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Abstract. We construct, for each irrational number o, a minimal C -diffeomorphism of the
circle with rotation number « which is not ergodic with respect to the Lebesgue measure.

1. Introduction
A diffeomorphism f of the circle T = R/Z is ergodic with respect to the Lebesgue
measure if there is no f-invariant Borel set with Lebesgue measure strictly between zero
and one. In [1], Denjoy proved that a C!-diffeomorphism with bounded variation derivative
is ergodic. In the other direction, Denjoy constructed examples of C'-diffeomorphism in
any rotation class with invariant Cantor sets of positive measure. These examples, having
wandering intervals, are not minimal. In this paper we construct, for each irrational number
a € (0, 1), an orientation preserving C l-diffeomorphism of the circle which is minimal,
i.e. has every orbit dense, but is not ergodic.

Given an orientation preserving C'-diffeomorphism f : T — T, to define its rotation

number, p(f), lift f to f : R — R and take

n

p(f) = lim T
n—00 n

for x € R, where f " n € Z, denotes the iterates of f An equivalent, more enlightening,
combinatorial definition can be found in de Melo and van Strien [4, p. 33]. If p(f) = «
and f is minimal then f is conjugated to the rotation Ry : x € T +— x +« € T.
This means that there is an orientation-preserving homeomorphism 2 : T — T such that
hoRy = foh.

To construct f, we go the other way around; we construct an homeomorphism /4 such
that f :=h o Ry o h~!is a C!-diffeomorphism with the required properties. We define &
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FIGURE 1.

first as an order-preserving map on O, the non-negative orbit of 0 = 1 under R,, in such a
way that #(O) is dense in T. Then, it is immediate, / extends to T as an homeomorphism.
To define /2 on O we need to understand the relationship between the dynamical and linear
orders on 0, an information which is encoded in the continued fraction expansion of «.
We recall this classical formalism in a way that fits our needs in §2. In §3 we collect the
lemmas we will need to prove, in §4, the following theorem.

THEOREM 1. Given an irrational number «, 0 < a < 1, there is a minimal orientation-
preserving C'-diffeomorphism, f : T —> T, which is not ergodic with respect to
Lebesgue measure and such that p(f) = «.

2. Continued fractions and towers

Fix o € (0, 1) as irrational and let ag, az, a3, ... be the sequence of its partial quotients
and p, /qn be the sequence of its approximants. Let {7}, 7 = 7 (aqn+1 + gn), be the set
of partitions of T by intervals with extremes

i aqu+1+qn—1
(R, (0)); 25" ,

forn > 1l and 1 < a < a,42, well ordered by the relation of refinement.

For easy reference it is convenient to stack the intervals of 7 into a pair of towers so
that we get from 7 to its next refinement, 7T, by the process of ‘cutting and stacking’. This
procedure is explained in detail in [3, Appendix 1] (actually, Katznelson and Ornstein work
with ‘towers with balconies’ separating balconies from towers give our towers). Figure 1
shows, 7 (gn+1 + gn) for n even. In this figure the integer k at the side of a level stands for
Rg (0). In general, 7 (ag,+1 + g») has a left tower made of left intervals or L-intervals

[ —1g, n nt1—1
[RL[RY ™V Im1tan 0y opyn]
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and a right tower made of R-intervals
(R [0, RE (O)1) 2t
for n odd; for n even change left for right.

The idea for constructing &, and therefore f, is very simple: at each stage in the process
of forming towers, points of T fall either in a L- or R-interval. Suppose we choose a side,
say right, for a fixed increasing subsequence 7 of the above sequence of towers, which, it
should be emphasized, is entirely determined by (the continued fraction expansion of) «.
The set of points § which are not in the orbit of zero but which are in an interval of the
right side of 7 for k arbitrarily large is clearly R,-invariant. We are going to construct
h in such a way that 1 > w(h(S)) > O where p is the Lebesgue measure. This is
easily done. We just have to imitate the construction of the Cantor map and conveniently
distort the intervals in the right side as they appear in the process of refinement. If we
do that, then f := ho R, o h1lisa homeomorphism but, of course, not, in general, a
C!-diffeomorphism. Our task is then to show that we can accomplish this change of lengths
and also get a diffeomorphism. To control those distortions we will need the following
lemma.

