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Abstract

Although well-researched as a prototype Hamiltonian for strongly interacting
quantum systems, the Bose-Hubbard model has not so far been explored as a fluid
system with waterlike anomalies. Water, the substance of life, is known for its myriad
of anomalous properties, whose origins are still subject of intense debates. In order
to provide a different insight into this problem, we show how its density anomaly
can be reproduced using a quantum simulator. In particular, we demonstrate that
the Bose-Hubbard model, such paradigm system in quantum mechanics, exhibits an
increase in density with temperature at fixed pressure in the regular fluid regime and
in the superfluid phase. We propose that the mechanism underlying the anomalies
is related to zero point entropies and ground state phase transitions. A connection
with the typical experimental scales and setups including confinement effects is also
addressed. In this scenario, such finding opens a new pathway for theoretical and
experimental studies of waterlike anomalies in the area of ultracold quantum gases.

We also discuss in detail the occurrence of anomalous double peaks in their specific
heat dependence on temperature. This feature, usually associated with a high geo-
metrical frustration, can also be a consequence of a purely energetic competition. By
employing self-energy functional calculations combined to finite-temperature pertur-
bation theory, we propose a mechanism based on ground-state degeneracies expressed
as residual entropies. A general decomposition of the specific heat in terms of all pos-
sible transitions between the system’s eingenvalues provides an insight on the nature
of each maximum. Furthermore, we address how the model parameters modify the
structure of these peaks based on its spectral properties and atom-atom correlation
function.

Regarding the theoretical foundations of the methods employed, we address a deep
analysis of the Legendre transformation, and how it can be conceived as extremum
principle. We discuss the geometrical implications in a general framework, which
includes the techniques explored throughout this thesis.

Keywords: quantum many-body systems. thermodynamics. statistical mechanics.
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In this paper we show the geometrical realization of the Legendre transforma-
tion as an extremum principle, connecting it to the foundations of the equilibrium
Thermodynamics. In this formulation, the equation of state can be regard as a path
in the Gibbs manifold, which arises naturally as a test of thermodynamic stability.
Particularly, we explore how these transformations codify a test for thermodynamic
stability locally with response functions, and globally with the well known Maxwell

construction.
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Chapter 1

Introduction

“The scariest moment is always just before you start.”

— Stephen King

Water, the most abundant substance on Earth and the second most common
molecule in the Universe, plays a fundamental role mediating the physicochemical
processes of life, structuring biomolecules, as a valuable human resource and even as
an essential ingredient to star formation [1-3|. Despite its simple molecular structure,
the strength and directionality of hydrogen bonds in water induces rather anomalous
and complex behaviors [4,5]. High surface tension, specific heat and decreasing vis-
cosity with pressure are among its 74 anomalies [6] cataloged up to now. Another

striking property of water is its increase of density with temperature in the range

Density of ice and water

(- 1,000

Density (kalim?)

{930

920

L0

Temperature ("C)

Figure 1-1: (a) Density of water and ice at 1 atm, with its maximum value around 4°C detailed by
the inset. (b) This anomalous property enables maintenance of complex life even in wintry frozen
lakes, due to its freezing from the top down [1].
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Figure 1-2: Representative comparison between a simple liquid and the anomalous behavior of
H50 water. (a) The isobaric thermal expansion «, (b) isothermal compressibility K7 and (c) the
isobaric heat capacity Cp are portrayed as functions of temperature T. Extracted from Ref. [§]

from 0°C to 4°C, setting it apart from regular liquids [7]. Indeed, this feature enables
the maintenance of aquatic life in lakes during winter since the bottom can reach
higher temperatures while ice is formed on surface, freezing from the top down [1]
as depicted in Fig. 1-1. In addition, thermodynamic response functions (related to
fluctuations in volume and energy, such as heat capacity, isothermal compressibility
and isobaric thermal expansion) also present anomalous behavior [8,9] as illustrated
in Fig. 1-2. Water also exhibits anomalies in its structure which are connected to

density and diffusion anomalies through the so-called hierarchy of anomalies [10-13].

This myriad of anomalies makes water a great puzzle in regards to the mech-
anism underlying its weirdness. Interestingly, these anomalous properties become
more prominent in its supercooled state, the metastable liquid phase below the melt-
ing point [8,9,14]. In this region, it is still possible to perform measurements in the
liquid state until about 232 K, where eventually homogeneous nucleation of ice takes
place [15]. In Fig. 1-3, we exhibit experimental data regarding density in the super-
cooled domain as well as the temperature of maximum density (TMD) line entering
the metastable regime above 40 MPa [16], which is associated to the zeroes of the

thermal expansion coefficient.

On the other side of its phase diagram, through compression of hexagonal ice at
77 K and beyond 1.1 GPa, its amorphous was obtained and a first-order-like phase
transition from a high-density amorphous ice (HDA) to low-density amorphous ice

(LDA) by heating the sample at ambient pressure [17,18|. The melting of such glassy
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Figure 1-3: (a) Liquid water’s density at atmospheric pressure varying with temperature, from
Ref. [8]. (b) The TMD line for D2O as a function of pressure: Ty is the melting temperature and
Ty is the homogeneous nucleation locus. Reprinted from Ref. [16].

T3 T/°C
S ™ 4D 20 0 20 40 60 B0 100
= - . . ? T T T T 1
s 1 x Y ome 100}
- -

E 0 %m Q‘ a‘% ..
% 1k W % °ﬁ\ - 05 -
& 2 . 5% =)
.: P O . 2 9 A
2 4 A », EN Y
e - =5 e =
g g mo T 2
&4 $ U g5
e
i} 5 8«:@ . : =
3 50 E .
£ s : e, RS 80 4
& Bl et reew

| ! L | . e o L 01

3 2 -0 0 10 20 *q . [ 75 T il e R
Temperature / “C 0 - w o CEEE) 240 260 280 300 320 340 360

TEMPERATURE /°C I,‘IK

Figure 1-4: Temperature dependence of supercooled water’s (a) isobaric thermal expansion «, (b)
isothermal compressibility K7 and (c) isobaric heat capacity Cp. Extracted from Ref. [19].

phases into its possible corresponding liquid phases, a high-density liquid (HDL) and
a low-density liquid (LDL), is prevented once crystallization prevails around 160 K.
The window between 232 K and 160 K constitutes the so called no man’s land,
since experimental techniques can’t avoid the ice nucleation in this domain. These
observations motivated great scientific interest! towards its metastable liquid state as
well as its amorphous solid glassy forms. The current explanations are based on the
possible extrapolations of the thermodynamic response functions into the no-man’s

land.

ISupercooled water impacts on certain technologies including pharmaceutical, food industries
and cryopreservation, the technique of preserving organs and other biomaterials in low temperature.
Supercooled water also appears in clouds resulting in the problematic formation of large ice crystals
over the surface of aircrafts [4].
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Figure 1-5: (a) Simplified water’s temperature-pressure phase diagram portraying its solid, liquid
and gaseous phases as well as the hypothetical liquid-liquid coexistence line ending in a critical point,
printed from Ref. [9]. (b) A detailed picture regarding the domains of stability and metastability for
liquid and glassy water. A first order LLPT line separates HDL and LDL. The LLPT ends with a
LLCP at P, T,. T;, , T4 and Ty represent the melting temperature, glass transition temperature,
and homogeneous nucleation temperature, respectively. Extracted from Ref. [31].

The origins for the thermodynamic and dynamic anomalous behavior of liquid
water has been disputed through different thermodynamic scenarios. The most in-
fluential, supported and even contested one is the "second critical point hypothesis"
(SCP) of Poole, Sciortino, Essmann and Stanley [20]. This conjecture, based on com-
puter simulations of the ST2 atomically detailed model of water, attests that the
apparent divergence of thermodynamic response functions in the metastable super-
cooled region is a consequence of a metastable liquid-liquid phase transition (LLPT)
ending in a liquid-liquid critical point (LLCP) [20,21]. Nevertheless, this behavior
in the case of water was never observed experimentally. The liquid-liquid transitions
were reported in models for carbon [22], silicon [23], silica [24], and experimentally
observed in phosphorus [25], triphenyl phosphite, and n-butanol [26]. More recently,
experiments with mixtures of water and glycerol [27] and measurements of correla-
tions functions using time-resolved optical Kerr effect (OKE) of supercooled water [28§]
favor the SCP hypothesis, despite debates in literature [29,30].

This hypothesis is consistent with the mentioned anomalous and pronounced in-
crease in magnitude of the response functions upon cooling and the existence of two

forms of amorphous solids at low temperatures. In other words, it connects the anoma-
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lies of stable and supercooled water to the transition between HDA and LDA. The
experimentally observed transition between these amorphous phases can be thought
as a prelude of a phase transition between two form of liquid water. This polyarmor-
phism of supercooled and glassy water also reinforces its interpretations as a mixture
of two states, the arrangements of hydrogen bonds accommodated by thermody-
namic parameters as temperature and pressure. In the same direction, simulations
of fluids, whose interactions are parametrized by intermolecular potentials with two
length and energy scales, can reproduce liquid-liquid phase separation. Indeed the
competition between configurations seems to constitute an important ingredient gen-
erating anomalies if both structures are thermodinamically accessible. Water and its
anomalies were investigated by various models, from which we mention the simplified
lattice and the core softened models. Among lattice models for water, it should be
relevant to mention that waterlike anomalies were found for models of orientational
bonding fluids in the triangular lattice, and on 3D simple cubic lattice, through a
variety of techniques, varying from Bethe lattice [32], cluster variational method [33]
and Monte Carlo simulations [34]. Core softened were investigated using molecular
dynamics [35-37] and analytically through integral equations [38], being found that
pair potentials with competing two scale can reproduce various anomalies including

those on density, structure and diffusion.

The suggested connection between thermodynamic anomalies and criticality is in-
deed difficult to be tested experimentally since the system freezes before reaching the
critical temperature. In addition, the complexity of the water structure makes diffi-
cult to unveil the connection between the microscopic interactions, thermodynamic

anomalies and criticality.

A possible route to overcome such challenges is to look for the anomalies in other
contexts and models, which could provide a clearer visualization of the reported phe-
nomena. In particular, the recent advances in the manipulation of atoms cooled to
extremely low temperatures (below nanoKelvins) have produced extremely control-
lable and rich environments. Quantum particles imprisoned by electromagnetic fields

can emulate Hamiltonians with precise control of geometry and interactions, making
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a solid bridge between experiments and theory. These experimental setups gather
qualities rising them as precursors of the so called quantum simulators: the notion
of creating a quantum system to simulate properties of another one, originally for-
mulated by Feynman [39,40|. Following these ideas we propose to study waterlike
anomalies using the Bose-Hubbard model, a widely known Hamiltonian simulated in

laboratory by Greiner et al. [41]|, with Rubidium atoms trapped in a optical lattice.

We begin providing some general definitions and concepts regarding quantum
gases in optical lattices, our new arena to test anomalies. Then we analyze the
Bose- Hubbard model, starting from the atomic limit. We focus our attention on the
density anomaly in two (square lattices) and three dimensions (simple cubic lattices).
Here we find some basic ingredients already familiar from our present discussion:
phase transitions, the competing interaction scales and the two-states mixing process.
We also show how a residual entropy mechanism ties them together. We extended
the analysis to the complete parameter space, mapping the evolution of the density

anomaly as the free parameters of the model are changed.

We also discuss in detail the occurrence of anomalous double peaks in the specific
heat dependence on temperature. This feature, usually associated with a high geo-
metrical frustration, can also be a consequence of a purely energetic competition. By
employing self-energy functional calculations combined to finite-temperature pertur-
bation theory, we propose a mechanism based on ground-state degeneracies expressed
as residual entropies. A general decomposition of the specific heat in terms of all pos-
sible transitions between the system’s eingenvalues provides an insight on the nature
of each maximum. Furthermore, we address how the model parameters modify the
structure of these peaks based on its spectral properties and atom-atom correlation

function.

Finally, this text explores the theoretical foundations of the methods employed.
We address a deep analysis of the Legendre transformation, and how it can be con-
ceived as extremum principle. We discuss the geometrical implications in a general
framework, which includes the techniques explored throughout this thesis. All detailes

of our methodoligies can be found in the Appendix sections, where the computational
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codes are included. We conclude our work showing the perspectives of our research,
which includes fermionic models and transport quantities, specially relevant due their

technological applications.
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Chapter 2

Quantum Simulators and Atoms in

Optical Lattices

“Nature isn’t classical, dammit, and if you want to make a simulation
of nature, you’d better make it quantum mechanical, and by golly it’s a
wonderful problem, because it doesn’t look so easy.”

— Richard Feynman

The challenges posed in treating and decomposing fundamental mechanisms of
complex systems turned the scientific community’s attention towards systems which
could emulate them in clear and controllable fashions. In this context, the so called
quantum simulators stand as a possible alternative, designing the quantum compu-
tation envisioned by Feynman towards the creation of a quantum system to simulate
another [39,40].

The first step forward in creating such highly controllable systems was the experi-
mental realization of the Bose-Einstein condensate (BEC) [42-44], firstly predicted by
Bose and Einstein in 1924. Bose-Einstein condensation is the effect in which particles
with bosonic statistics can macroscopically occupy a single mode at low enough tem-
perature, even in the absence of interactions. However, its experimental achievement
was inaccessible until the recent days, due to the extremely low temperature needed

to produce a condensate in a weakly interacting gas, which is in the microKelvin

27
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Figure 2-1: The momentum distribution for a gas of rubidium-87 atoms, attesting the discovery of
a new phase of matter, the Bose—Einstein condensate. From the left to the right: (left) the system
just before the appearance of a Bose-Einstein condensate; (center) just after the appearance of the
condensate; (right) after further evaporation, leaving a sample of nearly pure condensate. Image
from [42].

range. Combining laser cooling [45] and evaporative cooling techniques [46], different
groups were able to experimentally create BEC (see Fig. 2-1) in dilute atomic vapors
of rubidium [42], sodium [43], and lithium [44], respectively. For this achievement,
Ketterle, Wieman and Cornell were awarded the Nobel prize in 2001.

The next decisive landmark towards simulating complex systems was the realiza-
tion of ultracold atoms imprisoned in optical lattices by Greiner et. al [41]. In theses
optical lattices, counter propagating laser beams form a periodic potential generating
literal crystal arrays of light trapping neutral cold atoms [47]. Due to the coupling of
light and matter, the particles can be trapped in the potential wells. Depending on
the intensity of the laser beams the particles can tunnel through the potential bar-
rier to the neighboring lattice site whereas the interaction between the atoms can be
controlled with Feshbach resonances [48]. Therefore, this system serves as a suitable
arena to simulate physics of real materials [49-51|. However, compared to real mate-
rials, cold atom systems are much more flexible since many parameters can be finely
tuned in a wide range. Since both the interaction and the mobility of the particles

can be accurately controlled, this allows to go from a regime with weak to strong
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Figure 2-2: Different quantum simulator setups: optical lattices, trapped ions and superconducting
loops. Extracted from Ref. [52].

interactions, therefore exploring possible phase transitions.

In recent years, several experimental setups have been proposed to simulate spe-
cific models, as illustrated in Fig. 2-2: the universe of quantum simulators is quite
rich, ranging from neutral atoms in optical lattices to electrons in superconducting cir-
cuits and arrays of quantum dots to trapped ions [52,53|. In particular, cold atomic
gases confined into optical lattices have already proved to be a faithful simulator
of typical condensed matter problems in a series of notable experiments which de-
scribe at different levels the Mott Insulator-superfluid transition of the Bose-Hubbard
model [41,54,55]. Our idea is to use this experimental and theoretical accessibility,
which is a problem in the case of water previously analyzed, to investigate the possible

origins of its reported thermodynamic anomalies.

2.1 Cooling and Trapping Neutral Atoms

The ultracold atomic physics takes place at the lowest temperatures scales in the
universe, which are achieved only by means of sophisticated cooling and trapping
experimental techniques. Next we discuss briefly the methods employed in order to
control and bring the atoms to such extreme conditions [56-62].

Laser cooling methods encompass several optical procedures used to slow the mo-

tion small particles, such as atoms or ions, in low-density gases. They have been
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used to cool particles into the milliKelvin, microKelvin, and nanoKelvin ranges, de-
pending on the applied procedure. The simplest method of laser cooling is known as
Doppler Cooling and it was first suggested in 1975 by Theodor Hénsch and Arthur
Schawlow [45] for free atoms and by David Wineland and Hans Dehmelt [63] for

trapped ions.

If laser beam photons are emitted in the right frequency, compatible with the
atomic energy levels, the particles in a gas of atoms will absorb photons, reaching
an excited state. However, each atom will emit a photon with the same frequency in
an arbitrary direction after a brief period of time, returning to a less excited state.
Since photons also carry momentum, the atoms experience a recoil when they absorb
and emit photons. Note that there is an imbalance in the process: the photons that
are absorbed by the atoms and emitted by the laser all travel in the same direction,
while the photons that the atoms emit travel in any arbitrary direction. This implies
that, on average, the atoms feel a force in the direction away from the laser. Actually,
naively hitting the particles with laser light is not the way to efficiently cool the
particles. For example, if the particles are already moving slowly, then the average
force from photon collisions would cause them to move more again, increasing the

temperature of the sample. This is a step backwards as far as cooling the gas particles.

In order to avoid these effects, the laser is tuned to a frequency slightly lower than
the resonant frequency of the atoms. This simple but clever idea takes advantage of
the Doppler effect. Indeed, particles moving slowly or away from the laser beam will
not absorb photons. In contrast, particles moving towards the laser will observe a
Doppler shift in the frequency of the laser light; this effect enables these particles to
absorb photons. As a result, such particles experience a force backwards away from

the laser.

By arranging counter-propagating laser beams for each orthogonal direction, the
atoms will experience a net force away from each laser. This limitation of three degrees
of freedom reduces the particles’ kinetic energy and thus cools the gas. During this
process, the frequency of the laser light needs to be periodically reduced: as the atoms

cool they will reach the point where not even those that are travelling towards a laser
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Figure 2-3: Principle of laser cooling and magneto-optical trapping. (a) Six-beam configuration
for an optical molasses. Introducing a magnetic field gradient, using two coils in an anti-Helmholtz
configuration, a restoring force appears that gathers the atoms around the zero of the magnetic
field, creating a magneto-optical trap. (b) Basic principle of laser cooling along one direction of
an optical molasses. The two beams are slightly red detuned from the atomic transition: then the
atom scatters more photons from the right beam, which results in a friction force slowing down the
atom.(c) Exploring the internal energy level structure of the atom, the radiation pressure force of
the beams in the molasses can be spatially modulated by using circularly polarized light and the
magnetic field gradient. Extracted from Ref. [65].

can readily absorb a photon. Because of this frictional force effect that dissipates
the energy of the atom to the electromagnetic field, the configuration of oppositely
directed laser beams is referred to as optical molasses [64].

An alternative to sweeping the laser frequency is sweeping the atomic resonances
using a spatially varying magnetic field, through the Zeeman slowing process |66].
In the Zeeman slower, a laser beam propagates in the direction opposite that of the
atomic beam, and the kinetic energy of the atoms is reduced by the radiation force
produced by absorption of photons. As a result of the Doppler effect, the frequency of
the atomic transition in the laboratory frame is not constant along its path, since the
atomic velocity varies. However, by applying an inhomogeneous magnetic field tuned
in order that the Doppler and Zeeman effects cancel, the frequency of the transition
in the rest frame of the atom maybe held fixed.

The Doppler friction effect described previously is necessarily accompanied by fluc-
tuations due to the fluorescence photons which are spontaneously emitted in random

directions. Fach emission process transfer to the atom a random recoil momentum
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hky,, responsible for a momentum diffusion parametrized by a diffusion coefficient.
As in ordinary Brownian motion, competition between friction and diffusion leads to
a steady-state. A detailed analysis [56] shows that the temperature obtained with
such a scheme is always larger than a certain limit Ty, called the Doppler limit. This
limit is given by kgTp = hi, where I' is the natural width of the excited state. It is
reached for a detuning § = wy —w4 = —%, and its value is on the order of 100 uK for
alkali atoms. Actually, the precision of experiments indicated that the temperature
in optical molasses was much lower than expected [67]. This suggested that other
laser cooling mechanisms, more powerful than Doppler cooling, are operating. One of
these sub-Doppler techniques is known as Sisyphus cooling. It involves a polarization
gradient, as generated by two counterpropagating linearly polarized laser beams with
perpendicular polarization directions, and is therefore sometimes called polarization
gradient cooling. This efficiently transfers kinetic energy into photon energy, and can
cool atoms into the microKelvin range, a few times the recoil energy gained by the

scattering of a single photon.

The temperatures reached by laser cooling are remarkably low, but they are not
low enough to produce Bose-Einstein condensation in gases at the densities that
are realizable experimentally. In the experiments performed to date, Bose—Einstein
condensation of alkali gases is achieved by using the so-called evaporative cooling [46]
after laser cooling. Such a technique was first proposed by Hess [68] in 1986 and its
general physical effect is that, if particles escaping from a system have an energy higher
than the average energy of particles in the system, the remaining particles are cooled.
The process is analogous to the way a cup of hot coffee cools down by giving off the
most energetic molecules as steam. As the energetic atoms are removed from the trap,
collisions readjust the remaining atoms into a lower temperature thermal distribution
as shown in Fig. 2-6. In some versions, atoms are “evaporated” via a forced spin-flip
and their subsequent repulsion from the trapping region. In a magnetic trap, the
most energetic atoms sample the largest magnetic fields and thereby experience the
largest Zeeman shifts. By tuning an radio frequency (RF) field to be resonant with

atoms at relatively large fields, it is possible to remove a specific high-energy portion
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Figure 2-4: Schematic image of evaporative cooling extracted from Ref. [69]. Evaporative cooling
is performed in a magnetic trap where the height of the trapping potential is reduced in order to let
the hottest atoms escape. The remaining atoms then thermalize at a lower temperature.

of the trapped atoms and leave the low-energy portion unaltered. As a result of this
coupling, the height of the top of the trapping potential becomes a function of the
RF frequency. After the remaining atoms rethermalize to a lower temperature, the
RF frequency can be decreased and the process repeated. Trapped atoms have been
evaporatively cooled to the nanoKelvin scale by precisely controlling the removal of

the energetic atoms and making traps with very good thermal isolation.

As already mentioned, the reported cooling techniques are also associated to spe-
cific and appropriate trapping methods. The most common classes of traps for neutral
atoms comprehends magnetic, radiation pressure, and optical dipole traps. Magnetic
traps explore the state-dependent force on the magnetic dipole moment in an inho-
mogeneous field. An atom with magnetic moment g can be confined by an inhomo-
geneous magnetic field B because of the interaction between the moment and the
field, according to —u - B. This yields a force expressed by F = V(u - B), capable
of trapping the atoms. The general features of the magnetic fields of a large class of
possible traps has been presented in the literature [70]. Indeed, such traps represent

excellent tools for evaporative cooling and Bose-Einstein condensation. In the context
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of neutral atoms they were firstly reported in 1985 [71]| using a magnetic quadrupole

magnetic field formed by two opposed, separated, coaxial current loops.

The most widely used trap for neutral atoms is a hybrid, employing both optical
and magnetic fields, to make amagneto-optical trap (MOT) first demonstrated in
1987 [72]. They use an inhomogeneous magnetic field to produce a position-dependent
scattering force. The magnetic field Zeeman-shifts transitions towards or away from
resonance with red-detuned, counter-propagating, oppositely circularly polarised laser
beams. The presence of the quadrupole magnetic field causes a Zeeman shift in the
atomic internal magnetic levels, which increases with the radial distance from the
centre of the trap. Hence, as an atom moves away from the centre of the trap,
the atomic resonance is shifted closer to the frequency of the laser light, and the
atom becomes more likely to scatter a photon, being impulsed towards the centre
of the trap. The direction of the impulse is given by the polarization of the light,
either left or right handed circular, providing different interactions with the different
shifted levels. The magnetic field and laser polarisations are such that atoms are
pushed back to the centre after displacement in any direction. The nonzero value
of the detuning provides cooling of the trapped atoms, according to the mechanisms

outlined previously.

The radiation-pressure and the optical dipole traps exploit the fact that light
can exert a radiative force on an atom because photons carry momentum. Such
mechanism happens either incoherently by absorption and emission of photons as in
radiation-pressure traps or coherently as in optical dipole ones. Incoherent interac-
tion exerts the scattering force. In radiation-pressure traps [73,74] one uses three
orthogonal standing wave laser beams to create an optical molasses, which is used to
cool down the atoms. The narrower the atomic resonance the better the red detuned
standing laser beam can cool the atoms. These traps cause naturally very strong dis-
sipation, thus cool quite effectively, but lead to unstable trap dynamics. On the other
hand, the optical dipole traps |75, 76| use coherent interactions of the atoms with
far detuned laser light. The laser field polarizes the atom and the polarized atom

experiences a force in the inhomogeneous electromagnetic field of the incident light
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field. In these traps the potential is nearly conservative with only very weak influence
from spontaneous photon scattering. Based on such properties, optical lattices can
be formed by the periodic modulation of the light intensity in a laser standing wave.
In the following we dedicate a brief time to discuss such optical dipolar interactions

which are protagonists of the systems we investigate.

2.2 Optical Lattices in a Nutshell

Neutral atoms interact with light in both conservative and dissipative ways. The
dissipative portion of the interaction arises due to the absorption of photons followed
by spontaneous emission. It implies a dissipative force on the atoms caused by the
momentum transfer of the absorbed and spontaneously emitted photons. As seen, this
mechanism is widely used for laser cooling and magneto optical traps. Alternatively,
the conservative component results from the interaction of the light field with the
induced dipole moment of the atom. This interaction causes a shift in the potential
energy, called the ac-Stark shift. For large detunings of the light compared to the
atomic resonances, spontaneous emission processes can be neglected and the energy
shift can be used to create a conservative trapping potential for neutral atoms. By
shining a spatially modulated light field onto a cloud of atoms an energy landscape
can be formed, where the local potential energy is proportional to the local light
intensity.

In order to examine the ac-Stark effect of an oscillating electric field on an atom we
employ a semiclassical treatment of the radiation field and assume the atom presents
only two relevant energy levels, an excited state and a ground state. This approach
comprehends the combined system "atom plus photons", known as the dressed state
picture [77,78]. The unperturbed Hamiltonian of the atom may be expressed sim-
ply as Ha = hwy |e) (e|, where wy is the atomic transition frequency. Assuming the
wavelength of the light is large compared to the atomic dimensions (the dipole ap-
proximation), the interaction Hamiltonian reads as H; = —d-E, where d is the dipole

operator and E(x,t) = E(x) cos(wrt) is the electric field oscillating with frequency
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wr,. Hence, the total Hamiltonian H = H4 + H; can be written as
H = hwale) (e — nU(x) cos(wrt)(lg) {e] + [e) (g]) (2.1)
where Q(x) = (e|d|g) - E(x)/h is the Rabi frequency. In a far detuned situation, we

can simplify it even further according to the rotating wave approximation

hQ(x)

H = —hole) (e] — 5

(l9) (el + le) (g]) (2.2)

with 6 = wr, — w4. Since we assume the laser to be far detuned from the atomic
transition, the population of the ground state is not significantly reduced through
optical excitations. Therefore, or large detunings (|6] >> ), the corresponding
ground state energy shift reads as

hO?(x)
AE, = o

(2.3)

As the atom is practically always in the ground state, the potential energy is nothing

but the shift of the relevant atomic internal state induced by the electric field

Viip(x) = hQ4§X) o I(;> , (2.4)

where [ is the intensity of the electric field. From this result, the energy shift is
positive for blue-detuned laser light 6 > 0 (w; > w4) and the atoms are repelled in
the regions of maximal field intensity. On the other hand, for red detuned laser light
0 <0 (wp < wga) the atoms are attracted toward the points of maximal light intensity.
The force originated from this potential is simply Fg;,, = —V Vg, proportional to the

gradient of the intensity.

Until now we did not include the possibility of spontaneous emission of photons.
The atomic excited state can get a natural width I'; which is also the rate at which a
photon is spontaneously emitted from such state. Mathematically, this is described

by an imaginary part,—ihi, added to the energy level. Within our two level approach
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Figure 2-5: Two counter-propagating Gaussian laser beams, forming a periodic intensity profile
due to the interference of the two laser field [47].

we obtain the correction

2(x) T /Qx)\°
AE, = T zhg (T) , (2.5)

Hence, not only the sign of the detuning is relevant but also its magnitude. Indeed,

the scattering rate becomes

Lo =L (@) | 2.6)

This last result shows that incoherent light-atom interactions which lead to dissipation
are negligible when the detuning is large. In order to create a conservative potential
during the lifetime of the experiment the laser detuning for a dipolar trap should
bee chosen as large as possible, within the available laser power in order to minimize

inelastic scattering processes.

