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Abstract

In this letter we derive the unitarity boundaries in QCD for the deep inelastic structure function in low x kinematic
region: the Froissart boundary and a more restricted one, linked with experiment and based on additional assumptions,
justified in the leading log approximation of perturbative QCD. The comparison of the unitarity boundaries with the new

HERA exp\,uunvutal data gﬂrnc rise to a Chauer}gn for n(‘*n to pvnlaln the marnh!na between the dopp inelastic ccat{er}pg

and real photoproduction process.
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The new HERA data [1] show a steep x-
dependence of the total cross section in the deep

inelasti ine (DIS ) of virtual ph o in the parton cascade, o is the cross section of parton-
Inelastic scattermg ( ) of virtual p O:OI\I oita p_r g ; parton interaction and R? is the size of a hadron. The

ton (G(y*p) ). Approximately, 5(y"p) numerical factor in Eq. (1) has been evaluated by

-2 -5 .
at small * (107 < x < 107 ). Surprlslpgly, .tI.ns Mueller and Qiu (3] and has been confirmed in many
energy rise holds at rather small photon virtualities . ., = .0 . _° o 1 ehe b et

2‘{‘ 2 . . . 1uuut:1 puuuuauuuo L“I'J 115. I dHUWY UIC LUV uUL
(Q* =~ 1-2 GeV* ). At first sight it means that in

. ) . - . plot for x using the GRV parameterization (5] for
HERA kinematic region we still have sufficiently the gluon structure function and the value of R* =

dlh,ned p ax_ton cascade and tl}e parton-—parton inter- 5 GeV~2. We will argue a bit later that this value of
iﬁf_‘?n“:},l,lf h"stxa}} _ngg -ﬂ:i:ﬂcrf\afemifﬂtl:‘i'pﬂ (:n R? follows directly from HERA measurement of the
UUll&lI,y lLJ. .lb SLlll 1auliei dliall. il I‘,ll\.a Uul\:l LICREIUE, diffraction production Of J/“I’ meson [6]‘ One can
the probability of the parton-parton interaction [2] see that x reaches « = 1 at HERA kinematic region,

(x ) is equal to L A
’ - lllUdlllllg blldUUWlllg bUllU\.«llUllb uu\c pxauc 11ICICLIULIG,

where xG(x, Q?) is the number of partons (gluons)

the situation looks very controversial.
The goal of this letter is to derive the unitarity
bound for the deep inelastic structure function. This
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Fig. 1. Contour plot for x for R? = 5 GeV™2.

tempts have been made to derive the geometrical limit
( the Froissart boundary) during the last three decades
(see Refs. [7,8] and lectures [9] for update review
on the subject) assuming that a target is black for the
dominant hadronic component in the wave function of
the virtual photon. We derive the unitarity boundary
for the deep inelastic processes assuming the GLAP
evolution equation for the parton densities and the
colour dipole picture of interaction proposed by A.
Mueller [10,11] (see also Refs. [ 12-14] where many
aspects of the Mueller approach have been foreseen).

2. Unitarity constraint for DIS
2.1. s-channel unitarity (general formulae)

The unitarity constraint can be easily derived con-
sidering the DIS in the frame where a target is at
rest, In this frame the virtual photon at high energy
(small x ) decays in quark-antiquark (Gq ) pair long
before the interaction with the target. The gq system
traverses the target with fixed transverse distance r
between quark and antiquark [12,10]. Indeed, 73 can
vary by amount Ar; x R ’—é-(';, where Oy denotes the
energy of the g pair or the virtual photon in the target
rest frame, R is the size of the target, and the quark

momentum is k| oc ,—l— (see Fig. 2 ). Therefore
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Fig. 2. DIS in the target rest frame.
which in terms of x has the following form:

1
1 3
* < R (3

The cross section for DIS can be written in the form:

1

0-(7*p) = /dz /dzr_l_q,(z’r.!_)a'lot(ZQO’r%L)
0
X ¥*(z,r1), (4)

where o is the cross section for gg interaction with
the target, z is the fraction of energy of the photon (Qy
) carried by quark and 7 is the transverse separation
between quark and antiquark. ¥ is the wave function
of gq - pair in the virtual photon. This wave func-
tion is well known [10,14] and |¥r|? for transverse
polarized photon and for massless quarks is equal to

a,emNc
rl? = ——*
Ny
x> ZZ+ (-2 10°K(QrL),
1

where K; is the modified Bessel function, 3% = 7 (1—
2)Q?, Ny is the number of massless quarks and Zs
is the fraction of the charge carried by the quark.