LEMMA 2. Let T be a tower of Ry. Denote the L-intervals of T by L; and the R-intervals
by R;. Cut and stack T to get a new tower T. Denote the intervals in the left tower of
T by lj and similarly define the intervals rj. These smaller intervals decompose each left
interval of T into n' and m" intervals, respectively. Analogously they decompose the right
intervals of T into n” and m" intervals, respectively. Then, cutting and stacking, we get
infinitely often pairs of towers T such that

1 mlr ml+m"r  m'r
——— <= < —
5 nll (n! +n")l n'l

<5

Proof. Since our thesis is invariant under scaling, we can consider the rescaled first return
map to the bottom of the towers and assume the initial towers with height one. Cut and
stack 7 to get T with n!, n", m' and m". Then m" + m' is the height of the right tower
of 7 and n” + n' the height of its left tower. We can take these quantities as large as we
please since, say, n” /n” +n! goes to a as we cut and stack, by the unique ergodicity of Ry.

We have
LY nt om! l
R)  \nw m" r

and n'm” — n”m" = 1 since this matrix is a product of the matrices

1 1 or 1 0

0 1 1 1)’
we haveler/nll < m’"r/n"l. We will show that by further cutting and stacking of T we
can get 7 such that % <p<4,6 andst < %, where

mlr 1

- nl(n" +nl)

m'r . 1
n'l p_nr(n’—i—nl)

8" =p— ? and 81T = ?
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which will prove the lemma. Consider two cases: either a, = 1 for n large enough or
an > 1 for n arbitrarily large. Since our thesis is invariant by flipping sides, left and right,
we can suppose, without loss of generality, that » > [ and n” +n' < m” +m!. If the second
possibility holds, cut and stack 7 to get T critical immediately preceding the appearance
of a partial quotient a, = [r/I] > 1. Cut and stack Ta:= [an/2] > 1 times to get T.
We have

L=n'l+mr= (nl —i—mla)l +ml(r —al)
R=n"l+m'r=0"+ma)l+m" (r —al)
and therefore

(m" +m"(r — al) B an+ f —a
((n" +m"a) + ! +mla))l — (" +nl)/m" +m!) +a

p:

where f is the fractional part of r/[. Thus

a, —a <p<an—a+l
l4a = — a
and, using the definition of a, we have
1 a a+3
= = =p= <4
2 14+a a
as required. For 67 we have
+_ 1 r—al
(n" +m"a)(n" +m"a +nl +mla) 1
_ 1 r/D)—a
T+ mra)(m” +mb) (n” +nl)/(m" +ml) +a
4 1

- <
“m+ml T4
and similar estimates hold for §~.
Now suppose a, = 1 for n large enough. Cut and stack 7 to get 7 as the partial

quotients a, converge to 1. Cut and stack 7 twice to get 7. We have
L=w +mHQl—r+em' +nYyr =1
R=0"+mHQ2l—r)+Q2m" +n")(r =1
and therefore

_@m 4n" 4 2m 0 —1) . m’ + m! (r—=10
r= (" +m" +nl +myQl—r) n" +m"+nl +ml ) 20 —r)

which shows that 1 < p < 4 asrequired,since0 <r—I[ <[,0<I—(r—I)=2l—-r <r—I

and0 < (r —1)— (2l —r) < 21 —r. As for, say, 81 we have, using the above inequalities,
that

+_ 1 r—1

" +mHym" +m"+nl +mh2 —r

1
< - O
4

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 13 Jan 2011 IP address: 143.54.235.202



http://www.journals.cambridge.org

Minimal non-ergodic C'-diffeomorphisms of the circle 1847

3. Pltowers

Now take a pair of towers 7 of R, and change the lengths of their intervals except for

the top and bottom ones. This change is subject only to the condition that the sum of the

lengths of all intervals is one. The new pair of towers, T , with its scheme of mappings

and identifications, defines, in the obvious way, a unique (modulo rotations) piecewise (pl)

homeomorphism of the circle, f, and a pl conjugacy, 4, between f and R,. We just have

to take every map in sight as orientation preserving and affine. More precisely we consider

towers, which we shall call pl towers, such that:

(1) the combinatorics of the towers are the combinatorics of some R, tower;

(2) the maps one floor up are affine;

(3) the top and bottom levels are the same as in the corresponding R,, tower and therefore
the top to bottom maps are the same isometries as for R,.