The presented analysis shows that spatial variations of light intensity provide
spatial potential energy variations for the atoms. Therefore, one can create various
potential energy surfaces. For example, in order to form a periodic potential one can
use counter-propagating laser beams. A simple cubic lattice can be formed by super-
imposing three standing waves orthogonal to each other, with mutually orthogonal
polarisations. The beam pairs creating the standing wave in the x, y and z direc-
tions have typically a Gaussian shape with waists w,,w, and w,. Then the trapping

potential for a red detuned lattice can be expressed as

_9 y2+z2 _2rc2+z2 _2a:2+y2

V(x) = =V, sin®(kz)e ~ »3 —V,sin’(ky)e = v — V.sin®(kz)e ~ «2 | (2.7)
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Figure 2-6: Two-dimensional (a) and three-dimensional (b) optical lattice potentials formed by
superimposing two or three orthogonal standing waves [47].

where V,,, V,, and V, are the potential depths. Around the center of the trap, for
distances much smaller than the beam waist, such potential can be regarded as the

sum of a periodic part and an external harmonic confinement
V(x) = —V, sin®(kz) — V, sin®(ky) — V, sin’(kz) + %(wiﬁ +wiy? +w?iz?), (2.8)

with w,, w, and w, the effective trapping frequencies. If we neglect the effects of

the harmonic confinement, the standing wave interference pattern yields a periodic

sinusoidal lattice potential
V(x) = =V (sin’(kz) + sin®(ky) + sin®(kz)) | (2.9)

in a homogeneous setup with Vj the corresponding potential depth. This particular
three dimensional configuration will be considered in our analysis of the thermody-

namics of the Bose-Hubbard model. The confinement effects will be introduced via
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local density approximation.

So far we have reviewed some basic aspects in the area of ultracold atomic physics,
comprehending cooling and trapping methods, the formation of a BEC and the cre-
ation of optical lattices. Our next step is to outline how we can theoretically describe
the physics of bosons in these environments. Here we introduce the famous Bose-

Hubbard.

2.3 Optical Lattices and the Bose-Hubbard model

The Bose-Hubbard model is a quantum many-particle lattice model. It was first
introduced by Gersch and Knollman [79] as a simple model to study the competition
between thermal and quantum fluctuations with the localization of particles due to
their high density and interaction strength. The model was recovered in 1989 by
Fisher et al. [80] and its relevance as a theoretical model suitable to describe real
systems was shown by Jaksch et al. [81]. It turns out that it is particularly well suited
model for describing experiments with cold atomic gases in optical lattices. Below
we sketch how to represent a general, many-body problem in periodic potential in a
basis of localized states.

We consider a second-quantized form of the Hamiltonian of a many-particle system

in a periodic potential according to Eq.(2.9)

d

V(x) =-V, Z sin? (kix;) , (2.10)

=1

with Vj the amplitude, related to the light intensity, d is the dimensionality of the sys-
tem !, and k = 2{ are wave-vectors of the light along different directions. Explicitly,

we have

=[x (<7 V60 v+

s / I & U( — D g (), (211)

Lour analysis employs d = 3, a simple cubic lattice.
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where m is the mass of the particle and U is the two-particle interaction potential,
considered to be spherically symmetric. Furthermore, ¢ (x) is a bosonic operator field

satisfying the commutation relations

[(x), ¢! (x)] = 6(x — x) (2.12)

and

[V(x),¥(x)] =0. (2.13)

The eigenfunctions of the non-interacting problem are in the form of Bloch waves
¢y x(x), with v the corresponding band. Turning attention towards the interaction,
the Wannier basis functions, orthogonal and centered at the lattice sites, are suitable

to describe the real space according to

1 .
Xm@)'—/)fmmm@ﬂﬂ, (2.14)
BZ

:27T

where R; are lattice coordinates and the integration is performed over the first Bril-

louin zone (BZ). Expressing the bosonic field in such basis, we obtain
w(X) - ZXV,i(X)bV,i; (215)

with b,; representing the annihilation operator of a particle from the band v at the
T

v,

site R;. Both operators b,; and b, ; satisfy the canonical commutation relations as

follows
[bu,iu bu’,i’] = 51’,1”51/,1/ . (216)

Substituting this representation for the bosonic field in Eq. (2.15), the Hamiltonian
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takes the form

v 1 140 201%:1%
H=—> J"Y b+ 3 > USRS B, b kbu (2.17)
2% 4,5,k
v V1,V2,V3,V4
where
d h2
= [t s (=¥ 4 V09 ) ) 2.8

is the hopping matrix element and

o = / d'% U(|X" = x0)x5, ()X, 5 (%) Xvske (K ) X (X) (2.19)

is the interaction energy matrix element. Indeed, this is a quite general Hamilto-
nian. Due to the typical low temperatures considered, only the lowest energy states
are populated by bosons and, therefore, one can disregard all but one Bloch band,
accordingly. For deep lattices, the overlap of the Wannier functions is only relevant
between first neighbors; hence, J;; # 0 only in such cases. Furthermore, for a short
ranged potential, one can discard all non-local interaction terms. These considera-

tions combined lead to a much simpler yet complex Hamiltonian:
H=—J) blb;+ v > bbb, . (2.20)
o R} 2 ' 171
?] ?

The parameter U represents the (tipically repulsive) interaction of bosons on the
same lattice site. More precisely, it corresponds to the atom-atom s-wave scattering
process, which can be regarded as an effective contact interaction of the form U(r) =
gd(r), with a coupling constant g = 4wh*as/m depending on the s-wave scattering
length a, and mass m of the atoms. By employing the local Wannier states w(r), the

term U is expressed through the matrix element

U - g/dr|w(r)|4 | (2.21)
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On the other hand, the parameter J indicates the hopping amplitude, a kinetic term
involving the probability of tunneling between first neighbor sites. Explicitly, it is

quantified as the following overlapping integral over adjacent Wannier functions

J=— /drw(r —1;) (—h2% + VL(r)> w(r —1;). (2.22)

Therefore, the Bose-Hubbard model terms U and J can be related to the exper-
imental parameters A, as and Vj through Egs. (2.21) and (2.22) [47,82], numerically
calculating the band structure and obtaining the Wannier states [83,84|. These pre-
scriptions allow us to express temperatures in kelvin units and the lattice depth in
terms of the recoil energy E, = h*1?/2ma?, according to the values of U and J cho-
sen. It is thus possible to consider our theoretical results within the context of an
specific optical trap implementation, from which we select a gas of rubidium-87 atoms
in simple cubic [41,54] and square optical lattices [85,86]. This is our starting point

for the next chapter.



Chapter 3

The Bose-Hubbard Model and the
Density Anomaly

“Not only is the Universe stranger than we think, it is stranger than we
can think.”

— Werner Heisenberg

Our investigation of the thermodynamics concerning the Bose-Hubbard model
starts from the atomic limit. In this case, waterlike anomalies arise in a quite natural
fashion, generated by a clear mechanism merging phase transitions and zero point
entropies. Later, we include the hopping parameter in order to provide a complete
analysis of the model.

As derived in the previous chapter, the dynamics of itinerant bosons in a lattice

is governed by the Bose-Hubbard Hamiltonian'
H:—JZbTb'—i-ani(ni—l)—,u E n; (3.1)
e 2 & — 7
2y} 1 (2

where bz, b;, n; designates the bosonic creation, annihilation and number operators
at site ¢, respectively; p is the chemical potential. The parameter U represents the

on site interaction (typically repulsive, taking positive values) and .J accounts for the

"'We include the chemical potential as a part of the Hamiltonian in order to simplify the notation.

43
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hopping amplitude, a kinetic term involving the probability of tunneling between first

neighbor sites.

3.1 Overview

The Bose-Hubbard model Hamiltonian as presented has two distinct ground states
depending on the strength of the interaction U compared to the hopping term J: a
superlfuid and a Mott insulator phase (which gives rise to a normal phase for finite

temperatures).

Superfluid Phase

If the tunneling matrix element is much larger than the onsite interaction, each
atom is delocalized over the lattice and the many-body ground state can be expressed

as a product state of zero quasi-momentum Bloch waves as follows

Wgp) o <Z bl-> 0) | (3.2)

considering N bosons and L lattice sites. The system can be described by a macro-
scopic wave function. Hence a macroscopic phase is well defined on each lattice site
and the system is superfluid. This gives rise to a non zero expectation value of the
field operator ¢ = (b), the condensed order parameter. In the limit N, L. — oo at fixed
density N/L, the state (3.2) becomes indistinguishable in a local measurement from
a coherent state which factorizes into a product of local Poissonian states. Therefore
the many-body state on a lattice site is a superposition of different atom numbers,
following a Poissonian atom number distribution, as illustrated in Fig. 3.1. Despite

the certainty in momentum space, the atom number per site is uncertain.
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Figure 3-1: (a) Representation of the superfluid ground state (U = 0), with a Poissonian atom
number statistics described in (b).
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Figure 3-2: (a) Representation of the Mott insulator ground state (J = 0) with commensurate
filling of the lattice, and Fock states in the atom number on each site (b).
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Mott Insulator Phase

On the other side, if the interaction is dominant over the hopping, then fluctuations
in the number of atoms on a single site become energetically costly. The many-body
ground state is then a product of local Fock states in the atom number for each lattice.
In this so called atomic limit, the ground state for a commensurate filling of n atoms

per lattice site is simply given by

L

warr) o< [T (8]) 10} - (3.3)

=1

Each atom is localized to a lattice site and the number density is determined by the
total number of particles or the chemical potential, see Fig. 3.1. In contrast to the
certainty in the position space, no macroscopic phase coherence is prevalent in the
system, with zero expectation value ¢ = (b) = 0.

The competition between such terms generates a ground state phase diagram as
exhibited in Fig. 3.1, which shows the boundary between the Mott insulating phase
and the superfluid in terms of the tunneling coupling J and the chemical potential p,
in units of the onsite interaction UU. When the strength of the interaction relative to
the tunnelling is modified, the system may undergo a quantum phase transition [87]
from the superfluid ground state to the Mott insulator ground state. Experimentally,
such transitions were firstly observed by Greiner et al. [41], using rubidium-87 atoms
trapped in a simple cubic optical lattice. Fig. 3.1 represents the time of flight images
taken from these experiments. The sequence presents the collapse of the Bose-Einstein
as the lattice depth is increased until the Mott insulator phase is reached.

Once we know the basic ingredients of this model, we are ready to explore its

thermodynamics in the following sections.

3.2 Atomic Limit: where the anomaly is born

Here we analyze the thermodynamics of the atomic limit by setting J = 0. With

this choice, tunneling between different sites is forbidden and the superfluid phase,
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Figure 3-3: Schematic representation of the Bose-Hubbard model ground state phase diagram, for
bosons in a simple cubic lattice. The continuous superfluid /Mott insulator phase transition is shown
as the blue dashed line.

which is composed by particles in a delocalized state, does not exist. Even in this
limit, the model presents regions of waterlike anomalous density behavior, as we will
be shown. In the context of quantum gases on optical traps this limit correspond
to a strong trapping field. Noting that in this regime the Hamiltonian is becomes
composed by single-site hamiltonians, [:Ii, which are diagonalized with number oper-
ators eigenvectors n; |n;) = n; |n;). Hence the energy eigenvalue of a single site with

occupation n; = n becomes
U
€n = En(n —1) — un, (3.4)

and since lattice sites are distinguishable, quantum statistics end up identical to Boltz-

mann statistics [88].
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Figure 3-4: Time of flight absorption images of multiple matter wave interference patterns adapted
from Greiner’s experiment [41]. These were obtained after suddenly releasing the atoms from an
optical lattice potential with different potential depths Vj after a time of flight of 15 ms.
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The Ground State Phase Transitions

We proceed by investigating the ground state phase transitions (GSPT). At T =0
and a given p, the grand canonical free energy 2 = Vw (volume V = vyL, with v
defining the lattice cell volume) is simply the result of the minimization procedure
w(T =0,u) = mnin €n. Therefore w(T = 0, u) = ¢, for n satistying (n—1)U < p < nU.
This implies that GSPT occur whenever the chemical potential hits an integer value
of the on site interaction, where a coexistence between successive occupation states n
and n+1, called Mott Insulators, takes place. This analysis yields the critical chemical

potentials p,, = nU and the corresponding critical pressures P,vy = n(n + 1)%

Calculating the densities that are observed in the GSPT at fixed chemical potential
in the VT ensemble is simple and requires assuming that states n and n 4+ 1 are
equal a priori. The result is vgp, = n+1/2 and will not be the same observed at fixed
pressures in the NPT ensemble, since the pressure is a non differentiable function of
at the GSPT. These numbers can be obtained exactly within a two states description

as will be explained in the Appendix A.

Thermodynamics

The grand canonical partition function of the system can be expressed as:

Z(T7 v, :U’) = <i 6_56n> ) (35>

n=0

where 5 = 1/kgT, with T being the temperature and kp the Boltzmann constant.
Considering that Z = ¢ %%, the fundamental relation for the grand thermodynamic
potential €2 becomes: The grand canonical partition function of the system can be

expressed as:

QT,V,pu) = —kgTVIn

i 6_66"] : (3.6)

n=0
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Figure 3-5: (a) Density, (b) entropy, and (c) thermal expansion coefficient as a function of the
chemical potential at fixed temperatures.
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Pressure can be obtained using {2 = —PV and one can calculate density and entropy

per site, employing the standard expressions:

o) = =L (%) (37)
and
S(T, 1) = ; _ _é (g—g)u. (3.8)

For the purpose of comparing our results with other works on the literature of the
Bose-Hubbard model, it will be important to write the thermal expansion coefficient
in terms of appropriate variables. Through a Jacobian transformation [89, p. 364]

one obtains:

where o, was defined as:
1 [/ 0p
ot == (50) - (3.10)
o

Expressions (3.7)-(3.10) will be calculated in the VT ensemble and converted to

the NPT ensemble whenever necessary.

Results and discussions

Before proceeding let us note that variables are reduced in terms of U, vy and
kg, as T* = kgT /U, p* = u/U and P* = Pvy/U. Our analysis starts by comparing
density, entropy and thermal expansion « as a function of chemical potential at fixed
temperature (Fig. 3.2). Also note that « is the same used in the fluid literature

and was calculated from (3.9). Fig. 3.2 (a) shows that the density is highly sensitive
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to changes in the chemical potential around p = n, for integer n, and that this
response becomes sharper at lower temperatures, approaching true phase transition
discontinuities in the 7" — 0 limit. This confirms that p are indeed the critical values

of the zero-temperature GSPT.

On Fig. 3.2 (b) entropy is shown to develop maximum values exactly at the critical
chemical potentials p. As temperature decreases entropy goes to zero except at the
transition points, where it becomes sharper and turn into a residual entropy in the
limit 7" — 0. Note that the maximum equals s, = In2 which is expected for a two

state mixture. From the Maxwell relation

(g_liL T (%)P =V, (3.11)

it follows that « is negative (positive) whenever entropy increases (decreases) with
pressure 2. Thus, an entropy maximum introduces an oscillation in thermal expansion
«, with its amplitude increasing as temperature is lowered according to Fig. 3.2
(c). The oscillations evolve to a peculiar double divergence with & — —o0 (+00)
as u — g, (). Indeed, such mechanism establishes a quite general connection
between GSPT, residual entropy and density anomaly. The multiple configurations
remaining from each critical point produce a macroscopic zero point entropy. When
temperature is raised, the possibility of the system accessing these states can induce

an anomalous behavior depending on the chosen external fields.

Next we discuss the emergence of TMD lines in the phase diagram of the model.
On Fig. 3.2 their loci, corresponding to @ = 0, are shown in a range of pressures
covering two regions where density increases with temperature (o < 0). As in our
previous studies [90,91], TMD lines are emanating from GSPT (filled circles) and
draws a curve enclosing a region of the phase diagram starting and ending at 7" = 0.
The endpoint of these lines can be obtained by analyzing enthalpy variations for
adding or excluding a particle in the system. Even though we have chosen to show

two TMD lines starting from transitions at P = 1 and 3, the model exhibits an

2The chemical potential monotonically increases with pressure.
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Figure 3-6: Pressure vs. temperature phase diagram with GSPT marked with filled circles and
continuous lines representing the TMD. The anomalous states are represented by the filled areas.

Figure 3-7: Density as a function of temperature for fixed pressures. Density increases with
temperature (region filled in purple) and presents a maximum (highlighted points over the continuous
purple curve) for pressures slightly below (dashed lines) the critical pressure Py = 1 (continuous
black line). Density decreases monotonically with temperature for pressures above (dotted line) the
critical value. The inset contains the P x T phase diagram featuring a TMD line and the pressures
chosen.
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infinite number of GSPT and also an infinite number of regions in the P x T phase
diagram where a < 0.

A more detailed view on the density behavior is presented in Fig. 3.2, where it is
plotted against temperature at pressures slightly above, below and equal to the critical
value P/ = 1. It is interesting to observe that density increases with temperature
below Pj, reaching a maximum value and then decreasing again, while above Py
density decreases, as in a normal fluid. Exactly at P} density reaches a fixed value at
about the same temperature where the TMD line becomes horizontal in the P x T
phase diagram (see the inset of Fig. 3.2). It is possible to calculate this value within a

low temperature, two-states expansion (see Appendix A), resulting in the polynomial:
(1 —26,)" =2(1 +25,)" (3.12)

where §,, = pf — pk, with pf (pf = n+1/2) being the critical density at fixed pressure
(fixed chemical potential) for the n-th transition. From this it is possible to find pf,

the critical density at constant pressure for n =1, as

5—5
P = 2\[ ~ 1.381966. (3.13)

Accordingly, the critical densities obtained from Eq.(3.12) are indeed relevant as they
predict the maximum densities found along the TMD lines emanating from GSPT at
critical pressures P = n(n+1)/2. Next, let us compare the low temperature aspects

of o and oy, by rewriting Eq. (3.9) as:

At small temperatures, it follows from the r.h.s. of this expression that o ~ «, for
W # U, since :lrli% s — 0. Consequently, o and «, are resembling functions at low
temperatures, and «,, < 0 can be used to infer a waterlike behavior in the NPT'. As
shown in Fig. 3.2, near the ground state phase transition between fluid phases with

n = 1 and n = 2 particles at uj = 1, a, presents an oscillation similar to o, this
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Thermal Expansion

*

Figure 3-8: Thermal expansion coefficients at fixed pressure and chemical potential, a* and ay,
as a function of chemical potential at temperature 7% = 0.05. At low temperature the behavior of
both coeflicients are similar (see text).

being a signature of the proximity to the GSPT and waterlike behavior [90].

3.3 Complete Scenario

The difficulty in solving the Bose-Hubbard Hamiltonian comes from the distinct
role played by its two characteristic parameters: its non interacting limit is diagonal
in the momentum space whereas its atomic limit is diagonal in position space. Several
treatments to model the thermodynamics were develop during the past decades [92].
They comprehend mean field approaches (93,94, Bogoliubov approximation for weak
interactions [95], perturbative methods using Green’s functions, exact diagonaliza-
tion procedures, path integral quantum Monte Carlo (QMC) using the worm algo-
rithm [96], bosonic dynamical mean field theory (BDMFT) [97,98|, just to name a

few.

The Self-energy Functional Theory

In order to map the thermodynamics of the bosons we employ a variational and

non-perturbative self-consistent approach, the self-energy functional theory derived by
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Hiigel et al. [99], inspired in the original works for fermions by Potthoff [100]. The for-
malism, which includes U(1) symmetry breaking and comprehends previous BDMFT
approaches [97,98,101-103]|, is based on successive Legendre transformations of the
free energy functional 2 leading to a new functional Q2gg of the self-energies. The
approximation scheme to the many-body problem constricts the variational space:
the self-energy domain is restricted to a subspace of self-energies of a simpler refer-
ence system. Then, the original problem is transformed into determining stationary
solutions of this new functional in terms of the reference system’s free propagators.
This section is devoted to provide an overview of the method, following the refer-
ences (99,104, 105] .

First, we write the Hamiltonian of Eq. (3.1) in a more concise and general form
1 « o
H= §bgtﬁbﬁ +V +Flb, (3.14)

including an explicit symmetry breaking field F which couples to the bosonic opera-
tors. In this notation, we use the Einstein summation convention and the superindex
a spans the site index i as well as the Nambu index v. Explicitly, the bosonic operator
reads as bl = b! = (b],b,),, with commutation relations [by, bTﬁ] = (1®o0.)3. Also,

we have the generalized hopping t§ = t;z = t;; ® 1,, and interaction of the form
V = U,3,sb°b’b7b?.

Including finite temperature effects (with kgT = 1/3), the partition function
Z = Tr[Te %] follows as a trace comprising the imaginary time ordered exponential

of the action § [106-108],

1 B B
S[F,G,'] = —5/0 /0 deT,bT(T)Gal(T,T,)b(T/)
B

+ / drV[b(7)] + / ’ drFb(7) , (3.15)

0



57 3.3. Complete Scenario

written according to its explicit dependence on F and the non-interacting Green’s

function Gy
Gy ' =6(r—-T)(-[1®0.]0 —t). (3.16)

From the partition function, averages can be defined as (O(7)) = Tr[Te*O(7)]/Z.
Also, its logarithm provides the free energy Q[F, G;'] = —In[Z]/3, which is a gener-

ating functional of the propagators: the condensate Green’s function ®
= (b)=d, (3.17)

and the connected interacting Green’s function G

25% = —(b(r)b' (1)) = G(r,7) — ®'® . (3.18)

Further details regarding products and traces are addressed in the Appendix B.

Based on a Legendre transformation, the free energy functional dependence can
be exchanged from F and G;' to the dressed propagators ® and G, leading to the
Baym-Kadanoff functional [109-112]

1 1
BOpk[®,G] = Fid— 5@*(}51@ +3 Tr[G; ' G]

1
+5 Tr In[-G™ ! + &, [®,G] . (3.19)

In Eq. (3.19), ®.w|[®, G] is the Luttinger-Ward functional [113,114], a universal
contribution which encompasses the complexity of the many-body system, containing
all two-particle irreducible (2PI) diagrams [115,116]. At the physical solution, the

functional Qpk [P, G] is stationary

pr . Qsx
ol =0 =0, (3.20)
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and it is equal to the equilibrium free energy Q2gx = 2. The variations

1977 1 0O
—— = F-G, ' ® 21
s 0P (3.21)
and
0K 4 1 00w
2 G, -G 2 3.22
associated to the conditions of Eq. (3.20) lead to the following identification
0Prw 0Prw
Yip=m—mp, X¥=-2 3.23
VR et 0G (3.23)

where 3/, and X are the one and two-point self-energies, respectively. Therefore,

the propagators obey the Dyson’s equations

G,'® = F—3%, (3.24)
and

G! = G} -2 (3.25)

With another Legendre transform, the Baym-Kadanoff functional dependence can
be exchanged from the one and two-point propagators ® and G to their respective

self-energies X, /5 and X, yielding the self-energy functional

1
BQsp[X1)2, X] = §(F —X12)'Go(F — 1 2)

+% Trln[—(Go ™" — )] + F[S10, 5] . (3.26)

The universal functional F[3/,, X] = [P, G| + 21/2@' + 5 Tr[3G] is simply the
Legendre transform of the Luttinger-Ward functional ® [®, G|, with the following
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variations

5{ =&, Q%ZG. (3.27)
oxt

At the physical solution, (g is stationary and equal to the free energy Qs = Qpx =
Q) (as aresult of Q, Qg and Qgp being connected by successive Legendre transforms),

yielding once again the Dyson’s equations

o€
0=p—" = —Go(F - Z10) + @ (3.28)
621/2
and
_ Qsp _ -1 -1
0=26~0 =~(Go ' = %) +G (3.29)

The mentioned universality of the functional F enables us to overcome its com-
plexity with the introduction of an exactly solvable reference system (denoted by
primed quantities) exhibiting the same symmetry and interactions as the original

one. According to Eq. (3.26), the reference system’s self-energy functional

1
Bsp[X1/2, X] = §(F, — 1) GH(EF = 2y )0)

5 o[~ (G" — )] + F[S0, 5] (3.30)

evaluated at the physical solutions ¥, = X} /o and X = X' is equal to the refer-
ence system’s free energy (X[ ,, 3] = V[F, G’;']. Subtracting Eq. (3.30) from
Eq. (3.26), Qgp evaluated at 3q/, = 2’1/2 and X = ¥’ becomes

/ !/ / 1 !/ !/
BQsp(X ), X' = BQ + §(F - 21/2)TG0(]5‘ = X1)
Gal _ Z/:|

1 1
_Z _ T _ Z ~0 =
2(F’ 1/2) Go(F i2) + 5 Trin [G’Ol |

2
(3.31)
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Therefore, the solution of the reference system provides a parametrization of the
self-energies in terms of F' and G, which allows the construction of the self-energy

functional theory approximation Qgpgr to the self-energy functional (g according to
Qsrr[F', Gy = Qun[E [F, Gyl ='[F, Gl . (3.32)

The approximation consists in constraining the variational principle to the subspace
of self-energies of the reference system; this procedure applied to the variations of
Egs. (3.28) and (3.29) yields the Euler equations g Qgspr = 0 and Ogr-182srr = 0.
In particular, we choose a local reference system, the SFA3 minimal construc-
tion [99], comprehending three variational parameters: the U(1) symmetry-breaking
linear field F’ conjugated to the creation b' and annihilation b operators; the two
fields Agg, coupled with the density b'b, and Ay, conjugated to pair creation b'b" and
pair annihilation bb operators. The Hamiltonian describing the bosonic state is given

by

1
H'[F' A] = QbTAb + %n(n —1)—pun+F'b, (3.33)

where b = (b, b), F' = (F', F’*) and A = Agyl + Ag10,.

Therefore, the states of thermodynamic equilibrium are determined by the sta-
tionary points of Qgpr, given by VQgpr|[F, Agy, Ag1] = 0 (or dpQspr = 0 and
IaQspr = 0). The functional can be evaluated according to the steps developed
throughout the Appendix B. The code employed in our calculations is also available

in Appendix C.

3.4 Density anomaly

From the equilibrium free energy 2 = Qgpr calculated previously, the density is

given by

1 /00
=7 (), .
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Figure 3-9: The density p as a function of the reduced temperature kT /U (bottom) and the
temperature 7' in nanokelvin units (top) at fixed pressures for hopping amplitudes: (a) zJ = 0.06 U,
(b) 2J = 0.12U, and (c) zJ = 0.30 U, considering a simple cubic lattice (z = 6). The superfluid
phase is highlighted in blue while the normal phase is portrayed in white. Blue dashed lines denote
the boundaries between superfluid and normal phases, while orange dotted lines represent the TMD
curves. In (a), the inset exhibits a zoom of isobaric curves in the superfluid phase, while the red
point signals the atomic limit critical point at T = 0. The triangular points denote the maximum
temperatures reached by each TMD curve.
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Figure 3-10: The density p as a function of the reduced temperature kT /U (bottom) and the
temperature T in nanokelvin units (top) at fixed pressures for hopping amplitudes: (a) zJ = 0.06 U,
(b) 2J =0.12U, and (c) zJ = 0.30 U, considering a square lattice (z = 4).
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Table 3.1: Experimental parameters regarding potential depths Vj, scattering length a,, and laser
wavelengths A\ of optical lattices implemented using different alkali metal elements, for the hopping
amplitudes zJ = 0.06 U and zJ = 0.12U. The maximum temperatures in which density anomalies
are observed in superfluid Tsr and normal phases Ty 4 (the highlighted triangular points in Fig. 77
and Fig. ??7) are also addressed. In the 2D scenarios, the vertical confinement is achieved by an
optical potential along the z axis. For rubidium-87 [86] the lattice depth is V; , = 26 E, while the
cesium-133 [117] atoms are confined in a Gaussian wavepacket of width a, = 0.30 ym.

Element Geometry A (nm) | as (ag) =/ =0.06U 2/ =0.120
: 3 Vo/Er Tya 0K) Tsa (0K) | Vo/E, Tya (0K) Tsu (nK)
BNa [118] | Simple Cubic (z = 6) 595 52 18.30 88.35 10.68 15.49 74.67 17.82
87Rb [41] | Simple Cubic (z =6) | 852 103 16.95 14.76 1.78 14.25 12.39 2.95
8TRb [86] Square (z = 4) 1064 103 15.64 8.13 0.95 12.85 7.00 1.69
133Cs [117] Square (z = 4) 1064 310 16.65 4.36 0.51 13.77 3.77 0.91

where V' = N,a? is the volume and N, is the number of lattice sites. Its tempera-
ture dependence at fixed pressure P is determined by the isobaric thermal expansion

coeflicient

_ —% (%)P | (3.35)

For a < 0, density increases with temperature and a region of anomalous density
behavior is identified by a temperature of maximum density (TMD) line defined as
a = 0. The pressure is fixed employing the Gibbs-Duhem relation dP = pdu+ sdT =
0, where s = —% (g_%)u is the entropy density and P is related to the grand-canonical
potential according to —PV = ) = Qgpr.

