence that SML of the Brazilian domestic stock market is less inclined than the

forecast by CAPM, both in time series and cross-section.

More recently, Herrera and Perobelli (2018) found that downside risks models can

perform better than CAPM for the Brazilian stock exchange. Oliveira and Cunha (2018)

found that CAPM has a reasonable adjustment to the data for the Brazilian market.
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3 METHODOLY AND DATA

3.1 The Brazilian National Financial System

This study comprises the assets present in B3 Brazilian stock exchange for the

year of 2017. Previously B3 was known as ’BMFBOVESPA’, a merger between BMF

(a futures exchange market) and Bovespa (São Paulo’s stock exchange). The present

stock exchange emerged from a merger between BMFBOVESPA and CETIP, a former

company responsible of integrating Brazilian financial market. B3 is currently one of the

largest stock exchanges in the world.

B3 is part of the Brazilian National Financial System (SFN). SFN is a set of in-

stitutions and organizations that regulate and promote the development of the financial

markets in the Brazil. It was created in 1964 by Law 4.595/64, during a period of difficul-

ties of financing the economic activity in the country. SFN is supervised by the National

Monetary Council (CMN). CMN is a superior organization responsible of formulating the

monetary policy (executed by the Brazilian Central Bank) and supervising the Brazilian

Securities Commission (CVM).

In its turn, CVM is a national autarchy linked to the Ministry of the Economy in-

stituted by Law 6.385/76. It is responsible of regulating the Brazilian capital market and

its participants, including B3. CVM most important attributions are the following: orga-

nization and operation of B3; financial intermediation of the markets; administration and

custody of the portfolios and the power of suspension; punishment of those companies ac-

cused of irregularities. These attributions have the following legal established objectives:

assure the efficient operation of the stock exchanges; protect the investors of irregularities

and fraud; promote the public access to information of the financial markets and stimulate

the Brazilian capital market.
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Figure 3.1: Brazilian National Financial System simplified

3.2 Requirements gathering

The objective of the application is to provide CAPM alpha and beta parameters

for any asset present in B3 stock exchange, as well its main significance and goodness-

of-fit statistical tests. Starting from an asset input by the user, the program is intended

to perform the data collection, data cleaning and calculation. As output the program will

display the general results of the regression, as well its graph and the main statistical tests.

The intention of this work is solely the computational implementation of the model devel-

oped by Sharpe (1964). In this way, it is not the purpose of this paper the interpretation

of the results obtained from the program operation.

For the properly operation of the program it will be required the installation of the

Python language in the operational system of the user. Also it will be required the addi-

tional installation of a set of Python packages that will be used for the properly operation

of the application. It is highly recommended some basic familiarity with Python language

for the usage of the application, although it does not requires properly coding by the user.

The application will be freely available for usage and additional development in a GitHub

webpage.

The application will perform the calculations after setting some proxies for the

variables of the model. For the market return the variable chosen was the Bovespa Index

(Ibovespa). Ibovespa is the B3 benchmark index that contemplates about 60 stocks daily
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traded on the stock exchange. It is considered a robust proxy for the Brazilian market

return because it can measure the overall market movement on daily basis. The system

will be able to collect Ibovespa data using as a source Yahoo Finance and store it as a

JSON file. Although it is possible to change the period of data collection, initially it will

be set from 01/01/2000 to 01/03/2019, contemplating 19 years - or more specifically 228

months - of daily price observations. Finally, it will be calculated the daily returns of the

data which will be used for the estimation of CAPM parameters.

The variable chosen was the Brazilian interbank deposit rate (DI) for the risk-free

rate proxy. DI is a loan rate used for banks for interbank transactions. It is calculated as

a daily average of all transacted assets by CETIP. The Brazilian DI is considered a good

proxy for the risk-free rate of return because it provides a benchmark of comparison with

alternative assets. As Ibovespa, the data will be collected directly from Brazilian Central

Bank Time Series Management System (SGS) by the application and it will contemplate

228 months of daily values. The data collection will be performed by pySGS API and

will be stored as a dictionary data structure for posterior transformation into a Pandas

DataFrame.

