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ABSTRACT. We prove that Julia sets are uniformly perfect in the sense of Pom-
merenke (Arch. Math. 32 (1979), 192-199). This implies that their linear
density of logarithmic capacity is strictly positive, thus implying that Julia sets
are regular in the sense of Dirichlet. Using this we obtain a formula for the
entropy of invariant harmonic measures on Julia sets. As a corollary we give a
very short proof of Lopes converse to Brolin’s theorem.

Let C be the Riemann sphere. As usual we say that a set 4 ¢ C is an
annulus if there exists, for some 0 < r < 1, a conformal representation of
{z €eCjr <|z| < 1} onto 4. The number log(1/r) is called the modulus of A.

Given a set K C C, we say that an annulus 4 divides K if KN4 =@ and
K intersects both connected components of the complement 4¢ of 4.

In [6] Pommerenke introduced the following definition: a set K C C is
said to be uniformly perfect if it contains more than one point and there exists
m > 0 such that every annulus that divides K has modulus < m . In particular,
connected sets satisfy this definition since no annulus can divide them thus
making the condition vacuous.

A uniformly perfect set K is always regular (in the sense of Dirichlet), i.e., for
every continuous function ¢: K — R there exists a continuous function ¢*:C —
R such that ¢*/K = ¢ and ¢ is harmonic in K¢. The function ¢* (that is
unique) will be called the harmonic extension of ¢ . In fact Pommerenke proved
in [6] a much stronger property, namely, that denoting d(:, -) the spherical
metric on C and denoting y(S) the logarithmic capacity of a compact set S, a
compact set K c C is uniformly perfect if and only if there exists § > 0 such
that forall a€e K and r >0

y({z € Kld(z, a) <r}) z or.

It is well known that this property implies the regularity of K (see, for
instance, [8]).

Our first objective is to prove the following result that answers positively a
question posed by Pommerenke in [7]. Afterwards we shall apply it to give
a formula for the entropy of harmonic measures on Julia sets through which
we shall recover, with much shorter proofs, some already known results relating
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harmonic measures with the maximizing (i.e., the entropy maximizing) measure
of a rational map.

Theorem. The Julia set J(f) of a rational map f:C « is uniformly perfect.

Proof. Supposs, by contradiction, that there is a sequence of annuli 4,, n =
1,2,..., dividing K such that lim,_, ., mod(4,) = co. This property im-
plies that for each #, a connected component K, of A5 can be chosen so
that lim,_ . diamK, = 0. Denote by K, the other connected component
of A45. Theninf,.cdiamK, > 0 because otherwise we could take a subse-
quence {K,’,I}; with lim;_ ;. diamK,Qj = 0 and points p; € K,Qj nJ.),
pj € Ky, N J(f) converging to points p’ and p in J(f), and then, from
limj e diamK;, =lim;_ o diamK, =0 and J(f) C K, UK, forall j, it
follows that J(f) = {p}U{p’}, which is impossible. Denote D = {z € C||z| <
1} and let ¢,:D — A, UK, be a conformal representation with ¢,(0) € K, .
Then mod(D — ¢, '(K,)) = mod(4,). Hence lim,_, diam ¢;!(K,) = 0 be-
cause lim,_ ., mod(4,) = co. Take 1 > r, > p, > 2diam(K,) satisfying
limy— 00ty =0, limy— 400 pn/tn = 0. Set D), = {z||z| < pn}. The family of
functions ¢,:D — C is normal because inf, diam ¢,(D)¢ = inf, diamK, > 0.
Hence lim,_, -, diam¢,(D;,) = 0. But ¢,(D;,) is an open set containing points
of J(f). Therefore the classical theory of Julia sets implies that there exist in-
tegers ¢, > 0 such that f"(¢,(D))) D> J(f). Take 0 < ¢ < diam J(f), and let
m, be the minimum positive integer such that diam f"(¢,(D;)) > c. Since
lim,_, o diam ¢,(D;) = 0, it follows that lim,_ . m, = +oo. Moreover,
since diam f™~!(¢,(D),)) < c, it follows that diam f™(¢,(D))) < Lc, where
L is the Lipschitz constant of f. Let S be a set of four different points in
J(f). Take ¢ so small that every set of diameter < Lc cannot contain two of
them. Then f™~(¢,(D,)) does not cover three points of S. Define y,:D — C
by wn(z) = f™@,(r,z). Let us show that the family {y,} is normal. It
suffices to show that for all n, y,(D) does not cover three points (that may
depend on n) of S. If p,/2r, <|z| <1 then p,/2 < |r,z| < r, and, since
diam ¢ '(K,) < pn/2, it follows that r,z ¢ ;' (K,) and ¢,(r,z) &€ K, . Then
on(rnz) ¢ J(f) because K, = J(f) N @n(D). Hence yn(z) = f™@n(raz) ¢
fm(J(f)) = J(f). Therefore w,(z) ¢ S when p,/2r, < |z|] < 1. On the
other hand, if |z| < p,/2r,, it follows that |r,z| < p,/2 < p, and then
Wn(z) = fMeu(raz) € fMo,(D;,) that does not cover three points of S'. This
proves the normality of the family {y,}. Then, given & > 0, there exists a
neighborhood ¥V of 0 such that diam y, (V) < ¢ for all ». But for n suffi-
ciently large, V D {z||z| < pn/Tn}.

