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Abstract 

\Ve derive time decay nües in P-norm for solut.ions to t.he Cauchy 

problem of the parabolic system 

and its iV-dimensional analo!!;ue 

(} 

2.: âx 
k=l k 

provided only that the initial state u(-, O) is in T,1 n T}, but othf'rwise 
arbiLrary. lkrc, u = (-u,, ... , um) ia thc vector o[ unknowna, :p) r.p1 , ... , r.pk 

. 1 f' . d R R 111 R 1"'1 'f' l . . d f' are gnren sca a,r nnd10ns, an , , ... , are 11m orm y pos1tlve e-
inite matrices of order m •vhose off-diagonal elements bij (u) are bounded 
in Lcnns of 'Ui. Thc mcLhod is bas cd on cncrgy cotirna.tcs and CLLII bc 
ada.p1ed Lo o1.her problem:-~. The decay raLes ob1ained are op!irna.l. 

Resumo 

São derivadas taxas de decaimento na norma J} para as soluções do 
probl ema de Cam:hy do sistema parabólico 

c do problema corrcspondcnLc crn N düncnaõcs 

*This work was supported by CNPq (PQ 301236/91, AVG 453835/96-1) anel FAPERGS 
(A PC 96/ 1696-6) 
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assumindo-se que o estado inicial u(·, O) pertence ao espaço L 1n L 2, sendo 
possivelmente grande. Nas equações acima, u = (u 1 , ••• ,um), :p, cp,, ... , <pk 

·~ 1' ·~ 1 .I .I 1J 1J[1] lJ[N] . I l . .I fi .. I sao unr,;ocs crsca arcrs uaua.<s, c , , ... , ucnotam ma nílcs uc tmua.<s 
positiva.<s de ordem m cujos elementos b;1 (u) fora da diagonal rsào limi
tados cm termos de Ui. O método é baseado cm estimativas de energia 
c pode ser adaptado para outros problemas. As taxas de decaimento 
obtidas são optimais. 

1. Introd uction 

vVc >vill cstahlish in this articlc thc timc-asymptotic dccay in L 
2
-norm of solu

tions to the initia.l-va.lue problem 

u 1 + (u'P(IuiH, = (B(u)u, ), (la) 

(1 b) 

and some of its generalizations, whPre u(:r: t) = ( u, (:r, t): ... , nm(:~:, t)) sta.nds 

for the vector of unknown quantities, I u I .is the Eud.idean norm of u, r.p is 

a conl.imwusly dirf'erenLiable sca.lar hmdion and R(u) is an mxm nnif'ormly 

positive dcftniLc m;ürix: i.c.: 

(2) 

for all u concerned, where f1. is a positive constant and (- : ·) denotes the standard 

inner produc1 in R "'. \Ve also <~.<;sume Lhal. Ute orf-diagonal en1ries b;i(u) or R(u) 

sal.isry: ror all u = (u., ... 'um) cmtcerned, 

I b,j ( u) I :::; c I1J.; I V i.,j = l, ... :tn , if.j (3) 

for some constant C > O. For basic properties of ( 1 ): we refer the reader to 

[11] and references therein. O ne example .is given by the class of rota.tionally 

iTtvarian1 sys!.ems considered in [6], [13]: munely 

ut + ( u lu I") x = Jl u·"·" (4) 

where 11 is a positive constant. 'l'he ínviscid form of equation ( 4) was consídered 

iTt 1979 by KeynL;~, a.nd Kra.nzer iTt comwdion wiLlt Lhe elas1ic string problem in 
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elasticity [9]. This system has also been studied in one-dimensional multiphase 

flow [7], [12], magnetohydrodynamics [1], [õ] and more generally in continuum 

mechan ics a.<> a. ba.o;;ic model for tlw propa.ga.tion of plane wa.ves in isotropic, 

multidimensional systems [1], [2]. For these and all systems ofthe form (1)-(3)~ 

we will show in SecLion 2 1.haL 

(.5) 