The main contributionin Eq. (4) (see Ref. [ 10] for
details ), which corresponds to the GLAP evolution,
comes from the region Qr; < land z(1—z) <
QTlr{ < 4. In this case the integral over z can be
taken explicitly. Since z < 1, it can be reduced to
the integral
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with Q? ry > 4. Finally, we have
N 4 N, af
a(y'p) = —
w
Nf 2
1 dr Qo
2 2
sz Q2/ r‘f ol gl . (®)
ET

At high energies (low x ) we can restrict ourselves
by summing only (as In(1/x))” contribution in each
ag order of perturbative QCD (so called leading
log(1/x) approximation (LL(x)A)). In the frame-
work of the LL(x)A we can safely replace the argu-
ment of o in Eq. (6) by x. Taking into account the
relation between the cross section and F, structure
function, namely

. 4mta
o-tot(y P) = Q2 SFz(xs Q2) B

the final formula has a form [10]:

Fz(xQ2‘23Z /

O'tot(x» ) .

(7

The total cross section for §g scattering can be written
as

2
Um(x,%—) = 2/d2b¢1ma(x,rl.bl), (8)

where a is the amplitude for elastic scattering of gg
in impact parameter (b, ) space which is defined as
a(x,r1,by)
1 .
T 2 / d’qre™t b f(xrit=—44),
(9

where ¢, is the momentum transfer (see Fig. 2). In
this representation

Tl =/d2bi ]a(x,rJ_,bL)Iz. (10)

The amplitude is normalized such that:

do

o = T rLr= =g (11)

Ot = dmlmf(x,r ,t=0) . (12)

The s-channel unitarity establishes the relationship

between the elastic amplitude (a) and the contribu-
tion of all inelastic process (Giy(x,71,5,) ) and has

TR R INVAGILL PEVYSS A Vil J 7 Al nas
the form:
2Ima(x,ry,b1)
= la(x,r1,b1)[* + Gin(x,r1,b1) . (13)
The solution of the unitarity constraint of Eq. (13) is
very simple if we assume that the elastic amplitude
is predominantly imaginary at high energy. Indeed,

one can check that the general solution of Eq. (13)
in this case has a form:

a=i{l - ¢ #0rLbL Y, (14)

where Q(x,r1,b ) is the opacity function. Substi-
tuting Eq. (14) in Eq. (8) and Eq. (7), we obtain

e MrrLboy (15)

N,
B(x 0% = —

oo

/ = f by {1 — 73000}
ry

4

(16)

2.2. Properties of Q1

The opacity (0 is an arbitrary real function which
requires more detailed QCD calculations in order
to be found (see for example Refs. [2,3,12] [10])
and/or use the general property of analyticity and
crossing symmetry (see Refs. [15,16] ).

Let us recall what is known about (2:

1. If & <« 1 one can expand the exponent in
Eq. (14) and Eq. (7) can be reduced to a simple
form:



A.L. Ayala et al. / Physics Letters B 388 (1996) 188-196 191

Bug)———§:4

F a2 2
x/d—} /dzblﬂ(x,%,bl). (17)
L

Differentiating over InQ? and comparing Eq. (17)
with the GLAP evolution equations in the region of
small x one can obtain for () the following result (see
Refs. [12,10,17-19] for details):

1
[ b0 g0
477 as(Q?
- T 60D, (18)
where xG(x,Q?) is the gluon structure function of
the proton.

2. In the GLAP evolution equations the b -
dependence of the deep inelastic structure function
can be factorized (see Refs. [2,13]) in the form:
47 as(Q%)

302

with the profile function S(5% ) equal

Q= xG(x,0%) S(B2), (19)

1
(2m)?

where F(t) is the two gluon form factor of the proton
pictured in Fig. 3a. Using, for example, the additive
quark model (AQM) we can expect that this form fac-
tor is equal to the electromagnetic proton form factor
(see Fig. 3b). Taking two different form of the pro-
ton form factor: the dipole (Fgp, = 1/( 1 + R?¢% /8)?
) and exponential (Fexp = exp(——%quﬁ_ ) ones, one
can find two different profile functions, namely:

S(b%) = /dque-“u*’u F(dy), (20)

2 b b
%um>=;ﬁmﬁﬁxuh6%); (21)
and

1 _4
Sewp(bi) = —5 ¢ % ; (22)

with normalization [ d%b, S(by) =
3. We can recover the eikonal (Glauber) model
for the shadowing corrections (SC ) if we postulate

Eq. (19) for Q with the profile function S(b, ) from
Eq. (21) or Eq. (22) for any values of b, . The phys-
ical meaning of this assumption is very simple: the
final inelastic state is an uniform distribution that fol-
lows from the QCD evolution equations. In particular,
we neglect the contribution of all diffractive dissocia-
tion processes to the inelastic final state that cannot be
given as the decomposition of the gg wave function.
For example, we neglect the so called “fan” diagrams
(see Fig. 3¢) which give the dominant contributions
at very large values of Q2 and small x [2].