¢ > diam y, (V) > diam y,({z||z| < pn/ra})
= diam ™ ¢,(D)) > c.
Since & > 0 is arbitrary, this is a contradiction that proves the theorem.

Let us show some applications of the regularity of the Julia set. Recall that,
given a regular compact set K ¢ C and a point p € C, the harmonic measure
Up is defined as the probability on the Borel o-algebra of K such that the
integral with respect to u, of a continuous function ¢:K — R is given by

/ pduy, = 9*(p)
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where ¢*:C — R is the harmonic extension of ¢. If p ¢ K the support of
Up is obviously the boundary of the connected component of K¢ that contains
D, and it is well known that if p and ¢ are in the same connected component
of K¢ then u, and pu, are equivalent and the Radon-Nykodim derivative
duy/dug is bounded and has a strictly positive infimum.

Observe that if f:C < is a rational map and ¢:J(f) — R is continuous,
then (¢po f)* = ¢* o f because ¢* o f is harmonic on the complement of J(f)

and (9" o NI() = (9 NII(). Then
Jwondu = [odus,
because
[wendu=wo 1) ®) =" o) =" F0) = [ 0duse.

Hence, u, is f-invariant if and only if f(p)=p.

Given an attracting fixed point p of f, define its basin W?*(p) as the set
of points z such that lim,— .. f"(z) = p and its immediate basin B*(p) as
the connected component of W9(p) that contains p. Then y, is an invariant
probability of f whose support is the boundary 0 B*(p) of B*(p).

Corollary 1. If f:C — is a rational map and p is an attracting fixed point of
S the entropy hy,(f) of f with respect to p, is given by

/ 108( %‘Zﬁ) dup
xef~\@)nBsp) ¥

where the points x € f~!(p) are repeated according to its multiplicity.
Proof. Define J:0B;(p) — R by

= ¥ Z“".

xes-onsp) HP

Let us prove that J is the Jacobian of u,, i.e., that

(1) 1y (f(4)) = /A Jdy,

for every Borel set 4 C 8 BS(p) such that f/A is injective. Once this is proved,
the corollary follows from the formula

hy, (f) =/longﬂp

proved in [5]. To prove (1) denote C°(9B*(p)) and C°(Bs(p)) the spaces
of continuous functions of dB%(p) and B*(p) on R endowed with the norm
of the supremum. Given a function ¢:9B°(p) — R (resp. ¢:B*(p) — R),
define Z(¢):0B°(p) — R (resp. £ (9): B*(p) — R) by Z(p)(x) =3, 0(¥)
where the sum is taken over all the y’sin f~!(x)NdB%(p) (resp. y € f~1(x)N