The application will be able to perform the regression between the excess market

return and the excess asset return. The alpha and beta parameters of the estimation will

be displayed for the user. To perform the regression the chosen method was the ordinary

least squares regression (OLS). This highly used regression minimizes the sum of the

squares of the differences between the observations in the data set to provide the alpha

and beta parameters that the application is intended to. The system will also display some

general information about the regression, like p-values, R-squared and some statistical

significance and goodness-of-fit tests. Still, the system will provide basic residuals tests,

like Breusch-Pagan test for heteroskedasticity and Ljung-Box test for autocorrelation.

These results will be shown to the user after the asset input and the calculation by the

program. Finally, the graphic of the regression will be displayed to the user.

3.3 System analysis

The programming language chosen for this implementation was Python. Python

is a high-level programming language released in 1991 and capable of handling different

purposes. Python provides an easy readability and code clarity in comparison to alterna-

tive languages. The language contains a large source of programming packages available
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on various repositories on Internet, which facilitates its manipulation and application for

specifically purposes.

Python was chosen for the development of the application because of its abun-

dance of statistical and data treatment packages, as well as its high performance and code

explicitness. For the coding process, it will be used the following packages and API’s

(Application Programming Interface):

• NumPy: A main library for Python language that adds a large collection of high-

level mathematical functions to the environment and support for multi-dimensional

arrays and matrices;

• Pandas: Another main library constructed for Python that offers data structures

and various operations for tables and series. It is a specially powerful package for

dealing with time series data;

• Matplotlib: A library capable of providing a large set of data visualization tools for

different types of data types;

• Statsmodels: A package issued by (SEABOLD; PERKTOLD, 2010) that offers

robust data science, data analysis and statistics tools. It provides statistical models

estimators, statistical tests and data exploration tools. It will be used for the our

model estimation;

• YahooFinancials 1.5: A freely available API capable of collecting different type of

data directly from Yahoo Finance source;

• pySGS: Another freely available API. It is capable of collecting data directly from

Brazilian Central Bank database (’SGS - Sistema Gerenciador de Séries Tempo-

rais’);

• unittests: A Python framework to automatize unit tests;

The software design chosen was the modular programming structure. The modular

programming is a type of software design characterized by the code division into several

packages called ’modules’ that are imported and operationalized by a main code. These

modules contains a set of functions specifically designed to perform a certain task of the

application. The modular programming permits a clean and readable code development

and minimizes the code dependency, since each module its independent from the main

code and easily modifiable.
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3.4 The project

The application will contain three additional modules to the main code, called

’main.py’, being them: ’data_collect.py’, ’transformation.py’ and ’capm.py’. Each one of

the modules will be explained in the next subsections.

3.4.1 Module main.py

The main module of the application is ’main.py’. This module is responsible for

importing all the other modules present in the application and operationalizing them into a

single body of code. It permits that the code remains simple and clean, besides facilitating

specific modifications to the program.

Initially main.py will import data_collect.py and use its methods to collect and

store the asset, market return and risk-free rate data into variables. These data will be

processed and treated into adequate data structures for the posterior processing. This pro-

cess will be performed by the module transformation.py. This module will also perform a

set of calculations owing to provide daily returns to the asset and market return data and

its excess returns. Finally the last module - capm.py - will perform the regression of the

model by ordinary least squares method and show its core results. This module will also

be responsible for displaying the graphic of the regression and the results of additional

statistical tests for the chosen asset.

3.4.2 Module data_collect.py

The first module - data_collect.py - will collect necessary data to perform the

regression of our model. It will collect data for the following three variables: the asset,

the market return and the risk-free rate. To data collection the module will make use of

the YahooFinancials 1.5 API and the pySGS API, previously presented.

The first step of our data collect process is performed by Yahoo Financials. The

package will take as input the following parameters: the name of the asset (ticker),

the start collection date and the final collection date. Initially, the start date is set at

01/01/2000 and the end date is set at 01/03/2019. The module will collect the asset data
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Figure 3.2: Structure of the program

and the market return data. As stated previously, the market return proxy chosen was the

benchmark index for B3 stock exchange, Ibovespa. The resulting data will be available in

a JSON format for both the variables.

