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L. G. Garcia and J. Goedert
Instituto de Fsica, UFRGS, Caixa Postal 15051, 91500-970 Porto Alegre, RS—Brazil

H. Figua, E. Fijalkow, and M. R. Feix ; ‘ ]
Laboratoire de Mathmatiques, Appligues et Physique Matheatique d’Ori@ns, Degartement
de Mathenatiques—UFR Sciences, BP 6759-45067 @eCedex 2, France

(Received 8 July 1997; accepted 27 August 1997

The expansion into vacuum of a one-dimensional, collisionless, negative ion plasma is investigated
in the framework of the Vlasov—Poisson model. The basic equations are written in a “new time
space” by use of a rescaling transformation and, subsequently, solved numerically through a fully
Eulerian code. As in the case of a two species plasma, the time-asymptotic regime is found to be
self-similar with the temperature decreasingtag. The numerical results exhibit clearly the
physically expected effects produced by the variation of parameters such as initial temperatures,
mass ratios and charge of the negative ions. 197 American Institute of Physics.
[S1070-664X%97)00712-X]

I. INTRODUCTION the expansion process. For this purpose we use a one-
dimensional Vlasov—Poisson model without imposing quasi-
The subject of plasma expansion into vacuum has reneutrality or Boltzmann densities for any of the species.
ceived significant attention over the last decades. This phe- It is well established that simulations of plasma free ex-
nomenon has been studied not only for a two componenpansion over long times run into difficultie@ several re-
plasma cas&,” but also for plasmas with three spectésn  spects. An expansion into vacuum requires free boundary
particular, the interest in the plasma expansion process catonditions and the expanding plasma requires more and
be justified by its potential application in space physmsd  more place in space as time increases. So the computational
in laboratory experiments? In these applications it is com- box has to increase with time to avoid having the plasma
mon to find a large number of negatively charged dust graingeach the boundaries, making it impossible to implement free
that can significantly alter the properties of the plasmaboundary conditions. A practical way to bypass this diffi-
Dusty plasmas are frequently approximated by “negative iorculty was used by Manfredi, Mola and Feixhey applied a
plasmas”(NIP) which consist of positive ions, electrons and method proposed by Burgart al!' whereby a self-
negative ions of constant charge. In this work we present gimilarity transformation rescales the phase space, which
numerical study of the behavior of a NIP in the process ofthen is kept of constant size by a proper choice of a param-
free expansion into vacuum. eter. In that transformed space, free boundary conditions
Current models for describing the basic dynamics of avere easily implemented. After the transformation, Manfredi
plasma expansion into vacuum are essentially electrotatiet al. use an Eulerian code to solve numerically the Vlasov
and the majority are based on a fluid descriptidmeverthe-  equation. The Poisson equation in one dimension, resuming
less, kinetic models have also been considéfetin general  in a simple differential equation, is solved by integrating a
these descriptionékinetic and fluid are associated with as- spline collocation polynomial. Contrary to the usual particle
sumptions of quasineutrality and Boltzmann densities for theode, the Eulerian code yields good resolution of the phase
electrons and positive ions. El-Ze@t al® improved on the  space structure even in the low density regime. The same
usual fluid models by considering charge separation effectstrategy will be applied in this paper to the free expansion of
through the inclusion of Poisson’s equation in the fluidan NIP into vacuum.
model. They also abandoned the hypothesis of thermal equi- In our simulation the code was run for several different
librium (Boltzmann densitigsfor the positive ions in favor values of negative ion concentration, initial temperatures,
of the more realistic momentum balance and continuitymass ratios and negative ion charge. The results in these
equations. In the fluid model of Yu and L¥fahe possibility  simulations attest to the good efficiency and adequacy of the
of charge variation for the negative ions, as well as pressureode for describing the free expansion process. In particular,
effects, were also taken into account. However, they stilthe effects of mass and temperature separations are clearly
assumed quasi-neutrality and Boltzmann densities for eleaxhibited. Moreover, it shows that the time-asymptotic solu-
trons and positive ions. The possibility of charge variation istion is self-similar and that the plasma approaches the quasi-
an important contribution since in real dusty plasmas, as weeutrality regime for long times. It is also found that the
know, the charge of the dust particles can vary according tplasma temperature decreasest@s in the asymptotic re-
the densities of electrons and ions and to the local electrogime.
static field. The main proposal of this paper is to numerically ~ The organization of the paper is as follows: in Section I
analyze the free expansion of an NIP into vacuum over longve present the Vlasov—Poisson system used for describing
times and study how the variation in the negative ion conthe NIP expansion; in Section Il we introduce the rescaling
centration, initial temperatures and the mass ratios can affettansformation for a three-component plasma; the numerical
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results are presented in Section IV and the conclusions are dt=A(t)%d#, (6)
discussed in Section V.