for all t > O~ whcrc thc constant C dcpcnds on thc magnitude of li u( ·,O) li u (n) 

and 11 u(-, O) IIL2 (U), Lhe dimension n1. a,ll(] f1 > O given i11 (2) above. Thm;~ 

the solution u = O of ( 1 )-(3) is asymptotically stable under arbitrarily large 

disturbances~ provided only that they belong to L 1 (R) n L2 (R). The same 

decay behavior in Lhe [
2
-norm l1as heen shown Lo hold f'or general sys1.ems of 

conservaLim1 la.ws 

(6) 

wi1h an arbitrary viscosi1y ma1ri x R(u) and flux hmct.ion f( u) such 1l1aL Lhe 

.Ja.cohian ma.trix f'(O) is completely hyperholic [3], [4], [8], under the further 

assmnp!.im1 1.haL u(-, O) is small enough to sa.!.isfy 

for o« 1. ln the particular case of systems verifying (1)- (3), condition (7) is 

not ncccssary anel wc vvill show in Scction 2 using a vcry simplc argumcnt that 

the estimate (õ) holds for any initial state u(-,0) in L 1(R) (l U(R)~ however 

la.rge. H mw replaces (1 a) h.v Lhe slight.ly more general equa.Lion 

(8) 

thcn vvc can still derive (5) providcd that 11 u(·,O) 11 1 ( ) 1s sufficicntly smalL 
L R. 

see Sedion 2. Finally, in Sec1.im1 :3 we wil111se a similar argmnenL (o invesLiga1.e 

the corresponding behavior for the N-climensional analogue of (1), 

(9) 
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whcrc ip)l''' ,:.pA are sca.lar rmlcLimlS a.nd R[11 (u), ... ' R[A·](u) a.rc positive dcíí

niLc malriccs of ordcr m such tlml 

( 
[k] ) '2 e' B ( u) e ;;::: ll I e I 1, ... , }V (10) 

and whose elements satisfy, for each k = 1, ... : N, 

'i z1.7 = L ... ,m, 1:#.i ( 11) 

for all values of u in the region concerned, where f.l: C are positive constants. 

lt is then shown that 

( 12) 

whenever u(-, O) E P(RN) n T}(R·"'), wlwre C is a positive conslanL whid1 de

pcnds on lhe magni L nele of li u (-, O) li 1 N and li u (-, O) li 2 . N , lhe dimcnsion 
L (R ) T. (R ) 

paranH-d ers m , N all<l 11 > O gi ven in ( 1 O). For all 1-hese problen1s, lhe decay 

rates givcn ahovc are optirnaL so that thc rncthod discusscd hcrc, in spitc of its 

sirnplicity, gives sharp results. 1\IoreoveL it can be applied to other problerns, 

see e.g. [14], [15]. 

As Lo Lhe noL-dion 11sed , boldfa.ce chara.cters will always denoLe vedor <pla.n

lilies, wl1ile ct:l.pitalleUers will be liSlmlly reserved for ma.Lrices, wiLh lhe excep

lion of' letJers C and T( which will be 11sed f'or scalar const.anls. A symbol like 

c.A rcprcscnts a constant >vhosc valuc depeneis 011 a sct of pararnctcrs spccificd 

by A; we note that distinct references to the sarne constant syrnbol will not 

necessarily rnean the sarne nurnerical value, so that we vvill write 2 (~ again as 

CA: a.nd so on. Also: we will often use subscripted va.ria.bles to indica.te differen

tialion, a.'-l in u
1 

= ~ -~: I(t~)x = lrf(u(.r, l)), and so f'orlh. All otl1er no(aJion, 

when not. standard , \vill be explained rigld. aHer iLs ~rs1 occmTell(:e in Lhe lexL. 