The collection of the risk-free rate is performed by the pySGS API. Similarly, the

package needs the following inputs: the SGS code of the time series desired, the start

date and the end date. The start date and the end date are the same as set in the ticker

and market return data collection. The risk-free rate proxy chosen was Brazilian’s DI,

represented by code “12” on SGS. The data collected will be available in a dictionary

data structure.

3.4.3 Module transformation.py

The next module to be used by the application is transformation.py. This module

contains a set of functions capable of performing different tasks related to data processing

and data treatment. The data will be processed and treated using Pandas and NumPy

packages.

The data collected using YahooFinancials is presented in a JSON data structure.

These two JSON variables will be transformed by Pandas into a DataFrame structure

containing only the adjusted price data. For the correction of potentially null values at the

data, it will be used the Pandas resource “fillna”. This method fills the data gaps using the
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last valid value of the sequence. The same procedure is applied to risk-free rate data. The

dictionary data structure is transformed into a DataFrame structure and corrected using

method “fillna”.

There will also be two functions designed to take the daily returns of the asset

prices and the market data. The NumPy method used to calculate the daily returns is the

logarithmic return:

Rt = ln

(
Pt

Pt−1

)
(3.1)

where:

• Rt : return in t;

• Pt : value in t;

• Pt−1 : value in t-1;

The daily return for both variables will be stored as a Pandas DataFrame into

main.py. Both variables will use the method ’log’ available on NumPy package.

Finally, the module transformation.py will also perform the calculation of the ex-

cess asset return and the excess market return. To do it, it is necessary the subtraction

of the daily returns of the asset and the market return by the risk-free rate. This subtrac-

tion is made by NumPy method ’subtract’ and the results are stored in main.py. These

results will be merged into a common DataFrame called ’DataMaster’ that will be used to

perform the regression by module capm.py.

3.4.4 Module capm.py

The last module of the application is capm.py. This module is responsible for es-

timating CAPM alpha and beta parameters using the data structures created previously in

the application. This module is aslo responsible for displaying the results of the regression

and its graph. The module provides two additional statistical tests for the residuals of the

regression. All the calculations are performed using NumPy, Statsmodels and Matplotlib

packages.

Module capm.py calculates the alpha and beta parameters of CAPM using the

excess market return and the excess asset return created in module transformation.py.

It will be used Statsmodels function ’OLS’ to perform this calculation. OLS provides
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an ordinary least squares regression using the variables defined previously. The results

are stored in a variable called ’CAPM’ and the core results of the regression are shown

using Statsmodels method ’fit’. Furthermore, the function collects the residuals of the

regression and store them at a variable called ’CAPM_Res’.

There will also be in this module a function capable of displaying the graph of the

regression containing its observations. This function will be constructed using Matplotlib

package using its methods ’scatter’ and ’plot’. The graph is displayed using the Matplotlib

method ’show’.

Finally, capm.py will have two functions for calculating additional statistical tests

using the residuals collected previously. The tests that will be performed will be the

Ljung-Box test for residuals autocorrelation and the Breusch-Pagan test for heteroskedas-

ticity. The functions will be constructed using Statsmodels methods ’acorr_ljungbox’ and

’het_breuschpagan’ and will be used on main.py.
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4 RESULTS AND TESTS

4.1 The code

The final version of the Python application developed through the course of this

article is available for free consultancy at the following GitHub page:

<https://github.com/profnssorg/capm>

In the next subsections will be presented the unit tests and the integration tests

to validate the functioning of the application developed. Unit tests will deal with each

module individually and the integration tests will test the application as a hole.

4.2 Unit tests

In this section, a set of unit tests will be presented. In a modular programming

design, an unit test has the purpose of testing each module of the application individually

to see if they are properly fulfilling their objectives. In another words, the objective is to

isolate each part of the code and see if it is working properly and satisfying its individuals

purposes. After the unit testing, the code can be subject to integration tests to test if the

code is working as a hole. This procedure will be presented in the next section.