Considering a simple cubic lattice, with z = 6, Figs. 3-9(a)-(c) illustrate the
density p versus the reduced temperature kg7 /U at fixed pressures (represented as
black lines) for increasing hopping amplitudes: (a) zJ = 0.06 U, (b) zJ = 0.12U and
(¢) zJ = 0.30U. The corresponding potential depths, which decrease from (a) to
(c), and temperature scales in nanokelvin units are calculated considering atoms of
rubidium-87, with realistic values based on the experiments performed by Greiner et
al. [41]. The superfluid to normal phase boundary is illustrated as a reentrant dashed
blue line and the blue filled area represents the superfluid phase. Figs. 3-9(a)-(b)
show that at sufficient high values of V (low values of zJ/U) there are two regions in

which density presents a local maximum, the TMD curves represented as orange dots:

one at the normal phase (normal phase anomaly, NA) and another at the superfluid
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phase (superfluid phase anomaly, SA). The maximum temperature values reached by
the TMD curves are highlighted as triangular black points.

Fig. 3-9(a) portrays a large area in the density versus temperature phase diagrams
where the NA is present. However, as the hopping increases, according to Fig. 3-
9(b), the anomaly occupies a smaller region in temperatures. In addition to the
normal phase TMD, the superfluid phase also exhibits a density anomalous behavior
illustrated in Fig. 3-9(a), with a few superfluid isobaric densities drawn in the inset.
When the hopping becomes larger it dominates the free energy, leading the superfluid
to occupy a bigger region in the phase diagram and suppressing both superfluid and
normal anomalies, as presented Fig. 3-9(c).

Analogously, Fig. 3-10 displays the two dimensional results considering a square
lattice geometry, with z = 4. For comparison reasons, we chose the same ratios
zJ/U as shown in Fig. 3-9. The superlfuid domain exhibits a small retraction when
compared to the simple cubic case. In spite of this, the same general behavior is
observed. Specifically, Fig. 3-10(a) presents the density anomaly in both phases; the
anomaly is reduced for a larger hopping amplitude as illustrated in Fig. 3-10(b), and
finally it vanishes completely as shown in Fig. 3-10(c). For this two dimensional
system, the respective potential depths and temperature scales in nanokelvin units
are calculated also considering atoms of rubidium-87, with parameters according to
the experiments performed by Sherson et al. [86].

Although the upper temperature scales and potential depths addressed in Figs. 3-
9 and 3-10 refer to specific setups using rubidium-87, they can be adapted to other
elements. Indeed, we collect in Table 3.1 the temperatures, Ts4 and Ty 4, that must
be achieved for experimentally detecting SA and NA not only for the previous cases
of rubidium-87 but also for sodium-23 [118] (in a simple cubic lattice) and cesium-
133 [117,119,120] (in a square lattice). These points are marked as the triangular

symbols over the TMD curves.
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zJ =0.06U and kT = 0.023 U

1.01 1.02

Figure 3-11: Considering square (d = 2) and simple cubic (d = 3) lattices, the entropy (a)
and thermal expansion coefficient (b) are exhibited as functions of the chemical potential p for
zJ = 0.06 U at kgT = 0.023 U deep in the superfluid regime. The respective insets depict the
atomic limit (J = 0) scenario.
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3.5 Residual entropy mechanism

The density anomalies in the normal fluid can be traced back to the ground state
phase transitions between Mott Insulators of successive occupation numbers [121].
This anomalous behavior, present even in the absence of hopping, arises from the
competition between the chemical potential, which promotes the boson occupation in
the lattice, with the on site repulsion interaction U, which favors the boson removal.
As the temperature increases, entropy first favors filling up the sites but, for high
enough temperatures, entropy increases by removing particles from the system to in-
crease the mobility of the particles left. This is a classical behavior similar to that of
liquid water, where bonding and non-bonding structures compete: at lower temper-
atures density increases by disrupting hydrogen bonds while at higher temperatures
enhanced particles’ velocities increase the available volume, decreasing density. The
novelty here is that this phase is not completely destroyed by the hopping, persisting
for values of the J possible to be observed experimentally.

Indeed, the hopping brings a new phenomenon not observed for J = 0: the SA,
a quantum density anomaly. The physical origin of this behavior is also the com-
petition between chemical potential and the repulsion U. But for the SA the TMD
line appears at lower temperatures and higher densities when compared with the NA,
because in this case the hopping contributes to the temperature effects, favouring the
movement and the spread of particle over the lattice.

Such competition of interaction scales can also be translated in terms of degen-
eracies and residual entropies. Inhibiting the hopping, a ground state degeneracy,
related to a phase transition in number occupation between Mott Insulators, is set-
tled whenever the chemical potential p reaches an integer value of the interaction
U. At such transition points, two states are equally accessible and this degeneracy
accounts for an observed macroscopic residual entropy of kpIn2 per site. For finite
temperatures, zero point entropies produce peaks near those points as the chemical
potential is varied, see the inset of Fig. 3-11(a). By turning on the tunneling probabil-

ity adiabatically the superfluid phase emerges exactly from Mott Insulator transition
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points, mitigating residual entropies, since the previous degeneracy gets lifted. Thus,
by turning on the hopping transition the previously mentioned entropy peaks remain
deep in the superfluid phase but are less prominent, as shown in Fig. 3-11(a) for
zJ =0.06 U and kT = 0.023 U. Formally, the entropy peaks mark a change in the

behavior of density with temperature according to the Maxwell relation

which results in the sign flip of thermal expansion in the superfluid phase illustrated

in Fig. 3-11(b).

3.6 2D in situ observation including confinement ef-

fects

On the basis of the recently developed in situ measurements of ultracold gases in
optical lattices [122], we discuss a physical realization of the reported phenomenon
considering rubidium-87 atoms disposed in a square lattice, as Fig. 3-12(a) depicts.
These modern tools encompass high resolution absorption [117,120], fluorescence
imaging [85, 86] and even scanning electron microscopy [123], each technique with
its specific applications. Considering the range of density and fluctuations presented
here, our theoretical proposal appears better suited to the absorption imaging real-
ized by Chin et al. [117,120], complementing the well known time-of-flight methods
which probe the system in momentum space. In such experimental framework, in situ
density distributions p(x,y) of 2D gases can be determined by performing absorption
imaging perpendicular to the horizontal plane xy. This technique allows mapping
the occupation number at a single site resolution, providing direct access to density
fluctuations, which is our ultimate goal in the analysis of the anomaly.

In our discussion, the confinement effects of the harmonic trapping field, repre-
sented in Fig. 3-12(b), are considered using a local density approximation (LDA). The
harmonic confinement potential is given by V,(r) = %mw2r2, where r = \/m is
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Figure 3-12: The density distribution in the normal phase, considering harmonic confinement
effects. (a) The two dimensional configuration of a square optical lattice is created by counter
propagating red detuned laser beams. The additional harmonic effects are represented in (b) where
the optical potential V(r) and the intensity profile I(r) are schematically shown. (c¢) The phase
diagram p versus T for the configuration Vo = 15.64 E, (zJ = 0.06 U) highlights two chosen
temperatures kpT = 0.08 U (blue) and kpT = 0.18 U (red). Considering the LDA scenario, the
density p is mapped in the zy plane for the respective temperatures in (d) and (e).
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Figure 3-13: Analysis of the set up presented in Fig. 3-12. Panel (a) shows the pressure P for two
different temperatures (kgT = 0.08 U and kT = 0.18 U) and their relative differences AP/P as a
function of the radial distance r. The gray area signals the distances where such pressure deviation
becomes greater than 5%. (b) The density profiles for these temperatures are exhibited as functions
of distances as well as their difference Ap, with the anomalous region (9 a < r < 14 a) delimited by
two TMD points (orange squares). (c) Ap is represented as a color map in the xy plane.
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the radial distance from the center of the trap and the associated oscillation frequency
w is fixed at w/2m = 60 Hz, as typically chosen. Consequently, in the LDA framework
the chemical potential across the lattice takes the form pu(r) = po— Vi (r). The lattice
depth is held at Vi = 15.64 E, (zJ = 0.06 U) as already discussed in Fig. 3-10(a).
Furthermore, the total number of particles is kept constant Ny, = 1096 as well
as the total pressure Py = 1.9765 U/ a’®. Under these described conditions, such

quantities satisfy the equation of state [124,125]

Ntotal y (337)

as demonstrated in Appendix D. This simple relation implies that if Ny, is fixed,
then P, is naturally held constant. Given all these parameters, we restrict our
analysis to the normal phase anomaly since the variations in density with temperature
are more prominent.

Since we want to investigate how the density behaves when temperature is changed
at fixed pressure, Figs. 3-12(d) and (e) exhibit the density p on each lattice site of
the zy plane for temperatures kgT = 0.08 U (T = 2.97 nK) and kgT = 0.18 U
(T" = 6.68 nK), respectively. These two temperatures are also marked as blue and
red straight lines in the phase diagram of Fig. 3-12(c), showing that only the normal
phase is present. In a qualitative perspective, it is observed a melting of the steps as
temperature is raised and a larger number fluctuation between the steps of integer
density. Quantitatively, a closer look at how the local pressure P varies across the
radial direction is discussed in Fig. 3-13(a). Due to the finite difference between such
temperatures kg AT = 0.1 U, there are differences in pressure AP compared to their
respective values at each site which are less than 5% until » = 14 a. Larger distances
are filled in gray, comprehending an area where the relative difference AP/P grows
towards the boundaries of the lattice. Hence, the pressure is kept approximately
constant at each site except inside the gray area, where r > 14 a . Fig. 3-13(b) shows
the radial density profiles in greater detail, with their difference Ap in green. This

curve shows oscillations, taking on positive values. These positive values indicates
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the density anomaly and are limited by two TMD points, shown as orange square
points. Finally, Fig. 3-13(c) summarizes our analysis where the difference in density
Ap is represented through a color map in the zy plane. The anomalous region Ap > 0
denotes an increase in density with temperature at fixed pressure, while the regular
behavior corresponds to Ap < 0. As previously, the gray area excludes the regions
where the local pressure does not remain fixed. Under these circumstances, we have
shown a signature of the density anomaly in this 2D configuration, illustrated as the

red circular ring of Fig. 3-13(c).



Chapter 4

Specific heat anomaly and
correlations in the Bose-Hubbard

model

“O ser humano normal acredita no que vé, no que experimenta € no que
sabe. O fingidor histérico, naquilo que aprendeu a dizer.”

— Olavo de Carvalho

In the field of condensed matter physics, the specific heat is a valuable physi-
cal observable that provides general information regarding the energy spectrum of
a system, a key to its microscopic details [126,127]. It encodes information on the
entropy, a useful thermodynamic quantity directly connected to such microscopic de-
grees of freedom, which is in general inaccessible by direct measurements. Among
interesting anomalous properties, the appearance of a second peak in the specific
heat at low temperatures, known as the Schottky-type anomaly, is experimentally
and theoretically observed in several frustrated systems. Typical examples are the
magnetic systems on geometrically frustrated lattices with kagome, triangular, or
pyrochlore structures. Experimentally, the double-peak anomaly is measured in mag-
netic pyrochlore oxides [128], the canonical spin-ice material Dy, Ti,O7 [129-131] and
TheTiyO7 [132], their mixtures Dys_,Th,TisO; [133], lead-based pyrochlores [134],

71
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and spin-glasses like RoMo0,O7; (R=Y, Sm, or Gd) [135]. Other examples include
heavy-fermion compounds [136,137|, bosonic superfluids in spin-dimer networks [138§],
CO3Ny plasma [139], lipid bilayers containing colesterol [140], as wells as mixtures
of liquid crystal and nanoparticles [141]. In a theoretical framework, the anomaly
was verified for spin models with antiferromagnetic Heisenberg interactions [142—
147|, Ising pyrochlore magnets using Monte Carlo simulations [148, 149], Ising mod-
els [150-153] in distinct geometries, and quantum ferrimagnets [154].

Since the entropy dependence on temperature determines the specific heat of a
given system, this thermodynamic quantity is a relevant ingredient in the presented
anomaly. Fundamentally, the geometrical frustration arises from a conflict between
the interaction degrees of freedom and the underlying crystal geometry [155]. The
described frustration leads to a macroscopic degeneracy which is computed as a
ground-state finite entropy, the so-called residual entropy. One of the first exam-
ples of geometrical frustration was given by Linus Pauling, when describing the low-
temperature ordering of protons in water ice I, [156]. The many ways of satisfying
the lowest-energy state which reconcile the crystal structure of ice with the known
bond lengths were given by the Bernal-Fowler rules [157]. Based on their prescrip-
tion, Pauling calculated the residual “macroscopic” ground-state entropy per hydrogen
atom of (1/2)RIn(3/2) ~ 1.68 mol '!K~!. Interestingly, a similar physical mecha-
nism is verified for the already mentioned high degeneracy observed in pyrochlore
magnets, constituting the named spin-ice materials [129, 158]. The particular ways
these systems can fluctuate between such multiple ground-state configurations can
be responsible not only for the anomalies addressed but also for emergence all sorts
of novel behaviors in fluid and solid phases, including even an artificial edition of
electromagnetism [159].

In this chapter we report the occurrence of the double-peak specific heat anomaly
in the Bose-Hubbard model based on theoretical calculations. Here we present an
alternative mechanism of frustration observed in this model, devoting some attention
to the influence of correlations created by a finite tunneling amplitude. In the previ-

ously mentioned systems the frustration was essentially derived from incompatibilities
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between geometry and interactions; in the Bose-Hubbard model the frustration is a
consequence of the competition of lattice occupation and the local interactions. The
essential ingredient, a ground-state residual entropy, is also present. When appropri-
ate, we also complement our SF'T results with finite-temperature perturbation theory
around the atomic limit.

Given the equilibrium free energy €2 obtained from the previously cited techniques,

the specific heat is explicitly given by

T (629) ( 0s >
==\ =T . (4.1)
N, \ 012 i oT i
where T is the temperature and s is the thermodynamic entropy per site
1 /00
=—— | = 4.2
= ( aT)# , (1.2)

considering N sites at a fixed chemical potential .

4.1 The Atomic Limit (J = 0)

In the following, we show that the specific heat ¢, presents a double-peak structure
as a function of the temperature whose origin can be traced back to the atomic
limit. Since the hopping amplitude is absent in the atomic limit (J = 0), there is no
superfluid phase and the bosons are found in a normal fluid state. The Hamiltonian

described by Eq. (3.1) becomes
U
0) — (s — 1) — ‘
HY = 5 % ni(ni —1) —p EZ n; (4.3)

a sum of single-site Hamiltonians Hi(o) which can be diagonalized by the number op-
erators eigenvectors |n;). Thus, the energy eigenvalue of a single site with occupation

n is expressed by

E, = %n(n —1)—un . (4.4)
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Figure 4-1: Finite-temperature analysis of the specific heat and entropy in the atomic limit J = 0.
(a) The 3D diagram portrays the specific heat ¢, as a function of the temperature 7" in a wide range
of chemical potential p values. The continuous and dotted black curves in the pT" plane represent
the loci of the maximum values attained by c,. Red dots denote ground-state phase transitions
between Mott insulators. In (b) is shown a detailed vision on the temperature dependence of ¢,
considering the values p = 0.7U, 0.8U and 0.9U, portrayed by the inset. Panel (c) contains the

entropy per site s as temperature varies for p = 0.8U, 0.9U, 0.95U and 0.99U.
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Figure 4-2: The specific heat decomposition and its temperature behavior is exhibited considering
four fixed values of chemical potential: (a) g = 0.9U, (b) p=1.1U, (¢) p = 1.3U and (d) pp = 1.6U.
The dotted curves represent the contributions c,(f’m) to the total specific heat c,, which is shown as
the continuous curve. Each panel contains a diagram of energy levels assigning a different color to

each transition |n) — |m) (with energies E,, — FE,,), referring to the respective term ¢
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In this limit the grand-canonical partition function
N, N
ZO(T, ) = T [e17) =[] 2 = 2] (4.5)
i=1
becomes simply a product of single-site partition functions
0 _
20Ty =Y e PP, (4.6)
n=0

where 8 = 1/kgT and kg is the Boltzmann constant. The free-energy potential Q)
follows directly from Egs. (4.5) and (4.6) according to

1 N,
QO(T, ) = 3 In2© = _FS mz? . (4.7)

Fig. 4-1(a) portrays the specific heat ¢, as a function of the temperature 7" in
a three-dimensional diagram including a wide range of chemical potential values (in
different colors), with the loci of maxima represented as dotted and continuous black
lines in the pT plane. At zero temperature, there are ground-state phase transitions
(GSPT) between Mott insulators of successive occupation numbers whenever the
chemical potential p takes on integer values of the local interaction U [160,161], shown
as red dots. At higher temperatures, its is observed a maximum at any value of fixed
1, symbolized by dotted lines. However, as the chemical potential approaches integer
values of the interaction, the specific heat develops another peak at low temperatures
(the continuous black lines), which is connected to its corresponding GSPT. The
low- and high-temperature maxima start to merge together as the chemical potential
values move away from the integers values of U, finally coalescing in a single peak
according to Fig. 4-1(b).

The entropy dependence on temperature illustrated in Fig. 4-1(c) suggests that
the low-temperature maxima are related to a residual entropy per site of kg In 2. This
zero-point entropy is due to the degeneracy established at the GSPT between states

with different occupations. As the chemical potential approaches the integer multiples
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of the local interaction, the entropy curves develop a sharp step towards the residual
value kplIn2 which induces a change in their concavities. This behavior leads to a
Schottky-like peak at low temperatures close to the critical points.

A deeper understanding on the evolution of the reported double-peak structure
can be attained by decomposing the specific heat in terms of contributions regarding
all possible transitions between the different eigenvalues E,. Indeed, we show in

Appendix F.1 that ¢, can be expressed as

Cy = Z CEL"’m) : (4.8)

n<m

where the defined partial specific heat describes the fluctuations between the energy

levels m and n according to

2
o) = kDB, B,y B (4.9)

Since the specific heat accounts for fluctuations in energy with respect to its mean
value, the intuitive idea brought by this decomposition is to visualize the fluctuations
in energy as a result of transitions between all possible energy levels. This outcome
allows us to understand how these peaks behave and influence each other, isolating
the relevance of each transition.

In Fig. 4-2 we present the specific heat as a function of temperature as continuous
lines including four different values of chemical potential: (a) = 0.9U, (b) p = 1.1U,
(¢) o =1.3U and (d) p = 1.6U. For each case, the most relevant partial contributions
c,(f’m) are addressed as the colored dotted lines, with the respective level transitions
depicted accordingly. Figure 4-2(a) shows the p = 0.9U case. The low-temperature
peak appears due to the |1) — |2) transition. Other contributions add up to form
the second maximum at a higher temperature; among them, the most relevant terms
in this temperature range arise from the transitions |1) — |0) (red) and |1) — |3)
(orange) which connect the states |0) and |3) to the ground state |1), respectively.
In Fig. 4-2(b), for u = 1.1U, the ket |2) becomes the new ground sate and the first
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Figure 4-3: The specific heat c,, is shown as a function of the temperature T at fixed p = 0.9U
for simple cubic (a)-(d) and square lattices (e)-(h) considering four different hopping amplitudes:
(a) and (e) J = 0.006U (the gray continuous lines are the corresponding atomic limits), (b) and (f)
J =0.012U, (c) and (g) J = 0.024U, (d) and (h) J = 0.042U. The superfluid domain is represented
by the blue area, with the phase boundaries symbolized by the blue dashed lines. The insets exhibit
the respective uT phase diagrams.

peak persists due to the available transition |2) — |1). As a result of this new ground
state, the contributions for the second maximum from |2) — |0) (green) and |2) — |3)
(purple) become more prominent than the previous transitions |1) — |0) (red) and
|1) — |3) (orange). In Fig. 4-2(c), where p = 1.3U, the transition |2) — |3) (purple)
starts to gain relevance since the energy level E3 approaches F;. As a consequence
of these two competing contributions, the specific heat develops only one maximum.
Figure 4-2(d), which displays u = 1.6U, finally shows FE3 becoming the first excited
state, with ¢>3 the most relevant term at low temperatures. By increasing the
chemical potential another analogous cycle starts, presenting the same fundamental

mechanisms already explored.

4.2 Finite Hopping (J # 0)

Including finite-hopping effects, the specific heat behavior with temperature for

simple-cubic and square lattices is illustrated in Figs. 4-3(a)-(d) and Figs. 4-3(e)-(h),
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respectively. The observables were evaluated using the previously described SF'T for-
malism. In this framework, we considered four values of tunneling: J = 0.006U,
J =0.012U, J = 0.024U and J = 0.042U, for a fixed chemical potential y = 0.9U.
Physically, such increasing tunneling amplitudes correspond to decreasing lattice po-
tential depths, going from very deep lattices to shallower ones. The introduction
of the kinetic term J gives rise to a superfluid phase which grows from the GSPT
points [162]. The superfluid phase is represented in the blue area, with the superfluid
to normal phase boundaries shown as dashed blue lines. The respective insets portray
the pT' phase diagrams.

First we analyze the three-dimensional case, exhibited in Figs. 4-3(a)-(d). Con-
sidering the chosen value J = 0.006U in Figs. 4-3(a), the system is found in the
normal phase and the two-peak structure of the specific heat remains present. For
comparison reasons, we also indicate the corresponding atomic limit result as the gray
continuous line. It is observed a clear reduction of the first peak when the hopping
is slightly turned on; the second one, however, does not exhibit relevant quantitative
differences. Intuitively, since the low-temperature maximum is a result of the ener-
getic competition between two states, the introduction of the hopping breaks this
degeneracy, mitigating its magnitude. A detailed analysis regarding such behavior is
also developed in Subsecs. 4.2 and 4.2, involving the analysis of spectral properties
and correlation functions. By increasing the hopping to J = 0.0012U, Fig. 4-3(b)
shows the appearance of the superfluid phase. Since the response functions tend to
grow in magnitude near continuous phase transitions, we observe an increasing of ¢,
in the neighborhood of the phase transition. As a consequence the first peak turns
into a critical divergence, while the second one is still observed. Figure 4-3(c) portrays
the J = 0.024U scenario, where ¢, increases monotonically in the superfluid, while
the second maximum remains to be seen in the normal phase. For a larger hopping
term J = 0.042U in Fig. 4-3(d), the superfluid domain increases to the point that the
high-temperature peak disappears. Thus the two original maxima, born in the the
atomic limit, are only verified in a perturbative regime.

Considering the same hopping values and p = 0.9U, Figs. 4-3(e)-(h) depict the
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specific heat dependence on temperature for the square lattice configuration. The
superfluid domain for each tunneling amplitude is smaller when compared to the
three-dimensional picture. Indeed, since there is a reduction on the number of avail-
able directions for a particle to hop in a square lattice, the superfluid region shrinks.
Therefore, it takes larger values of J to observe in a square lattice the same effects
seen in a simple cubic one. For J = 0.006U, Fig. 4-3(e) shows two peaks in the normal
phase, with the low-temperature one appearing reduced in comparison to the atomic
limit (continuous line). Increasing J, Fig. 4-3(f) shows that such peak is diminished
even further for J = 0.012U. Finally, Figs. 4-3(g) and 4-3(h) demonstrate that the
rise of the superfluid phase starts to destroy the developed peaks.

In the next Subsections we analyze the two peaks of ¢, in the presence of hopping
in greater detail. The J = 0.006U case, which preserves such property in two and

three dimensions, is explored inside the normal phase.

Spectral Functions

Since spectral functions reveal how states occupy a given energy interval, they
also provide useful information on the specific heat behavior. The spectral function,
a generalized density of states in frequency w and momentum space k, is defined by
the imaginary part of the retarded Green’s function [114] according to

Ak, w) = —l%[GR(k, w)] . (4.10)

™

This follows from the Matsubara Green’s function by analytic continuation, apply-
ing the prescription iw, — w + i0", where w, = 2mn/5. Its integration over the

momentum yields the local spectral function
1
Alw) = E%:A(k,w). (4.11)

Concerning other range of parameters, the spectral properties of the Bose-Hubbard

were also discussed using SFT [99], as well as employing QMC and BDMFT meth-
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Figure 4-4: The spectral function A dependence on the real frequency w at fixed J = 0.006U and
1= 0.9U, considering a simple cubic (a) and a square lattice (b). The two temperatures addressed
kT = 0.08U (blue) and kT = 0.4U (red), located around each maximum of the specific heat, are
marked in the inset panel. Above each resonance, the most significant transitions |n) — |m) are
identified.
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ods [163,164]. In Figs. 4-4(a) and 4-4(b), we show the behavior of A as w is varied
considering ;1 = 0.9U and J = 0.006U in the SFT framework for simple cubic and
square lattices, respectively. These are the same scenarios reported by Figs. 4-3(a)
and 4-3(e). The temperatures addressed in our analysis, kg7 = 0.04U (blue) and
kpT = 0.4U (red), are located near each maximum of ¢, as the inset panel illus-
trates. The noticed resonances can be thought in terms of transitions between local
occupation number states, which are eigenvectors of the atomic limit Hamiltonian
explored in Sec. 4.1. As demonstrated in Appendix F.2, the local spectral function

in the atomic limit reads as

1
A(D) (W) B % Z (5(0.) - AEn—m-&-l)(n + 1)€_ﬂEn

1
- 20 Z §(w — AE,_1_y) ne P (4.12)

a collection of delta functions centered around the energy level transitions F,_,,, =
E,, — E,. With the perturbative inclusion of hopping, the relevant observed Hubbard
bands emerge from such values, with a particular shape reflecting the dimensionality
of each case.

Regarding the low-temperature regime (blue curve), there are contributions from
only three transitions: singlon-holon [1) — |0), singlon-doublon |1) — |2) and
doublon-triplon |2) — |3). Given its larger width, the most relevant of them is
the portion |1) — |2), because the chosen p value is close to the transition between
states of occupation number 1 and 2. These states at low temperatures produce the
Schottky peak as explained in the J = 0 scenario. Regarding the second maximum
(red curve), other states of higher energy start to becomes available such as the tran-
sition triplon-quadruplon |3) — |4), while the transition singlon-doublon |1) — |2)
becomes less probable to happen. Therefore, the spectral distribution suggests that
the second specific heat peak contains contributions from the thermal mixing of states

as already indicated in Sec. 4.1.
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Correlations and the Double Peaks

As pointed out by Figs. 4-3(a) and 4-3(e), the first maximum appearing in the spe-
cific heat versus temperature plot presents a reduction when compared to the atomic
limit case. In Fig. 4-5, we address a detailed view on this subject considering the
simple cubic setup for deep lattices J = 0.006U (the results for the square lattice are
quantitatively similar in such regime) for three values of chemical potential = 0.7U
(purple), = 0.8U (green) and p = 0.9U (orange). Colored dots symbolize SET
calculations while the respective continuous lines represent the results obtained via
perturbation theory until second order on J/U. Figure 4-5(a) exhibits ¢, as T' varies
in the described scenario, including the atomic limit results as continuous gray lines.
We observe that the deviations from the J = 0 situation become more prominent
as the chemical potential approaches u = 1.0U. Since the specific heat is essentially
a second derivative of the free energy with respect to the temperature, we show in
Fig. 4-5(b) the difference AQ = Q — QO of the system’s free energy (2 in the presence
of hopping, J = 0.006U, relative to its atomic limit Q©, J = 0. For g = 0.7U the
contribution introduced by the hopping term to the free energy is relatively small.
However, for ;= 0.8U and p = 0.9U, we verify more important deviations in a low-
temperature regime. Such prominent curvature in the free energy implies a relevant
second derivative. This gets translated into a contribution to c¢,, which becomes the
mentioned reduction of the first maximum.

The question remaining is what physical mechanism is generating such curvature
in the free energy. Since the inclusion of the tunneling term induces correlations

among particles located at different sites, we analyze the atom-atom correlation func-

tion [165,166] defined by

Cj'j = <b;f,b]> ) (413)
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Figure 4-5: The specific heat ¢, (a), free energy variation AQ (b) and atom-atom correlation
C (c) are shown as functions of temperature at J = 0.006U. Three values of chemical potential
are considered p = 0.7U (purple), 4 = 0.8U (green) and u = 0.9U (orange) as the inset phase
diagram puT reveals. The dots represent SFT calculations while the respective colored continuous
lines symbolize results from perturbation theory. The atomic limit results of ¢, in (a) are shown as
gray continuous curves.
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for atoms at sites j/ and j. The atom-atom correlation is directly related to the

imaginary-time Green’s function
Gy (r,7') = —(TTb; ()b}, (7')]) . (4.14)

according to Cy; = —G;;(0,07). Also, the atom-atom correlation function can be
indirectly probed experimentally since it is related to the Fourier transform of the

momentum distribution function

k)|? K
g = g, i) w1
A

where w(k) is the Fourier transform of the Wannier function. This quantity is
measured by the time-of-flight absorption experiments, in which the trapping field
is turned off enabling the cloud of atoms to expand during a certain amount of
time [167,168]. More specifically, we focus our attention to the atom-atom correla-
tion function between first neighbors (since the particles of the model are able to hop

to first-neighbor sites), denoted simply as C, because the system is homogeneous. In
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Fig. 4-5(c) we show C as a function of the temperature, mirroring the parameters of
Figs. 4-5(a) and 4-5(b). Similarly to the corrections in free energy A, the corre-
lations become important as we increase the chemical potential towards the integer
values of U, developing a sharp peak at low temperatures kg7 ~ 0.1U.