4. At large value of b > by, Q falls down as
Q o e”2#bL where u is the mass of the lightest
hadron (pion ). Assuming that the DIS cross section
cannot increase faster than (1)¥, where power N =
1 comes from analyticity and crossing [15,16], one
can obtain an estimate for the value of b, o. Indeed,

1 _
Qlo, >0 — Fe b < (23)

gives

N 1 1
bio= 2—#- ]n;+0(——-—ln(1/x))

3. Unitarity boundary for F;

Actually, Eq. (23) gives us the Froissart boundary
for F. Differentiating Eq. (16) over In Q2 we obtain
(for N; =3 and Ny =3)

an(x, QZ)
dInQ?

2
A T

Using Eq. (23) we derive the estimate
oF(x,0%) < 0K,

d1nQ? 372
_ Q2N 1 " 2,21

where Q7 is in GeVZ.

This boundary turns out to be well above all ex-
perimental observations. However, we can use a more
detailed experimental information to obtain more re-
strictive estimate. Indeed, the HERA data on diffrac-
tive photo and lepto production of vector mesons [20]
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Fig. 3. Two gluon proton form factor in the additive quark model (a) and (b); (¢) The “fan” diagrams for DIS.

supports the idea that -dependence of the DIS am-
plitude can be factorized out in the form of Eq. (19)
or, in other words, as Fo(x, 0% 1) = F2(x,0%) - F(1)
where thesslope in ¢ corresponds to Eq. (21) or
Eq. (22). Using such form we can obtain directly
from Eq. (24) the unitarity boundary

IFy(x,0%b1) _

—i0cd bL)}
dIn Q2

K 7r3 { -
(26)
Now, using
Fp(x,0%b1) = Fa(x,0%) S(b1)
< Fa(x,0%) 8(0),
we derive from Eq. (26)

dF2(x, Q%) Q?
In0? " 3S8(0) 27

which gives for the profile function from Eq. (21)

IF(x,0%) §

——— =_R?,; 28
anQz 6 (28)
while for Eq. (22) we have
oF(x, Q%) Z
Snor < et (29)

Taking R? = 10 GeV~? which corresponds both to
soft high energy phenomenology [21] and the exper-
imental data on diffractive lepto and photo produc-
tion of vector mesons [20] we are able to compare
Eq. (28) and Eq. (29) with the experimental data on

IR (x,0%)
d1nQ?

(see Refs. [22-24]). In Fig. 4 we plot the ratio

IF2(x,0%)

R=
dlnQ?

UB,
where UB is the unitarity boundary taken in the form
of the Eq. (28) or Eq. (29). For F;(x,Q?) we used
the GRV parameterization which fit the data quite
well. One can see that the GRV parameterization
reaches the unitarity boundary (R=1) at Q> = Q2 =
2-4GeV? at HERA kinematic region. We can esti-
mate the value of Q2 even more accurately using the
parameterization of the experimental data on F, given
in Ref. [24], namely,

IF(x,0%) 0074
L) 6364
dInQ? 364 log x

Comparing this parameterization with Eq. (29) one
obtains Q0 = 1. 092—7 log == 007"' . Therefore, the value
of Q2 turns out to be pretty hlgh at low x. This fact
encourage us to search for a more microscopic ap-
proach for the parton—parton interaction in the parton
cascade at moderate values of Q2 ~ 2GeV?.

4. Unitarity boundary for the gluon structure
function

As has been pointed out by A. Mueller [10], the
gluon structure function can be also written through
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R=dF /dinQ’/UB for McDonald profile.
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Fig. 4. The comparison of T in the GRV parameierization with the unitarity boundary -UB- {Eq. (28) and
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R=858) jyp,

the dipole GG-pair interaction with a target in a sim-
ilar way as has been done for F,. Omitting ail calcu-
lations that can be found in Refs. [10,25], one can

darive
GETIve

3*xG(x,0%)
dnQ%31n ;
2
20 [ pp, (1 - o HOmgby - (30)
where the opacity (g¢ for GG-dipole scattering has
the same properties (see Section 2.2) as for gg-dipole
scattering. The difference is that in the limit of small
Qge, Qoc = 7 Qg for No = 3. Repeating all ar-
guments of Section 3 one can obtain the Froissart

boundary for xG(x,Q?) in the form
02xG(x, Q%) 20, _ 20 51
dInQ?dIn R Y I "
.. a1 .
= 2507 I’ - (31)

92xG(x,Q%)
dlnQ?29Ini
in all current parameterizations of the gluon structure
function [26,5,27). However, using the approach de-

veloped in the previous section one can obtain more
restrictive estimates, namely

R=dF /dinQ%/UB for exponential profile.

an

5.0 T A + -

w
©

20

0.0
00

256G 2 2
) < GF ()
dlnQ*din s
and
8%xG(x,0?) 20?