Unit tests are considered a good programming practice because it permits antici-

pating possible code problems before the code is complete and reduces the time spent by

the developer in finding the cause of the code crash as a consequence. In this way, the

developer can fix each module individually without having to alter the entire code. Still,

under unit testing, it is harder to overlook potential module problems that can compromise

its properly operation.

To perform the unit tests in each module of our program, it will be used the

’unittest’ built-in Python package. This widely used module provides a set of tools for

constructing and running tests for user-developed functions and modules. If a function is

returning the right values, the package will assert it. If it is not, the test will fail and the

function will have to be fixed. In the case of our code, the operationalization of the unit

test is possible by confronting the expected results obtained from an outside source to the

results provided by the application for an individual function or module.

https://github.com/profnssorg/capm
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The period of sample testing goes from 15/02/2019 to 01/03/2019. It will be

used market data for Petróleo Brasileiro S.A. asset, namely ’PETR4.SA’. To calculate the

expected results of each function tested, it will be used the software Microsoft Excel. For

the calculation of the regression, it will be used the software Gretl. Gretl is a open-source

statistical software widely used for dealing with econometrics and panel data as well. The

results obtained with Excel and Gretl will be treated into the code to compatibilize Python

data structures. If the results returned by each function tested are equal to the expected

results obtained by the outside source, then the ’unittest’ will assert it. There will be tested

vital functions for each module of the program: data_collect.py, transformation.py and

capm.py. Since each function presented in each module uses as input previous functions

also presented in the same module, the test of these core functions will assert the properly

operation of the module as a hole.

There are a total of 11 unit tests to be performed. The first test is to certify that

data_collect.py is getting the correct data. The second test is to certify if transformation.py

is properly calculating the logarithmic returns. The final test will assure that capm.py is

estimating the same parameters calculated with Gretl. It will be used unit test method

’discover’ to test all modules at once. If a function or more do not pass the test, then the

unit test will report it and the test will fail. The following picture assert that all 11 tests

have been passed:

Figure 4.1: Unit tests for data_collect.py, transformation.py and capm.py

The unit tests will be available for consultancy at the following homepage:

<https://github.com/profnssorg/capm/unittests>

It was verified that each module of the application is working properly. In the next

subsection, the integration tests will be performed to verify if the code is functioning as a

hole.

https://github.com/profnssorg/capm/unittests
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4.3 Integration tests

The integration test is a phase of the system development where all modules of

an application are combined into a single body of code and tested as a hole to assure the

properly working of the code.

It will be presented a set of integration tests for five different assets present in

B3 stock exchange. The purpose of these integration tests is to verify if the code properly

operates as a hole, and if its results matches the alpha and beta parameters results obtained

from another source. If the application shows the general statistical results of the model

estimation, its graph and the coefficients obtained are equal to the ones obtained from an

outside source of estimation, then it can be asserted that the code is reaching the objectives

of this computational implementation.

To confront the results obtained from our application for the mentioned set of

assets, it was chosen the software Gretl. The software permits the estimation of CAPM

parameters by ordinary least squares regression, the same estimation method used by our

program, in a few steps.

The assets that will be subject to test are the following ones: ’PETR4.SA’ (Petróleo

Brasileiro S.A.), ’WEGE3.SA’ (WEG S.A.), ’ABEV3.SA’ (Ambev S.A.), ’BBAS3.SA’

(Banco do Brasil S.A.) and ’USIM5.SA’ (Usinas Siderurgicas de Minas Gerais S.A.).

The period of sample testing for this phase of the development process goes from

15/02/2019 to 01/03/2019. The sample was obtained in the same source used by the

program, Yahoo Finance. This small sample permits the verification of the accuracy of

the parameters obtained, since a single omitted value can change the parameters values

substantially. In this way, there is little margin to inexactitude of the results. The expected

results obtained with Gretl are available in the following table:

Table 4.1: Alpha and Beta parameters results obtained with Gretl

Alpha parameter Beta parameter

PETR4.SA 0,0014 0,6374

WEGE3.SA -0,0030 -0,0322

ABEV3.SA -0,0045 1,7213

BBAS3.SA -0,0024 1,0045

USIM5.SA 0,0050 0,6154

The individual integration tests will be presented in the next subsections for the
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chosen set of assets.