The impact of the correlations on the free energy can be examined in an ana-
lytical perspective. Indeed, it is possible to exactly determine the free energy from
the atom-atom correlation function based on the introduction of a continuous cou-
pling parameter, following Refs. [106,107|. First, we parametrize the Hamiltonian of

Eq. (3.1) in the form
HYN = O 4\ | (4.16)

where H(® corresponds to the atomic limit defined in Eq. (4.3) and H is the kinetic

term
H=—J> blb,. (4.17)
(i.4)

Note that the value A = 0 correspond to the atomic limit, while A = 1 recovers the
original model considered, with H®) = H. As demonstrated in Appendix F.3, the

change in free energy caused by the hopping reads as

AQ = / 30, (4.18)

where the thermal averages (...), are taken with respect to the Hamiltonian of
Eq. (4.16). The definitions from Eqgs. (4.17) and (4.13) substituted into Eq. (4.18)

lead to the exact expression
1
AQ = —zJN, / C™ dx (4.19)
0

with CY) = (b},bj} » for first neighbors j and j’ thermally averaged at a hopping value

of AJ. This expression relates the theoretical free energy to the atom-atom correlation,
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an indirect measurable quantity, by a process of charging up the tunneling amplitude
until the desired value. Through Fig. 4-6, we verify the agreement between both sides
of Eq. (4.19) considering SFT and perturbative methods. In particular, perturbation

theory up to second order yields the direct relation

zJN,
2

AQ = — C+O(J"Y) . (4.20)
Therefore, the low-temperature correlations, which grow near integers multiples of
the interaction, generate an important curvature change to the free energy, whose

impact is revealed in the reduction of the first maximum of the specific heat.
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Chapter 5

Geometry, Thermodynamics and

Legendre Transformations

“There are far, far better things ahead than any we leave behind.”

— C. S. Lewis

Our analysis of the Bose Hubbard model thermodynamics was based on the Self-
Energy Functional Theory, which is essentially a composition of Legendre transforma-
tions. We devote this chapter to discuss more deeply the Legendre transformations
(one of the basis of our work) in a general and conceptual framework. The most
important point addressed is the visualization of the Legendre Transformation as an
extremum principle. Here we explore the physical content regarding the Gibbs space
geometry, its direct and natural relation to Legendre transformations and stability
conditions about the equilibrium states.

Thermodynamics present in modern applications. Concerning the classical aspects
of its logical construction (formulation), two schemes stand out: the thermodynamics
of Clausius and Kelvin, with axiomatic foundations formulated by Carathéodory; and
the Gibbs approach, with precise postulational basis given by Tisza [169,170].

Thermodynamic systems or subsystems are treated as spatially disjoint volume
elements, whose states are determined by a set of extensive quantities (variables pro-

portional to the overall scale of the system) like energy/entropy, volume and number

89
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of particles. In this framework, the complete information about each subsystem is
contained in the so-called fundamental equation, formulated in entropy/energy rep-
resentations. The phase space spanned by these extensive variables is designated
as Gibbs space and it plays an important role in the mathematical development
of the theory. When the flux of such parameters between subsystems is allowed
through the manipulation of appropriate walls, thermodynamic processes are said to
occur. The new equilibrium state achieved is postulated to be the one which max-
imizes/minimizes the total entropy/energy restricted to manifold of the constrained
variables. The essence of the theory relies on an extremum principle, just as seen
in different context of physics. The application of the variational principle to the
system coupled to reservoirs of extensive quantities leads naturally to the Legendre
transformations. The procedure generates equations of states as solutions and also
provide a test for the thermodynamic stability for local and global fluctuations about
the obtained equilibrium states. Here we focus on the physical interpretation of some
properties and elements regarding the geometry of the Gibbs space and Legendre
transformations. Particularly, how these transformations naturally codify a test for
thermodynamic stability with the compliance coefficients (or response functions) and

the well known Maxwell construction.

5.1 Basic Definitions and the Variational Principle

We consider a composite thermodynamic system o, constituted by a collection
of simple subsystems {O'(a)}. Its equilibrium states are parametrized by a set of
coordinates comprising m + 1 extensive variables X(@ = <X 1(a), e ,Xﬁll), which
can encompass energy/entropy, volume, and number of particles. The subsystem’s
boundaries may be permeable or not to the flux of such quantities, according to the
appropriate collection of thermodynamic walls. The set of parameters {X(a)} spec-
ifies the state of the composite system; each quantity is considered additive over its

subsystems, as well as conserved if the total system is isolated. Hence, the composite
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system variables satisfy
X =) X (5.1)

summed over all the subsystems. The referred thermodynamic walls constitute the in-
ternal constraints for the composite system, represented by relations w;({X®}) = 0.
For simplicity, we symbolize this set of equations by w. These relations determine a
new set of free variables usually called virtual states: states that are consistent with
the imposed constraints. In this sense, virtual processes or displacements correspond
to variations from one virtual state to another.

Based on these definitions, the classical thermodynamics is essentially developed
from a variational principle, as usually seen in other areas of physics. In the present
context, this idea is constructed by assigning to each subsystem an entropy function
(also called fundamental equation or thermodynamic potential) W(® = W) (X (@),
first-order homogeneous, continuous, with piecewise continuous higher-order deriva-
tives. The total entropy U of the composite system is introduced as an additive

function over its components
Z @) (X)), (5.2)

since the interactions among them are considered short ranged. The occurrence of
thermodynamic processes, defined as the transfer of extensive quantities between the
subsystems, is mediated by the modification of internal constraints, symbolized by
the transformation w —— 6. In such scenario, the extremal principle is structured
as follows: the new state of equilibrium achieved {X } is such that it maximizes
the total entropy restricted to the manifold of new internal constraints. In other
terms, from all possible states obeying the restrictions 6;({X®}) = 0, the state of

thermodynamic equilibrium {X } corresponds to the largest value of total entropy:

U({X) = max {Z g (X(O‘))} . (5.3)
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Therefore, the description of a thermodynamic system relies not only on defining
its subsystems, through the corresponding fundamental equations, but also on the
identification of its internal constraints.

The entropy maximum principle can be reformulated in terms of the internal
energy ®@ represented by one of the variables XI(O‘), e ,X,Sf:)rl. The postulate of

Eq. (5.3) becomes equivalent to the minimization of the total internal energy

o({X{}) = min {Z o) (X<a>)} : (5.4)

respecting the analogous constraints. The inversion of Eq. (5.2) is allowed locally

. . . () . . .
since the derivative ggm) = T(la> is the inverse temperature, a quantity regarded as

positive. These representations correspond to different physical configurations and
setups. In the entropy scheme, the total system is considered in isolation with con-
stant total energy while the entropy is permitted to vary. The energy scheme allows
for fluctuations in energy at fixed total entropy by the coupling of an external working
source.

First we analyze the variational principle in a local perspective, studying infinites-
imal virtual displacements around the equilibrium state. For a local extremum, the

condition
50 =0 (5.5)

implies the equality of the thermodynamic potential’s first derivatives

N OP(@)
pj( ) — = (5.6)
X!
with
P =pY (5.7)
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for all 7 = 1,...,m and «, 8 coupled through the exchange of X;. These intensive

) conjugated to XJ@ and they act like pas-

quantities are named as the fields Pj(a
sive generalized forces induced by the corresponding permeable walls. The relations
brought by Egs. (5.6) determine the so-called equations of state in a local scope. The

entropic representation receives the notation

Or(®

H .
J (a)
0X |

(5.8)

The fundamental equation lacks direct physical appeal, sometimes distant from
the experimental reality. Indeed, the connection between the formalism and the labo-
ratory environment is established more properly by the already mentioned equations
of state. As discussed in the Sec. 5.2, they are naturally generated by Legendre
transformations, arising from an adaptation of the extremum principle considering
interactions between the system and proper reservoirs. In spite of being an exten-
sively discussed subject, its possible to connect the Legendre transformations and the
geometry of the Gibbs space through an unified view encompassing the obtaining of

equations of state, and the analysis of local and global stability criteria.

5.2 Legendre Transformations

The Legendre transformations are commonly associated to the convex envelope
or supporting hyperplanes of sufficient regular functions [171,172|, connected to the
duality between points and lines [173]. Indeed, they preserve the information content
of the original function by relating an element of the Gibbs manifold to its respective
tangent space as illustrated in Fig. 5-1(a). This association is actually a consequence
of the ideas brought by the extremal principle, subjecting it to adequate constraints.
To explore this latent meaning in a geometrical perspective, we generalize the mental
experiment from the previous section.

We consider a composite system o constituted by the studied system ¢ and a

reservoir of'. The later is characterized by the intensive parameter P¥ conjugated
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/

§ P = oW 4 PRX
Xo X

Figure 5-1: Panel (a) depicts the fundamental equation as a function of the extensive variable X,
with some of its tangent lines. Their intercepts with the ® axis determine the Legendre transform
®M . An equivalent construction is shown in (b), considering the intrinsic variational character of
the discussed problem. The contour curves of &1 = @ — PRX are shown as the blue lines with
constant slope PT, concerning the reservoir ¢®. This function is explicitly minimized subjected to
the constraint ® = ®(X), regarding the system o originally studied. Arrows symbolize the gradient
vectors of the corresponding curves. At the extremum solution X, the gradient vectors become
parallel, with P® = P. The minimum value reached by the intercepts is ®1) = &) (PE)  the
Legendre transform of ® at the value P®. The extremization procedure yields also the equation of
state Xo = Xo(PF).
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P (PE|X) = ®(X) — PEX

X, X

Figure 5-2: The geometrical construction of the potential 1) (PR|X) = &(X)— PRX, involved in
the reformulation of the extremal principle. The points A, B and C' correspond to the intersection
of ® = ®(X) and the level curves ® = &) 4 PEX . The intercepts A’, B’ and C’ projected into
the X axis yields A”, B” and C”, composing the function @) (P?|X) (dotted curve). Its minimum
value is the Legendre transform ®() of ® at fixed PE.
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to the extensive variable X. Both system are allowed to exchange X through a

corresponding permeable wall. The total energy is additive over its subsystems with
B(X, X7 = B(X) + dF(XFY . (5.9)

As Eq. (5.4) postulates, the equilibrium state (X,, X£¥) reached by the transfer of X
is such that ®(X, XE) < ®(X, XF), for any state (X, X%) satisfying the imposed

constraint
X=X+Xx" (5.10)
with X constant. This implies that the deviation from equilibrium
AD = O(X, XB) — (X, X >0 (5.11)

must be positive-definite. We decompose this variation through Eq. (5.9), following

the contribution of the two subsystems
AD = AD + ADT . (5.12)

According to Eq. (5.10), the fluxes of the analysed quantities vary in the opposite

sense
AXE = —AX (5.13)

in order to ensure the conservation of X. The choice of a reservoir o® mediating the
interactions with o provides a particularly simple variation for the total thermody-
namic potential. Since the higher order derivatives of P¥ are negligible for a reservoir,

A®T becomes simply

A® = PREAXE (5.14)
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Indeed, using Eqgs. (5.13) and (5.14), we rewrite Eq. (5.12) as

AP = Ad— PEAX
= A(®-PX) , (5.15)

since P® is fixed. The energy minimum postulate brought by Eq. (5.11) and the
deviation expressed in Eq. (5.15) imply that the equilibrium state achieved minimizes

the function
M (PRX) = ®(X) — PEX . (5.16)

Consequently, the Legendre transform &M (Pf) is defined by the solution of the

variational procedure

oM (PRy = m)}n{(I)(X)—PRX}
= min ®0(PF|X)

= dW(PRX,) (5.17)

for each value of P® as the reservoirs are varied. The solution obtained develops into

an equation of state, with
Xy = Xo(PH) . (5.18)

These steps reformulate the extremal principle, allowing for fluctuations in the studied
system. They reveal the essential ingredient composing the Legendre transformations:
the maintenance of the variational principle adapted to a set of new constraints.

As typically done under these circumstances, the optimization problem in the
presence of constraints is treated employing Lagrange multipliers, as Fig. 5-1(b) de-

picts. In the X® plane, the minimization of 5(1)(PR|X ) is equivalent to finding the



Chapter 5. Geometry, Thermodynamics and Legendre Transformations 98

minimum value of the function
W (PEIX)=d — PEX | (5.19)
for a constant value of P¥ and restricted to the manifold
d=9(X). (5.20)

The level curves of &) correspond to a family of lines with slope P¥; their values
constitute the intercepts of the ® axis (X = 0). By defining the function h(®, X) =

®(X) — @, which is identically zero, the solution to the posed problem satisfies
VoW = \Vh (5.21)

corresponding to the equilibrium state X,. Geometrically, this codifies the parallelism
of the gradient vectors regarding the considered curves. In other terms, the minimum
value assumed by the intercepts of the refereed lines, restricted to & = ®(X), oc-
curs for the line tangent to the system’s fundamental relation curve. Precisely, the

components of Eq. (5.21) yield

9dM oh
% )\a_cb = A=-1, (5.22)
and
0oy _\Oh e _pr_ )22 (5.23)
0xX  ToX - TOX '

whose combination provides

0P
R _
P" = X (5.24)
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This relation brings up the equilibrium condition
P =P, (5.25)

corroborating the equivalence between the tangent planes construction and the ex-
tremal principle adapted to the interaction with the reservoir.

Going further in our analysis, Fig. 5-2 details the geometrical construction of the
function 5(1)(PR|X ), which is set to be minimized. As an example, the points A, B
and C signal the crossing of the fundamental equation ® = ®(X) and the family of
parallel lines & = oM 4+ PRX. The intercepts of these lines with the ® axis corre-
spond to the values of 5(1), designated by A’, B’, and C’. These points projected
into their respective X values determine A”, B”, and C”, which compose the function
5(1)(PR\X ) illustrated as the dotted curve. Indeed, the lengths of the segments AA”,
BB", and CC" are equal to PEX; when the ®(X) values (the points A, B, and C)
are subtracted by PEX (the length of AA”, BB”, and CC"), we obtain &M (PE|X).
This affine construction naturally produces the Legendre transform as the extremal
solution to the posed variational procedure, yielding an equation of state. The fluc-
tuations of the variable X between the system and the reservoir are such that they
minimize this new function, combining elements from the system and the reservoir.

To generalize our discussion in the multivariable case, we define the successive

Legendre transform of order k£ by
oW(Py) = 1r)1(1kn O (P Xy) | (5.26)
following the extremization of
M (P X,) = % V(X)) — PuX . (5.27)
Its solution, the equation of state

Xk,O = Xk,0<Pk) 5 (528)
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R(P;)

0 (-
o X1 (5)(1

st 4
X711E+1

7 ).

Figure 5-3: Schematic representation of a thermodynamic system & and the mental experimental
which enables the analysis of the fluxes § X;, obeying the originally imposed constraints. In the left
hand side, we highlight a subsystem o, with a fixed scale parameter X,,, 1. The right hand portion

presents the limit % — 0 leading to a a replica of the studied system interacting with reservoirs
m+1

R(P;) of extensive quantities Xj.

is such that
M (P,) = W) (P, Xpo) - (5.29)

Only the dependence on the transformed parameters is addressed; the complete no-

tation reads as ®*) = @™ (P, ... Py, Xjp1, .., Xong1)-

5.3 Thermodynamic Stability

The variational procedure can be employed not only to obtain the equilibrium
state X, of a homogeneous system ¢ but also to probe its thermodynamic stability.
In order to do so, we analyze the system’s response to global or local fluctuations

starting from the attained equilibrium state. (define global and local variations).

Local Stability

The presented formulation imposes an inherent obstacle: the fluctuations from the
equilibrium value as a test to the stability must not violate the originally imposed
constraints. We overcome this difficulty by highlighting a subsystem o, with a ficti-

tious boundary with the complementary subsystem o%. In analogy to the set theory,
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we write the described decomposition in the form ¢ = ¢ U . Such procedure
enables the analysis of fluctuations about an equilibrium state obeying the system’s
constraints. If we assign to each subsystem its fundamental equation, the total energy

becomes
(X, XH) = &(X) + (XA (5.30)
with the enclosure relations
X=X+X". (5.31)

The subsystem o can be regarded as a re-scaled replica of the original one due to its
homogeneity.

We submit o to a virtual process about the equilibrium state (Xq, X). The
minimum energy postulate states that A® = &(X, X®) — &(Xy, X%) > 0, for any
(X, X*) compatible with the constraints of Eq. (5.31). In terms of a Taylor expansion

about (X, Xg‘), this variation of the total energy corresponds to

AP AD + ADE

= (0P + PP +...)+ (60" + 20" + .. ). (5.32)

In a local neighborhood of the equilibrium state, the thermodynamic potential satisfies
6B = 6O + §OF = 0, according to Eq. (5.5). Hence, the remaining higher order terms

provide
AD = (82D +0°D+...)+ (B2dF+ 50+ ). (5.33)

Additionally, we can fix a scale parameter from the set of variables describing the
system. Usually the number of particles or volume in a simple fluid; here we designate

this variable as X,,,1. By employing the extensive property of the thermodynamic
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potential, we define the following generalized densities for o

) X;

= and x; = , 5.34
QS m+1 Xm+1 ( )
and the subsystem o%
of XE
Pt = and zff= 71—, (5.35)
X X
considering ¢ = 1,...,m. As both subsystems are complementary parts of the total
system, the homogeneity condition brings the equation
82 82 R
¢ = R¢ 7 (5.36)
Ox;0x;  Ox; &Uj
which readily yields
alol X 0?P
—— = . (5.37)
0X;*0X; X 0X,0X;
Since X; is fixed, the restrictions from Eq. (5.31) imply
6X; = —6 X[, (5.38)

for all i = 1,...,m. The combination of Eqgs. (5.37) and (5.38) relates the second

order variations for ¢ and o to the scale factor previously chosen according to

X
2ot = T 52 (5.39)
Xm+1

Similarly, the higher order variations also obey analogous relations

k—1
SR = (—1)* (X’yl) 5 (5.40)
Xm+1
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Note that £ = 1 recovers the condition regarding a local extremum, from which we

extract the equality between the intensive fields or generalized forces. In the limit

Xerl
R
Xerl

-0, (5.41)

R can be regarded as a reservoir if compared to the

the complementary system o

selected subsystem o, which plays the role of a replica in reduced scale of the total

system o. This mental experiment is represented schematically in Fig. 5-3.
Considering the described scenario, the variation of the thermodynamic potential

given in Eq. (5.33) simplifies to
AD — SPD+0%D+ ... . (5.42)

Therefore, the sign of the quadratic form §?® determines the thermodynamic stability
in a local scope. Explicitly, the second variation 6%¢ = §%¢(xo; x) of ¢ = ¢(x1,...,Tm)

is expressed by
1 m m
i=1 j=1
a second order degree polynomial in m variables whose coefficients ¢;;

D¢
&Ei(%nj

bij = (%0) (5.44)

are elements of the hessian matrix of ¢ evaluated at the equilibrium state x,. In

matrix notation, Eq. (5.43) becomes

5 = % 6x7Q 6x (5.45)
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where () = Q(x¢) is the Hessian matrix of ¢ calculated at xq:

(61 612 - un]
_¢m1 ¢m2 ¢mm_

We seek a diagonal representation for this bilinear form in order to clarify the con-
ditions determining its positivity. Indeed, every symmetric quadratic form admits a
diagonal representation through a linear transformation [174]. Precisely, it is possible

to conceive an appropriate change of basis L : 0x — Jy given by
dy = L éx, (5.47)
such that the quadratic form is diagonal
1 m
Pop== Ny . 5.48

In a matrix notation, Eq. (5.48) assumes the form

1
8¢ = 3 Syl A oy | (5.49)
with A the diagonal matrix
A 0 0
0 X ... O
A = o o (5.50)
0 0 Am

Therefore, both transformation are connected by a conjugation relation

Q=L"AL . (5.51)
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Consequently, our stability analysis relies on determining the sign of the coeffi-
cients {\;}. In general, the referred coordinate transformation is not unique [175].
Nevertheless, the number of positive, negative and null terms among the supra-cited
coefficients is always the same. This statement is known as the Sylvester’s law of
inertia [176], whose name alludes to an intrinsic property of the quadratic form which
resists the mentioned change of basis. In a geometrical scope, the dimensions of the
maximal subspaces in which the quadratic form is positive or negatively defined are
invariant under these circumstances.

Regarding the non uniqueness associated to ), we seek the transformation car-
rying physical meaning in the explored context. For example, we can diagonalize
the Hessian form through an orthogonal transformation. In the linear algebra sce-
nario, the spectral theorem attests that every symmetric matrix is diagonalizable by
an orthogonal transformation, which preserves the euclidean metric. However, such
procedure does not exhibit any physical information and meaning for the manifold
defined by the fundamental equation in the Gibbs space. On the other hand, the
orthogonal transformation finds applications in the context of vibrations and stabil-
ity of structures, once the physical space is naturally endowed with the euclidean
metric. Alternatively, we show in the following that a deeper connection with the
thermodynamic structure presented is established when the diagonalization is carried

by completing squares, also known as the Lagrange method.

Diagonalization for a non-singular quadratic form

We treat initially a non-degenerate quadratic form, with det(Q) # 0. For ¢1; # 0,

we separate the terms containing dx;, completing the square according to
1 N i
52¢ = = ¢11 (51’1 + Z i 5!Ej
2 2 on

- o ¢1i ¢lj ) )
+> <¢>,] o ) 51:15;1;]} . (5.52)

1,j=2
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Two new parameters naturally arise from this procedure: the coordinate system

11

5y1 = 5371 + Z @ 51‘]‘ s (553)
j=2

as well as the set of coefficients

oy = iy — (bl(;f“ , (5.54)
fori,j =2,...,m. Including these definitions, Eq. (5.52) becomes
2 = %{gbndyf + f: e 5xi5xj}
ij=2
_ %qﬁlléy% L+ 20 (5.55)
where the remaining sum was redefined as
5200 = i o) o0 . (5.56)

i\j=2
As deduced in Eq. (5.55), the reduction process generates the first element in the

diagonal representation, given simply by

0?¢
1 ¢11 8:[% ( )
The coefficients ¢§]1-) defined through Eq. (5.54) receive this label because they are

second derivatives of the Legendre transform ¢ = ¢ (P, zy,...,2,,) of ¢ with

respect to x1,

02
o8 = (—) , (5.58)
J 8%(9:6] P,
evaluated in terms of the natural variables P, xs,...,2,,. Also, from the change of

coordinates carried by the Legendre transformation, the new coordinate dy; addressed
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in Eq. (5.53) can be expressed as

7/ P

Jj=2

Note that we are in the same position when we started the diagonalization process.
Therefore, it is possible to develop the next steps by induction. For ¢§12) # 0, we obtain

the new basis
Sys = 6 —i O, 5z, (5.60)
Y2 = 2 ‘ 637] o op V) .
]:3 1,472

and the coeflicients

(1) (1)
2 1 ¢2i ¢2'
o) = o)) — o (5.61)

22

The next diagonal element is
o240
Ao = oY) = ( 0 ) | (5.62)
P

and the second order variation from Eq. (5.55) transforms into

1 1
%0 = S ondyi + 5 o0y + 6% (5.63)
In such non-singular case, the complete process provides the following diagonal terms
- §2p0—1)
w=d = () (5.64)
axi Py

obtained through the change of basis

Oy = 0xy — Z (%) oz, (5.65)
J P P,

j=k+1 N1/ Pr, k
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fork=1,...,m—1and

OYm = 0Ty, - (5.66)

In a matrix language, the transformation L which diagonalizes () into A is given by

[ oz ox
L), - —(),
o1 ()
L = Tm )PPy | . (5.67)
0 0 1

The exposed diagonalization procedure presents a clear physical interpretation
based on the presented decomposition for the total system o. The artificial partition
involves its re-scaled copy o coupled to the complementary part o, regarded as
a reservoir of extensive quantities. This mental construction allows for testing the
stability of an equilibrium state through fluctuations which are naturally implemented
by Legendre transformations due to their intrinsic variational character. We begin
our analysis with the variable z;. By enabling fluctuations dx; with the remaining

variables xs, ..., x,, fixed, the extremal principle
Ag >0 (5.68)
transforms into
AW = A(p — Przy) >0, (5.69)

following . The local stability with respect to the induced variation requires that the
function (EO) presents a local minimum at the studied equilibrium state. Precisely,
the second fundamental form must be positive definite

0?¢

520N = 62¢ = F((le)Q >0, (5.70)
7
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yielding the first diagonal element

_ Do _oh

—_— . 71
1 ax% aZL'l >0 (57)

This condition permits the local realization of the Legendre transformation involving

the conjugate variables x; and P;. We derive the equation of state
T :xl(Pl,a:Q,...,xm) (572)

as a solution of the extremization problem. Since its infinitesimal deviation (0x1)p,

of xq at fixed P is

(5:c1)p1=(%> 5x2+~--+<%> 5T | (5.73)
IQ Pl P1

0T,

the choice dx; = (dx1)p, implies dy; = 0, according to Eq. (5.59). This means
that, once we perform the Legendre transformation, the analysis of sign regarding
the direction dz; gets completed. Such procedure verifies automatically the local
stability for the corresponding variations. After this, our attention turns towards the
fluxes of the variable x5 conjugated to P,. The corresponding successive Legendre

transformation of ¢() satisfies the condition
AP = A(¢N) — Pyzy) >0, (5.74)

which locally produces

~ 2o
522 = 5260 = (_2) (622)? >0, (5.75)
93 ) p,
where the quantities z3,...,x,, are kept constant. Consequently, we deduce the

second diagonal element

2 (1)
Ao = (%) = <@) >0. (5.76)
aIZ P1 al‘g Pl
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The equation of state derived from the new extremal principle
fL'Q:[L'Q(Pl,PQ,xg},...,ZEm) (577)

exhibits the local variation

0T,

(55(71)131,]32 = <%) (51‘3 + -4 (%) (SfL’m s (578)
L3 Py, P Py, Py

at fixed P, and P». The new basis, show in , assumes the form dys = dxs — (d21)p, p,-
For infinitesimal deviations determined by the path describing the obtained equation
of state, with dxo = (dx1)p, p,, the new basis yields. The diaigonalization porcedure
can be carried out inductuiely providing the same conclusions. The path or directions
in the Gibbs space which test the local stability of a given state are brought by the
Legendre transforms through the change of coordinates L. Therefore the algebraic
and physical level by the natural structure of Thermodynamics equilibrium. From
the positivity of the quadratic from in the energy representation, we extract the Le

Chatelier principle

0i>(0i) >...>(%> >0, (5.79)
axk a.ﬁl’k P, 8.Tk Py,....P,_1

where the displacement dx; corresponds to a gradient of the generalized force 6 FP.
Such response is larger if the extensive quantities are kept fixed, and progressively
smaller if the flux is allowed at fixed fields. Similarly, the local stability requires
negative diagonal elements n the entropy representation.

As an example, consider a binary mixture described by a fundamental equation
U = U(S,V, Ny, Ns), involving the internal energy as a function of the entropy, vol-
ume, and number of particles NV;. From the total number of particles N = N; + N,

we define the generalized densities

v:% and z = — . (5.80)
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The diagonalization of the quadratic form 6?u represented by

O%u 9%u 0%u
0s2 0sO0v  OsOx
— 9%u d%u 9%u
Q Ovds  Ov? Ovdx (581>
9%u 9%u 9%u

0x0s  Oxdv Ox2

provides the stability criteria

0%u
Al = @ >0 , (582)
0% f
829)
Ny = (— >0, (5.84)
5 0x? T.p

according to . Indeed, these diagonal elements encompass appropriate curvature con-
ditions over the internal energy u = u(s, v, x) and its successive Legendre transforms:

the Helmholtz free energy f = f(¢,v,x) and Gibbs free energy g = ¢g(7, P, x).

Diagonalization for a singular quadratic form

The so called critical points are commonly considered as the boundary between
stable and unstable states. In the explored context, the critical manifold can be
defined by the semi definite character of the previously analyzed quadratic form.
This condition is achieved whenever one of its diagonal elements, say A, becomes
zero; this readily implies det ) = 0. Since the order of the variables is not unique,
we choose r with the least value as possible. We discern two possibilities: r = m and
r < m. In the case r = m, with

Am = =D =0 (5.85)

mm

the diagonalization procedure is concluded without problems. This is the most usual

scenario. Since the quadratic form can assume the value zero, a positive free-energy
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variation is guaranteed locally if

a3¢(m—1)
and
4 1 (m—1)
827 > 0. (5.87)

For the remaining case (responsible for the critical azeotropy in binary mixtures), the

diagonalization is interrupted when we arrive at the variable z, according to

8¢ = % 5" Nidy? + 621 | (5.88)
i=1
with
521 = i oY G601 . (5.89)
ij=r
Considering
A=l =0, (5.90)

the quadratic form of Eq. (5.89) is semi-definite if
oV =0, (5.91)
for j =r+1,...,m. Indeed, by choosing the displacements
dy; =0 (5.92)
for 1 <i<r—1, as well as
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for r +1 < j < m, the quadratic form
3¢ = ¢V dw oz, + oV ou? (5.94)

can take on positive and negative values according to the arbitrated values of dz,
and dxp. Then, we continue the diagonalization process keeping fixed the coordinate
x,, without submitting it to the Legendre transformation. Consequently, there is a
decoupling between the sets of variables {1, ..., 2, 1} and {z, 41, ..., 2, }. Collecting

the previous results, the critical points are determined by the following conditions

a3¢(r—1) .
A = 902 =0, \;>0 (j#7) (5.95)
a3¢(r71) 04¢(r71)
H2 (r—1) »
3j8x =0, (J=r+1,...,m). (5.97)
jOLy

Global Stability and the Maxwell Construction

We extend our stability analysis to global variations, including the emergence of
several local minimum states. The general idea is already contained in the extremal
principle which can be extended to its Legendre transformations. We highlight the

following possibilities: locally

520 > 0 (5.98)

5o = o (5.99)

520 < 0, (5.100)
and globally

AD® > 0, (5.101)
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Figure 5-4: The Legendre transformation and the Maxwell Construction, considering three differ-
ent values of the fixed field P.
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for k = 1,...,m. The equilibrium is stable if the conditions of Egs. (5.99) and
(5.101) are satisfied; in the critical case, the local quadratic approximation for the
thermodynamic potential becomes degenerated as stated by Eq. (5.100). Also, if
Eq. (5.99) is fulfilled with violation of Eq. (5.101) for a certain displacement, such
equilibrium state is designated as metastable. The equilibrium state is unstable if
Eq. (5.100) is verified by some local displacement.