H=[u(t)m] ae (t) al )
= m 1 = _1 = L
Il. MATHEMATICAL MODEL a e M A2(t)

We consider a one-dimensional collisionless NIP freely E(x,t)=E(£,6) (8)
expanding into vacuum and experiencing no external field.
The unperturbed plasma densities age (1—¢&)ng andeng fs(x,p,t)=F4(&1I1,6), s=i,e,n. 9)

for, respectively, positive ions, electrons and negative ions. . o
The charge of the positive ions ise and the electrons 1N€ relation between the momentyr-mgv of the original
and negative ions have chargee. The basic Viasov— Phase spacex(p), and the new momentuti is easily ob-

Poisson system is tained from(5)~(7),
of af of . .
a_:era_):_E(x’t)a_;:O’ (1) p:msv=6+§Cms, s=i,e,n, (10
of, p of of; which applies to all three species.
T ax TExD e 0, 2 From (5) and (10) it can be easily verified that the Jaco-
e

bian of this transformation is equal to unity independently of

of, p df, of, the choice of the arbitrary function&(t) and C(t). There-
-t - E(Xxt1)—==0, @ h |
gt Mpe X ap ore a phase space element
JE(X,1) +oo dxdp=dé&dIl, (17
- [Ttt= et - o). @ |
X —o is conserved and the choi¢®) corresponds to the conserva-
In Equations(1)—(4) the sufficese, i andn refer to elec-  tion of the number of particles,
trons, positive ions and negative ions, respectivély, is f(x,p,t)dxdp=F(&I1,0)d&dIl.

the quotient of the mass of the positive ions and electrons,
Mie=m;/ms; Mpe=m,/m, is the quotient of the mass of In reality the conservation of a phase space element is related
the negative ions and electrons ametn, /ny is the uni- to the fact that Eqs(5)—(6) and (10) represent a canonical

form negative ion concentration; the time is normalized bytransfqrmagtign which  preserves the  Hamiltonian
the inverse of the electron plasma frequency,formalism>

w§e1=(477n092/me)_1/2; the length byA pe= VKTo/47Noe?, In view.of the transformatiqrﬁS)—(lO) we can write the
the electron Debye length; the momentum Yy KkT,; the  VIasov—Poisson systeiil)—(4), in the space &11), as fol-
densities byn, and the electric field bynewjApe/e. lows:

Before attempting to analyze numerically Equati¢hs- oF. TIAZ oF 9F
(4), we do some preliminary analytical work by introducing —cL —e—AZC('E+(":§)—e=O ' (12)
rescaling transformationsn order to avoid the difficulties a0 c? d¢ oIl

concerned with the free boundary conditions.

o IA° GF, ACM Ci-B) 0. 13
n e ie - 7 Y
lll. RESCALING WITH “VARIABLE MASS” ¢ MieC2 43 Jll
.Rescaling metho_d_s have b.een frequen.tly used as an ef- HF  TIA? oF, A2C(M e E IF, 0 »
fective tool for obtaining solutions of nonlinear problems. — —2°+ W P (MpeCé+E) = =0, (14