4.3.1 Integration test to PETR4.SA

The first asset to test the operation of our code is PETR4.SA, corresponding to

Petróleo Brasileiro S.A., one of the largest Brazilian companies listed on B3 stock ex-

change. The statistical results of the regression are shown below:

Figure 4.2: PETR4 statistical results

Both the alpha parameter and the beta parameter found by the system are the same

as those obtained by the Gretl software. In this way, the model is working properly for

the fist asset.

4.3.2 Integration test to WEGE3.SA

The second test to assure the operation of our code is WEGE3.SA, correspond-

ing to WEG S.A., a Brazilian company operating worldwide in the electric engineering,

power and automation technology areas. The statistical results of the regression are shown

below:

Again, both the alpha parameter and the beta parameter found by the system are

the same as those obtained by Gretl. The next subsection will test the parameters for

ABEV3.SA.
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Figure 4.3: WEGE3.SA statistical results

4.3.3 Integration test to ABEV3.SA

The next asset to test the operation of our code is ABEV3.SA, corresponding to

Ambev S.A., the main brewing company operating in the Brazilian market.

Figure 4.4: ABEV3.SA statistical results

The results obtained are in correspondence to the expected alpha and beta param-

eters provided by Gretl. It is becoming clear that our code is getting the results that were

expected, as well its main statistical tests. However, additional tests will be performed

in this study to increase the confidence of our model. The next two subsections will test

the model for BBAS3.SA (Banco do Brasil S.A.) and USIM5.SA (Usinas Siderurgicas de

Minas Gerais S.A.).
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4.3.4 Integration test to BBAS3.SA

The fourth asset to test the operation of our code is BBAS3.SA, corresponding to

Banco do Brasil S.A., the oldest bank operating in Brazil with large participation of the

government. The results are shown below:

Figure 4.5: ABEV3.SA statistical results

Over again the model was successful in predicting the results of the regression.

All that remains now is testing the final asset of chosen set, USIM5.SA.

4.3.5 Integration test to USIM5.SA

The final asset to be tested corresponds to Usinas Siderurgicas de Minas Gerais

S.A., USIM5.SA. The company was founded in 1958 and is one of the largest producers

of steel in Americas. The following are the regression results:
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Figure 4.6: USIM5.SA statistical results

The last integration test provided in this work also corroborates the model func-

tioning. The alpha and beta parameters are equal to the ones provided by the software

Gretl.

For the sample of the five assets randomly chosen, the integration tests were all

positive. The model is accurately calculating CAPM alpha and beta parameters and pro-

viding its main statistical results as well. The next section will conclude the study.
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5 CONCLUDING REMARKS

In this study we detailed the development of an application capable of automati-

cally testing CAPM parameters and providing some general statistical results. It was done

by: presenting the environment of operation of our model (Brazilian National Financial

System); introducing a general revision of the model and its fit to market data inside and

outside Brazil; presenting the methodology and data used to architect the program and

providing the code and its unitary and integration tests.

The study has achieved its objective, implementing computationally Sharpe’s Cap-

ital Asset Pricing Model for Brazilian market. The application was able to attend all

functional requirements. The model is available online at GitHub platform for free con-

sultancy and further development.

Additional developments can be made to the application. As a suggestion for

further adaptations, the model could provide alpha and beta parameters - and its statistical

tests - to every asset present in B3 stock exchange in a single execution, and a graphical

user interface could be constructed to facilitate the application usage.
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6 APPENDIX

6.1 Module main.py Python Code

# Author : Pablo A s s o n i R a i t e r

# Data : 0 3 / 0 6 / 2 0 1 9

# V e r s i o n : 1 . 0 . 0

# D e s c r i p t i o n : An i m p l e m e n t a t i o n o f Sharpe ’ s CAPM

# ########### PACKAGES IMPORTATION ###########

import d a t a _ c o l l e c t a s dc

import t r a n s f o r m a t i o n as t r

import capm as cp

from s g s import SGS

# ########## DATA INPUT ##############

# D e f i n i n g T i c k e r s , Market Re t u r n and Risk−Free Rate f o r

↪→ usage

T i c k e r s = input ( " E n t e r t h e d e s i r e d t i c k e r ( f o r m a t : TICKER .