We explore these definitions by studying fluctuations of the quantity X (from
a fundamental relation ® = ®(X)) obtained via interaction with reservoirs R(P)
through Legendre transformations. Figure 5-4 illustrates this procedure based on the
described method of Lagrange multipliers, addressing three values of the conjugated
field P, > Pg > P,. The respective thermodynamic potentials and families of lines
of slope as functions of X are portrayed by Figs. 5-4(a)-(c); the construction of the
corresponding potentials ®'(1) is exhibited in Figs. 5-4(d)-(f) ; finally, Figs. 5-4(g)-(i)

depict the equations of state resultant from the extremization procedure and locally

symbolized by g—;. In Figs., the case P = P, points out the emergence of a local
solution X to the extremization problem, besides the global minimum X,. The
colored area in Fig. corresponds to the energetic barrier separating theses equilibrium
states. Precisely, this is verified because the highlighted region corresponds to the

variation as follows

/. (P ‘g_i) AX = P(Xo = X§) — [8(Xp) — (X;)
(X - PXG] — [9(Xe) — PXo)
= A, (5.102)

For P = P3, we observe a new metastable phase, the solution X;. The free energy
avaliable to reach the local maximum from this metastable state is not enough to
accomplish the same proccess starting from the global minimum, since AP >
A®'D . These variations are also represented by the areas in Fig . When P =
P,, two global minima occur, X and X{/. Thus, the previous variations become

equal, with AP"D = APV This is equivalent to the Maxwell construction. Indeed,
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the Maxwell construction is an artifice recovering a fundamental idea: the stable
equilibrium states must be determined by the extremization of a thermodynamical
potential. The variational procedure directly determines the equations of state, not

the simple attribution

o
P os (5.103)

which actually generates an imprecise equation of state that must be corrected by
a Maxwell construction. The equilibrium points obtained in Figs. 5-4(g)-(i) are de-
scribed in Fig 5-5. The stable presenting. Hence the adequate equation of state comes

from the minimization of the potential
o) = min{®(X) + PX} (5.104)

providing the correct solution X, = Xo(P) , with @ (P) = oM (P|X,) .
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(a)
Pa [

0P
P, +

(b)
P, F
P »pl
P, +

X

Figure 5-5: The equation of state, obtained as the solution of the extremization procedure.
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Chapter 6

Conclusions and Perspectives

“My words fly up, my thoughts remain below: Words without thoughts
never to heaven go.”

— William Shakespeare, Hamlet

We have studied theoretically the occurrence of density anomaly in a quantum
system considering parameters compatible with its experimental realization in optical
lattices, within the framework described by the self-energy functional theory. It was
also shown that the physical mechanism underlying normal density anomalies relies
on the presence of a zero point entropy in the atomic limit, marking phase transitions
between Mott Insulators with different occupation. The inclusion of the hopping
amplitude (enabling the rise of a superfluid phase) lifts the ground state degeneracy,
generates correlations among different sites and damps residual entropies and thermal
expansion. Nevertheless, regions of anomalous density behavior can be found in a
perturbative regime (J < U) corresponding to atomic recoil energy being much
smaller than the intensities of the confining field E,. < Vj. For very intense confining
fields waterlike anomalies are also found inside the superfluid regime, as was illustrated
for the case of rubidium-87 in Figs. 3-9 and 3-10.

Our proposition is that by understanding the competition between different phys-
ical mechanisms contributing to free energy, usually manifested through interactions

between particles (but here including chemical potential and hopping), and the re-

119
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lation between residual entropy and ground state phase transitions, it is possible
to design and predict the phenomenology of density anomaly in systems other than
liquid water, as illustrated here with optical lattices of rubidium-87, sodium-23 and

cesium-133 atoms.

We also studied in detail the specific heat capacity dependence on temperature of
bosons described by the Bose-Hubbard model, considering simple cubic and square
lattice geometries. Our theoretical analysis comprehended numerical methods, includ-
ing the self-energy functional theory (a non-perturbative and self consistent approach,
suitable for the description of both normal and superfluid phases) complemented by
finite-temperature perturbation theory around the atomic limit. Our analysis revealed
an anomalous double-peak behavior of the specific heat capacity as temperature is
varied, connected to a residual entropy established in the atomic limit. Indeed, for
J = 0, the anomaly is present for values of y near ground-state phase transition be-
tween Mott insulators of successive occupation number. In this regime, such ground-
state macroscopic degeneracy is originated from the energetic competition between
the local interaction U and the chemical potential ;. While the local interaction is
repulsive and tends to decrease the occupation of a single site, the chemical potential
acts in the opposite direction, favoring occupation. Specifically, when p takes on
integer values of the on-site repulsion (which is exactly the energy required to add
another particle at a given site), the system becomes frustrated energetically. This
energetic frustration gets translated into an additional low-temperature maximum of
¢, as a function of 7. In this scenario, we also demonstrated a general decomposition
of the specific heat, based on all possible transitions realizable between the energy
eigenvalues of the system’s spectrum. This result enabled us to identify the relevant
energy level transitions and how the noted peaks evolve as the chemical potential is

varied.

For finite hopping amplitudes, the superfluid phase tends to destroy the reported
maxima. Indeed, the double-peak structure is only observed inside the normal phase
and in a perturbative regime, corresponding to very deep optical lattices. Addition-

ally, the low-temperature maximum presents a reduced magnitude when compared to
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Strange Behaviors in Strange Metals

Exotic materials known as “strange metals" are bad Resaarchers theorize that
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Figure 6-1: Schematically, the temperature dependence of resistance of usual and strange metals.
Extracted from Ref. [177]

the atomic limit. This can be explained by the effects of correlations created between
first neighbors (enabled by the hopping), producing a prominent change in the free
energy’s curvature. Such connection was established by an exact and general result
relating the variation in free energy to the building up of correlations as the tunneling
amplitude is turned on. Spectral functions were also used to illustrate the relevant

excitations dominant at each maximum.

Taking into account the concepts demonstrated in this work, we intend to explore
more deeply the capacity of these simulator in extracting fundamental mechanisms of
complex systems. In our perspective, we aim to extended our analysis of anomalies
to the domain of transport quantities. In particular, we envision to develop theoret-
ical studies regarding the transport properties of strongly interacting systems. But
why we consider this a relevant path? The conventional theories, which include the
Fermi liquid theory associated to the Boltzmann kinetic equation [106, 178, applied
to describe ordinary metals usually fail in this scenario. The consequent anomalous
behaviors include a linear dependence of the resistivity with temperature at low tem-
peratures and the absence of a saturation value in a high temperature range [179]. In
special, such properties are exhibited by materials called cuprates, the first high tem-
perature superconductors, which yielded the Nobel prize to their discoverers Bednorz
and Miiller in 1987 [180]. Since then, a myriad of cuprates were identified, attaining

the superconductor state at temperatures around -135 °C or 138 K, compatible with
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liquid nitrogen refrigeration [181]. Despite their simple structure and composition,
the origins of the reported phenomena lack a full theoretical understanding, remaining
one of the most challenging problems in the materials science.

In order to explore how resistivity and diffusion develops in such scenarios, we will
use quantum gases trapped in optical lattices as a platform to emulate these systems
in clear and controllable ways, following the recently studied quantum simulators. In
this scenario, we aim to extract fundamental mechanisms underlying the behavior of
strange metals, precursors of phenomena attaining great technological interest such
as superconductivity at high temperatures.

Indeed, a recent work by Brown et al. [182,183] (2019) announced a real break-
through in the field. Manipulating atoms in an optical lattice, they observed the
behavior of strange metals in a highly interacting fermionic system. Due to the ab-
sence of disorder and lattice phonons in the system, the observed effects are resultant
of electronic correlations. Hence, the lithium atoms obey analogous physical effects
compared to electrons in real metals.

Following this experimental evidence, we intend to investigate how resistivity and
diffusion develops in the Fermi-Hubbard model [184], which theoretically describes
the commented scenario. In particular, how and if the anomalies appear in a broader
range of temperatures and coupling parameters, mapping the possible evolution of
the system into a Fermi liquid by tuning the interaction among particles. With the
considerations exposed, our goal is directed towards understanding how interactions
lead to the breakdown of conventional theories describing the behavior of usual metals,

generating collective and complex phenomena.



Appendix A

Two-states approximation and the

critical densities

Near the GSPT between configurations of occupation numbers n and n + 1, the

grand canonical free energy can be approximated by
1 —Be —Be L
Q%—Bln (e7m 4 e Penit) ™, (A.1)

from which we calculate pressure as

o €n + €n+1
2

+% In {2 cosh [M] } . (A.2)

Pvy =~

2

Now we define AP = P — P, and Ay = p — i, to rewrite
1 1 A
APuvy = (n + 5) Ap+ 3 In [2 cosh <%>] , (A.3)

and calculate

pug = (n + %) + tanh (@) : (A.4)
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By inverting Eq. (A.4) it is possible to obtain
ePAPT (1 —26,)" = 2(1 + 26,)", (A.5)

with 6,, = pf — pi as defined above. At the critical pressure, AP* = 0 and Eq. (3.12)

is recovered. The case n = 1 leads to the second order polynomial
462 — 86, — 1 =0, (A.6)

whose physically viable solution is d; = (2 — v/5)/2, resulting in g} = (5 —v/5)/2,
as discussed in the Section 3.2. The values of the critical densities for arbitrary n
can be calculated numerically from equation (3.12). These solutions have the prop-
erty lim d,, = 0, meaning that in this limit critical densities become identical when

n—o0

calculated at fixed p and fixed P.



Appendix B

Self-energy Functional Theory

B.1 General Aspects

In order to map the thermodynamics of the bosons we employ a variational and
non-perturbative self-consistent approach, the self-energy functional theory derived
by Hiigel et al. [99,161], inspired in the original works for fermions by Potthoff [100].
The formalism, which includes U(1) symmetry breaking and comprehends previous
BDMFET approaches [97,98,101, 102, is based on successive Legendre transforma-
tions of the free-energy functional (2 leading to a new functional Qgp of the self-
energies. The approximation scheme to the many-body problem constricts the vari-
ational space: the self-energy domain is restricted to a subspace of self-energies of
a simpler reference system. Then, the original problem is transformed into deter-
mining stationary solutions of this new functional in terms of the reference system’s
free propagators. This subsection is devoted to provide an overview of the method,
following the references [99,104,105,161] .

First, we write the Bose-Hubbard Hamiltonian

H:—Jijbij%Zni(ni—l)—uZni (B.1)
(4.4) @ i
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in a more concise and general form
1
H= §bgtgb5 +V+Flb*, (B.2)

including an explicit symmetry breaking field F which couples to the bosonic opera-
tors. In this notation, we use the Einstein summation convention and the superindex
« spans the site index i as well as the Nambu index v. Explicitly, the bosonic operator
reads as bl = b! = (b],b,),, with commutation relations [by, b;] = (1®o0.)3. Also,
we have the generalized hopping t§ = t;z = t;; ® 1,, and interaction of the form
V = U,3,sb*b’b7b?.

Including finite-temperature effects (with kgT = 1/f), the partition function

Z = Tr[Te %] follows as a trace comprising the imaginary time ordered exponential

of the action S [106-108],

SIF,G;'] = _-/ / drdr'b'(1)Gy ! (1,7 )b(7)
N /0 drV[b(r)] + /0 drFib(r) | (B.3)

written according to its explicit dependence on F and the non-interacting Green’s

function Gy
Gyl =0(r-7)(~-[1®0.]0 —t). (B.4)

From the partition function, averages can be defined as (O(7)) = Tr[Te°0(7)]/Z
Also, its logarithm provides the free-energy Q[F, G,'] = — In[2]/f, which is a gen-

erating functional of the propagators: the condensate Green’s function ®

and the connected interacting Green’s function G

2ﬂ5G - = —(b(7)b/(7)) = G(r,7) — 2P' . (B.6)
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Further details regarding products and traces are addressed in Subsections B.2 and B.3.

Based on a Legendre transformation, the free-energy functional dependence can
be exchanged from F and G, to the dressed propagators ® and G, leading to the
Baym-Kadanoff functional [109-112]

1 1 1
BOpk[®,G] = Fid — §<I>TG51@ +5 Tr[Gy'G] + 5 Ir In[-G™!]

In Eq. (B.7), ®Lw[®, G] is the Luttinger-Ward functional [113,114], a universal con-
tribution which encompasses the complexity of the many-body system, containing
all two-particle irreducible (2PI) diagrams [115,116]. At the physical solution, the

functional Qpx[®, G| is stationary

. ke
o =0 sa =0 (B.8)

and it is equal to the equilibrium free-energy Qpx = 2. The variations

(SQBK 1 (Sq)LW
= F - P B.
Psai Go @+ g (B.9)
and
0Bk 1 1 5(I)LW
2 — 2—— B.1
associated to the conditions of Eq. (B.8) lead to the following identification
0Prw 0Prw
Yy =— =2 B.11
RT T set 0G (B.11)

where 3/, and ¥ are the one and two-point self-energies, respectively. Therefore,

the propagators obey the Dyson’s equations

G,'® = F-X%, (B.12)
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and
G! = G'-32. (B.13)

With another Legendre transform, the Baym-Kadanoff functional dependence can
be exchanged from the one and two-point propagators ® and G to their respective

self-energies X, /» and X, yielding the self-energy functional

1 1
ﬁQSE[El/% 2] = é(F — El/g)TG()(F — 21/2) + 5 Tr ln[—(GO_l — 2)]

+F[Z1/2, 3] . (B.14)
The universal functional F[3 /5, X] = [P, G] + 21/2'11) + 3 Tr[XG] is simply the
Legendre transform of the Luttinger-Ward functional ® 1 [®, G|, with the following

variations

e 2 (B.15)
033 0%

At the physical solution, Qg is stationary and equal to the free-energy Qs = Qpg =
Q (as aresult of Q, Qg and Qgp being connected by successive Legendre transforms),

yielding once again the Dyson’s equations

50
0=p— = —Go(F - Z10) + @ (B.16)
0%,
and
_ Qsp _ -1 -1
0=20-2 =—(Go ' - %) +G. (B.17)

The mentioned universality of the functional F enables us to overcome its com-
plexity with the introduction of an exactly solvable reference system (denoted by

primed quantities) exhibiting the same symmetry and interactions as the original
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one. According to Eq. (B.14), the reference system’s self-energy functional

1 1 _
Bp[Z12, 2] = 5(F’ — 31 9) GHF — 2y p) + 5 Trin[—(G'y' — %)
+F[X1)2, X (B.18)

evaluated at the physical solutions ¥/, = X} /o and X = X' is equal to the refer-
ence system’s free-energy (g [3¥) », 3] = Q'[F, G’y']. Subtracting Eq. (B.18) from
Eq. (B.14), Qsp evaluated at ;2 = 3 , and X = 3 becomes

1
BQsp[X) ), X = B+ §(F - E/l/Q)TGO(F -3 )

1 1
_g(F, - ,1/2)TG6<F/ - /1/2) + B Trin [

G,' -3

—— |(B.19
oy |®19

Therefore, the solution of the reference system provides a parametrization of the self-
energies in terms of F/ and G/ ' which allows the construction of the self-energy

functional theory approximation Qgr7 to the self-energy functional (2gr according to
Qsrr[F, G'5'] = Qsp[X [F, G0 '], X' [F, G . (B.20)

The approximation consists in constraining the variational principle to the subspace
of self-energies of the reference system; this procedure applied to the variations of
Egs. (B.16) and (B.17) yields the Euler equations g Qgpr = 0 and Ogr=18spr = 0.

In particular, we choose a local reference system, the SFA3 minimal construc-
tion [99,161|, comprehending three variational parameters: the U(1) symmetry break-
ing linear field F’ conjugated to the creation b’ and annihilation b operators; the two
fields Ag, coupled with the density b'b, and Ag;, conjugated to pair creation b'd! and
pair annihilation bb operators. The Hamiltonian describing the bosonic state is given

by

1
H'[F' A] = 5loTAb + %n(n —1)—pun+F'b, (B.21)
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where b = (b, b), F' = (F', F’*) and A = Ayl + Ag0,.

Therefore, the states of thermodynamic equilibrium are determined by the sta-
tionary points of Qgpr, given by VQgspr|[F, Aoy, Ag1] = 0 (or dpiQspr = 0 and
IaQspr = 0). The functional can be evaluated according to the following steps,
which are completely developed throughout the next Subsections. Given the param-
eters F’'; Aoy and Ag;, the Hamiltonian of Eq. (B.21) is determined. From Sub-
section B.4, the reference system’s partition function and free-energy are computed
through Eqs. (B.55) and (B.56), followed by its one and two-point propagators of
Egs. (B.57) and (B.59), and the self-energies according to the Dyson’s Egs. (B.61)
and (B.62). The next step is to calculate the lattice system’s one and two-point
propagators by using Eqs. (B.66) and (B.65), respectively. These products and the
logarithmic trace Tr In[G'G™!] are determined following the prescriptions presented in
Subsections B.2 and B.3, respectively. By collecting the required terms in Eq. (B.19),
the desired self-energy functional is evaluated and its stationary points can be deter-
mined. The code employed in our calculations is also available in the Supplemental

Material.

B.2 Tensor Products

The product V¢(7) of a second order tensor Mg(7,7') and a first order tensor
F°(7) comprises the sum over the superindex and integration in imaginary time ac-

cording to
B
Ve(r)=>_ /0 dFM (7, 7)F7(7) . (B.22)

Similarly, the product Mg(7,7’) of two second-order tensors Ag(r,7') and B§(7, 7')
is defined by

B
Mg(r,7) = /0 dF A (1, 7)BL(7,7) . (B.23)
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As a consequence, a scalar R = VIMF, given by the contraction of two first order

tensors V(1) and F(7) with a second order tensor M§(7,7’), can be expressed as
B B
R= Z/ / deT/VL(T)Mg(T, FP (1) . (B.24)
wp 0 Jo

Also, time and space translation invariances imply M§(r —7') = Mo 7 (7 — 7') =

M) (r; —r;,7—7'). The connection between the imaginary time domain and the Mat-

subara frequency space (with w,, = 2%n) is established through the Fourier relations
. ﬁ y
M3 (iw,) = /0 dre*“""Mj(7) , (B.25)
« 1 = —iWwnT af
M5(r) = 5 > e M (iwy) - (B.26)

n=—0oo

Analogously, real and momentum spaces are related by

Mj(k,7) = Y e *M](r,7), (B.27)
1 )

M!(r,7) = FZe““‘"MQ(k,T). (B.28)
Sk

Similar conclusions also hold for first order tensors. Combining space and time trans-
lation invariances, in momentum and Matsubara frequency space the products exhib-

ited by Egs. (B.22), (B.23) and (B.24) simplify to

Vo= ) Mk = 0,iwy)F” (B.29)

M (K iw,) = Y ANk, iw,)BA(K, iw,) | (B.30)
w

R = BN,» VIMI(k=0,iw)F". (B.31)

nv
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B.3 Traces

General Definitions

The traces presented in the functional formulations are defined as the complete
contraction over superindices and a double integration in imaginary-time according

to
B8 rB
M) = 3 /0 /0 drdr's, (v — ' YM(7,7') (B.32)

where 6,(7) = 0y, »(7) = d(T — (=1)¥07) with v = 0,1. The delta function is intro-
duced in order to impose normal ordering of the diagonal Nambu components of M.
Considering time and space translation invariances, the trace defined by Eq. (B.32)

becomes

TeM] = BN,) My(r;=0,7=(-1)"0")

= ) UMY (K, iw,) (B.33)

vkn

The summation over Matsubara frequencies within the described limit can impose
difficulties depending on the asymptotic behavior of M. In order to improve the con-
vergence properties of such sums, we analyze explicitly its high frequency expansion

in the following.

High Frequency Expansion

We define the high frequency expansion of

M(k, iw,) = M(k, iwy,) + O((iw,) N t) (B.34)
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up to order Nj according to

Ny,
Mk iw,) = Y my(K)Q,(iw,) | (B.35)
p=1
where
. @ » Wn #0
Qp(iwn) = ! : (B.36)
0, wyp, =0

By adding and subtracting the term Tr[M] in Eq. (B.33), the corresponding trace

can be expressed as

vk n

Te[M] =) (Z[M(k, iwy) — M(k, iw,)] + MY (k, T = (—1)”0)> , (B.37)

since the asymptotic behavior [M — M]% ~ (iw,)~ ™1 allows us to drop the expo-
nent present in the trace definition. Considering a finite number N, of Matsubara

frequencies and a high frequency expansion of order Nj, the trace approximation

reads as
TrM] ~ ) | My(k, iw) + Z' [M(k,z’wn)—zaiil;z]
+8 ) (my (k)@ (k, 7 = (—1)”0_)> : (B.38)

where the primed sum excludes w,, = 0. The calculations presented in this paper
employ N, = 1000 with a second order N, = 2 tail expansion.

In order to compute the trace approximation of Eq. (B.38), the functions Q,(7),
Fourier transforms of Q),(iw,), need to be determined. The idea is to visualize them

as sums of the residues [106] of a given complex function as follows

, 00
—iwn T —TZz

1 = e ! e .
Q,(1) = 5 > o = > Res{ > h(z),zwn} : (B.39)

n=—oo n=—0oo
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with h(z) = (1 — e#*)~1. The poles z = iw, are located along the imaginary axis;
then, the residue theorem allows us to relate the result to a contour integral, compre-

hending the imaginary axis of the complex plane

—TZ dz efTZ

_Z Res {ezp h(z),iwn} = 5mr ) (B.40)

By deforming the original contour C' into two semi-circles of infinite radius this same

integral becomes

TZ

dz e~

lo4 2wy 2P

h(z) =0, (B.41)

once this new path C” encloses regions free of poles. By inserting Eq. (B.41) into

Eq. (B.40) and comparing to Eq. (B.39), Q,(7) is determined simply by n =0

e—TZ

QP(T):—ReS{ h(z),o] . (B.42)

zP

The relevant pole z = 0 is of order p + 1; hence, the corresponding residue is given

by the formula

Q,(7) = —= lim <i)pze”h(z) | (B.43)

plz—0 \ dz

with the following first order terms

Qi(r) = (27 —p)/(28), (B.44)
Q2(1) = (=67°+ 6587 — 3)/(128) . (B.45)

Since the functions Q),(7) are periodic on the interval 7 € (0, 3), the respective zero

time limits are

Qi1(r=(-1)"07) = (=1)"/2, (B.46)
Q2(r = (—1)"07) = —p/12. (B.47)
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Trace of Logarithm

Besides the already mentioned ordinary traces, the self-energy functionals also
contain traces regarding the logarithm of the Green’s Function G. Actually, in or-
der to guarantee the correct non-interacting limit, a regularization factor must be
included. Therefore, we define the regularized Matsubara trace logarithm functional

L[G]

G = % Trin[—G1] — %Tr m[~G1], (B.48)

with the regularization carried by the second order tensor

81, w, =0
G iy =0 (B.49)

Lz Wy # 0

Wy 0

According to Eq. (B.33), such trace is represented as

Gl = 5 D2 Y (1n[G Gl )]

vkn

and the approximation described by Eq. (B.38) yields

-5 Z Gk, iwo) /8]y + Z' lln[(aziwn)(}(k, iwa) =Y _82)(52?

14

+ 52 ap(K)]2Qp(k, 7 = (— 1)“0—)> . (B.50)

The terms qy (k) are the coefficients from the high frequency expansion of In[(ciw,) G (k, iw, )] =

> (W( )) given explicitly by

p_

ai(k) = o.cr(k), (B.51)

W) = oyl — 22Ol (B.52)
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until second order, where c,(k) are the coefficients in the high frequency expansion

of the Green’s function

Gliw,) =Y (‘;’c’f;l . (B.53)

p=

Hence, using second order tail corrections, the Matsubara trace logarithm exposed
in Eq. (B.50) reads as
2

LG~ -1y <ln[—G(k, o) /6] + Dea(k) — 2= aull)

v,k

+ _ZN {ln[(aziwn)G(k,iwn)}— ‘12(1‘)2}) . (B.54)

B.4 Reference System

In the basis of local occupation number states, we generate matrix representations
for the reference system Hamiltonian H' of Eq. (B.21) and the bosonic creation and
annihilation operators b' and b. A cut-off N,,., = 10 bounding the occupation number
from above is introduced. The diagonalization of the Hamiltonian H' provides its
eigenvalues F, and eigenvectors |n). Given these procedures, the partition function

1s written as

Z'=) e, (B.55)

n

from which we derive the reference system free-energy

Q0 — —% In[2]] . (B.56)

Regarding the propagators, the static expectation value of b, defined in Eq. (B.5), is
given by

& = (b)=— > e’ (n|bln) (B.57)

n
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and the connected Green’s function of Eq. (B.6)
G'(r) = —(b(r)bl) + @'®" (B.58)

expressed in the Matsubara frequency space yields

1 (e=FEn — e—BEm)
"(4 = —_— E T

. 052, Z En (| b |n) (n| b |n) + 6., 089’ ®" . (B.59)

The non-interacting Green’s function is determined by setting U = 0 in Eq. (B.21)
G’y (iwp) = 0aiwn +1p— A | (B.60)
while the self-energies follow from the Dyson’s equations, Egs. (B.16) and (B.17), as

e = F =G (iwy) @, (B.61)

Y (iw,) = G5 (iwy) — G iw,) . (B.62)

B.5 Lattice System
Considering the lattice system, the non-interacting Green’s function satisfies
Gy (K, iwy) = osiw, + 1 — €) (B.63)
where € is the energy dispersion relation

€x = —ZJi cos(k;a) (B.64)
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for a hypercubic lattice in d dimensions. Also, the interacting lattice Green’s function

follows from Eq. (B.17) as
Gk, iwy,) = Got(k, iw,) — X' (iw,) , (B.65)

evaluated at the reference system self-energy ¥’. According to Eq. (B.16), the other

Dyson’s equation implies
P = —Gg(iwg)zll/Q s <B66)

taking into account that F = 0 since there is no symmetry breaking field on the

complete lattice.

B.6 High Frequency Expansion of the Green’s Func-
tion

To complete the evaluation of the trace log functional of Eq. (B.54), the coefficients
c,, regarding the tail expansion of the Green’s function in Eq. (B.53), remain to be

determined for both reference and lattice systems.

Reference System

By expressing the Matsubara Green’s function as a Fourier transform of the imag-

inary time Green’s function, successive integration by parts yields

B

G'(iw,) = /drew"TG )
0

S apG’ﬁ) G (0Y)

ZW )p+1

(B.67)

p=0

Therefore, the high frequency expansion coefficients take the form

)iy = (~1P[NG!(B7) — RG/(07)] . (B.68)



139 B.6. High Frequency Expansion of the Green’s Function

From the definition of the Green’s function as the time-ordered expectation value of

Eq. (B.58) and the equation of motion satisfied by b(r)
o,;b(1) = [H',b(7)], (B.69)
we extract the imaginary time derivative of G'(7)
0-G(1) = —([H',b(1)]b') . (B.70)
By induction on Eq. (B.69) and Eq. (B.70), the derivative of order p reads as
RG(r) = —([[H',b(r)]"'bT) , (B.71)

with [H',b(7)]]® = [H,...,[H,[H,b(7)]]...] the left side commutator of H’ with
b(7) applied p times. The evaluation of such derivatives at the imaginary times

7=0% and 7 = §~ allows us to fix the time ordering

#G'(07) = —([[H'b]|”bT), (B.72)
RG'(67) = —(b[[H",b]]”). (B.73)

Inserting these results into Eq. (B.68), the desired coefficients simplify to
¢ = (=X [[H',b]]”,b1]) . (B.74)
Explicitly, the first order terms are

¢, = (b,bl])=0., (B.75)
CIQ = _<HHlab]>bT]>7 (B-76)
c; = ([H'[H'Db]],b]). (B.77)
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Lattice System

According to Egs. (B.63) and (B.65), the lattice Green’s function G(k, iw,,) presents

a tail expansion of the form

o, N o.(1(ex — p) + sp)o N o.8v0, + [o.(1(ex — ) + sp))%0
W, (1wn)? (twn)?