2. One-dhnensional systen1s 

\Ve will consider in this section the U decay of solutions u(x, t) of the Cauchy 

problem (1 )-(:3) described above. The initial stat.e u(·, O) is any Lehesg11e mea.-



'l'lMJ{ D~'CA.Y OF lJlFFUS'lON \!\'A\/1<:5' 303 

surable pulse with finite mass and energy, i.e., u( ·,O) E L 1 (R) n L 2 (R), and we 

let J( > O be sufficiently large so that 

ll u(·.O)II - < J{ _. - P(R.)- (13) 

Undcr 1 h esc condil.im1s, wc will show bclow LhaJ thcrc cxis1.s a. posil.ivc cm1sLa.n1 

CK, depending on the set of parameters K = { m, K, fi}, such that 

V I> O (14) 

vVc will prove Lhis cstimatc in Lhe following \Vay. FirsL WC note Llmt thc solution 

operator of ( 1) is L 1 -contractive, i.e., we h ave 

V I> O ( 15) 

where 

li U (.' t) li T, 1 (R.) 

and similarly for 11 u( ·,O) li 
1
_

1 
(R.). ln fact, more is true: one has, for each individ

ua.] cmnpommL u ;(·, I) of" Lhe solution Ví-'c.Lor u(-, 1), i = 1: ... , m, tl1í-' es1.irna.1.e 

v l >o (15)' 

This ca.n be proved in a standard wa.y as in [10], but for convenience of the reader 

we will briefl.y review the argument. Taking a. regul<:trized sign function L~ ( see 

e.g. [10L [14]), v\'e nml1.iply Lhí-' ·i 0
' cmnponen1. of" e<plation (1a.) by r:seu;(.r; , l)) 

and in1.egra1.e the result, over Rx [O, T] Lo gel, a.fl.t'r a rí-'\V in1.í-'grcüions by parl.s, 
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Since L:;(u;) and b;;(u) are nonnegative, we then obtain, using (3) above, 

!+= !+~ 
-oc L 8 ( ui(:r, T)) dx :::; -o.:; L 8 ( u.;(;r, O)) eLe+ 

m j·T;·+oc I [) 'U li [) 'U I + Cj;; 
0 

_
00

L::(u;(x,t))lu;(:t,t)l Ôx' OX
1 dJ.~clt 

jcf.i 

where C is Lhe consLa.nL give11 in (3). LeLLing J--+ O, we gel (15)', since 

ln
TJ+o..~ . , . () "IL; . . . . 

.. r~ ('ui (.r, t l ) ui (:r:, t) ::.,') ,. y:: ( 1 u (.r, t) 1 ) d:r d 1 --+ o 
O - •x> U .1 .. 

and 

iTl+oc ' . , . I O'Ui li O'Uj I _ r~(ud.r,l))lu;(,.r,l)l ~ ~ d:rdl--+ O 
. o . -= uJ.. u.t. 

by Lebesgue's Dominated Convergence Theorem. Another property vvhich can 

be easily derived is Lhe rollowi11g energy e:-;LimaLe , 

11 ( 'i' ) 11~ + 2 tl,l.,.lliJu(·, t) 11
2

, dt < 
U · , · l } (R) r o L"(R) 

') 

11 u(·, 0) ~~~2 (R) (16) 

where 

and 
'2 m au· . ') 

]jDu(· , l) IIU(RJ = ~ li ô x' ( ·, l) II~~(RJ 

ln fact, multiplying the i th component of equation (la) b~y u;Cr, t), integrating 

the result over Rx[O,l'] and summing from i= 1 tom, we get, after a few 

siTnilar cmnpuLaLions, 
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from vvhich >ve immediately get (16), in vievv of assumption (2) and 

r+= . a . 2 

.J_'""_' .p( I u(.r, l) I) 0 :c I u(.r, i) I d:r = O ( 17) 

ln arder to obtain a decay rate for 11 u(·, t) 11r.2(R.): however: we need to do a 