Analytical and numerical applications of these methods can
be found in the study of ordinary and partial differential JE o
equations}~*3The main goal of the rescaling technique isto ~ 2— — J [F,—(1—&)Fo—&F,]dII. (15)
introduce new space and time variables so that, asymptoti- 9¢ —
cally, Fhe evolution of the syst_em is totally a_bsorbed by theAlthough Equationg12)—(15) look rather complicated, we
rescaling. As a consequence, in the new variables the system . )
: . : 7= still have the freedom to choose the arbitrary functigis)
is recast into a form where the physics becomes easier t0o . : :
: . . and C(t), subject to the sole constraints of regularity and
interpret, at least for large times. Particularly, for the free . '
expansion broblem in the “new space.” the plasma ex eri_nonzero ovef0,). In Ref. 5 it was shown that the functions
enges no gx ansion and the freF()e bo,undarp conditionz afb‘(t) and C(t) play different roles in the rescaling(t)
P y determines the time scale whie(t) gives the structure of

easily implemented; the plasma will then remain in a f|n|tethe phase spacez(IT). Therefore,A(t) and C(t) can be

region of phase Space. . .chosen independently. It is important to note, however, that
Let us introduce new space, momentum and time vari-

ables, &,p,t)—(¢,11,0), as well as a rescaled electric field no matt(_ar whgt tlme. dependence we adoptAf(n) andC(t),
A X } this choice will not influence the solutions in the real phase
and distribution function as follows:

space X,p). In fact, their influence can be felt only in the
x=C(1)¢, (5) rescaled space. Equatioft2)—(15) can be interpretated as

Phys. Plasmas, Vol. 4, No. 12, December 1997 Garcia et al. 4241



describing a “new’” physical system where the particles ex-friction, while now the same choice gives an increasing time
perience a modified interaction and the electric fieldbeys ~mass. These are the true physical effects that bring the sys-
the Poisson law15). tem to rest.

As an adequate choice for the functiofét) and C(t)
we take the same expansion law used in describing a tw

. %A. Phase space structures and thermodynamical
component plasma expansion,

properties

At=C=1+0t, (16) We begin by considering the following parameters val-
where(} is an arbitrary frequency characterizing the trans-ues:
formation. With the values oA(t) and C(t) given by (16) 0=0.4, M;,;=3, M,.=10, £=0.1,
the rescaled Vlasov—Poisson system for a NIP finally be-
comes T.=1, T;=0.5, T,=0.35.
dFe 11 dF, ~dFg The value ofQ) is chosen empirically in such a way that
WJF m a—g—,u(@) Emzo ' 17) during the simulation the plasma stays inside a finite region
of the transformed space. Its optimum choice keeps the di-
dF; I aF; ~dF; mensions of the asymptotic state as close as possible to the
50 " Mon(e) 9 THOEGR =0 (18 Gimensions of the initial state. The choiee-0.1 represents
e
a mixture of negative species with 10% of negative ions and
‘9_Fn+ 11 ‘9_':n_ ~‘7_Fn:0 (19) 90% of electrons. In all phase space graphs darker regions
98 Moeu(6) o& “ 21 represent regions of higher density.
JE o In Fig. 1 we show an example of the electron distribu-
= [Fi—(1—8)F,—&F,]dII, (20) t!on functionF4(&,7) in Fhe transfqrmed space (). No—
29 —o tice thatF, develops a finer and finer structure §nwhich

. . |leads to the loss of information on a local scale. The funda-
where =(1+Q6/2)3. This is the system we shall use in L o o .
#(0)=( 012) Y mental point in this simulation is that the rescaling transfor-

our numerical analysis. The advantage in treating numeri-

. ; mation by confining the plasma on a finite interval, allows
cally Equationg17)—(20) rather than(1)—(4) is that the res- . ) . .
caled system describes the evolution of “particles” of vari-the preservation of the global information. This fact can be

able masan () which increases with time. As we shall verified by performing the transformation back to the origi-

show later this variable mass has the effect of bringing thé]aI (physica) space.

particles to rest thus facilitating the application of the free The comphcgted_ structure of Fig. 1 is unraveled by the
boundary conditions back transformation intox,v) space. The electron as well as

the positive and negative ions distribution functions in real
space X,v) are shown in Figs. 2, 3 and 4, for several differ-
IV. NUMERICAL RESULTS ent time values. From these figures we can clearly see an
evolution similar to that obtained for a two-component

