PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 119, Number 3, November 1993

AVERAGES ALONG UNIFORMLY DISTRIBUTED
DIRECTIONS ON A CURVE

JOSE BARRIONUEVO

(Communicated by J. Marshall Ash)

ABSTRACT. We obtain a sharp L? estimate for the maximal operator associated
with uniformly distributed directions on a curve of finite type in R” .

INTRODUCTION

Let »:[0, 1] — S"! be a smooth curve crossing each hyperplane of R” a
finite number of times. If %y denotes the family of all cylinders in R” having
eccentricity N and direction in y, it is proved in [C] that the maximal operator

1
My = swp /R )l dy

satisfies the estimate
(1) My £z < Cy(log N)?|| f]| 2

where C, is independent of N.

The purpose of this note is to show that by imposing an additional condition
on y one can prove a stronger result.

Let y be a smooth curve satisfying

(%) Forall ¢ € [0, 1], the set {y“)(¢)}o<j<co SPans R”.

For a positive integer m let %, denote the family of all cylinders in R”
pointing in the direction of y(j/2™) for some 0 < j < 2™. let M, f(x) =
SUDycre, (1/IR]) [ |f(»)|dy . Then we will prove the following:

Theorem. If y satisfies (x) then
(2) [ [l < Cyml|fl| 2
where C, is independent of m .

If n =2 orif y is contained in a 2-dimensional subspace, (2) is known to be
true (see [S] or [B]). Also, since .#,, dominates M~ , (2) implies an improved
version of (1).

In what follows all the constants are independent of m .
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AUXILIARY LEMMAS

We will now prove some consequences of (x) that will be used to prove the
theorem.

A simple compactness argument shows that if y satisfies (x), then there exist
an integer L and ¢ > 0 such that for all £ € S*~! and ¢ € [0, 1]

L
(3) Yol 2 e

i=0

For j =0,1,2 let % = {(&,¢t) € S™! x [0, 1]:|¢ - yD(2)] < c2=(+D) for
/ < j}. Then we have

Lemma 1. There exist d; >0 and c; >0 such that for all (£, t) € %;
(4) s =1l <8 = & (P (s) =y (0)] 2 sl — 1.

Proof.. If the lemma is false, we can find sequences & — 0, & — 0, (&, t) €
S"=1 %[0, 1], and s; such that |s; — t;| < &; and

(5) 1k - (P (s1) = ¥V (8))] < el — tal .

Since %; is compact, by passing to a subsequence, we can assume that (&,
converges to (£, () € %;. By Taylor’s theorem (5) implies that & - y()()
for /=j+1,..., L. This contradicts (3).

atk)
=0

Lemma 1 implies that there exist integers N; (~ 5]7') such that for all ¢ in
S"=1 the function &-yU)(¢) has at most N; zeros on {t € [0, 1]:|¢ - y(2)| <
2=+ for 0< /< j—1}.

For & € S"7! let vg(t) = &+ p(t), 7' = {t € [0, 1]:|vg(t)| > ¢/2}, and
72 = {t € [0, 1]:|vg(t)| < ¢/2 and [v(?)| > ¢/4}. Since Z;' and 7;? are
open (in [0, 1]) and disjoint, we can write each %j as a countable union of
disjoint intervals. Since between each two intervals of %1 there exists a ¢ for
which either ve(f) =0 or v;(¢) =0, Lemma | implies that %1 is the union of
at most Ny + N; (independent of &) intervals. A similar argument applied to
%2 in the complement of 7;' together with the fact that, on the complement of
7;'UZ;%, v/(t) has at most N, zeros shows that the complement of 7;'u7;?

4
can be written as a union of no more than 2(Ny + Ny + N,) closed intervals

where, on each of these, vé(t) is monotonic. Let I = [a, b] be one such
interval, and let ¢ € [a, b] be such that |vg(20)| = miny |vg(7)|. Then we have

L-1 ,U(j+1)( )

vi(t) = Z fjé!o

=0

(t = to)! + Ry, (1)

= pi(t) + Ry, (t) where |Ry (1) < Clt — to|".

Thus if d, = 1/2min{min;J;, ¢c;C~'} we have for |t — | < J, and t # ¢

AN Cliznlt 1
ve(t) |7 el T2
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which implies
(0] < ve(n)] < 2lpg (1))

If we let pg(t) —Us(fo) = g¢(2) , we have by Lemma 1 that there exist ¢; > 0 such
that |gx(¢)| ~ ce|t—to|* for |t—1to| <, and for some k with 1 <k <L—1.If
|t—to] > J, and ¢ € I, Lemma 1 implies that |v;(¢)] > ¢,dF " . Since vg(r) has
at most two zeros on I, we can divide {¢ € I:|t—1ty| < J,} in no more than four
intervals where vg(f) is monotonic and of constant sign satisfying estimates like
the above. Thus, if we let N, = 10(No+ N; + N,) and ¢, = min{c/4, c;6F7'},
we obtain

Lemma 2. There exist an integer N, and ¢, > 0 such that for all ¢ in S*~!
we have

[0, 1=U}u--- v uriu-uumtu. - um

where N¢ + My + Kz < N, and where the U}’s, V! 's, and W}’s are closed
intervals with disjoint interiors for which