Since an orientation-preserving affine homeomorphism between intervals is unique, any
diagram of such maps commutes and we have a pl conjugacy, &, between f and R, on the
mid levels. As the top and bottom levels were unchanged the same holds there and the
conjugacy thus defined ensures that p(f) = « and the minimality of f. Therefore 4 is
affine on all levels and, in fact, the identity on the top and bottom levels, the iterates of 0
under f coincide with the corresponding ones of R, on the top and bottom levels and are
an affine image of them on the other levels.

Observe that if we have one of these towers and we cut and stack its intervals
(as prescribed by the pl homeomorphism f it defines) any number of times and change
their lengths in the allowed way, we still get a tower of the same sort which defines a pl
homeomorphism f with rotation number «. Also, if we take one of these towers and start to
cut and stack, the maximum length of the intervals in the towers goes down monotonically
to zero since the cutting orbit is dense in T.

The derivative of a pl homeomorphism defines a positive step map ¢ which, by
definition, is a real-valued map defined on T such that there are distinct points
Do, P1,---, Pk = po € T, indexed in the counterclockwise sense, such that ¢ is constant
in each interval [p;_1, p;). If p is a point in T we define the jump of ¢ at p as

Jg,p) =] lim () — lim o).
x—>pt x—>p~

If ¢, is a sequence of step maps, satisfying:

@ Y llgnt+1 — @nll < 0o where ||@]| is the supremum norm of ¢;

(i) max,ci J(gn, p) > Oasn — oo;

then clearly ¢, converges uniformly to a continuous map ¢. Integrating we get the
following lemma.

LEMMA 3. Let f,, be a sequence of pl homeomorphisms of T converging pointwise to a
pl homeomorphism f. Suppose the sequence of derivatives ¢, = Dfy, satisfies (i) and
(ii) above and is uniformly bounded away from zero. Then f is a C'-diffeomorphism and
Df = ¢ where ¢ = lim ¢,,.

Let I and I» be two intervals, and f : Iy — I, be the affine orientation-
preserving homeomorphism between them. Let 77 = {p 1.1'}];=0 be a partition of /; and
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T = f(T1) = {p2j}. Fix two indices 1 < k1 < k» < k and move the points of 7; without

changing their relative order to form a new partition Tl = {p1;} of I and do the same

for 7 thus getting ’]'2 = {p2,}. We are no longer assuming that ’Tz f (’]'1) Consider

f Iy — I, as the orientation-preserving pl homeomorphism defined by the partitions ’]'1

and ’fz Suppose the change is such that:

(1) pik, = Pik, and Pik, = pik,» i = 1, 2, i.e. the marked points are unchanged,;

2) fis affine in the intervals [py1, P~1k1] and [p] ko> Dlk—11;

(3) the intervals of 77 (respectively 73) in [Pix,, Pik,] (respectively [pak,, P2k, 1)
are partitioned in three groups of intervals C;, £ and Q; (their image by f
being respectlvely Cr, & and @5). Denoting the corresponding intervals of 7~’
(respectively Tz) by adding we assume that the intervals of C1 (respectively Cz)
are contracted by a factor of A1, 0 < A1 < 1 (respectively A, 0 < Ay < 1). The
intervals of O (respectively éz) remain with length equal to their counterparts in 7}
(respectively 72). The remaining intervals in & (respectively & ) are, consequently,
expanded. We assume this expansion is uniform.