(@)

where s, are the high frequency expansion coefficients of the reference system’s self-

Gk, iw,) =

energy X'(iw,) =37, (ij:)p. Hence, the first order terms are

c(k) = o, (B.78)
ca(k) = o.(L(ex — p) +sp)os, (B.79)
cs(k) = o.8)0. + [0.(1(ex — p) +sp)]%0. . (B.80)

To determine the coefficients s, of the self-energy 3'(iw,) = G/ Yiwn) — G (iwy,),

we need to compute the inverse of G’, given by

G/—l(iwn) _ [&_’_Z .CP ]

wn = (1w, )P
— Uz : z z h)? z 1
chaf(acz)o+o | '
it (iwn )?

= 0w, — 0,Ch0, +

Then, the previous result combined to Eq. (B.60) implies

¥ iw,) = Gf iw,) — G (iw,)
_ / 1\2 1
0.¢c50, + (0.¢4) %0, Lo (( ) ‘

Wy, iwy, )?

= 1p— A+o.cho, —

Consequently, the first order coefficients of the self-energy tail expansion can be writ-

ten as

sy, = 1lu—A+o.cho,, (B.81)



141 B.6. High Frequency Expansion of the Green’s Function

s| = o0.c50. — (0.¢h)%0. . (B.82)

From these terms, the desired lattice Green’s function coefficients are evaluated ac-

cording to Egs. (B.78), (B.79) and (B.80).
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Appendix C

The SFA3 code

SELF ENERGY FUNCTIONAL THEORY - SFA3 APPROXIMATION CODE (THE BOSE-HUBBARD MODEL)

Thiz notebook file contains cosmented codes for the zelf-energy functional theory spplicd to the Bose-Mubbard model,
considering tha 5FA3 spproximation framework. Two codes regarding the functienal(a detailed version and ancther mora efficient) ars provided.
A routine that finds its statitonary points iz also included.

At the end, wo use the stationary points calculated in order to evaluate observables such as the total density and the kinetic energy of the bosons.

Created by Eduarde Osdrio Rizzatti (Instituto de Fisica Universidade Federal do Rio Grande do Sul)

padIt[L ?(Element [~ Reals|f), Lise]:=OutputForm[AccountingForm[Chop[u], 7, NunberSigns—+ ("=, "} NumberPadding-+{"6",“6" |, SignPadding-+True]];
BASIC DEFINITONS

Commutator[a_,b_ltwo.b-B.a (+« Definition of the commutator between two operators «)
oziw ({1,0),(0,-1}] (+ Pauli Matrix +)
ekl k2 k3 ]i=-24s(Cos[hl]+Cos[A2]+Con[k3]) (+ The dispersion relsticn in & simple cubde lateices)

T: temperature;

4 it ehemical potentialj

3 1 hopping parameter;

U: local interaction j

2 1 coordination number (z = 6)}

m : occupation number cutt - off for the reference system;
nmax ¢ number of Matsubars frequancies;

THE SELF - ENERGY FUNCTIONAL I'SFT

PSET(T . w . , 408,001 ,3 U .= ,m_,omax_]1sModule](},
: REFERENCE SYSTEM;
A={ {298,001}, {Conjugate[481], 450} } ;
Fe {f,Conjugate[F]}:
bnTable [Which[jeniel,Sqre[i],True, 8], (1,1,#),(3,1,m}] ; (+ Anibhilation Operater b «)
bd=Table [Which[i=3+1,5qrt{],True,8],{1,1,7],{4,0,7}] ; [+ Crestion Operstor b' o)
Hrefalebd.bd.b.b/2 - yabd.bs Fabd +Conjugate[f]eb+ {2094 (bd.bebd.b) +Conjugate[391] sb.bsA0Iebd bd) /2; [« Reforance System Hamiltonian )
AsEigenvalues[Href]; (+ Eigenvalves of the Hamiltoniam HWref «)
[Href]; (+ Ed tors of the Hamiltonian Href «)
ZrefaSum{Exp[-Af[1]]1/71,{1,3,m}]5 [+ Refarence System Partition Function «)
Brefls Sum[Exp[-A[[4]1/T]e (VA[[£]].bVA[[2]]),15,1,m)] /2ref; (+ Espectation Valus of b )
Eref2s Sum[Exp[-A[[i]]1/T]e (VA[[2]].bd.vA[[4]]),{5,1,m)]/Zref; (« Expectstion Valus of b' 4)
@rofs [Brefl, Brefl); |+ Rcferonce System Condansate; One-Point Green's Function s
Grefll[a ]:=Sum[If[iz], (Exp[-A[{1]1/T1-Exp{-A[[I11/T1) #(vAT[1]].bowA[[3]1) # (VAL [3]].bd.vA[{1]])/ (Teer +R[{411-A01311) .01, 44,2, m),(3,,m} ] / (Zref)
ST (=28, -Sum[Exp{-A[[41]/T] e (vA[ [£]11bovA[[4]1) « (vAL[E]]-BAavA [ [£11}, (2,1, m} 1/ (TeZraf) +Srafledrafl/T,0];
Grefl2[ao ]:eSum[IF[i43, (Exp[-A[[1]]/T]-Exp[-A[[311/T1)wqwAL[2]]-bawd [[311) & (vAL[3] ] obewd [ [£]7) 4 (Toa R [[L1]-A0[311),0],08,2,m}, [3.1,m}]/ (Zraf)
+1f [smn®, -Sum[Exp[-A[[311/T]e (VAT [41].bvA L[] 1) # (wAL131]-BuvA [ 1411}, (2.2, m} ] / (Taref) sBreflafref2/T,00;
Gref2l[e ]:=Sum[If[i¢d, (Bxp[-AL[£11/T]1-Exp[-AL[ITT/ 71w (vAL[4]] bl vAL (311} o (VAL S]] B wAL[4]1) / (oo +AL[4]11-A11311),@1, (4,2, 2], {1,2,m} )/ (2ref)
$If[or==B -Sum[Exp[-A[[£] ]/ T] e (vA[ [4] ].BdowvA[[1]] be(wA[[21]] .bdovA[[1]]]),§i,1,m}]/ (TeZraf)+Srefledrefl/T B];
Gref22[e JisSum{TF[ia], (Exp[-A[[2]1/T]-Exp[-AL[31]/TT)a WAL [4]] b vA [ [T ] ) w (WAL [T} ] Bavd [ (2] 1)/ (Towr A [[£10-A0[311),0], (1,3, m}, (5,1, m} ]/ (Zref)
+If[wunel, -Sum[Exp[-A[[41]1/T e (VAL [E]].bduvAL [5]]) @ (VAT L1 1. VAT [E1 1), (4,2, m} 1/ (TaZref) +Brefedrefl/ T, 00
Gref[s ]i1={{Grefll[s],Grefll{as]}, {Greafll[+],Graf2d[s]}}; (+ Refersnce System Cennected Green's Function) Twe-Pednt Green's Function »)
IGraf (e Ji=Inverse[Graf[«+])]; (+ Inverse of the Refersnce System Conmected Green's Function «)
IGrefB[ s ]1=Taaiecr+ seldentityMatrin{2]-A; {« Inverse of the Refersnce System Free Green's Function «)
Grefd[s ]islnverse{IGref®[w]]; (s Reference System Free Green's Functisn s
Lllref=F- IGref@[0].0ref; [+ Reforance System One-Point Self-anergy »)

143
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c2reflls -Sum[Exp[-A[[i]]/T]=(vA[[1]]. (Commutator [Commutator [Href,b] bd]) wA[[1]]). (2,1, m}]/ (Zref);
2reflls -Sum[Exp[-A[[i]]/T]=(vA[[4]]. (Commutator [Commutator [Href,b],b]).wA[[1]1]1),{4,1,m}]/ (Zref);
clrefils -Sum[Exp[-A[[1]]/T]e(va[[1]]. (Commutator [Commutator [Href,bd],bd]) WA[[1]]), {3,1,m}]/ (Zref);
c2reflls -Sum[Exp[-A[[4]1]1/T]e{vA[[2]]. ({Commutator [Commutator [Href, bd] b]} wA[[2]]),{%, .m}]/ (Zref);
c2rafas{{c2refll,c2refl2), [c2refll,c2ref2}};

cireflls Sum[Exp[-A[[£]]/T]e(vA[[i]]. (G [c 1 c [Href,b]],bd]} .wAl[4]11}, (1,1,m) ]/ {Zref)
c3refll= Sum[Exp[-A[[i]]1/T]e(vA[[2]]( ] [Hret, L [Hraf,6]],B]) »wa[[i]]),{3,3,m}]/ {Tref);

c3raflls Sum[Exp[-A[[2]]/T]a{vA[[i]].(C [Href,C: [Href,bd]],bd] ) wA[[2]]), {1,3,m]} ]/ (Zref);
c3ref2ls Sum[Exp[-A[[1]1/T]# (vA[[i]]. I [Href,bd]],b]1) .vaA[[411),{3,3,m} ]/ (Zref};

clref={{cirefll, cirefl2}, (cIref2l, c3ref22} };

qiref=cz.ciref - MatrisPower[oz.c2ref ,2]/2;

e2k=Tr[c2ref];

q2k = Tr(gqiref];

38= o TdentityMatrix[2] -A +oz.c2ref.oz;

sl=oz.ciraf.oz-oz. c2ref.ox.clraf.oz;

+ TRACE LOG; [« Referance System Trace Log Functional «)

faref = -8.5¢ (Log[Det[-Gref[8]]]+Log[T"2] +e2k/ (2¢T) -q2k/ (1247°2) +2+¢5um [Log [Det [Isoz.Gref [2ePieTen] 1]
+Log[ (24P4eTen) %3] -q2k/ (Te2ePiaTan) 2, (n,1,mmax}]);

o LATTICE SYSTEM;

I60[k1_,k2 k3 & Jr=lewwozs{w-a[hl, k2, ki]) sIdentityMatrix[2]; (» Inverse of the Fres Gresn's Function «)
Ga[h1 k2 k3 e ]i=Inverse[IGO{kI, k2,k3,2]1]; (« Free Gresn's Function )

IG[NI_ k2 k3, s )+=TGO[NL, k2,k3,4]-Erefle]; (s Inversa of the Interacting Lattice Gresn's Functicn s)
GhI_,h2_,h3_, s Ji=Enversa[IG[hI,h2,43,2]]; [ Interscting Lattice Green's Function o)

¥ =-60(9,0,9,0] .I12ref; (+ Condenaate of the Lattice System =)

o COEFFICIENTS; (e« High-frequency tail coefficients of the Lattice Syatem Gresn's Function and Self-Energles «)

et k2 ,h3_]s=0m. {(e1hl, ki, k3] -x) +IdentityMatrix [2] +59) .0x;

€3t[hl_,h2 k3 J:=oz.sl.ox + MatrixPower( {oz. ( (e [k1, k2, k3] -2) e IdantityMatrix[2] +38) ) ,2] 053

qat[kl k2 k3 ]isoz.cIt[hl,h2,h3] - MatrixPower[oz.c2t[hl, k2, k3] ,2]/2;

c2tk=NIntegrate [Tr{c2e[k1,k2,k3]], [k1,0,2¢P4}, (k2,0,2¢PL], (k1,8,20P5]] /(2eP4)*3;
qatk=NIntegrate[Tr[gae[kl, k2,k3]], (k1,0,24P4), (k2,0,2P4}, (k1,0,24P4]] /(2ePL)*3;

o TRACE LOG; (e Matsubara Trace Log Functionals)

BA = 8.5« (NIntegrate [Log[Det[-G[k1,k2,k3,8]]],(k1,8,24Pi}, (k2,8,2¢Pi}, (k3,0,2¢Pi], Method-"Localddaptive™] /(2ePi)"3

+Log[T2] sc2tk/ (2¢T) -q2tk/ {12472} +24Sum[NIntegrate [Log[Det [Teoz. Gk, k1, k3, ZePieTan] 1], (K1,0,2¢P5), (k2,0, 244}, (k3,0,24P4}] / (24P4) "3
+Log [ (2+PieTen) *2]-q2tk/ (Tx2ePheTen)*2, (n,1,mmox}]);

+ SELF-ENERGY FUNCTIONAL ;

T - Log[Zref] + (.5+«Conjugate[5].IG8[0

8] .5} /T - (B.5+Lonjug i [®] .Eref) /T +fn-faref ; T

THE SELF - ENERGY FUNCTIONAL T'SFT (ALTERNATIVE AND FASTER IMPLEMENTATION)

PSFI2(T 0 F 400 ,481 ,3 U .z ,m ,necs ]i=Module[{},
b=Table [Which[j==1+1,5qre[i],True, @], {£,1,m]},(1,1,7}] j
bd=Table [Which[i=3+1,5qre[i],True,B],{i,1,m},{1,1,2}] ;
Href=Usbd.b, (bd.b- ix[=]) /2 -uebd.bs Fobdeb)+ (408 (bd.bebd.b) +.901s (b.bebd.bd) ) /2;
A=Eigonvalues [Hrof];
wizEigenvectors[Href];
Zraf=Sum[Exp[-A[[4]]/T],{i,2,}]3
Fraf= Sum[Exp[-A[[i11/T1e (VAL [311.buvA{[411), (3,1, 7} ] /2ref;
c2refll= -Sum[Exp[-A[[4]1]/T]%(VA[[4]]. (Commutator|Cosmutator [Href b],bd]) WAl [£]1),(1,1,m)]/ 2ref);
cirefll=- Sum{Exp[-A[[4]]/T]e(vA[[4]]. (Commutator [Commutator [Href,b],b]).vA[[1]]),(4,1,m}]/ (Zref);
trelraf = Qeclrofll;
c3reflls Sum(Exp[-A[[£]]/T]e(vAl[i]].(C [ [Hraf,C [Hraf,b] ], bd] } wA[[41]) . (5,0,m0] / (Zraf);
tralref = 2ecirefll- (elrefll*2-cirefl2"2);
Grefli[a ]+=Sum[Sum[If[i¢], (Exp[-A[[4]]/T]-Exp[-A[[411/T1) e (vALLL]-bavAL[]]) @ (WALTIN] b WA 4] ])/ (Taw +AL4]]-A[1511),0],(4,3,m} ], {1,1,m}] /Zref;
Grafl2[a | :=Sum[Sum[T#[iad, (Bxp [-A[1411/T) -Exp AL 131 1/T])e (VALTL] ] BvA[ T3]0 ) @ (WAL [4]].BavA [ [4]] )/ (Toar +A[[41]-20117),00, (4,1, %}], (3,1, 2} ] /Zref;
Grefl10 =Sum[Sum[If[i¢], (Exp[-A[[4]]/T]-Exp[-AL[11/T]) e (vA] [£1]BuwAL[3]]) o (VAT [T] B vAT[E] T}/ (ALLL]T-A0[311),0],0%,2,m} ], {3,2,m) ] /Zref
+ (-Sum[Exp[-A[[£]]/T}e (vA[[1]]-bavA[[4]1}# (vAT[4]] bd.vA[[2]]},(i,1,m} ] /ZrefsTrefatref) /T;
Grefl2@ =Sum[Sum [If[$¢], (Exp[-A[[£]]/T]-Exp-A[13]1/T1) e (vAL[L]]-bawA[[3]]) ¢ (vALT3T]-bavaA 14100/ CATT411-A01310) .81, (4,2, ], {3,1,m} ] /Zref
+ (-Sum[Exp[-A[[41]/T] @ (vA[[i] ].bovAT[5]1 )& (VA[[2]].buvA[[£]1), (4,1,m}] /Zrafsbrafetraf) /T;
= fbs| 118]%2 I 28125
I6refllds Greflle/detGrefd;
IGreflld= -Greflld/detlrefd;
ListlsGrefll [2ePieTwRange[nmex]];
BA = -8.5 (NIntegrate[Log[Det[-G[h1,k2,k3,8]]],(k1,0,24Pi), (k2,8,2ePi}, [k3,0,24Pi] Method"LocalAdaptive™] /(2eP1)"3
+Log [TA2] sc2tk/ (2eT) -q2tk/ (12472} +25um[NIntegrate[Log [Det [Teoz. Gkl k1, k3, 2ePiaTan] ], (k1,8,2ePi), (k2,0,2Pi}, (k3,08,2aPi}] /(2ePi)*3
slog{ (2ePieTan) 2] -q2tk/ (Ia2ePieTan) 2, (n, 1, mmaxn]]);
i SELF-ENERGY FUNCTIONAL;
T =- Log[Zref] + (8.5+Conjugate(9].168(0,8,8,0].2) /T - (8.5eConjugata{ref] .IGraf@[@] .2raf) /T +AA-faref ; T

THE SELF - ENERGY FUNCTIONAL ['SFT (ALTERNATIVE AND FASTER IMPLEMENTATION)

PSFT2[T_,n ,F_,000 081 3 U,z ,m ,neax ]rsModulef{},
buTable [Which[j=sisl,Sqre[2],True, 8], {i,1,7},(3,1,m}] ;
bdsTable [Which[imi+1,5qre(]],True,8],{1,1,7],(3,1,=}]
Href=Usbd.b. (bd.b- ix{m]} /2 -ebd.bs Fe(bd+h)+ (1884 (bd,bebd.b)+01s (b,bebd.bd) ) /2;

A=Eigenvalues [Href];

wisEigenvectors [Href];

ZrefaSum[Exp[-A[[1]1/7],{5,1.20:

Srof= Sum[Exp[-A[[1]1]1/T]e{wA[[2]]-bovA[[41]), {1,2,m} ]/ Traf;

c2reflls -Sum[Exp[-A[[4]]/T] (vA[[1]]. (Commutator [Commutator [Hraf,b],bd]) WA[[4]1),{1,2,m}]/ {Zref);

clreflls- Sum[Exp[-A[[]11/T]#(vA[[]]. (Commutator [Commutator [Href,b], bl vA[[111), (£,2,m}]/ (Zref);

trezref = 2uclrefll;

c3refil= Sum[Exp[-A[[4]7/T] «(vA[[i]].(C [c [Hraf, € [Hre?, b1 ],bd]) va [ [4]1), (3,3, m1] / (Zraf) 5

tro2ref = Jecirafll- (e2rafll®2-c2rafll"2);

Gref1l{a Jr1=Sum{Sum[If[ia3, (Exp[-AL[4]1/T])-Bep[-A[[I11/T)) 0 (vALL2]] o bavA L[]} @ {wad [ [3]]-bawh [[411) / (Zwr #A[[4]1-A0[411),00,(4,2,m}],{3,2,m)} ] /2ref;
Grefll[ws ]:=Sum[Sum[If[die], (Bxp[-A[[4]]/T]-Exp[-A[[3}]/TT} e (VALL]]-BuvAL[S1]) » (VAL[]]-BavAL[4]])/ (Tow +A[[2]]-A0[311),0],{2,2,m}],{d,2,m} ]/ 2ret;
Grafl1® =Sum[Sum[If[i#], (Exp[-A[[4]]1/T)-Exp[-AL{I1]/T]) e (VAT [41] +bovAL[I]]) & (vAT[3]]-BevA[[4]]) A (AT T4DT-A01311),00,(4,2,m} ], (3,2, )] /2ref

+ (-Sum[Exp{-A[[4])/T)e{vA[[i] ] .bovA[[4]))m(vAi[[1])] bed.vA[[i]])},(1,1,m}] /Trafstrafatraf)/T;

Gref128 =Sum[Sum [IF{ 143, (Exp[-A[[4]1/T]1-Exp{-A[[S11/T]) e (vAL[L]]-BvA[[3]]) « (VAL[S]]-BuvA T [L1 1)/ CALT4TT-A01311),8], (4,2,200,(3,1,m} ] /Zref

+ (-Sum[Exp{-A[[4]]/T) e (VAL (4] ]-DuvA[[4]] Do (VAT [4]]-buvA[[£]]], (4,1,m}] /Tref+arafedref) /T;

detGraf® = Abs[Greflld]"2-Abs([Greflle] 2;

IGreflld= Greflld/detbrefs;

TGreflif= -Grefli8/ detGrefd;

listl=Grefll [2+PisT«Range[nmaox]];
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2ist2=Grafi2 [2ePisToRange [nmax] |

list={};

For[Asl, nsmmax nve,

Greflln=listi[[n]];

Grefiin=1ist2[[n]];

detGrefn = Abs[Greflln]~2-Abs[Grefl2n]"2;

IGrefllns Greflln/detGrefn;

IGreflin= -Greflln/detGrefn;

BppendTa [list, {Greflln,Graflln,detGrefn, IGraflin, IGrefi2n}]];

=011n - 408 sclrefll;

#012=- 401 -clrefll;

trel=2+ (elrefll-J88 )}

trg2=2s {cIrefll-c2refll®2+c2refl2 ) 424 7"24 v "2 = Jwpw (=288 +clrefll)+ s811°2-3002°2;

fiNGrefs-8.5« (Log[T*ZadetGrefd | ¢tredref/ (247) ~trq2ref/ (12e742) +2eSum[Log[ (2ePiaTen) *2elist[ [n,3]]] -traZref/ (Iv2ePisTen)*2, (n,1,max}])
[AG=-8.5% (NIntegrate|-Log[ { {1Greflles 500 -e[k1,k2, k3] ) 2- (IGrefllBs 01)~2) ], (k1,0,Pi], (k2,0,Pi}, (k3,0,Pi] Method-"Localidaptive™] /(Pi)*3
+Log [T72] stre2/ (247) -trq2/ (124T"2) +2aNIntegrate [Sum| -Log[ (Abs [1ist[[n,8]]+408 —& [k1,k2, k3] |"2-Abs [List[ [n,5]]+401]72) | +Log[ (24PiéTen) 72]
~trqd/ (Ts2sPisTen) "2, {n,1,nmac} ], (K1,8,Pi}, (k2,8,Pi}, (k3,8,Pi) Hethod-+"Localidaprive™] /(P1)"3);

Tu-Log[Zref] + ((F-Srefe(s -AB0-481))*2} (wezed)}/T=-( Gref*2s(y -AB0-281)) /T-BAGrefsAnG 3

Tl

FINDING STATIONARY POINTS OF I'SFT ( ALGORITHM BASED ON NEWTON' 5 METHOD IN OPTIMIZATION)

£ = -3.6; (» Initial guess For ¥ o)
AR = -1.5; (+ Initinl guess for AD@ )
281 = 8.5; (s Initisl guess for 481 +)
m e 11

z = 6

I23;

nmax = 1860;

8 = 9.983) (+ Infinitesimal increments used in derivatives )
For[3=1,3510,3++,

x» = (f,480,401};

abe = Re[TSFT2[T,u,f,000,481,3,U,2,m nmax]];

2pd = Re [TSFT2[T,u,F+b,408,481,7,0,2,m, nnax] ] §

amd = Re[TSFT2{T,u,¥-6,408,481,3,U,2,m, nnax] ] |

bpd = Re[ISFTZ[T,u,F,a88+5,481,3,U,2,m, neax] ]

bod = Re[TSFT2[T,u,f,400-4,401,3,U,2,m, noax]];

cpd = Re[TSFTZ[T,u,f,000,081+4,7,U,2,m, onax] ] ;

end = Re[TSFT2[T,u,,A08,401-5,3,U,2,m, nnax] ] §

apsbps = Re[TSFT2{T,u,f+8,008:48,401,7,U,2,m nmax]] ;

amdbmd w Re[ TSFT2[T,u,¥-8,A80-8,481,3,0,2,m omax]];

apdcpd = Re[ TSFT2[T,u,f+8,480,40148,1,U,2,m nmax]];

amficnd = Re[ TSFT2[T,u,f-5,008,A81-5,3,U,7,m nmax]];

bpdicps = Re[ ISFT2{T,u,¥,408+8,408145,3,U,2,m nmax]];

bmdcmd w Re[ TSFT2[T,q,¥,400-4,481-4,3,0,z, m nmax] ]}

drdf = (ap5 -am3)/(2+5) 3

drdse = (bps -bms) [ (2e6) ;

drdASl = (cps -cmd) / (2e5) 3

d27d2f = (ap -2sabeeamd) [ (6°2);

d2rd2488 = (bpd -Zeabcsbnd) /(6°2);

d2rd2a81 = (cpd -2sabesend) / (672}

d20dABRdF = (apSbpd-aph -bpd +2eabc sambbmb-ams -bmd)/ (2e8°2) 3
d2TdABL4F = (aplicpd-aps -cpd +2eabe sambcmS-amb -cmb) / (2e442) 3
dIrdaBldsed = (bpScps-bps —cpl +2wabc +bmicmi-bmé -cmd) /{2e6%2) ;
gradl’ = [drdf,drdad®, drdadl}; (« Gradient of [SFT &)

H = {[d2rd2f, d2Idalddf,dIrdasldf ), {d2rdadadf,d2rd2and, d2rdaeldna} , (d2rdadldf, dIrdadldade, d2rd2adl) }; (» Hessian of IEFT «)
xb = xa-1slnverse(H].gradl ; (+ Fixed Point Iteration »)
If({Sqrt[Abs[ (xa-xb) . (xa-xb) ]] > ©.800001,And[f-xb[[1]],000=xb[[2]],480=xE[[3]]],Break[]];];
Print[padIt[T,{18,9}]," ",padIt[u/U,(18,9}]," *,padIt[f,(10,9)]," = padlt[40e, (18,9}]," " ,padIt[rl,(18,91]," *,5];

3.500000000 ©.400000008 - 3.566072841 -0.700474518 @, 554067456 6

OBSERVABLES : DENSITY AND KINETIC ENERGY

A={ {480, 281}, {Conjugate [481],200} ] ;

F= {f,Conjugata[f]};

baTable [Which[j==i+d,Sqre[i],True,8],(£,1,m]),{3,1,m}] ;

bd=Table (Which [i=1+1,5qrt[]],True,0], (1,1,m}, (5,2.m}] ;

Href=Usbd.bd.b.b/2 —uebd.b+ fabd +Conjugnte [f]abs (480 (bd.b+bd,b) +ConJugate [A81] ¢b.bsABlabd. bd) /2;

A=Eigenvalues [Hraf];

wvizEigenvectors [Href];

ref=Sum[Exp [-A[[]1/T1,{%,2,m}];

Trefl= Sum(Exp(-A[[4]]/T]e (VAL [4]]-buvA[[4]1),(4,2,m)] /2ref;

Eraf2= Sum(Exp[-A[[£]1]/T]» (VAL [2]1].bdovAL[4]]1),(4,1,m} ] /Zref;

Frefs{Erefl, Grefl];

Grefll[o ]:=Sun[If{i#], (Exp [-A[[£]]/T]-Exp[-A1[3]]/T]) & (VAT[4]]-B-vAL[3]11) & (VALT] ] bl wA L[4 1) / (Tear +A[[411-A01411),0],(4,2,m},{3,2,m}]/ (Zref)
AT (==, -Sum[Exp[-A[[£]]/TT+ (VA [i]]-b.VA[[4] 1} # (VAL [5]].bdvA[[3]]), [3,1,m}]/ (TeZref) +8rafletrefl/T,0];

Grefl2{a ] t=Sum[If[i4], (Exp(-A[[£]]/T] ~Exp[-AT[F]1/T)}» (VAL[£]]-BVAT[3]]) & (AT[3]]-bavAT [£]]) / (Tew #A[[2]]-A[[3)1) 48], (5,2,m}, {3, 2,m} ]/ (Zref)
+If [wnnl, -Sum[Exp[-A[ [£]]/T]+ (VA[[L]] -buvA[[2] 1} % (vA[[4] ] BuvwA[ [£11), [i,1,m} 1/ (TeZref) +BreflsBrefl/T,0];

Gref2l{s ]t=Sum[If[ig], (Exp[-A[[]1/T]-Exp[-A[[5]1/T1}#(vA[[1]]-bd.wA[[511) @ (VA[[§]]-bd.vA[[£]])/ (Tea +A[[£]]-A[[311),9],{4,1,m}, (5.2,m]]/ (ZIref)
+IF [w=e®, -Sum[Exp[-A[ [2]]/T]# (vA[[]] «bdevAT[3]1) & (WAL [£]] obdovA[[3]1], (4,1,m]]/ (TeZref) +Sraf2esrafl/T,8];

Gref22[o ]taSum[If[34], (Exp[-A[[2]1/T] -Exp[-AL[3]1/T1) e (WAL[E]].bdowA [[3]]) & (VAL[TT]-BovAT[L11)/ (Taw «A[[41T-A0[311),8],4{1,2,m},{3.2,m}]/ (Zref)
I [wnel®, -Sum[Exp[-A[[£]]/T]s (vA[[£]]bdvAT[£] 1) # (VAL [4]].BuvAL[21]), (4,0, 1/ (ToZref) +Breflelrefd/T,0];

Gref[a |ia{{Grefll[a],Grefl2[o]], (Gref2l o], Gref22[u]}];

IGref[a ]r=Inverse[Gref{u]];

IGrefa[o ]relessonspsldentityMatrin[2] -A3

Gref@[s_ ]inInverse [Iref@[s]];

I12refsF- IGref8[0].ref;

Yref[o ] 1=IGref@] ] -I6ref[a];