Bs(p)) repeated according to its multiplicity. Observe that . maps continuous
functions in continuous functions. Then if ¢ € C°(9B*(p)) then the harmonic
extension (Z(p))* € CO(B5(p)) of Z(p) satisfies (Z(9))* =L (p*). To see
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this observe that . (¢*) is harmonic in the complement of the critical values
of f because there it is locally the sum of the harmonic function ¢* composed
with the holomorphic branches of (f|B*(p))~!. Moreover . (¢*) is obviously
continuous; hence .#(¢*) is harmonic. Clearly we have £ (¢*)/0B*(p) =
Zo¢. Hence Z(p*) = (Z(9))*. Then, if ¢ € CO(0B*(p)),

/ L) duy = (Z(9))"(0) =L (9")p)

= Y rw= Y [ed
(p)

x€S~1(p)NBs(p) xef=(p)nBs

dux
/¢( > dﬂ,,) dup=/¢Jdup-

xef~1(p)NBs(p)

From this equality it follows, by standard methods, that
/fzi”(mdup = /Wdup

for every bounded measurable ¢:8B%(p) — R. Apply it to the case when ¢ is
the characteristic function of a Borel set 4 C 8 B*(p) such that f/A is injective.
Then Z(p) is the characteristic function of f(A). Hence

w ) = [ Z@)du, = [0rdu,= [ Tdu,.

completing the proof of the corollary.

For the next corollary recall that [4, 2, 5] if deg(f/B*(p)) denotes the degree
of f/BS(p) (i.e., the number of preimages in B*(p) of any x € B*(p) counted
with multiplicity) then the topological entropy of f|0B*(p) is logdeg(f|B*(p))
and there exists a unique probability u on dB*(p), invariant under f|0B*(p),
such that 4,(f) = logdeg(f|B*(p)) .

Corollary 2. h,, (f) = logdeg(f|B*(p)) if and only if f~'(p)NB*(p) =p.
Proof. If f~(p) N B5(p) = p then the formula of Corollary 1 immediately
implies 4, (f) = logdeg B*(p) because du.|du, =1 forall x € f~!(p)NB*(p).
To prove the converse property observe that by Jensen inequality

m (= [ log( > Zﬁ;) iy

x€f~1(p)NBs(p)

< log/ (x > Z—Z‘) dup=log (/dux)

€/~ (p)NBs(p) xef=1(p)NB*(p)
= logdeg(f1B*(p))
and the equality holds if and only if
d
S T =deg(/1B°(p))

xef~1p)nBsp) P
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Up-almost everywhere. Denote m = deg(f|B*(p)) and let S be the set of points
in f~!(p) N B*(p) repeated according to its multiplicity. Then

(2) me*(p) = ¢*(x)
x€S
for every ¢ € C°(0B*(p)) because

mo*(p) =/m¢dup =/ (Z Zﬁ;)

X€ES
=3 [odu =3 0.
x€eS x€S

Let us show that (2) implies that x € S implies x = p. Without loss of
generality we shall assume that oo € J(f). First we shall prove that (2) implies

3) p=3x.

x€S

Suppose that this is false. Then we can take a linear function y:R?2 =C — R
such that

1 ,
w(p) # P Z w(x).
xXES
Given integers n > 0, k > 0, define ¢, , € C°(0B*(p)) by

On k(2) = (z) when —k < y(z)<n,
Pn,k(2) = when y(z) > n,
Pn,k(2) = —k when y(z) < —k.
Then foreach k, {¢, x}. is an increasing sequence and for each 7, {@, i}i is

a decreasing sequence. Hence the same properties hold for {¢; ,}», {9} ;}«-
Then, using that y is harmonic, it is easy to see that

= lim lim
V= k—+o00 h—+00 ¢n ke

Then .
O kD) # — > P k()
x€S
for n, k sufficiently large, contradicting (2) and proving (3). But (3) implies
(4) T(p) = ZT

xeS

for every Moebius map T:C « such that T-!(co) € J(f) because TfT~!
has T(p) as an attracting fixed point whose preimages in this immediate basin
are the points {7(x)|x € S} and co € J(TfT~") (by the property T~ !(c0) €
J(f)), and then, (3) implies (4). In particular (4) implies