LEMMA 4. Under the above hypothesis, defining c = (UCy), e = n(U&E), s = n(UQy),
k = max{c/e, e/c} and
i=1, 2} ,

klx2/x1 — LIIDfIl,  forintervals in [Pix,, P1,k,]
4r|IDf |, for intervals in [p11, Pik,] or [Piky, D1k—1].

Pil — Pio Pik — Pik—1
Diky — PiO’ Pik — Pik,

r:max{

and assuming r < 1/2, we have
IDf = DfIl < :

Proof. For an interval [p1;—1, p1,]in C1 we have

~ %) P2j — P2j-1 A2
IDf = DfIl = |—= - 1‘ =L = < 1= — 1] DfI.
Al P1j — Plj-1 Al
If [P1j_1, P1,]is in & we have in the same way
~ 1753
IDf — Df|l < o — 1| IDfIl

where v; is the expansion undergone by the intervals in g‘}, i=1,2. Nowc+e+s =
Plky — Plky = Aic+vie +s and a(pix, — Pik;) = P2k, — P2k, = Azac + vaae + as,
where a = |I2|/|11|. Then ¢ 4+ e = Xic + vie = Axc + v2e from which we get

2_1‘: w_ ‘ZM
VI [(c+e)/c]— [(c+e)/c]l —

C )\,2 )\,2 ‘

= =1 =«|=—1].

e |\ A
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For intervals in [P11, P11 (or [Pik,, P1k—1]) we have

P2k, — P21 P2k — P20
Pik, — D1l Plky — P10
‘ P2k, — P20 — (P21 — P20) P2k — P20
Pik; — p1o — (P11 — p1o) Pk — P1o
5 (Piiy — p10) (P21 — p20) + (Pak; — P20) (P11 — P10)
(p1x; — p10)?

IDf — Df|| =‘

IA

E2(1?21—1720 n Pl]—P10>P2k1_P20 < 4r|Df|. -
P2k; — P20 Plk; — P10/ Plk; — P10
Using that Df is a step map and the triangle inequality we have

2k|A2 /1 = 1IDS I, for p € (Piky» Piky)s

(k|A2/2 — 1| +4r) I DS, for p = pix, or p = Pik,,

UDFI <] "= P=r
IDf(p10) — Df (pro)| + 4r||Dfl, for p = pu1.

IDf(pu) — Df (pu)| + 4r|| DFl,  for = Pra—i.

Since the hypothesis is symmetric we have similar estimates for D f ~land JD f -1
changing A2 /A1 to A1/Az.

Let7 =7 (aqn+1 + q,,) be apl tower defined by a pl homeomorphism f, p(f) = a.
Denote its intervals by {L,'}f’ and {R; } —0 ! where the heights are, say, h' = ag,+1+gn
and 4" = gy41, indexed from bottom to top, and define S = UR;. Fix positive integers
0 < h < min{h', "}, 7 and q" € Ro, g/ € Lo so close to zero that R;] ) €
=g, fh (ghHru fh 1[fhr(q ) g'] but not in the Ry -orbit of zero.

Cut and stack 7 to atower 7 = 7T (aq,,+1 + ¢7) and define [- and r-intervals, n!, m’, n”
and m" as in Lemma 2. We suppose 0 < h < h1/2 and h’/2 the heights of ’T where we
have started to use the convention of addmg to the names of objects referring to 7. Define
X = X (h) as the set of intervals on the first or top & levels of 7 and D= 5(6]’, g as the
complement of the set of intervals in T whose projections on the bottom of 7" are contained
in[q", fhl (ql)]U[fhr (g, ql]. Define also F = XUD and P = F¢. See Figure 2. Denote
by lf ;a generic [-interval that decomposes L;, where the superscript refers to the side, left,

of the interval, L;. A missing / or r refers to either / or r. Define similarly li’j rl ; and

rl’] Since the towers are affine the /-intervals that enter into the decomposition of a fixed

interval, say L;, all have the same length which we denote by lll. (respectively for /], rll
and r}). Since 7 is affine we have

Iyl l !

mlho_ ol _ il

L; L; Lo

3

which shows that this quantity (respectively for m' ril /Li, n"l] /R; and m"r] /R;) depends
only on the corresponding R, -tower. Thus using Lemma 2, we can assume from now on
that

1 m rl.l m'r]

3 < nllf < P < 5. 1)
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R(0)
PR 2
——f—t
topof T

FIGURE 2.