mor~ cardul a11al,ysis. To this ~nd, w~ multiply t.he íth compon~nt of" ~qua1ion 

(1 a.) by (1 + l) u;(:r:, l) and inLegraJ~ 1.lw r~s111L ov~r R x [ (\ T], which giv~s, 

j·T j+:x:> +2 
0 

(1 + t) -oc (ux,H(u)ux) dxdt 

j +oo 2 {T !+"'' . 2 
-·x: I u(.r: O) I d:r + lo -·x: I u(:rJ) I d.r di+ 

{T r+oc rJ 2 

+ Jo (1 + t)J_ oc 'P(Iu(x,t)l) rJ.r lu(x,t)l dxdt 

so thaL rccalling (2) and (17), wc obtain 

(l+l')llu(·.T)II 2 + 2J1fr(1+t)11Du(-,t)ll" dt . · V(~ k · · V(~ 

::; llu(·,Olll2 + j.rllu(·.llll2 . di 
' · L 2 (R) o . . · L~(R) 

(18) 

Usi11g the ~lementary Sobolev iT1eqnality 

li n;(-. t) li ·2 < C li n;(·, t') 11 2 ;:~ li 8 
'Ui (·.i) lllj:3 

(19.) . . . r. (R.) - . ' /}(R) 8 X . . . / ,2 (R) 

we get, from (13), (15), 

11 u(·, t) IIL2(R) ::; cm.K 11 Du(-: t) II~~:~R) 

for each t >o, where cm,K denotes a constant which depends on m, K. Hence, 

(lS) yields 

2 1T .· 2 
( 1 + T) 11 u(·: T) 11 ? . + 2tt (1 + 1) 11 Du(-, I) 11 ? . di r,- (R. i n r.- (RI 

:=:; 11 u( ·, O) I( + C . ,. (T 11 Du(-, t) 11 2
(:

1 
dt P(R) n •. ,,< lo · L-(R) 

(20) 
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Since, by Holder's inequality, we have 

{ }

1/3 

{T 11Du(·,t)ll 2 ~:l dt ~ 2
2

/:> (1 + T)j·T(1 + t) IIDu(-,t)ll\ dt 
} 0 r.-(n) 0 /..(H) 

we see Lha1, seUing 

F;(T) =::: (1 + T) llu(·,T)II2 + fT(1 + l) 11 Du(-,l)ll 2

2 
. di (21) 

. . ·. • r,2(R) .fo r, (R.) 

we get, from (20), 

E(T) S: C',_: { 1 + ( 1 + T /
13 

E(T)
113

} 

for some constant c:x: vvhich dcpcnds on K = {m, K, fl}. This immcdiatcly givcs 

Ji:(T) S: C'K ( l + T) 
1/2 

(22) 

f"or some suiLable cons!an1 CK:. which: again, depends 011 K = { m, T( fi} . Re

calling (21 ), we tlwn l1 ave Lhe f"ollowing res11H. 

Theorem 1. Let u(x, t) be the solution o.f (1)- (3) correspondin_q to an initíal 

pro.filc u (·,O) in V (R) n L2 (R). Thcn, thcrc cxists a constant C,_: (dcpcnding 

on the set o.f parameters K.: = { m, 1(, 11} given. in (2), (10)) such that 

(l+T)IIu(·.T)II
2

. +1r(l+t)11Du(-.t)l( .dt ~ C.(l+T)
112 

. i/(Il) 0 · · /,2( Il) K · · 

for F:t'fr·y T > O. 

Tn particular , th is shows (.5) . As mentioned i n the prev io11S sedion, we ca.n 

extend the above analysis to the slightly more general eq uation 

(23) 

whcrc B(u) sa.ti sftcs (2), (:3) aml o.p now dcpcnds more gcncrall.v un thc cunscrvccl 

variables u ínstead of theír magnitude I u I only. Observe that, changíng the 

varia.ble :J: to ç = :t: - !f(O) l i r Tlecessary, we may as~mnw wi1lloll1. any loss or 
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generality that v(O) = O. Thus, we will mal:e the assumption that, for all u 

concerned, we have 

(24) 

for some consta.nt ci> > O. As before, the initial state u(-, O) is taken in the s pace 

U(R) n U(R) , and we le1 J( > O be large enongh so ( haJ. 