E s o SR (33)
dmnQ?dIn; s

for S(b, ) from Eq. (21) and Eq. (22), respectively.

In Figa. § we plot
©1g. > we piot

for the GRV parameterization of the giuon struc-
ture function and compare them with Eq. (32) and
Eq. (33). One can see, that the gluon structure func-
tion reaches the unitarity limit (R = 1 ) at HERA
kinematic region.

In Ref. {24] it has been shown that

MNQ
[7‘1n% o

from the experimental data on F,. It means that the
gluon structure function reaches the unitarity bound-

ary at Qf ~ 37%/R?* ~ 3 GeV? (see Eq. (32) ).
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R=d*xG/dInQdIn(1/x)/UB for McDonald profile.
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Fig. 5. The comparison of 2O (xQ%) 4y the GRV parameterization with the unitarity boundary -UB- given by Eq. (32) and Eq. (33):
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= xG!xQ )
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5. Parameter for the SC
To find out the parameter for the SC let us rewrite

Eq. (30) in the kinematic region where Qge < 1.
One obtains

%xG(x,0?)

dInQ29Ind
_2
Q / by {5 06005, o3 Qz, bL)
1Q2G(x, by)}. (34)

o
Substituting Qg = ﬂ%i—”i xG(x,0%) S(b) we have

8%xG(x, Q%) _as N, 2
== xG(x,0°)

81nQ261n%
2 A2 2
ag Nim
—%ég—(xc(x,gz)f/dbi $*(b1)
(35)
which can be rewritten in the form
axG(x,0%) N:as ) K
= G ’ I - — ’
aInQ?31nt *G(x 09 {1 = 73
(36)
with

a) y‘ Yy b) 'Y. ¥

> O
v v —
> -
v L

Fig. 6. The J/¥ production without (a) and with (b) dissociation
of the proton.

K = “ngﬂ xG(x,0 )/db2 S(by) . (3D

The above equation gives the same definition for
« as Eq. (1) for the exponential form of S(b1) (see
Eq. (22) ). Using the new HERA data on photopro-
duction of J/¥ meson [6] we are able to estimate
the value of R? in the definition of « , recalling that
R? is the size of the target only in the oversimpli-
fied eikonal (Glauber ) model. To illustrate the point
we picture in Fig. 6 the process of J/¥ photopro-
duction in the additive quark model (AQM ). We
see that we have two processes with different slopes
(B ) in t (or in b2 ): the J/¥ production without
(Fig. 6a ) (Bq = 5GeV™?) and with (Fig. 6b )



A.L. Ayala et al. / Physics Letters B 388 (1996) 188-196 195

10.0 { T T -
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50}
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=20, Grv’
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y=In(1/x)

Fig. 7. The x-dependence of < b > in the Glauber (eikonal)
approach with R? = 5 GeV~2,

(Bin = 1.66 GeV™?) dissociation of the proton. The
AQM gives us the simplest estimates for the resuli-
ing slope ( R? ) in Eq. (1) if we neglect any slope
from the Pomeron-J/¥ vertex in Fig. 6, namely

1 1 3

1 1
—_—=f{ = 4 VY x —GeV?. 38
R -at2g, T ZBi,,} ¢ (38)

5
This is a reason why we used R? = 5GeV~2 in Fig. 1
to estimate the scale for the SC.

In our estimates of the value of the deep inelastic
structure functions at b; =0 (see Eq. (27) ) we used
an assumption that the SC does not change the value
of R. To justify this assumption we plot in Fig. 7
the x-dependence of the average b} calculated in the
Glauber (eikonal ) approach with R? = 5GeV~2
One can see that < b3 > only weakly depends on x
in the HERA kinematic region.

6. Summary

It has been presented the derivation of the unitarity
boundary for the deep inelastic structure functions.

The comparison of the unitarity boundary with
HERA experimental data shows that both F;(x, 0?)
and xG(x,Q?) hit the unitarity limit at Q? =~
2-4 GeV2. This fact gives rise to a challenge for the-
oreticians to explain the matching between the deep
inelastic scattering and real photoproduction process
in the framework of QCD.

We hope that this letter as well as Ref. [24] will
stimulate the new round of the discussions on the

theory of the shadowing corrections in the deep in-
elastic processes. We believe that the resolution of all
difficulties could be found assuming that the SC has
worked in the full in the gluon structure function and
has been taken in the phenomenological initial gluon
distribution in standard parameterizations [5,26,27].
However, much more work is needed to prove this.

This work was supported in part by the U.S.
Department of Energy, Division of High Energy
Physics, Contract No. W-31-109-ENG-38 and by
CNPq, CAPES and FINEP, Brazil.
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