(5)

-z m xX—2z
p 0 xes 0
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for all zg € J(f) (taking T as T(z) = (z — zg)~!). The number of values of
zy € C for which this equality holds is either finite or holds for every zp € C.
In the first case, since J(f) is infinite, we can take zo € J(f) violating (5) and
thus proving Corollary 2 by contradiction. In the second case, the left and right
sides of (5) are identical as functions of zy € C. But the left side function has
a unique pole at zy = p, and the right side has poles at all the x’sin S. Then,
to be identical, we must have p = x for all x € .S, proving the corollary.

Finally recall that a rational map f:C «— of degree d > 1 has topological
entropy logd and a unique invariant probability fm.x (the maximizing mea-
sure) for which 4, (f) = logd ([4, 2, 5]). When f is a polynomial, co is
an attracting fixed point and f~!(0c0) = {oo} (with multiplicity d). Hence, by
Corollary 1, h,(f)=1logd . We have thus proved the result of Brolin [1] stat-
ing that for polynomials the maximizing measure is the harmonic measure with
respect to oo . Using Corollaries 1 and 2 we can also prove the converse prop-
erty (due to Lopes [3]): if for a rational map f:C — its maximizing measure
coincides with its harmonic measure with respect to oo then f is a polynomial.
To prove this observe that fm. = Uoo implies that y., is f-invariant. Hence
f(00) =00. If 0o € J(f) then u. is the Dirac J at co and A, _(f) would
be 0. Hence oo ¢ J(f). Being a fixed point, the property oo ¢ J(f) implies
that it is either an attracting fixed point, or the center of a Siegel disk. In the
first case, from Corollary 1 and Jensen’s inequality, it follows that

logd = hy,,(f) < logdeg(f]|B*()) < logd.

Hence, all the equalities hold, implying that the number of points in f~!(co0) N
B#(c0) counted with multiplicity is d (because logdeg(f|B*(c0)) = log d) and,
by Corollary 2, f~!(co)NB*(c0) = {00} (because logdeg(f|B*(c0)) = Ay, (f))-

Since f~!(co) contains d points (counted with multiplicity), it follows that
f~1(00) = {00}, which proves that f is a polynomial. When oo is the center
of a Siegel disk, 4,_(f) = 0. This follows, for instance, from observing that
the formula in Corollary 1 holds also (without changing the proof) replacing
Bs(p) by a Siegel disk with fixed point p . But since in this case f~!(p) inter-
sected with the Siegel disk contains only p, it follows that A,,(f) = 0. Hence
hu..(f) =0, obviously contradicting A4, (f) =logd .

REFERENCES

1. H. Brolin, Invariant sets under iteration of rational functions, Ark. Mat. 6 (1965), 103-144.

2. A. Freire, A. Lopes, and R. Maiié, An invariant measure for rational maps, Bol. Soc. Brasil
Mat. 14 (1983), 45-62.

3. A. Lopes, Equilibrium measures for rational maps, Ergodic Theory Dynamical Systems 6
(1986), 414-426.

4. M. Ju. Ljubich, Entropy properties of rational endomorphisms of the Riemann sphere, Er-
godic Theory Dynamical Systems 3 (1983), 351-386.

5. R. Maiié, On the uniqueness of the maximizing measure for rational maps, Bol. Soc. Brasil
Mat. 14 (1983), 27-43.

6. Ch. Pommerenke, Uniformly perfect sets and the Poincaré metric, Arch. Math. 32 (1979),
192-199.



JULIA SETS ARE UNIFORMLY PERFECT 257

7. —, On uniformly perfect sets and Fuchsian groups, Analysis 4 (1986), 299-321.
8. M. Tsuji, Potential theory in modern function theory, Maruzen, Tokyo, 1959.