1 . I
Let { P,l'j}];:()’ where k! = n' + m!, be the extreme points of the partition of L; by the
[- and r-intervals. In a similar way define p] ; partitioning R;. Now take k| such that
Por <94" = p(’)k,+l. Since ||%|| — 0, as we cut and stack, on account of f being minimal,
1 1

we see that k] — oo and p(’)kf — ¢". In a similar way take positive integers k, kl1 and ké

I hr (7Y < pl I I < 5l r hi(o1y < pF
such that po, < f7(4") = Py Py < 90 = Py @04 Py < (G = Py
respectively.

Fix 0 < £ < 1. We are going to change T toa pl tower, T = ’ZN'(h, l~z, q", ql, &),
defining a pl homeomorphism fby contracting the intervals /] f and rl.l ! inside the intervals
of 7. We change the lengths of the /- and r-intervals by moving slightly the point p;; to a
point p;;. Start by changing the position of the points fi (pyy)sfori =0,1,...,h" +hl—1
(which are equal to pf; or le'—hrl)’ taking pj, = p(,; and moving the point fi(p(’)l), i >0,
to the point at distance (pg; — Pgo)€oo&lo - - - & — 10 from the nearest extreme (respectively
Pio or pf_hro) where g7, = \/D+f(p§0)D—f(p§0) is the geometric mean of the lateral
derivatives at the extreme points of the intervals. This changes the points next to the lower
extremes of the L- and R-intervals. The points next to the upper extremes f*( pékbl ), for

i=0,1,..., k" +h'—1, are similarly moved. Since we have kept the extremes of the large
intervals fixed and changed the length of the small intervals next to them in order that both
lateral derivatives are now equal to the geometric mean of the previous lateral derivatives, it

follows that fagrees with f and is smooth at the extremes of the intervals of 7. To move
the remaining points p; g and to define the one-floor-up maps in S, we use the previous

lemma A" — 1 times taking Iy = R;, b = Riy+1, k1 = ki, ko =k}, Q = X = QAC"(E) and C
the remaining [} ! intervals. The contraction A} will change as we move in the levels of the
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right tower as follows:

£ fori=0,1,...,h —1,
AMo={EW=1" fori=h"—h,h" —h+1,... 0 —1,
gh, otherwise.

To move the points in the left tower of 7 we proceed in the same way, only now
contracting the intervals rilj not in X. Note that Aig1/Aiiseither lor&Fland0 < 1 —£ <
g1,

Using (1) we see that we can take « = 6 in Lemma 4. In fact, take T further down in
the sequence of pairs of towers, if necessary, in order to keep the ratios ;£ (UC)/u(UE) in
(1/6,6) 2 (1/5,5) which is possible since

w(UX) < 4h|T|

and |7 — 0. ~

To define the top-to-bottom maps of T we use Lemma 4 again on the intervals I} =
Lyi_y, Io = f(Ly_y) (respectively It = Ryr—1, I» = f(Rpr—1)) with the k’s as before
and the partitions given by the points p;; where we omit the points 0 = pp, = pékl, which
has no pre-image, and f agii+1+4i=1(0), which has no image in the stretch of trajectory from
0to ags+1 + g7 — 1 which we are considering. The sets C and Q will 1ot in fact, matter
since we are going to take, as we must, A| = A = 1 because we need f to be an isometry
near R, 1(0) in order to keep the rotation number the same. Recall that in Lemma 4 the
points p;x, and p;r, are unchanged and from the definition of the ¢’s and k;’s we have
RO € /" g Pl U S ol Py

The definition of ’7’ is now complete and we have the following lemma.