The numerical analysis of the systéfv)—(20) was per-  plasma expansionln the early stages some electrons run
formed with an Eulerian code, slightly modified to incorpo- ahead the bulk of the plasma generating an electric field that
rate the time-dependent coefficients appearing in the Vlasoaccelerates a group of positive ions into vacuum. In the
equations. Several simulation runs were done with differenasymptotic regime, i.e., for large times the evolution be-
values of the parametemdl;., M., &, {, negative ion comes self-similar and the distribution functions assumes the
charge and initial temperatures. The plots presented belovorm
show only that part of the phase space wh&red or x>0. _
For ¢<0 B(Ier<8, the resuIF':s are si)/mmetric. Space is mea- FO6v,D=n0x,t) ov=x/).
sured in units of the electron Debye length, time in units ofThis is indicated by the formation of a straight filamentary
the inverse of the plasma frequency and velocity in units oftructure in phase space and corresponds to the asymptotic
the electron thermal velocity. For=0 the plasma is locally straight line trajectories determined by Luo and (Fig. 2 of
neutral having a uniform distribution fromor x=—6 to ¢  Ref. 8. It is interesting however to point that the same be-
or x=6. In the velocity space the initial particle distribution havior is found here for the electrons and ions, besides the
is specified by the Maxwellian, negative ions.

ext— mw?12T,), s=i.e.n, The net charge density in the rescaled space,
whereT;, T, andT, are, respectively, the positive ion, elec- n(g):f [Fi(&,I1)— (1—e)Fo(&,11)— eF(&,11)]dII,
tron and the negative ion temperatures. It is interesting to
notice that here we keep bo@(t) andA(t) at our disposal, is presented in Fig. 5. A formation of alternatively positive
while maintaining the invariance of the distribution function and negative layers is clearly seen in the early stages such as
and of the phase volume elemé¢Bguationg9) and(11)]. In that presented in frame number two of Fig. 5. This indicates
preceding works, mass was not allowed to change with timéhe effect of charge separation in the first stages of the ex-
and we had to také& = C (which indeed corresponds here to pansion, where the less massive electrons lead the process,
a constant magsThen a choicéd<C brought in a positive closely followed by the ions and only later by the more mas-
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FIG. 2. Electron distribution function in real phase space.

line), positive ion densityn;(£¢) (broken ling and electron
densityng(¢) (dotted ling in the rescaled space. Again we
can notice that charge neutrality is approached asymptoti-
cally. Nevertheless, this behavior differs slightly from that of
an electron—ion plasma where the electron and ion densities

a NIP the

negative ions density vanishes before the plasma front,

We now investigate some thermodynamical properties of

the NIP expansion. Let us define the local temperature

To(x,t), pressureP¢(x,t) and densityng(x,t) by

J(p—{(p))*f<(x,p,t)dp
Jt(x,p,t)dp '

kTs(x,t)=m

FIG. 1. Electron distribution function in rescaled phase space.

= — 2 =j
sive negative ions. This layer formation will necessarily Pt mf (p=(P)Fsx,p.)dp, s=i.en,

build an ambipolar field which tends to accelerate the nega-

tive ions as proposed in Ref. 9. Later we will show that, ns(x,t)zj f(x,p,t)dp,

asymptotically the dimensions of these layers tend to zero

faster thant in the rescaled space, assuring that the plasmaherek is the Boltzmann constant.

becomes neutral over a smaller and smaller scale.
Figure 6 shows the negative ion density(¢) (solid

Phys. Plasmas, Vol. 4, No. 12, December 1997 Garcia et al.

(21)

From the rescaling transformation given in Sec. Ill, we
can define “new” temperature, pressure and density as
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FIG. 3. lon distribution function in real phase space.

J(IT—(IT))?F(&,11,6)dIT
[FEmo)dll

KT(&6)=m

ﬁs(g,a):mf (IT—(TY)2F (&,11,0)dIT, s=i.en,
(22

ﬁs(§,6)=J F<(&11,6)dII.

The relations between the o[tEquation(21)] and the new
[Equation(22)] thermodynamical functions are given by

T =[ U1+ Q)T 0),
P(x,H)=[1(1+Qt)3]PL(&,6), s=i,en, (23
ne(x,0) =[ 11+ Q1) ] 6).

4 4
2 2
-2 -2
-4 -4
01 2 3 45 6 7 0 5 10 15
X X
t=11,9 ’ £=29,9
4 4
2 2
T > o
-2 -2
-4 -4
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4 4
2 2
T 5 o)
-2 -2
-4 -4
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X x

FIG. 4. Negative ion distribution function in real phase space.

ratio betweenPs and ng). From Equation(23), it is easily
seen that ifTg does not depend on time asymptotically then
the temperaturd@4(x,t) decreases in time ds 2.