11 u(-, O) 11,/ (Il) ::; K (2E5) 

Multiplying thc 1: th componcnt of cquation (23) by (1 +t) u,(x, t) and intcgrating 

the result over Rx [O, T], we then obtain, summing from i= 1 tom, 

( l+T'lllu(·.T)II 2 +2J1fr(l+l)IIDu(·,l).ll 2 
(U 

' ' T,2 (H.) lo ' . ' T.2 (H.) 

(26) 

l
F 1+·-.o + 2 ( 1 + l) ( u, u :r ) ?( u) d:r dl 

u - cv 

where \Ve have 1JSed (2). Since, ror fl, <l> givell ill (2), (24) ahove, we have 

WC SCC t.ha.!. (26) yicJds 

( 1 + '1' ) I I u (-, '1') I ( + 11· [T ( 1 + t) I liJu ( ·, t) I ( . dt 
L2 (R) lo · U(R) 

2 lT ') 
::; 11 u(·. O) 11 .· + 11 u(· , l). 11- .· d! 

' ' T,2 (H) o ' T,2 (R) 
(26)' 

Using the Sobolev inequality 
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we then obtain, from (26)', 

(_1 + T). llu(_·.T). 11 2 + flj·T(1 + l). 11 Du(-,()11 2
. di 

· r/ (R.) 0 - . · • r,2 (R.J 

< 11 u(-, O) 11;,2 (R) + .foi' 11 u(·~ t) 11;?(R.) dt (28) 

+ L cm~ {T( 1 + t) li u(·. t) 11 2 11 Du( ·. t) 11 2 
dt 

11 lo · ' f.l(R) · .· L 2 (R) 

Since (15) rernains va.lid for eqnaJion (23): we Lhen obLa.in, from (13): (25): (28), 

(1 + T) llu(·,T)II~2 (R) + foT(_I + t) 11 Du(-,t)II:_2 (R) dt 

(29) 

~ C r.· { 1 + ( li u( ·, t) I(, dt } 
I'•" lo L-(R) 

provided we assume that 11 u(-,0) llr, 1 (R.) is small enough to satisfy 

!_C\,. 11 u(·, O) IIL1 (R.J. ~ ,~ (30) 
p ~ 

where p, tl>, cm >o are lhe comd.anLs giveTI iTI (2), (24), (27). Proceeding wiLh 

(29) as wc did with (20) abovc , \VC thcn gct thc following rcsult. 

Theorem 2. rfl u(:r, l) b~ lh~ solu.lúm of (2:3) con·tsporuling lo an úúlial 

pm.file u(-, O) in the spa.ce L 1 (R) n P(R). Thw, then exists c5 > O ( depwding 

on fl,tl>,Cm. given in (2), (24), (27)) .~ru:h lha( ·u}u:rwuf:T llu(·,OliiL'(R) ~ 8, 

one lw8 

. )11, -~~ 2 {T( )11 ' 11 2 1
- .l/

2 

( 1 + T u (_- ' T) L2 (R) + ln 1 + l nu 1:' l) L 2 (R) d l ~ c K ( 1 + T ) 

for tVf:"T''!J T > o, wher·e ex: i8 (l positive r:on~lanl whú:h deptrul,-; on !hf: .<;e[ of 

paramde-r8 K = { m, K, fi} given in (2) , (2.5). 