↪→ SA) : " " )

Marke tRe tu rn = [ ’ ^BVSP ’ ]

R i s k F r e e = SGS ( )

C u r r e n t = T i c k e r s

C u r r e n t 2 = Marke tRe tu rn [ 0 ]
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# D e f i n i n g T i c k e r s , Market Re tu rn and Risk Free Rate

↪→ p a r a m e t e r s

P e r i o d = ’ d a i l y ’

S t a r t _ D a t e = ’2000−01−01’

End_Date = ’2019−03−01’

R F _ S t a r t _ D a t e = ’ 0 1 / 0 1 / 2 0 0 0 ’

RF_End_Date = ’ 0 1 / 0 3 / 2 0 1 9 ’

RF_Code = 12

########## DATA PROCESSING ##########

# C o l l e c t i n g T i c k e r s , Market Re tu rn and Risk Free Rate d a t a

T i c k e r s = dc . G e t _ T i c k e r s ( T i c k e r s )

Marke tRe tu rn = dc . Ge t_Marke tRe tu rn ( Marke tRe tu rn )

R i s k F r e e = dc . G e t _ R i s k F r e e ( )

# T r a n s f o r m i n g and c l e a n i n g d a t a

Tickers_DF = t r . T i c k e r s _ C l e a n i n g ( T i c k e r s , C u r r e n t )

MarketReturn_DF = t r . M a r k e t R e t u r n _ C l e a n i n g ( Marke tRe turn ,

↪→ C u r r e n t 2 )

RiskFree_DF = t r . R i s k F r e e _ C l e a n i n g ( R i s k F r e e )

# C r e a t i n g DataFrames

ExcessTicker_DF = t r . ExcessTicker_DF ( Tickers_DF , RiskFree_DF

↪→ )
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ExcessMarket_DF = t r . ExcessMarket_DF ( MarketReturn_DF ,

↪→ RiskFree_DF )

# C a l c u l a t i n g d a i l y r e t u r n s

T i c k e r s _ R e t u r n = t r . T i c k e r s _ V a r ( ExcessTicker_DF )

M a r k e t R e t u r n _ R e t u r n = t r . Marke tRe tu rn_Var ( ExcessMarket_DF )

# S u b t r a c t i n g Risk−Free Rate from bo th v a r i a b l e s

T i c k e r s _ S u b t r a c t e d = t r . T i c k e r s _ S u b ( T i c k e r s _ R e t u r n )

M a r k e t R e t u r n _ S u b t r a c t e d = t r . Marke tRe turn_Sub (

↪→ M a r k e t R e t u r n _ R e t u r n )

Da taMas te r = t r . Mas te r ( T i c k e r s _ S u b t r a c t e d ,

↪→ M a r k e t R e t u r n _ S u b t r a c t e d )

X = DataMas te r [ ’ E x c e s s R e t u r n T i c k e r ’ ]

Y = DataMas te r [ ’ E x c e s s R e t u r n M a r k e t ’ ]

# C a l c u l a t i n g CAPM by OLS and showing r e s u l t s

CAPM_Result = cp . CAPM_OLS(X,Y)

########## DATA OUTPUT ###########

p r i n t ( CAPM_Result . summary ( ) )

CAPM_Residuals = cp . CAPM_Residuals ( CAPM_Result )

# C a l c u l a t i n g a d d i t i o n a l t e s t s and showing r e s u l t s

CAPM_LjungBox = cp . LjungBox ( CAPM_Residuals )

p r i n t ( CAPM_LjungBox )
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6.2 Module data_collect.py Python Code