We are now able to show that the dimensions of the
charged layergFig. 5 tend to zero faster thanin the res-
caled space. The Debye length is proportional Tén(*?,
ie.,

Ap~(T/n)*2

Since for large times the densities varytas and the tem-
peratures as~?, then necessarilpwp~t~ 2 As a conse-
quence, in the real space the Debye length tends to zero,
indicating that the plasma goes into a regime of quasi-
neutrality.

The potential and kinetic energies are presented in Fig.
8. This plot shows that the three kinetic energies are asymp-

The asymptotic behavior of the rescaled thermodynamicalotically constant. However, they oscillate differently, since
functions(22) indicates that the temperature evolution of thethe electrons, negative ions and positive ions have different
NIP is identical to that of a two-component plasma. This canmasses. The potential energy is virtually zero and is multi-
be seen from Figs. 6 and 7, which show that, asymptoticallyplied by a factor of eight to allow it to be shown on the same

P, Ng and T, do not depend on time anymord ( is the

4244 Phys. Plasmas. Vol. 4, No. 12, December 1997

scale as the kinetic energies.
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B. Different mass ratios, initial temperatures and mixture of 20% of negative ions and 80% of electrons. The
negative ions charge effect of an additional increase in the negative ion concen-
It is interesting to Study the evolution of each Speciestration can be seen in Flg 10. In this case the NIP contains
under the variation of some of the parameters. In Fig. 9 théhe same number of electrons and negative iens@.5). By
negative ions density, positive ions density and electronsomparing Figs. 6, 9 and 10, it can be seen that, as we in-
density are shown in the rescaled space for a NIP with @rease the negative ions concentration, the electrons density
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FIG. 7. Negative ion pressure in rescaled space.

starts to develop a hump. This corresponds to the fact thahe evolution of the three densities in the rescaled space for
the rate at which the electrons leave the center of the plasman NIP 50% of negative ions and 50% of electrons, but with
increases as we increase the proportion of negative ions. temperature§.=T,=1, T;=0.5 and mass ratioM ,,=1,
Some other interesting features of the NIP expansion cam,,=3. In this case the negative ions are, in fact, electrons
be observed by using different values for initial tempera-(M,,=1), starting with the same initial condition as the
tures, mass ratio and charge of negative ions. We checkeglectrons. As expected, both species being equal behave ex-
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FIG. 8. Evolution of the kinetic and potential energies in time.

Phys. Plasmas, Vol. 4, No. 12, December 1997

actly the same way. In Fig. 11 we present the results for the
case when the negative ion temperature is set to the value
T,=0.5. As expected on physical grounds, the cooler popu-
lation stays behind and the hotter particles lead the expan-
sion. Figure 12 shows the behavior of the expansion when
we modify only the mass of the negative ions. Again, as

expected on physical grounds, we can verify that the nega-
tive ions density goes to zero faster when their mass is in-
creased. This implies a mass concentration effect as a con-
sequence of the bigger inertia of the more massive negative
ions.

Another interesting point is to verify how the negative
ions charge can affect the density profiles. To simulate the
expansion of a NIP with different negative ions charge, we
must modify Equation$3) and(4). Assuming that the nega-
tive ions charge is-Ze, we can replacg3) and(4) by
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of, p of, af,
ot P ax B 5 =0,
JE(X,1) o

&X_:f [fi—Zef,—(1—Ze)f]dp,
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(29

respectively. The inclusion of the parameZein the dynami-

cal equations represents no difficulties and the implementa-
tion in the numerical code is straightforward. In Fig. 13, we
have used the same parameter values as in the referencial run
(Te=T,=1, T,=0.5, M,.=1 and M;;=3), except that
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Z=4 ande=0.125. The densities of electrons and ions areto “hold” the positive ions and accelerate the electrons more
kept the same as that of the referential run, but the density a#ffectively. In this sense it can be seen that, during the ex-
negative ions is decreased in order to keep charge neutralitpansion {>0), the concentration of ions in the center of the

The effect of increasing the negative ion charge can be segslasma and of electrons in the front tend to incredsg.

in Fig. 13. Due to their larger charge, the negative ions tend.3).
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