# COEFFICIENTS;

elrafuoz)
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c2reflls -Sum[Exp[-A[[£]]/T]s(vA[[i]]. (Commutator [Commutatar [Href,b],bd]) wA[[£]]),{i,1.m}]/ (Zref);
clrefll= -Sum[Exp[-A[[£]]/T]s (vA[[4]]. (Commutator [Commutator [Href,b],b]) .vA[[]1},{1,1,m}]/ (Zref);
c2reflls -Sum[Exp[-A[[£]]/T]s (wA[[4]], (Commutater [Commutator [Href,bd] bd] ) vA[[1]]), (2,1,m) ]/ (Zref);
€2ref2le -Sum[Exp[-A[[£]1/T]s(vA[[]]. (Commutator [Commrtater [Href,bd] ,b]) WAT[£11),{5,1.m)]/ (Zref);
c2refs{[c2refll,clrefll), {c2ref2l,c2ref2l}};

c3refll= Sum{Exp[-A[[1]]/T]#(vA[[i]]- (Ce [c [Href, [(Href,b]],bd] ) vA[1]1),{3,2.m}]/ (Zref) 5
c3refl2s Sum[Exp[-A[[4]]/T](vA[[4]].(C LC: [Href, [Href,b]],b]) wALEE]11), (2,,m} ]/ (Zref);
c3reflls Sum[Exp[-A[[1]]/T]«(vAl[21].( 1c [Href, [Href, bd]],bd]) wA[[£]]),{2,1,m} 1/ (Zref)

e3ref22s Sun(Exp[-A[[£]1/T]# (VAL[£]]. (Commutator [Conmutator [Href, Commutatar [Href, bd]],b]) A [[3]1), {4,1,m}] / {Zref) s
c3ref={{cirafll,cIrafl?}, {c3ref2l, ciref2l}};

g2refzoz.ciref - MatrixPower [oz.clref ,2]/2;

cIuaTr[cZref]}

a2k = Triq2ref];

sB=paldentityMatrix (2] -4 som.c2ref.on;

slecz.ciref.oz-ox.ciref. oz.clraf.oz;

 TRACE LOG;

fBAref = —9.54 (Log [Det[-Gref [8]] ] +Log[T"2] +c2k/ {24T) -q2k/ (124T"2) s 2eSum[Log [Dat [Tucz.Gre? [2aPieTan]]] +Log[ (2#PiaTan) 2] -q2k/ (Le2ePieTen) "2, {n,1,nnax} ]} ;

1 LATTICE SYSTEM;

168 [k1_ 82 k3,0 ]1=Teasozs (u- [kl k2, h3] ) sIdentityMatriz[2] ;

GO[hL k2 k3 ,u Ji=lnverse[I68{k1 b2 k3, 2115

IGRL b2, k3, ]1=16B[RL, k2,k3, o] -Tref[e];

Gh1_ h2_,h3_, s Ji=Inverse[IG[hI,k2,43,0]];

& =-GB[8,8,8,8].I12ref;

© COEFFICIENTS;

catihl k2 k3] i=0%. | (€ [h1,h,hi]-u) sTdentityMatrix(2] +38) .0x;

e3t[kl ki k3 lizoz.sl.oz + MatrdxPower| (oz. { (s [k1, k2, 53] -u) sIdentityMatrix[2] +30) ) ,2] .0n;

qat[kl k3 ki ]isoz.c3t[kl, k2 hi] - MateixPower[oz.c2t[hl, k2, k3] ,2]/2;

c2tk=NIntegrate [Tr[c2t[ki, k2,k3] ], {k1,8,2¢P4}, (K2,0,24P4], [K3,0,24Pi}] /(24P4)"3;

q2tk=NIntegrate[Tr{g2t[kl, k2, k3] ], (i1,0,2¢P4), (k2,8,2eP4], (K3,0,2¢P4)] /(2ePi)"3;

ok{hI_ k2 k3 Jiz-(Tr[G[RI,k2,03,8] ] +2eSum{Tr[G]AI,hZ, k3, 2ePianeT] ] ~Tr[c2t[k1, k2, k3] ]/ (Le2aPisTun)*2, {n,1, nman}]+ (1/T)  (1-Tr[c2t i, h2, k3] ] £ (1207} ) ) #T72;
pes@.5ef 8; (» Condensats Densitys)

o=NIntegrato[ok[k1,k2,k3], {k1,8,Pi}, (k2,8,Pi},{k3,0,Pi} Method—+"Localadaprive™] /(Pd)"3+pc; (s Total Number Density o)

Ekin=MIntegrate [ [k1,k2, k3] wpok(kl, k2, k3], {k1,8,Pi}, [(k2,08,Pi}, [k3,8,Pi) Method+"Localldaptive®]/ (PL)*34c[0,8,8)0pc; [+ Kinetic Energy +)

Print [padIt(T,{10,9}]," *,padIt(u/U, (19,9}]," ", padIt([f,(10,9}]," *,padIt(20e,{10,9]]," ",padlt[A01, (10,9}]," ", padit(n,(18,9}]," " ,padIt[Re[Ekin], (19,9}]];

3.5000€0000 ©.100000000 -3.566072041 -0.766474518 @.5B4067458 1.024468704 - 3.089783398



Appendix D

Equation of State and Pressure for

the Harmonic Confinement

Considering the two dimensional setup discussed in Section 3.6, the total pressure
Piotar is evaluated by integrating the Gibbs-Duhem relation dP = pdp + sdT at fixed

temperature T over the lattice

MO [e'e} d
Piotal = / pdu = —/ p(r)d—u dr . (D.1)
—c0 0 T
For an isotropic harmonic trap in the zy plane, p = pp — 3mw?r? and ‘;—’;f = —mw?r;

then Eq. (D.1) becomes

Piotal = mwQ/ p(r)rdr . (D.2)
0

The total number of particles Ny, is obtained by integration of the local density

p(r) according to

Niotal = 27T/ p(r)rdr. (D.3)
0

Comparing both Egs. (D.2) and (D.3), we deduce the equation of state
mw?

Ptotal = o

Ntotal ’ (D4)

147
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valid for 2D gases including an isotropic harmonic confinement [124, 125]. There is
also another interesting observation concerning the value of the fixed total pressure.

Since the density p is a derivative of the free energy (2, see Eq. (3.34), we can write

Ho 1 /00
Ptotal - _/ V(%) d/L
—00 T

= = [Qu=—00) = Quo)] - (D.5)

-Ptotal as

Considering that Q(u = —oc0) = 0 and —PV = , the total pressure is equal to the

local pressure at the center of the trap

Ptotal - P(/'LO) = P(T = O) ) (D6)

as Fig. ?7(a) confirms.



Appendix E

Perturbation Theory

E.1 General Aspects

In this section, we explore the finite-temperature perturbation theory (PT) around
the atomic limit in order to describe the normal phase [185,186]. The non-local
kinetic energy term is treated perturbatively by expanding the grand canonical free-
energy and the Green’s function in powers of the hopping amplitude. Therefore, we

decompose the Bose-Hubbard Hamiltonian into

H=H9 4%, (E.1)
where the atomic limit is given by

HO = v an(nz —1) - ,uZni (E.2)
24 i 7

and the kinetic term follows as

H=> Jiblv,, (E.3)

i,

with the summation comprehending the whole lattice without restrictions and the

hopping matrix element J;; considered as a general term. In this framework, the

149
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operators are represented in the Dirac interaction picture according to
O(r) = e 0e ™Y (E.4)
The time evolution operator U(7, 79) obeys the following Schrodinger’s equation

%L{(T, T0) = —H(T)U(T, T0) , (E.5)

with initial condition U(7y, 79) = 1, whose formal solution is given by the Dyson’s

expansion

U(t, 1) = T[e_f%H(T/)dT/]

— i (1" /TOT dr /TOT dry- - - /TOT dr, T [H(m)H(m2) ... H(7)] -(E.6)

n!

n=0

The definition of Eq. (E.3) into Eq. (E.6) yields an explicit expression of the imaginary

time evolution operator

=
a
)
I
()¢
|
=
3

J,.ooooJ, 0 X
n Z J1d1 Jndn

J1-Tnsd1dn

n=0
< [Can [Cames [Can T ety ) 0 (7)) (E)

n

from which perturbative approximations can be established. Including finite-temperature
effects (with kgT = 1/13), the partition function Z = Tr[Te~5] follows as a trace com-
prising the imaginary time-ordered exponential of the euclidean action S [106-108|,

taking the form

Z = Tr {'T [6_ I3 H(T)dT] }
— Tr {e—ﬁH@)T [e‘ OBH(T)dT]}
T {e*ffff“”uw, 0)} . (E.8)
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If we introduce the atomic limit partition function Z® into Eq. (E.8), we obtain

z = 20 —1(0) Tr {e—ﬁH“)T [e— foﬁH(T)dr] }

- enirfsn)
O (u

(8,0) ) (E.9)

describing Z in terms of thermal averages (...)o taken with respect to the unper-

turbed Hamiltonian H). By setting 7o = 0 and 7 = 3, Eq. (E.7) yields

o0

(U@B,0))y = Z(_nly)n D i T, X

g,
J1-InsJ1--In

x /0 T /0 Cir (T Bl (e, (m) 8, ()b ()] ) (B:10)

which provides an expansion of Z in powers of the hopping matrix element J;; and the
creation/annihilation operators. The ensemble averages appearing can be identified
as the n-particle Green’ function taken with respect to the unperturbed system and
evaluated at equal times 7,, = 7/,

GGt Tl s ma) = (T bl (Db (1) b, ()b (7)) (E.11)

n

In a more concise notation, we can group space and time variables producing

GO, . ..o/, . on) =GO T, g T T G T - (E.12)

E.2 Moments and Cumulants

In order to determine the moments G%O), the standard Wick’s theorem [107] cannot
be applied because the unperturbed Hamiltonian H© is not quadratic in the bosonic
operators. Therefore, the well-known formalism of perturbative techniques based on
standard Feynman diagrams [108] derived from Wick’s theorem are not suitable for

our perturbative analysis. Nevertheless, it is possible to simplify the terms G by
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decomposing them into cumulants oW, Indeed, as we address in the next paragraphs,
the moments can be generally expressed as a summation over the cumulants consid-
ering all possible partitions of random variables.

The moments G of a set of random variables X7, ..., X,, are defined as the expec-

tation value F

regarding a general probability distribution. They are obtained through a moment

generating function, or partition function, defined by the following expectation value
Z(t) = E ["X] = B [eX '] | (E.14)

where t = (ty,...,t,) and X = (Xy,...,X,,) . Indeed, the moments are simply the
coefficients of the power series expansion of the moment generating function, given

by successive differentiation of Z according to

o 0
G, X) = 5 52 () . (E.15)

Analogously, the cumulants C' can be obtained through a cumulant generating func-

tion
W(t) =InZ(t) = In E [eX 5] | (E.16)

which is the logarithm of the moment generating function. Being the coefficients
of the power series expansion of the generating function W, they are obtained by

successive differentiation as

o 0
CXisoo X = G WD) | (E.17)

From their respective definitions, these statistical quantities are closely related to each

other. Indeed, it is possible to express the expectation value G [187| as a summation
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of products of cumulants over all possible partitions 7 of the set {1,...,m}, yielding

G(Xi,....Xn) =Y J[C(X;ieB). (E.18)

T Bew

For example, the expectation value G(X;, X, X3) is decomposed as

G(Xl,XQ,Xg) - C(Xl,XQ,X3> + C(Xl, X2)C<X3) + C(Xl,X3>C(X2)
FO(Xa, X3)C(X)) + O(X))C(X2)C(Xs) .

Based on these previous observations and general remarks, the Green’s functions
taken with respect to the unperturbed system are derived directly from a moment

generating functional

ZO[F) — < T o~ I3 arFL(nbe(r) > _ < T~ L5 Jg dr[Fy ()b (1) +F; (] (7)] > (E.19)

0 0

of the introduced linear fields F}; (7) and F;(7) in the Nambu notation. Successive

functional differentiation yields the moments, or Green’s functions, as follows

), : : : _ b s s s 0
GGt TG Tl s G ) = i sy i ZOTF) ‘
in n J1 1 F=0
(E.20)
The cumulant generating functional is obtained from the logarithm of the partition

function

WOF] = mZOF] =h < T e Jo arFL(mpe () >
0

_ ln<T€,zj foﬂdT[F;(T)bj<T>+Fj<T>b;<r>]> , (E.21)
0

with the cumulants C’T(LO), or connected Green’s functions, defined according to

() . : : _ B s s s 0
Cr (1 Ty e o s Jos T T T o+ s Jns T) = T ) 7 ) D WO [F]
n n J1
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From them, we extract direct expressions for the cumulants in terms of the moments

for each value of n:

WO
C’f (') = m F=0

= —(b(1)), (BT(1)), + (T B (1)),
= (T ),
_ G&O)(llll), (E.23)

S WOIF]
5F*(2)5F(2’)5F*( OF() |py

= =6 (b(2)), (b1(2)), (b(1), (B (1 %+%TW?%%D<6><N o
+2(1(2)), (T [D(1B(2)] ) (BT1))y + 2(6T(2))g (B (1)) (T ['(1)5(2)]),
)o (T [p(1 NQW%WO%NKT@DW%b}

O, 2,2) =

+2(b(2) )])o (b1 %
—(T b1 (2)]), <T[bT 116(2)] )y +2(b(2)), (b (1)), (T [b* B (2)]),
(T bMb@)]), (T [b' ()6 (2)]), = (b (1)) (T [b7(1)0'( ]>0
+2(b(2)), (o'(2 ><T [b* )b (1)]), — (T [o'(290(2)]), <T [ )b(1)]),
= (0(2)), (T D' ()61 (2)]), = 2(b(2)), (T [b'(1)0(1)07(2 >]>0
+(T [p'(1")b ()67 (2)b(2)]),
=—<T[b*<1’ ]> <T[bT (290(2)]), = (T [b' @0 (W)]) (T [b'(1)6(2)]),
+(T [o'(1) @]),
=G9WJm%—CPWM%Wﬂ% e (2), (E.24)

and similarly for higher orders. In Eqs. (E.23) and (E.24) the averages containing
an odd number of operators vanish identically since there is no symmetry breaking
in the described normal phase. Such relations allows for expressing the moments in
terms of cumulants as stated in Eq. (E.18), with the possible partitions encompassing

the sets of indices with equal number of primed and unprimed variables. Therefore,
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for n = 1, we trivially obtain from Eq. (E.23)
Oy = cPan E.25

For n = 2, there are two types of partitions: C{" (1 term) and C\” ® C”’ (2 terms)
producing according to Eq. (E.24)

GO, 2)1,2) = o0, 21,2) + e e 2)2)

+c0 1 12)cV@2)1) . (E.26)

For n = 3, there are three types of partitions: C'?EO) (1 term), 050) ® C’fo) (9 terms),
and Cl(o) ® Cfo) ® C’fo) (6 terms) yielding

GV, 2,31,2,3) = ¢V, 2,31,2,3) + V1, 2)1,2)cV(3')3)

+00 1 311, 2)00@13) + (2, 31,2) ) (1]3)
+01,211,3)c0312) + ¢V (1, 3|1, 3)CV(2]2)
+C‘° 2. 3|1,3)cV(1')2) + ¢V(1',2'12,3)c0(3'|1)

§( +d(23@$QWun

(E.27)

and similarly for higher order terms. The previous results also show that the number
of terms appearing in the cumulant decomposition increases substantially with the
order n. On the other hand, the cumulants present an useful property: they are local
quantities. Since H(® is a sum of local operators and In(xy) = In(x) + In(y), the
generating functional of Eq. (E.21) becomes a sum of local functionals. Therefore,

the cumulants derived from it vanish unless all site variable in (1’,...,n/|1,...,n) are
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equal, with

CO Gl G T s Tas e e s Goa T) = c© (T1y s ol Ty ey T) Hd, . (E.28)
njq Jadgp
ap
A direct consequence of this locality property is due to the form of the hopping
Hamiltonian: cumulants containing at least one corresponding pair {¢/,a} of un-
primed and primed variables, like C’fo)(l’|1), Céo)(l’,2’|1,3) or C’éo)(l’,Q’,S'|3,4, 5),
don’t contribute to the perturbative expansion. This happens because the sites j,
and j/, appearing in
_ T
H= Z th/xjabjéx bja
jéthyg

gives a zero contribution when j/, = j, (J. . = 0 as the hooping necessarily occurs

Jada
between different sites). Hence, when evaluating the momentum decomposition we
need to consider only the partitions containing primed variables different from the

unprimed ones in the expansion of (U(3,0) ).

Rule 0 : The partition function Z = Z© (1(8,0) ), is explicitly represented by
the power series

oo (=1n B 8
(UB,0) Yo =g Sy s o oy Jodre e [ dr, <T [bj (r)b, () ...b},n(Tn)bjn(Tn)Do 7

]
1

(a) The moments, or Green’s functions, can be decomposed into products of cu-
mulants, considering all possible partitions containig an equal number of primed
and unprimed variables because there is no global symmetry breaking.

(b) The locality of the cumulants associated with the occurence of hopping pro-
cesses between different sites imply the following simplification on the evaluation
of (U(p,0) ),: only the partitions containing primed variables different from the

unprimed ones give non zero contributions int the power series expansion.
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E.3 Diagrammatic Expansion of the Partition Func-

tion

Regarding the explored properties of moments and cumulants, we develop a dia-
grammatic representation of the partition function Z = Z© (4(3,0)),. The basic
ingredients are the local cumulants and the hopping matrix elements. We symbolize
the n-particle cumulant Cr(:;’l at the lattice site j, by a vertice with n entering and
n leaving lines, labeled with imaginary time variables; for example, the lower-order
cumulants read as

CS())(THTQ) =T oe— T = <T {bT (Tl>b_<7'2)]>

F Ja Ja 07
Ja

(E.29)

T2

it
O (m, ol ) = >< = (T [pLmb, bl ()b ()] ) = € mm)C (fm) = O (m[m)CL) (ry )
ja Ja Jo Jov Jo Jov Jo

i(! -7(l .jﬂ 7(

73 T4

(E.30)

Also, aline connecting two vertices j,, and j, represents the hopping matrix amplitude

J. . according to
Jalg

Tidy = o ds - (E.31)

In the following, we explore how to combine these elements composing diagrams
order by order. Considering the first-order term of (U(f,0) ),, Eq. (E.25) brings the
relation

b ’ 0
N"u, | ancPan = =N"u, . | dnés,. COrn)

J15J1 J15J1 171 1
ji:jl ji’-jl

]17]1

B
= N7 ,/dﬁcl(?)(ﬁm):o. (E.32)
0 1

Ul
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which produces an identically zero contribution since ij]i = 0, as stated by Rule 0.

For the second-order term, Rule 0 again implies that the only non-zero contribu-
tion composing (U(3,0) ), comes from the cumulants c2211)c”(1/)2) of the kind
' @ €9 exhibited in Eq. (E.26):

]”1 Jm/ dn/ dre C 2|1 (J(O)(l 12) =

31]2 31]2

(0) _
J1 g3 ]2/ dTl/ d7-2 2] 7-2|7-1) 201]'2(7-1|7—2) -

]1]2]1J2
o g (0) (0)
E Jjwlejl@/o dﬁ/O dT201j1<7-2|7—1)clj2(7—1’7—2)

J1da

Dsq . (E.33)

Using the representations introduced in Egs. (E.29) and (E.31), the defined term Dy,

is symbolized by the following diagram

T1

B B
Dy, = .71<>,72 = ijzvfljjpfz/o d7'1/0 dTQCijl)(72|71)0i2(71|72), (E.34)

J1J
Ty 172

where the two cumulants at the vertices j; and j, are linked by hopping lines Jj ;
22J1

and J .. Note that the complete second-order term is w[Ds,| = %Dg, including the
J1> 2
factor 1 from the exponential series of Eq. (E.10).
In the third-order terms, the non zero contributions comes from the partitions

Of” ® Cfo) ® Cfo), with two cyclic elements
(0) ! (0) rqr /
(3100 (1)1 (2'13)and " (3'[2)C1 (211) 017 (1]3),

as stated by Rule 0 and Eq. (E.27). Both of them yield the same result

B B
Z ]1 ]1 ]2]2 ]3.73/0 dTl\/O de/ dT?’ (3/|1) (1 |2) (2 |3)

.71]2]5 »J1J2d3

B B
(0) (0) _
Yo i / dry /0 dr / drs 3, C ( 7|0y, O (i), O (ralmy) =

0

.71.72.73 »J1J273
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(0) (0) —
Z Js:J1 31]2 3213/ dTl/ dTQ/ drs C 1] T3|T )O ( 1|7—2)Clj3(7_2|7'3) = D3, ,

j1j2]3
with diagrammatic representation

J2

Dy = 7 A DA / an, / dr, / i, O )Yl (E.36)

. J1ads
n T3

Hence the complete third-order weight is w[D3,] = 3D3a = %Dga, since there are two

equivalent terms and the exponential expansion factor 4 3

Regarding the fourth order, the partitions of the form C§O) ® C§O) ® C’fo) ® C’fo)

contribute with 6 cyclic elements and 3 disconnected ones. The cyclic ones are

@ ()2)e(213)0" (3'14), O @) 3)cP(312)c0 (24),
@20 @) (13)07314), o (@)2)e(213)01” (311 (114),
0<0><4'|3>0<°><3|1> (2)c”(2'14), o @[3)00312)0” 2100 (1']4),

yielding the same value

T2
J2 J3

D4,, = T T3

Ji Ja

< (E.37)

_ c (0)
= Z iy J1J2 JQJ} hu% dTl/ de/[) de/ dr, C ( 17)C 1y (TQ‘T3>01J,1<T3‘T4>’

J1J23374

whose contribution is w[Dy,] = 46,D D4a The 3 disconnected elements are
e () e @13)c0 3'12), o @2)0” @4) 1 (1]3)C1” (37]1) and
O 13)c(314)c?(1712)c?(2/]1), producing

Dy = 5 ~<§>w .iv-<7§>j3
m K (E.38)

8
= Jm J1J4/ dTl/ dry C7 (7y|)C ( 7)) x ZJJ:MJJN:;./O de/o dTJClJZ( |7'z) I (7'2|7'3)7

J1iy Jods

(E.35)
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with a complete weight equals to w[Dy,] = %D4b = %D4b. Also, note that Dy, is es-
sentially a product of two lower-order diagrams Dy, = D, X Ds,, being disconnected.

The partitions 02(0) ® Cfo) ® C’l(o) generate 12 terms:

D4c

o

(E.39)

= Z J / dTl/ dTQ/ d7'3/ dry C (T4|my)C (7'1,7'3|7'2,7'4)C'( (7'2|7'3),
JosJq 71 Jo 79]; 72]2

913273

with a total value of w[Dy.] = %Dgc = %Dgc. The remaining contributions take the
from C{”®C”, with 3 terms: C{” (3, 4'|1,2)C{ (1, 2|3, 4), ¢ (2, 4|1, 3)C (17, 3|2, 4)
and C(2,3/|1,4)C” (1, 4|2, 3)

Dy = 5 @ J2

V (E.40)
_ (0)
- ZJJM i, th Jljz/ d’]’l/ dTQ/ dTg/ dr, C 7'3,7'4|7'1,7'2)C'2j2(7'1,7'2\7'3,7'4),

J1J2

accounting for w[Dy] = 3Dy = %D4d. By collecting all the previously calculated

4!

diagrams, the average of the time-evolution operator reads as

1 1 1 1 1 1
(U(B,0))y =1+ §D2a + nga + ZDM + §D4b + §D4c + §D4d +O(J°) . (E.41)
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As a consequence, the partition function until the fourth power of J is given by

1 1 1 1 1 1
z2=2z0 (1 + 502 + 3Ds0+ 7 Daa+ g Dap+ 5 Disc + 2 Daa + O(J5)) , (E.42)

or in a symbolic form

z—z<0>(1+%<>+%A + 1
(E.43)
+%<><>+%<><:>+%@+0<ﬁ>).

We summarize and extent our conclusions in a set of simple and direct rules:

Rule 1 - Diagrammatic Expansion of the Partition Function

Rule (a) : Draw all topologically inequivalent diagrams D with vertices con-
nected by directed lines such that the number of lines entering each vertex equals
the number of leaving ones.

Rule (b) : Label each vertex with a lattice vector and each line with an imagi-
nary time variable.

Rule (c) : Each line connecting two vertices j,, and jz yields a factor of Jjajg'
Rule (d) : Each vertex j, with n entering lines and n leaving lines corresponds
to a cumulant C’fg) .

Rule (e) : Deterr;ine the sign of each diagram: plus/minus for even/odd num-
ber of connected lines.

Rule (f) : Determine the multiplicity of each diagram.

Rule (g) : For each diagram, multiply the hopping matrix elements [Rule (c)]
and the cumulants [Rule (d)], integrate the imaginary time variable from 0 to
B, sum each lattice vector over the whole lattice; multiply the result by the sign
[Rule (e)], the multiplicity [Rule (f)], and divide it by the corresponding Taylor

expansion factor. After this, we obtain a quantity w[D] referred as the weight of

the diagram D.
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Rule (h) : The partition function is given by the following sum over all possible

diagrams constructed according to the Rules (a)-(g):

Z2=2

E.4 Diagrammatic Expansion of the free energy

The free energy is obtained directly from the logarithm of the partition function

exposed in Eq. (E.44)

Q0 = —% nzZ =00 - %m(uw, 0))y = —kpTIn (1 + Zw{D]>(E-45)
D

Note that Z contains both connected and disconnected diagrams. Indeed, up to the

fourth order there are five connected diagrams: Ds,, D3y, Dy, Ds. and Dyg; Dy,

is the only disconnected contribution. In the following, we show that the action of

the logarithm function on Z is to remove its disconnected diagrams. The Taylor

expansion of In(1 +¢) =€ — % + ..., with the identification € = ) , w[D], yields

In (1 + Zw[p}) =

since D4b = D2a X D2a .

1 1 1 1 1 1
In (1 + =Day+ =Dsy + ~Dyy + =Dy + =Dy + =Dy + O(J"’))

2 3 4 8 2 8

1 1 1 1 1 1
—Dsy + =D3y + =Dy, + =D —Dy.+ =D
22+33+44+84b+24+84d

1/1 1
— (=D — Dy, b
L Do+ 2D+ S Dy + 2Dse 4 2D +O(J?) (E.46)
92 2a 3 3a 4 4a 92 4c 3 4d ) :
Clearly, the diagrams appearing in —%, ‘5,3, ... cancel all the

disconnected terms in €. This happens because a disconnected diagram is a product of

connected parts. Therefore, the linked-cluster theorem [185] applies; the free energy
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comprehends the sum over all the connected diagrams

Q = QO k7> wD]
D

1 1 1 1 1
= QO _kpT (§D2a + §D3a + ZD4a + §D4c + §D4d + O(JB)) , (E.47)

symbolized by the primed sum. Schematically, 2 reads as

2
I
=2
|
>~
[sy]
~
N\
DOl—
+
ol
+
AN,

(E.48)

5 O+ +O<JS>).

Another interesting observation regarding the cancellation of the disconected dia-
grams is related to the extensive properties of the free energy. Since each connected
diagram yields a factor of Ny, the disconnected components are at least of order
NZ; hence the existence of a finite free energy in the thermodynamic limit imply the

cancellation of such diagrams.

Rule 2 - Diagrammatic Expansion of the Free-Energy
Rule (a) : The system’s free-energy (2 is given by the sum over all connected

diagrams constructed according to the Rule 1:

Q = QO kT wD]. (E.49)
D
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E.5 Diagrammatic Expansion of the Green’s Func-

tion

The one-particle (or two-point) Green’s function is defined by the thermal average

of the following time-ordered product

G rart) = = (T [b, ()b (2] ) (E.50)

which can be rewritten as

/ . 1 — OﬁH(T)dT
G (TarTe) = —ETr{T[e J b,

) o
a

T {07 [, 0, )y ()]}
- ZO(U(B,0) ),
(T (w0, (000, (72)] ).

= — U0, . (E.51)

(r)th, ()| }

Note that a diagrammatic development of the denominator (U(f,0) ), was already
studied in the Subsection E.3. The numerator presents a similar structure except
that the variables v and o’ are fixed, not integrated or summed. Indeed, such term

can be expanded in the power series

. 5 :
<T [Z/{(ﬁ, O)bja@'a)b;& (T&)} >0 _ Z ( n11> Z inh . Jjajn /0 dry-- ./O dr, X

= N . . .
n=0 J1edhsdyedin

<T [b;i (Tl)bjl(ﬁ) cee b;f';L (Tn)bjn(Tn)b;& <Té‘)bja(7—a)] >0 ’
(E.52)

where

<7' [b}i (r)b, (1) .. b}%(Tn)bjn(Tn)b;&<T;)bja(ra)] >0 -

0 . . . . . .
ng-i)-l(]L 7-17 R ’j’:w Tn’jtl)ﬂ 7-(;|]17 7_1’ ct 7]71’ Tn?]a? Ta) (E53)
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is identified with the n + 1-particle Green’s function relative to the unperturbed
system. The decomposition of this average into cumulants enables an analysis order by
order, according to the ideas already exposed in Subsection E.2. The only additional
remark is related to the variables o and o/, which may yield a non-zero contribution
when present in the same set of a partition.