# F u n c t i o n s f o r c o l l e c t i n g T i c k e r s and Market Re tu r n da ta

def G e t _ T i c k e r s ( T ) :

YF_Tickers = Y a h o o F i n a n c i a l s ( T )

Y F _ T i c k e r s _ H i s t = YF_Tickers . g e t _ h i s t o r i c a l _ p r i c e _ d a t a (

↪→ S t a r t _ D a t e , End_Date , P e r i o d )

re turn Y F _ T i c k e r s _ H i s t ## R e t u r n s a JSON f i l e

def Get_Marke tRe tu rn (MR) :

YF_MarketReturn = Y a h o o F i n a n c i a l s (MR)

YF_Marke tRe tu rn_His t = YF_MarketReturn .

↪→ g e t _ h i s t o r i c a l _ p r i c e _ d a t a ( S t a r t _ D a t e , End_Date ,

↪→ P e r i o d )

re turn YF_Marke tRe tu rn_His t ## R e t u r n s a JSON f i l e

# F u n c t i o n f o r c o l l e c t i n g Risk−Free Rate da ta

def G e t _ R i s k F r e e ( ) :

YF_RiskFree_His t = R i s k F r e e . g e t _ v a l o r e s _ s e r i e s ( 1 2 ,

↪→ RF_Sta r t_Da te , RF_End_Date )

re turn YF_RiskFree_His t
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6.3 Module transformation.py Python Code

# I m p o r t i n g Packages

import pandas as pd

import numpy as np

# F u n c t i o n s f o r t r a n s f o r m i n g ( JSON t o DataFrame ) and

↪→ c l e a n i n g T i c k e r s and Market Re tu rn da ta

def T i c k e r s _ C l e a n i n g ( T i c k e r s , C u r r e n t ) :

T i c k e r s _ d f 1 = pd . DataFrame ( T i c k e r s [ C u r r e n t ] [ ’ p r i c e s ’ ] )

T i c k e r s _ d f 1 [ ’ f o r m a t t e d _ d a t e ’ ] = pd . t o _ d a t e t i m e (

↪→ T i c k e r s _ d f 1 [ ’ f o r m a t t e d _ d a t e ’ ] )

T i c k e r s _ i n d e x = T i c k e r s _ d f 1 . s e t _ i n d e x ( ’ f o r m a t t e d _ d a t e ’ )

T i c k e r s _ d f 2 = T i c k e r s _ i n d e x [ ’ a d j c l o s e ’ ]

T i c k e r s _ d f 3 = T i c k e r s _ d f 2 . f i l l n a ( method = " f f i l l " )

re turn T i c k e r s _ d f 3

def M a r k e t R e t u r n _ C l e a n i n g ( Marke tReturn , C u r r e n t 2 ) :

MR_df1 = pd . DataFrame ( Marke tRe tu rn [ C u r r e n t 2 ] [ ’ p r i c e s ’ ] )

MR_df1 [ ’ f o r m a t t e d _ d a t e ’ ] = pd . t o _ d a t e t i m e ( MR_df1 [ ’

↪→ f o r m a t t e d _ d a t e ’ ] )

MR_index = MR_df1 . s e t _ i n d e x ( ’ f o r m a t t e d _ d a t e ’ )

MR_df2 = MR_index [ ’ a d j c l o s e ’ ]
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MR_df3 = MR_df2 . f i l l n a ( method = " f f i l l " )

re turn MR_df3

# F u n c t i o n f o r t r a n s f o r m i n g ( JSON t o DataFrame ) and

↪→ c l e a n i n g Risk−Free Rate da ta

def R i s k F r e e _ C l e a n i n g ( R i s k F r e e ) :

RF_index = R i s k F r e e . s e t _ i n d e x ( ’DATA’ )

RF_df2 = RF_index . f i l l n a ( method = " f f i l l " )

re turn RF_df2

# F u n c t i o n f o r c r e a t i n g DataFrames

def ExcessTicker_DF ( T i c k e r s , R i s k F r e e ) :

E x c e s s T i c k e r _ d f = pd . c o n c a t ( [ T i c k e r s , R i s k F r e e ] , a x i s =1) .