(1) lve(O) 2 ¢y on U, U,

(ii) v (0) 2 ¢y on U; ¥/, and

(iii) for each i < K¢ there exist ¢, > 0, to € W}, and k = kg ;,,, with
1 <k <L such that

Ve ()] % [ve(t0)| + cilt — tol*  and  |v(1)] ~ cfklt — to]*~".
Proof of Theorem. The proof is based in a square function argument following
the ideas in [W, NSW].
Let ¢ € C§°(R) be nonnegative, with ¢ = 1 on [—4, 1] and such that
2, o(t)dt=1. For k>0 let g,(t) = h~'p(h~'t) and let w; = y(j2™™).
For 0 <j<2™ let

= [ Z fe = t)pa(t)dt, 7 f(e) = sup Ty )

Then a simple geometric argument shows that it suffices to prove that
(6) IT"fll2 < Gm|| ]2 for f>0.

For m =1, (6) follows from the boundedness of the one-dimensional Hardy-
Littlewood maximal operator. Suppose (6) is true for m = 1. Then for f >0

T"f(x) < T" ' f(x) + iu?|T}:','2jf(x) =Ty S ()]

7
@ =Tmf(x)+:§’upH,{'fjf(x)
5]
and (6) will follow if we can show that
(8) sup H}:'fjf < GlIfla-
h,j 12

For j=1,...,2", let I'; be the cone {¢& € R":|¢-wj| > ¢;27™L|¢|} and let

K; be the complement of I';,and for j =1, ..., 2" let f(x) = f;(x)+r;(x)

where 7;(¢) = XKyj0Ky_ (€) f &. " denotes the Fourier transform.
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An argument similar to the one in [W, p. 88] shows that
sup HI?£(x) < C(&1(f)(x) + &(/)(x))
7.]

where

om—1 2 1/2
a(f)(x) = (Z (sgp Tyt Iy + sup T,:'ij_,lrj(xn) ) ,

Jj=1

- 1/2
2m 1
= dh
= (/0 Z ITKHfJ'(X) - T;:'fzj—lfj(x”z?) .
j=1

Thus (8) and hence the theorem will be a consequence of the following two
estimates:

9 lgr ()l < Gl flle2»
(10) &2z < Gl fllL2-

Proof of (9). By the boundedness of the one-dimensional Hardy-Littlewood
maximal operator and Plancherel’s theorem, one has

2ml 2ml

(1) () < C / Zm (x)[dx = C / Zm,uxz, |77 de.

Since the K ’s are conic, it is enough to prove that no ¢ € S*~! belongs to
more than C, of the K;’s. Given ¢ in Kj, we have |vg(f)| < ¢;27™L. By
(4), if k > cll/ L' then ¢ does not belong to K ;. Thus £ does not belong to
more than Nycll/ L of the K s,

Proof of (10). Plancherel’s theorem implies that

2m 1
lga(Ni2: = / Z / §URE - 2)) — pRE - a1 L de
(12)
- m(é)lf(é)lzdé,

Rn
where

2m—l

(13 m@) =3 [T 190k - 03) = 9t - ory-) P (O

Jj=1

and we are left to prove that m(£) < C,. This is accomplished by dividing the
curve y in pieces where one has control over the decay of ¢(h¢-w;) in ¢ and
J in estimating (13). The details are below.

By Lemma 2 we can, for each ¢, split the sum in (13) in no more than N,
sums of the form 3, mey; > > mev; > and 3, mew; - Thus the theorem

will follow if we can show that each of these sums is bounded with bound
independent of m apd &. By homogeneity we only need to consider & € S"~1.
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~

Since £ - wj| > ¢, for j27™ € Ué' , and since ¢ is a Schwartz function,
we have that |@(hE - wjy1) — ¢(hE - w))]* < Ch?|wjy1 — wj|?| @' (hE - u;)|?* with
|+ u;| > c,. This implies

(14) > / G(hé - w;41) — (hE - w,)|2—<c
Jj2- "‘EU’

We now prove a similar estimate for Wg . There is no lack of generality in
assuming that Wg = [0, €] and that v:(0) = 0. Lemma 2 implies that for
j2me W

(15) €+ () — waj-1)| < Cc{jk—lz—mk ’
(16) € )| > Ccej*27mk,

Since ¢ is smooth and rapidly decreasing, by (15) and (16) we obtain
(17) 1§ (hE + @) — G(AE - o) < CZA—D22mkp?,
(18) |¢7(hf . wj)|2 < Cacgz"j‘z""Z‘”"k“h‘h.

Spliting each integral in [’ + |, ;° where the a;’s are to be determined later
and using (17) and (18) on each integral respectively we obtain that > j2-mew;
is dominated by
(19) Z CC 2(k— l)2—2mk 2 + C —2a —2ka2—2mkaa]—2a

j2-mew}

To finish, put B =k~ 1, a =3, andlet a; = cg'j‘ﬂ2'”k in (19) obtaining

2m+l
(20) Z < CZJ2(k p-1) +J2aﬂ k) < CZJ—3/2
j2mmew; 1

The terms }°; 2-mey; can be handled similarly with k = 1.
Since (20) is independent of ¢ and m, the proof is complete.
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