INSTITUTO DE MATEMATICA PURA E APLICADA, ESTRADA DONA CASTORINA, 110 JARDIM
BoTtAnico, 22460 Rio DE JANEIRO-RJ, BRASIL

INSTITUTO DE MATEMATICA, UNIVERSIDADE FEDERAL DO Ri0 GRANDE DO SuL, Av. BENTO
GONCALVES, 9500, 91500 POrRTO ALEGRE-RS, BRASIL



	Article Contents
	p. 251
	p. 252
	p. 253
	p. 254
	p. 255
	p. 256
	p. 257

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 116, No. 1 (Sep., 1992), pp. 1-291
	Front Matter
	A Short Proof of a Theorem of Adjan [pp. 1-3]
	Defeat of the FP F Conjecture: Huckaba's Example [pp. 5-6]
	Linear Disjointness of Polynomials [pp. 7-12]
	K of Certain Subdiagonal Subalgebras of Von Neumann Algebras [pp. 13-19]
	A Counter Example to a Conjecture of Johns [pp. 21-26]
	One Radius Theorem for the Eigenfunctions of the Invariant Laplacian [pp. 27-34]
	Remarks on a Multiplier Conjecture for Univalent Functions [pp. 35-43]
	On the Reflexivity of Operators on Function Spaces [pp. 45-52]
	Density Points and Bi-Lipschitz Functions in R [pp. 53-59]
	Representations of a Class of Real B-Algebras as Algebras of Quaternion-Valued Functions [pp. 61-66]
	Characterization of Lower Semicontinuous Convex Functions [pp. 67-72]
	First Return Path Derivatives [pp. 73-77]
	Constructive Existence of Minkowski Functionals [pp. 79-84]
	On the Extension of Multimeasures and Integration with Respect to a Multimeasure [pp. 85-92]
	A Note On a Common Fixed Point Theorem of Brodskii and Milman and a Lemma of Day [pp. 93-97]
	The Dunford-Pettis Property in the Predual of a Von Neumann Algebra [pp. 99-100]
	Riesz Decomposition Property Implies Asymptotic Periodicity of Positive and Constrictive Operators [pp. 101-111]
	Isomorphism of the Toeplitz C-Algebras for the Hardy and Bergman Spaces on Certain Reinhardt Domains [pp. 113-120]
	Existence of Solutions to u'(t) = Au(t) for A Weakly Closed [pp. 121-126]
	The Characterization of the Almost Periodic Ultradistributions of Beurling Type [pp. 127-134]
	A Note on the Trace Formulas for Almost Commuting Operators [pp. 135-141]
	Asymptotic Behavior and Oscillation of Classes of Integrodifferential Equations [pp. 143-148]
	Range Transformations on a Banach Function Algebra. IV [pp. 149-156]
	D'Alembert Functional Equations in Distributions [pp. 157-164]
	k-Hyponormality of Weighted Shifts [pp. 165-169]
	Saeki's Improvement of the Vitali-Hahn-Saks-Nikodym Theorem Holds Precisely for Banach Spaces having Cotype [pp. 171-173]
	Linear Combinations of Projections in von Neumann Algebras [pp. 175-183]
	Boundaries of the Spectra in L(X) [pp. 185-189]
	Some Applications of Convolution of Operators on Banach Spaces [pp. 191-195]
	Illumination for Unions of Boxes in R [pp. 197-202]
	Cogrowth of Regular Graphs [pp. 203-205]
	On the Cartesian Products of Lindelöf Spaces with One Factor Hereditarily Lindelöf [pp. 207-212]
	Primary Summand Functions on Three-Dimensional Compact Solvmanifolds [pp. 213-217]
	On the Cup Product for Groups [pp. 219-227]
	Canceling Branch Points on Projections of Surfaces in 4-Space [pp. 229-237]
	A Locally Simply Connected Space and Fundamental Groups of One Point Unions of Cones [pp. 239-249]
	Julia Sets are Uniformly Perfect [pp. 251-257]
	Homotopy Type of Path Spaces [pp. 259-271]
	Parametrized Borsuk-Ulam Theorems for Multivalued Maps [pp. 273-278]
	Attractors of Iterated Function Systems [pp. 279-284]
	Global Invertibility of Expanding Maps [pp. 285-291]
	Back Matter