↪→ dropna ( )

re turn E x c e s s T i c k e r _ d f

def ExcessMarket_DF ( Marke tRe turn , R i s k F r e e ) :

Exce s sMarke t _d f = pd . c o n c a t ( [ Marke tReturn , R i s k F r e e ] ,

↪→ a x i s =1) . d ropna ( )

re turn Exce s sMarke t _d f

# F u n c t i o n s f o r c a l c u l a t i n g v a r i a t i o n s

def T i c k e r s _ V a r ( DataFrame ) :

TK_Ret = np . l o g ( DataFrame ) − np . l o g ( DataFrame . s h i f t ( 1 ) )

TK_Ret = TK_Ret . d ropna ( )
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re turn TK_Ret

def Marke tRe tu rn_Var ( DataFrame ) :

MR_Ret = np . l o g ( DataFrame ) − np . l o g ( DataFrame . s h i f t ( 1 )

↪→ )

MR_Ret = MR_Ret . d ropna ( )

re turn MR_Ret

def T i c k e r s _ S u b ( DataFrame ) :

DataFrame [ ’ E x c e s s R e t u r n T i c k e r ’ ] = DataFrame [ ’ a d j c l o s e ’ ]

↪→ − DataFrame [ ’VALOR’ ]

ET_DF = DataFrame [ ’ E x c e s s R e t u r n T i c k e r ’ ]

re turn ET_DF

def Marke tReturn_Sub ( DataFrame2 ) :

DataFrame2 [ ’ E x c e s s R e t u r n M a r k e t ’ ] = DataFrame2 [ ’ a d j c l o s e

↪→ ’ ] − DataFrame2 [ ’VALOR’ ]

EMK_DF = DataFrame2 [ ’ E x c e s s R e t u r n M a r k e t ’ ]

re turn EMK_DF

def Maste r ( E x c e s s T i c k e r , E x c e s s R e t u r n ) :

E x c e s s T i c k e r = pd . DataFrame ( E x c e s s T i c k e r )

Da taMas te r = pd . c o n c a t ( [ E x c e s s T i c k e r , E x c e s s R e t u r n ] , a x i s

↪→ =1) . d ropna ( )

re turn DataMas te r
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6.4 Module capm.py Python Code

# Packages i m p o r t a t i o n

import numpy as np

import s t a t s m o d e l s . a p i a s sm

import m a t p l o t l i b . p y p l o t a s p l o t

import s t a t s m o d e l s . a p i a s sm

# F u n c t i o n f o r c a l c u l a t i n g OLS

def CAPM_OLS(Y,X) :

Y_Ticker s = Y

X_MarketReturn = X

X_Marke tRe tu rn_cons t = sm . t o o l s . a d d _ c o n s t a n t (

↪→ X_MarketReturn )

CAPM = sm . OLS( Y_Tickers , X_Marke tRe tu rn_cons t )

CAPM_r = CAPM. f i t ( )

re turn CAPM_r

re turn CAPM_r . r e s i d

re turn X_Marke tRe tu rn_cons t

# F u n c t i o n f o r g e t t i n g r e s i d u a l s

def CAPM_Residuals (CAPM) :

CAPM_Res = CAPM. r e s i d

re turn CAPM. r e s i d
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# F u n c t i o n s f o r t e s t i n g t h e r e s i d u a l s

# Corre logram

def A u t o c r r ( r e s i d u a l s ) :

p l o t . a c o r r ( r e s i d u a l s , maxlags =9)

p l o t . t i t l e ( ’ A u t o c o r r e l a o dos r e s d u o s do T i c k e r ’ )

p l o t . x l a b e l ( ’ Lag ’ )

p l o t . y l a b e l ( ’ A u t o c o r r e l a o ’ )

p l o t . show ( )

# Ljung−Box

def LjungBox ( r e s i d u a l s ) :

LJ = sm . s t a t s . d i a g n o s t i c . a c o r r _ l j u n g b o x ( r e s i d u a l s )

p r i n t ( LJ )
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