LEMMA 5. Given 7T, f, such that 1/2 < ||Df|| < 2, with h, h, q" and q" and & as
above, there are towers T, infinitely often in the sequence of towers, which deformed to
T = ’f(h, E q", ql, &) as described satisfy:

@ |IDf - Df| < maX{ IJDfI, 4r | DfII, 6~ — DIIDfII};

(®) IJDfI = rn21X{3||JDf|| +4r DI, (66" = ) +4n)IDf I, 126~ = DIDSII};
© M(S S) = /L(Uf) +Eh (S + M(UX)

(d) M(S) > (1-¢&h )/L(S) 1(UF) — n(UX);

©) p(f)—otandf(o) F10),i=0,....aq,41+qn — 1;

where

{ Pil = Pio Pik — Dik—1 }
r = max , )
Piky — Pi0  Pik — Dik,

with the maximum taken over all intervals in T. (a) and (b) hold for Df’l.

Proof. (e) is obvious from the choice of the points ¢ and from the definition of the new top
to bottom maps. (a) and (b) follow easily from Lemma 4 and its following remark plus the
easy fact that the geometric mean, /pA, of two numbers p and A in the interval (1/2, 2)
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satisfy o/pA — p <2/3(A — p) and L — /pA <2/3(A — p). (c) follows from

nS—8) =Y "F < uUP + Y 7 < pUF) +£"1(S) + n(UX)
ij FleP
ij
and (d) from
WS =3R4 D 2 D T = w) = )T
i,j i,j i,j i,j
2 w(S) = w(UF) = Y T = u(S) = p(UF) = §"u($) — (). O
7;.’/.673

4.  Proof of Theorem 1

We use the notation of Lemma 5. Fixv,0 < v < 1/2, and make o9 = O and o, = Z?:l Vi,
Take a and b, 0 < a < 1/6 and 5/6 < b < 1, and fix a positive integer no such that
a+Vv" <1/6,b+v" < 1and?2V" < v. Take a sequence x,,n =0, 1,2, ..., such that
0 < xp41 < xy and 3/4 x,, < xy41, Vr and > x, = 1. Define positive integers

In(v" "0 (v — 2p™0))
10(100 + %r11/2) — In(100 + xp7 1)

Then there is a sequence f,,n =0, 1,2, ..., of pl homeomorphisms defined by a sequence

of pairs of towers 7, such that, denoting by S,, the union of the intervals in the right tower

of 7,,, we have:

1) p(fu)=0a,Yn >0

(2)  fn = fu—1 on the extremes of 7,,_1,Vn > 1;

(3) IDfy — Dfy—1ll and [|Df;" = D | < 0. V0 > 1

) |JDfyl and || Df,7 | < %0, Vi = 1

(5) a+v""0 < pu(Sy) < b+ "0y, V¥n > 0;

6)  u(Sp — Su-1) < Vn+n0’ Vn > 1;

(7)  hl and h! > 2h,,Vn > 0, where h, and k! denote the heights of the left and right
towers of 7, respectively;

®)  p(UX(hy)) < 3", Yn > 0;

9 N7l < xn,Vn = 0.

We construct the sequences f, and 7, by inductiononn =0,1,....

For n = 0 we take a tower 7g of R,. More precisely, according to Lemma 2,
constructing the towers of R,, we obtain 1/5 < (1 —u(Sp))/mu(So) < Sor1/6 < u(Sp) <
5/6 infinitely often, where Sy is the union of the intervals in the right tower of 7. Fix one
of these towers that is high and thin enough to satisfy (7), (8) and (9) as 7.

Now suppose we have constructed towers 7y, 71, ..., 7, defining fo , fi,..., fa,
respectively, pl homeomorphisms satisfying (1) to (9). (3) implies

hn=1+[ i|, n=0,1,2,....

n
IDfll and Df7 M < 14w <2,

i=1

Define 7,11 = T given by the previous lemma where we take 7 = 7,,, h = h,,
h = hpp1, € = (100 4+ x,41/2)/(100 + x,41) (then £~! — 1 < x,41/100 and
ghn < prtno(y — 2pnoy), ql and ¢" so close to zero that
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()
Xn+1
zhf, +hr’