3. Multidirnensional systerns 

h1 this sedion: we will ex!.end !.he analysis ahove to nmltidimensional systerns 

o f" Uw f"orm 

( :31) 
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where tp 1 , ••• , YN are given scalar functions, u(a:, t) = ( u, (a:, t), ... , um( a:, t)) is 

the vector of unknowns, a:= (x,, ... , x,J, and H[k] (u), k = 1, ... , N, are positive 

definite ma.trices of order m satisfying (10), (11) for all u concerned, i.P., 

( 
[kJ( , ) I 1:~ Ç, n u) Ç ~ 1" Ç V Ç E Rm , k = 1, ... , N (32) 

and 

[k] I bi_i ( u) I :-::: c I u; I ( ;3;3) 

r · · c· 1 z [kJ -- · · · 1 1 or smnc poslL1vc const.anls p, -, Wl<-Tc l;j (u), t,] = 1, ... ,-m, ccnot.c LH_' 

elemeTd s or n[k] (u), k = 1' ... 'N. One t.hen obLain 

v t >o ( ;34) 

which can he shown i n the same vvay as (15) ahove. ln facL it is straight

rorwa.rd Jo ex1.end the OTte-dimensional l:Uta.lysis or the previoHS sect.imt to Lhe 

lV-dimensimta.l eqmd.ion (31), so that. we >vill onl,y give ltere a. hrief sketch or Lhe 

argumcul in Lhis case. To gd lhe appropriaLc dccay raLes, wc mulLiply Lhe i t.h 

componcnt of (:H) by ( 1 + t ( u; (a:, t) and integra te thc rcsult o ver R·"'x [O, T] 

to get, summing from i = 1 to m, 

(1 + T)NIIu(·,T)II 2
,_2 (R."' -_l + 2ft{r(l +t(11Du(·,t)ll 2

2 "dt - Ju J, (R ) 

< llu(· 0)11 2 + N {T(_l + t)"_, llu(·,t)-11 2 ~ _ dt 
- -

1 i}(H"') ) 0 U(UN) 

(:35) 

where 

Using (34) anel thc Sobolcv incquality 

~ N 

11 u(-J) IIL"(R") :-::: cm,N li u(-, t) li;~~~ "') IIVu( ·, t) li;,~~~"' ) (36) 

N 

11 u(-, l) IIL2(RN) < cm ,N,J{ 11 Du(·: 1)11:2~~1\') 
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where C ,. deno1.es a cons(ant wl1id1 depends on m, li.' and J{ >O sudi that. 
rrt-, .... 'V , .. t\. 

Hence~ (35) gives 

(_1 +T)i"liu(· T).ll 2 + 2flfr(l +l).NIIDu(·.lJII 2 
. • dl 

' L"(RN) .fo . . ' . L?(R.N) 

where C , ,. denotes a constant vvhich depends on m, N~ J{. Since 
m,, ,\ ,r\ 

{T(l +t)"- 1 11Du(-,t)11Zt2
. ' dt::::; lo l?(n ·') 

N 

< ( 2\. )"~ 2 {(1 +T) fr(l +l)'v i1Du(·.l)ll 2
. dl}~~.· +

2 

- : .fo . ' . P(R'v ) 

(39) 

we then get~ from (38): 

(l+T(IIu(·.T)II 2 
. . + fT(l+t) "' IIDu(·.t) ll 2

. dt 
· · · · I."(H''') lo · · · l.~ (nN) 

::::;cx.- {l+(l+T)r/'t2 (rr(l +t ( 11Vu(·,t)ll:.l
2 

.. A dt)N: 2

} Jo T, (R ) 

( 40) 

where CK is some positive constant which depends on the set of parameters 

K = { m~ 11.', K,fl· }. ProcPPding a.s in (20)-(22)~ we tlwn imnwdia.tely ohta.in tlw 

f'ollowing resul1.. 

Theorem 3. T:r;.l u (;r, 1) lu; lhr;. solnlion of r;.qual ion (:31 )-(33) r.:mn;sporuling 

to an ínlbal statc u(-, O) ín thc spacc V (R"') n L 2 (R.\'). Thcn, th crc cxists a 

positive constant CK ( depending on K = { m~ .T'I;· , ]{, 11·} given in (;~2) , (37)) such 

that 

for r;.vféry T > O. 
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