1
wUD(g',g")) < Sy and g| <
and 7 so high in the sequence of towers that
(ii)

- 1)n—i-l+2no
T min ,—— 1,
17 < {anr] S,
(i) h'and h" > 2hy41,

(iv)

max{ Pi1 — Pio ’ Pik — Pik—1 } - Xn+1 2—2(h2+h’n)’

Piky — Pi0 Pik — Piky 100

for both right and left p’s. This is possible since, for instance, pf. | = le'o and pll, s
1

fhrti(g") as we move up in the sequence of towers:
V) u(UX(hyy1)) < T,
Using (iv) and the definition of the points p;; next to the extremes we see that

{ Pil — Pio Pik — Pik—1 } Xnt1
r = max

Diky — Pi0 Pik — Pik, 100
since, for instance,

Pii — Plo _ (Po1 = P00)800810 " " " 8i—10

Pix, ~ Pio Pix, — Pho
— i r
_ p6] - p60 vV D-f (pOO) - Xn4l 2—2(hf,+h£,)22i - Xn+1 .
p(r)kl — Pho /D+fi(p(r)0) 100 100

We check that the assertions (1)—(9) hold. (1) and (2) follow from (e). (3) is obtained
from Lemma 5(a) since

ST DA < 50 < Xnp
4r||Dfull < 8r < xu+1
6" — DIDfIl < 127" = 1) < xp1.
(4) follows from Lemma 5(b) and the definitions. The same estimates hold for Df, r;]l and
JDfnjrl] :
Checking (6) we have
1(Spp1 = Sp) < w(UF,) + E" u(Sp) + n(UXt1)
< w(UD) + u(UX,) + &M + n(UX41)
< %vn+]+2n0 + %Un+2n0 + 1)11+2no (V _ 21)2"0) + %vn+]+2n0 < vn+l+n0.
The second inequality of (5) is easy to prove:

W(Snt1) < 1(Sn) + 1(Suit — Su) < b+ "0, + "0 = p 440G,
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The first is a bit longer:

w(Spt1) = w(Sp) — n(UF,) — ‘Shnl"(sn) —puUXyq1) > a+ pto
_ (%vn+l+2n0 + %Vn+2n0 + 1)11+2no (l) _ 21)2110) + %vn+l+2n0)

>a +vn+l+n0.

Condition (7) is (iii) and (8) is (v).
(9) is clearly true for the /- or r-intervals outside the intervals [ ik, , Pik—k,] since, for
example,

Pi, — Pio < £i@") = Pyo = Df1(po0)(@" — poo) < 214"

which is less than x,4+1 by (i), and also for the intervals there which are contracted or
remain with the same length on account of (ii). If the interval is expanded, say an interval
irj in R;, denoting this expansion by v; we have Mv;r] < R; < | 7,|| < x,, where M is
the number of intervals expanded, but then v; rl.’ <x,/M" < x,/2 < xp+1, completing the

r

induction.

Now (2) implies that i, converges pointwise on O to an order-preserving map / and,
similarly, f, converges on 1(0O), a set dense in T', to an order-preserving map f. Using
Herman’s Lemma 3.3 [2, p. 140], these maps extend to homeomorphisms of T!, also
denoted by & and f, respectively, such that & o Ry, = f o h. That f is C! follows from
Lemma 3 and (3) and (4). It remains to see that f is not ergodic. Denote by ’];lo the
pair of towers of Ry corresponding to 7, and, similarly, write S,? =h, 1 (Sp) = h1(S,)
as its right tower. The set S = (02, U, SY is R, invariant and therefore h(S) =
Mneo U=, Sk is f invariant. But

p(h(S)) = limsup(u(Sn) + w(Sp1 — Su) +---)

n— oo

< limsup(u(S,) + "0 4.0

n—o0o

< limsup u(S,) < limsupb + 10, < b +V" < 1.
n— o0 n—od

On the other hand,

o
w(h(S)) = lim ,u,( U Sk) > liminf u(S,) > liminfa + v =g > 0. ]
n—0o0 k:n n—0o0 n—o0
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