Considering the zeroth-order term, we have a local contribution for

(T [us.0; (7.00f, (72)])

0
given by
0 _
(T b}, )b, ()] ). =5, €2 (7hlr) = Do) (E.54)
and represented as the diagram
Dy(d|a) = 7 —er— 7, = 5]'&]'a01<31(7(/’"7“> , (E.55)

with total weight w [Dyg,(/|c0)] = Doa(c/|v).
Concerning the first-order term, the contribution C’{O)(o/ |1)C’£0)(1’ |a) of the form
Cf)) ® C’fo) provides

B
—2_ 7 / dr ¢/ (V]a) =
Jodn ’
’ ) 0
—ZJM /0 dn 53‘&]'101]-1(Ta’Tl)‘SjijaCua(Tl’Ta) =
]i7j1
HSC) 0
-, /0 an OO (71r)C (mfr,) = Dulala) .  (E:56)

symbolized by the diagram

« il
-7(‘]0 o

,‘3
Dulelo) = 7 sy = =y [Lan GO k) (ESD
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with a total weight w [Dy4(c/|a)] = Diq(a|).
For the second-order elements, there are three types of diagrams. The partitions of

the form C’l(o) ®Cfo) ®Cy (O contribute with two cyclic terms and one disconnected. The

cyclic ones are C\”(/12)C?(211)C? (V|a) and C1V(o/|1)CV(112)C” (2]a) yield-

ing
0
.71.71 ]2]2/ dTl/ d7—2 |2)C( )(2 |1) (1 |OZ)
]1]2 ]1J2
(0) (0) o
]1]1 .72.72/ dTl/ dT2 _]&j2 ~2 a‘7—2)5jéj101j1<T2|T1)§jijaclja(7—l‘7—0‘) -
.71]2 31]2
0 0 o
ivs, Jlja/ dﬁ/ dry C i (7475) fﬂf(TﬂTl)Ciji(Tl‘Ta) = Doy (/]) ,
‘1
(E.58)

with a diagrammatic representation

T1 T2
Dufelie) = 7 esteres— = a0 [ [ an O i) (B.59)

g

and w [Dag (o |00)] = 2 Dag(c|0r) = Day(c/|) (taking into account the factor 3 from
the power series of Eq. (E. 51) and the mentioned multiplicity). The disconnected
term is C\”(/|0)C\?(2]1)C1”(17]2). Tt generates

]1J1 .72]2/ dTl/ dT2 /|Oé) (2/’]‘> (]— ‘2)

j132.71]2
B B )
inlejéj?/o dﬁ/o dTy 53.(,1(1 a( e )5 Cj (19|14)4 ., 2C’1j2(7'1|7'2):
J1J5d1 o
5., c<0>('\7)xZJ J BdT BdT C(7,|1)CO(1,|) = Day(c/|a)
Joda TalTa God1 G1de 0 1 o 2 1, 2y Vi) = 2b )

J1dz

(E.60)
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where Doy (a/|ar) = Doo(c|a) X Dy, is a product of two diagrams Do, (a/|«) and Do,

(see Egs. (E.55) and (E.34), respectively), given by

Ja

n @ " ’ ’
— — ©) (0) (0)
Doy(c|a) = M = 5_7{,¥j“01jn(7'(;\7'0) X Z‘]Jz.h‘]h.fz/o dTl/0 dr, CUI(TQ\Tl)CUz(ﬁ\Tz) ; (Eﬁl)
Ta > Ta J1J2

and totalizing w [Day(c'|)] = 3 Dap(/|a). The remaining partitions are of the form
C’éo) ® 01(0): Céo)(o/, 2|1, a)C’l(O)(l’|2) and C’éo)(a’, 12, a)C{O)(2’|1); they produce the

same contribution

B B " 0
> J, T, / dﬁ/ dry C0(!, 21, 0)CO (1]2) =
J1J1 J2J2 0 0

31353132

B B
Z I, T, dry | drd, . 0,.0.,. C'(O,)(T/,TQ|71,T )5.,AC(0,)(7'1|7'2):
J1J1 J2J2 0 0 Jadoa J2J1 J2Ja 27, o ar 79179 1]2

J13350132
’ 0 ©) (- (0) /
00 5 Z Jj&j2 Jj?j”‘/o dﬁ/o dry C’Qja(Ta, To| 71, 7'a)C'1j2 (11]m5) = Dac(d|a) |

Ja

(E.62)

which is illustrated by

B B
= - (0) (0)
Dyufala) = | Tym =8, N T, T / dry / any €, (7, min,)C) (mlm) - (E.63)
) ) a Ji

J2

with weight w [Da.(e|a)] = $Dac(a’|r). Therefore, the average in the numerator up

to second order is
(T [u(s. 0, (), ()] ), =
1
= Doo(|a) + D14(|a) + Doy (' |x) + §D2b(a’\a) + Daoc(d/|a) + O(J?)

1
= DOG(O/|OK) + Dla((l//|05) + Dga(a'la) + §D0a(0/|&) X Dga + Dgc(a’|a) + O(JB) .

(E.64)
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The combination of the Egs. (E.64) and (E.41), numerator and denominator respec-

tively, into Eq. (E.51) produces the one-particle Green’s function

(T |0, b, () ),
G (e T) = (U(B.0)),
 Doa(|@) + Dig(a|c) 4+ Dag(e|ar) + 5 Doa(/|r) X Daq + Dac(e|ar) + O(J?)
B 14 Doy + O(J3)

1
= Doo(c/|a) + D1o(a|a) + Dag(a|r) + §D0a(o/|0z) X Doy + Dao(d|)

1 )
—§D0a(@/’06> X D2a + O(Jd)

= Dyo(d/|a) + Dig(/|@) + Dag(a’|a) + Dac(a|a) + O(J?) (E.65)

where the disconnected term gets cancelled by the denominator contributions. The

symbolic representation takes the form

These results are addressed by the following rules:

Rule 3 - Diagrammatic Expansion of the Green’s Function

Rule (a) : Draw all topologically inequivalent connected diagrams D(a/|a) with
vertices linked by internal lines and two other external lines (one entering and
one exiting a vertex) such that the number of lines entering each vertex equals
the number of leaving ones.

Rule (b) : Label each line with an imaginary time variable and each vertex with
a lattice vector. The entering and leaving external lines are labeled by 7/ and
7,,, respectively; the corresponding vertices are identified by j/, and j, (external
vertices may coincide).

Rule (c) : Same as (c)-(f) in Rule 1.

Rule (g) : Same as in Rule 1, except that now the external variables remain

fixed.
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Rule (h) : The two-point Green’s function is obtained by the sum of the weights

w[D(c/|)] of all the previously diagrams:

G, o (Ta,7h) = =Y w[D(]a)] . (E.66)

D

E.6 Evaluation of the Free energy and Green’s Func-

tion

In this section we provide an explicit evaluation of the free energy (2 and the
one-particle Green’s function G using the previously described perturbative scheme.
Our calculations encompass the first non-zero corrections around the atomic limit.
Following the paper specifications, we consider hypercubic lattices described by a
coordination number z; also, the hopping is chosen to be restricted to first neighbors,
written as

=4 J (E.67)

Jardg dasig)l”

where d(j,,jz) is the distance between the sites j, and j, in terms of the lattice
spacing. Since our system is homogeneous, we can also drop the site index appearing
in the cumulants. Collecting these observations, the cumulants, which are the main
ingredients of the pertrubative expansion, can be directly evaluated. As an explicit

example we calculate the first cumulant, defined by Eq. (E.29) as

@) = (T pirem)]),
= 0(t—171) <b(T>bT(T/)>O +0(7" —71) <bT(T/)b(7')>O ) (E.68)

The thermal averages in Eq. (E.68) are performed with respect to H®, which is a
sum of local operators of the form Hl(o) = %bTbTbb — ub'b. Considering their number

operator eigenvectors |n) and eigenvalues E, = Sn(n—1) — un, the thermal averages
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read as

(i), = (et e i i)

o0
1 ©) (0 g (0) w_pr(0)
_ WE <n|eTH1 b@ TH, eTHl bTe 7' H; |n> e*ﬁEn
Z
1

n=0

1 ; ;
_ Z(O) Z e/ - 1. ¥ Te TEnt1 o™ Ent1 [ 1 1. +le " Ep o=BEn
1 n=0

1 — ,
o o
Zl n=0
and
Tt _ THOt 7' HO rHO) —rH©)
(b (T)b(T)>O = <e ble e be >0
1 — s - (
_ @ Z <n| eT Hlo)bTe*T Hlo) eTHIO) 77'H§0) ’n> e*ﬁEn
Zl n=0
J ,
— o Z 67’ E, \/ﬁe—T EnfleTEnfl \/ﬁe—TEne—BEn
Zl n=0
- ,
= @ 2 ne” DT (E.70)
1 n=0
where
0 _
20T ) = e (E71)
n=0

is the single-site partition function. Therefore, the substitution of Egs. (E.69) and
(E.70) into Eq. (E.68) yields

C(lo)(T’]T) =1 >, [9(7’ —7)(n+ 1)6(7_7—,)(E”_E"+1) +0(r" — T)ne(T/_T)(E”_E"—l)] e PEn

Zfo)
(E.72)
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E.7 The Free Energy

According to Egs. (E.47) and (E.48) the first non-zero correction to the free energy
is of second order in the hopping amplitude, given simply by the diagram D, as

follows
1
QO = QO _ kgT (§D2a + O(J3)> ) (E.73)

Combining the homogeneity condition to the mentioned hopping choice, such diagram

defined by Eq. (E.34) yields

Dy = ) J, ;T o / drmy / dr, C () C)Y (1| ) (E.74)
.71 ]2
- Z d(Jy:J2), / dTl/ dTQ C( ) 7-2|7—1> (7—1|7-2)
.71 ]2

= N,z2J? / dry / dry CO (1)) (1 |7) (E.75)

From the cumulant expression of Eq. (E.72), we derive

Nyz2J? & B B

Dy, = Z e B(E"+Em)/ dﬁ/ dry [0(71 —71)(n+ 1)m6(”_72)(E"_E"+1+E’"_Em‘1)
[ ] 0 0
+ 02 = m)n(m  D)el 7 EEn b )] (E.76)

Also, the exchanges n «— m and 7 <— 7 in the second term simplify the previous

result to
2N, 2J? °° A A
D2a — z 5 En+EnL / dTl/ dTQ 0 7-1 _ 7-2)(77/ + 1)m 6(7'1_7'2)(En_En+1+Em_Em71)
[ZI(O)] n,m= 0 0 0
2 ® B
_ 2N32J2 B(En+Em) / dTl/ d7_2 n+1 m6(7'177—2)(EnfEn+1+Emem,1) ) (E77>
20T 2 2, o T,
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Iftm#n+1(or E, — E,41 + E,, — E,,_1 #0), integration over the imaginary-time

variables provides

B T1
/ dTl / d7_2 6(7'1—72)(En—En+1+Em—Em—1) —
0 0

671 (En*ErH»l‘FEm*Emfl) _ 1i|

g 1
= dr
/0 1-En_E'n—l-l_{'E"m_E'm—l [
1 eﬁ(En_En+l+Em_Em71) — 1
| -4

_ E.78
En - En—H + Em - Em—l En - En+1 + Em - Lm—-1 ( )

On the other hand, for m =n+1 (or E, — E,11 + E,, — Em1 = 0) we deduce

B T1 B 71 B B2
/ dry / dry T ) En = Ena B =B 1) / dry / dry 1 = / drym = — .
0 0 0 0 0 2

(E.79)

Including both Egs. (E.78) and (E.79) into Eq. (E.77), the diagram Dy, can be written

as
Dy — 2N5ZJ§ Z (n 4 1)me B EntEn) ePEn—Enp1+Em—Emn—1) _ | iy
[Zfo)] m#n+1 En - En+1 + Em - Lm—-1 En - En+1 + Em - Em—l
Ns J2 2
+—[ 2(0)62 D (n1)2e Bt b (E.80)
2 ] .

where the first summation excludes the terms m = n + 1. Finally, the free energy of

Eq. (E.73) becomes

q — QO _ Nz J? (n + Dme PEntEm) [ PEn=Eniitbn=Em) — 1 8
6 [Z£0)1| 2 m#n+1 En - En+1 + Em - Em—l En - En+l + Em - Em—l
NyzJ?
_TﬁQ D (n1)2e M) L O(JY) (E.81)
2 [Zl ] .

Note that the third-order term is identically zero since the hopping is restricted to
first neighbors in a hypercubic lattice; therefore, the next non-zero correction is pro-

portional to J*.
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E.8 The Green’s Function and the atom-atom Cor-

relation Funcion

The one-particle Green’s function of Eq. (E.65) up to the first order is obtained

by the sum of two diagrams

G. . (Tay7) = Doa(d|) + Diy(c|a) + O(J?) . (E.82)

The zeroth-order contribution is purely local, as Eq. (E.55) reveals

Dyo(d']a) = (5%].&0%0)(7'&]7@)

1 00 ’ (Ta*T/ )(En*En )
- 5j&ja Z(O) Z [Q(Ta - Ta)(n + 1)6 o +1
1 n=0
+9<TCIK — Ta)ne(T(l),*Ta)(En*Enfl) eiﬁEn . (E83>

The first-order term is determined by Eq. (E.57), related to a contribution of the first
neighbors according to

B
Dy (d|a) = J. .,/ dry Oi?/)(T;JTl)Ci?)(TﬂTa)
0 o a

Jado

B
_ 5 J / dr, CO (1) CO (1|7a) - (E.84)

d(]ou.jﬁ)vl 0

As the main text discusses, from the two-point Green’s function we extract the atom-
atom correlations C;, . = =G, ., (0,07). If we consider j! and j, first neighbors,
then 5j, =1 and we symbolyze the correlation under these circumstances simply as

C. Hence Egs. (E.82)-(E.84) imply

B
c = J / dr, C(0%)7)C (71]0) + O(J?) (E.85)
0
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By carrying out the imaginary-time integral, the atom-atom correlation function be-

tween first neighbors reads as

J ) 5 o o
1 n,m
. 2J (n + 1>me_B(En+Em) |:€B(En_En+1+Em—Em1) . 1 /B
- [ZfO)P i E,—-E,.w+FE,—Fn 1 |E,—FE, 1+ E,—E,
J 2
e > _(n1)Pe FEEE) + O(F) . (E.86)

EARE

n



Appendix F

Decomposition of the Specific Heat,

Spectral Functions and Correlations

F.1 Decomposition of the Specific Heat

In the following, we demonstrate the decomposition of the specific heat capacity
shown in Eq. (4.9). We explore its extensive related function, the heat capacity C.
In general terms, the heat capacity accounts for fluctuations in energy with respect

to its mean value according to

c=-T (379) — 8 ((B%) - (E)?) . (F.1)

The fluctuations around the mean value (0E)? = (E?)—(E)? are explicitly determined

by the averages

1
(E*) = = > E2e P (F.2)
and
1
(B)? = ) > BBy, ¢ ) (F.3)
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where

Z = Z ¢ PEn

(F.4)

is the partition function. Alternatively, it is possible to express Eq. (F.2) in the form

1 1
<E2> = <§ E E72z 6_'8En> X (z E €_ﬂEm>
zZ Z " ’

which allows us to write the heat capacity according to

62
C=kpz > (B2~ E,E,,) e /Fnttn)

n,m

Since the terms n = m are zero, we separate the sum into two parts

52
C = kBZQZ(E — E,E,,) ¢ #En+Em)

n<m

B B(En+Em)
+hp 2 > (E}—E.Ey) e .

n>m

By exchanging the labels n — m and m — n in the second term, we obtain

52
C = kB?Z(EQ EE) B(En+Em)

nm
62
+kp—= = Z(E — E,E,) e B(Em+En)
m>n
3 )

= ks > (E} = BnEy + B2, — EyE,) ¢ PFnthn)

n<m
_ /82 Z(E _E ) (En+Em)
= ZQ

n<m

(F.5)

(F.6)

(F.7)

(F.8)
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Such decomposition impels us to define a partial specific heat ¢™™) which describes

the fluctuations between the energy levels m and n

2

Comm) — kg g (En — E,,)? e PEntEm) (F.9)

Therefore, the heat capacity becomes simply the sum of the defined partial compo-

nents

Cc=>Y ctvm, (F.10)

n<m

This result enables us to analyze and filter which energy level transitions are relevant

to the specific heat behavior.

F.2 Spectral Function in the Atomic Limit

For J = 0, the local one-particle Green’s function in Matsubara space is given by

. 1 n|blm) (m|bf |n), _ _
G(O)(an) Z <ZL |+>E< _’E’ >(6 BE, —e ,BEm)

9

when expressed using the Lehmann representation [114|. For interpretation purposes,

this can be decomposed into particle and hole excitation branches [164] according to

GO (i) = GO (iw,) + G (iw,) (F.11)
where
: 1 (n|b|m) {m|b |n)
(0) - BEn
G, (iw,) = Z0 nz i tE B e (F.12)
and
O _ 1 (m[bn) (n| b |m) s,
G} (iwy,) = Z0 Z i tE _E. e : (F.13)

n,m
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By analytical continuation, we determine the retarded Green’s function G}Q) (w) =
GO(w + in), with n — 0F. Also, the definition of the local spectral function of
Eq. (4.10) implies
Alw) = —Largo
@ = ——S(ERPW)

1 -
— WZ(S(W — AE, )| (n| b|m) [*e PEn

1 _
~z 2 0w = Al (m]bln) P

as a consequence of the limit

. 1
771i>1r(1)1Jr CEYNGESTI —mé(w — AFE) . (F.14)

The explicit evaluation of the previous matrix elements yields

1
AOw) = =0 D 6w = ABy i) (n+ e P

1
—% Z 5(0.} — AEnflﬁn) ne*'BE" s (F15)

which shows the atomic limit spectral function as a collection delta functions at the
consecutive transitions [n) — |n + 1). This analysis makes explicit that the negative

sign contributions of A comes from the hole excitation branch.

F.3 Correlations and free energy

In Subsec. 4.2 we presented how the free energy can be obtained from the atom-
atom correlation function according to Eq. (4.19). In order to demonstrate this rela-
tion, we parametrize the system’s Hamiltonian in the form H™ = H© 4 \H according
to Egs. (4.16) and (4.17), interpolating the atomic limit H(® and the original Hamil-

tonian H™ as A continuously varies between 0 and 1.
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The corresponding partition function is given by the trace
Z0 =Ty [e—ﬂH“)] , (F.16)
from which we extract the free energy
W= L zm
QW = —BIHZ : (F.17)

The derivative of QW) with respect to A provides

e LT (B
A
Tr [’He_ﬂHW]
- Tr [e—ﬁH(A)} :<H>/\~ (F‘18)

On the other hand, the free energy variation follows immediately from the integration

L 0™

/ AT —a— a0 — A , (F.19)
o dA

because Q) = Q. By using the results of Eq. (F.18) into Eq. (F.19), we get

AQ = / Ny (F.20)

Furthermore, the expression for the tunneling term H of Eq. (?7) yields

1
AQ = —JZ/O (blb,)x dA
ey
- —JZ/O coY dx, (F.21)
where

CY = (bib,)» (F.22)
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is the correlation function considering first neighbors ¢ and j, evaluated through a
thermal average at a hopping A\J. For a homogeneous system the summation over all

first neighbors yields z Ny, simplifying Eq. (F.21) to

1
AQ = —2zJN, / CMVdx . (F.23)
0
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The pressure versus temperature phase diagram of a system of particles interacting through a multiscale
shoulder-like potential is exactly computed in one dimension. The N-shoulder potential exhibits NV
density anomaly regions in the phase diagram if the length scales can be connected by a convex curve.
The result is analyzed in terms of the convexity of the Gibbs free energy.

Keywords density anomalies regions

PACS numbers 61.20.Gy, 65.20.-w

1 Introduction

The phase behavior of single-component systems con-
sidered as particles interacting via the so-called core-
softened (CS) potential has received attention since the
work of Hemmer and Stell [1]. These potentials exhibit
a repulsive core with a softened region having a shoulder
or a ramp [1-12]. These models are motivated by the
desire to construct a simple two-body isotropic potential
capable of describing the complicated features of systems
interacting via isotropic potentials. This procedure gen-
erates models that are analytically and computationally
tractable, and that one hopes are capable of retaining
the qualitative features of real complex systems.

The physical motivation behind these studies is the
recently acknowledged possibility that some single-
component systems exhibit the coexistence of two dif-
ferent liquid phases [1, 2, 6]. This has opened a discus-
sion about the relationship among the presence of two
liquid phases, the existence of thermodynamic anoma-
lies in the liquids, and the form of the potential. The
case of water has probably been the most intensively
studied. For instance, liquid water has a temperature at

*Special Topic: Water and Water Systems (Eds. F. Mallamace,
R. Car, and Limei Xu).

which the density is maximum at constant pressure [13].
It was proposed some time ago that the temperature of
maximum density (TMD) might be associated with a
critical point at the terminus of a liquid-liquid phase
transition [14]. This hypothesis has been supported by
simulations [14, 15] and experiments [16, 17].

The natural question that follows is whether a CS po-
tential with two length scales will have one region in the
pressure versus temperature phase diagram in which the
density is anomalous and a liquid-liquid phase transition
is present, and one with three length scales will have two
TMD lines. To address this question, in this paper, we
present an exact solution of a system of particles inter-
acting through a multi-length-scale potential. Our anal-
ysis, even though it is restricted to one dimension, shows
that the TMD lines are associated with the presence of
liquid—liquid critical points. The existence of both vari-
ous TMD lines and critical points depends on the shape
of the pair interaction potential. If the length scales
can be connected by a convex curve, multiple TMDs are
present; otherwise, they are absent.

The rest of the paper is structured as follows. In Sec-
tion 2, the exact solution is presented and applied to the
one-shoulder, two-shoulder, and multiple-shoulder po-
tentials. In Section 3, the analytic solution is applied
to the lattice version of the model. Conclusions are pre-
sented in Section 4.

© Higher Education Press and Springer-Verlag GmbH Germany 2018
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2 Analytic solution

We consider a one-dimensional system composed of a
set of identical classical particles of mass m that inter-
act only with their nearest neighbors. As the prob-
lem is treated using classical mechanics, we can as-
sign to the particles moving on this line the positions

q = (q1,...,qn) and linear momenta p = (p1,...,pnN).
The time evolution is described by the Hamiltonian
p?
I =—+4U 1
(a,p) = 5~ +Ula), (1)

where U is the total potential energy. In addition, we
suppose that interaction occurs among adjacent pairs
through a potential ® that is translationally invariant;
U is then expressed as

3 @(C]iﬂ - Qi)v (2)

=1

Ulq) =

where ®(g;+1 — ¢;) is the potential energy between two
particles.

The pressure ensemble corresponds to a system in
thermodynamic equilibrium with heat and volume reser-
voirs, which fix the temperature 37! = kpT and pressure
p. A simplified expression for the partition function J is
given by [18, 19]

1 > —B[®(r T Nt
(3)

where 8 = 1/(kgT), Ao is a constant with dimensions
of length, and A is the de Broglie thermal wavelength,
namely,

A(T) = (%)m. (4)

In the thermodynamic limit, where N — oo, the Gibbs

free energy per particle is then expressed as

. 1
9(T,p) = —kpT J\}gnoo N log J

11/
——log — / e_B[q’(’"Hpﬂdr). 5
S ([ (5)

From this fundamental equation follows the equation of
state,

v(T,p) = agg];’p)7
1
p(T,p) = oTop) (6)

allowing us to map the behavior of the isobaric thermal
expansion coefficient given by

o= (57) - @

3 Continuous potentials

3.1 One-shoulder pair potential

We begin by analyzing the simplest two-length scale po-
tential ®:

00, <A
P(r) =9 Vo, do<r<X (8)
Vi, M <

Figure 1(a) shows the interparticle potential energy,
o* = ®/V,, versus the distance between particles, r* =
’I”/)\o, where V7 = 0, A\g < A1 < 2\, and )\ik = )\1/)\0.
For these reduced units, the Gibbs free energy in Eq. (5)

@ Ao M) 14 © ¢
12] a=0 414
Yo SO v 2]
O .
0.81 a=
-2 4
Vl ; 0.6 T T T T T T T
Ao 2 r 0 5x10-2 Oz.wl 0.15 0.2 0 0.5 1 ) 1.5 2 2.5

Fig. 1
coefficient versus pressure for A\] = A1/ \o.

136102-2

(a) Pair potential ®* = ®/V, versus r* = r/Xo, (b) pressure versus temperature, and (c) thermal expansion
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assumes the form

" 9(T'p)
I ==

= —T*log L |:e—(1+p*)/T* _ o~ (1ATpY)/T”
A*p*
—I—e*(Vl*JrAIp*)} 7 9)

where the temperature, pressure, and thermal wave-
length in reduced unmits are given by T* = kgT/Vj,
p* = pAo/ Vo, and A* = A/)\g, respectively, and the po-
tential parameters are A7 = A;/Ag and Vi = V1 /V4.

The density versus temperature plot for a fixed pres-
sure reveals the temperature at which the density is max-
imum. For different pressures, this maximum occurs at
different temperatures, as illustrated in Fig. 1(b). The
intuitive idea behind this is that competition between
the two length scales in the potential generates a density
maximum if both scales are accessible to the system [20-
24]. The anomaly then manifests itself when the system
passes from a less dense structure associated with the
scale A1 to a more compact one associated with Ay when
the temperature is increased at a fixed pressure. Fur-
thermore, the response function «, shown in Fig. 1(c),
not only changes sign, indicating the presence of a den-
sity anomaly region in the pressure versus temperature
phase diagram, but also diverges as T" — 0, a behavior
that is generally related to the presence of criticality [23].

One-dimensional systems with finite-range interac-
tions, such as the model we are analyzing, obviously ex-
hibit phase transitions only at 7" = 0. The temperature
destroys any attempt at ordering. Indeed, Takahashi’s
solution [18], which is illustrated in Eq. (3), does not
violate this principle.

Let us analyze, therefore, the zero-temperature phase
transitions in order to establish a relationship with the
density anomaly regions. First, let us fix p > 0. The
leading behavior of g(T,p) depends essentially on the
argument of its exponentials in Eq. (9). In this case, the
condition A\; > Ao implies Vj 4+ Agp < Vo + A1p for every

p > 0; consequently,

lim g = — lim llog e AVotdop) | o=B(VitAip) |
B—ro00 B—o00 ﬂ

(10)

Hence, this limit is determined by the straight lines
no(p) = Vo + Aop and n1(p) = V1 + A1p of smallest value
at a particular pressure p, as shown in Fig. 2(a). By
defining their intersection as
Vo—-"
=— 11
Po1 M =N (11)
we can express g = ¢g(p) in this regime, as illustrated in
Fig. 2(a), as

—00, p= 0
g(p) = q Vi+Ap, 0<p<po (12)
Vo + Aop,  po1 < p.

In the ground state, g(p), despite its well-defined con-
cavity, as a function of p exhibits singularities at the
origin (p = 0) and at p = po1. At p = po1, the system
undergoes a discontinuous phase transition in which the
high-density phase, v = Ag, associated with the length
scale Ao coexists with the low-density phase, v = A1, as-
sociated with A, according to Fig. 2(b). This suggests
a mechanism for the density anomaly. Its origin should
be related to the phase separation at 7' = 0. The system
at zero temperature and pg; has two coexisting phases.
As the temperature increases, the competition between
these two phases give rise to the density anomaly.

We can extend this analysis and look for a connection
between the interaction potential ® and the thermody-
namic anomaly. This can be approached through the ex-
pected value (®), which is defined for equilibrium states
as the probability measure of the pressure ensemble and
expressed as

@) 4 p ® fo
, A
Vo L Mo"
Ao
<M
Vl T 4 T
Poi Poi

1
(P) =u— §kBT. (13)
(ONW
VO u s Po1
P " T v
s A

Fig. 2 (a) Gibbs free energy g as a function of the pressure p for 7' = 0 (solid line; the singularity at p = 0 was omitted);
the coexistence pressure po1 is just the intersection of 79 and 7:. (b) Specific volume v versus p follows from the slopes of
these lines. (c) Internal energy representation of the same system.
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Hence, for T — 0, the expected value of the potential
coincides with the internal energy of the system. This
result allows us to employ the internal energy represen-
tation u = u(v) instead of the Gibbs representation. By
performing the Legendre transformation between the
conjugate variables (v, —p), we obtain the energy

U(v)==sgp{9(p)—-pv}~ (14)

Figure 2(c) shows the energy versus the pressure; as
expected, the internal energy is a convex function of its
argument, whereas its magnitude is the slope of the co-
existence pressure poi.

3.2 Two-shoulder pair potential

Next, we explore the possibility that there are two re-
gions in the pressure versus temperature phase diagram
where a density anomaly and criticality appear as the
system interacts through a potential with three length
scales. When another scale of interaction is added, the
interaction potential ® is given by

00, 1< Ag

Vba A0 S r< /\1
®(r) = (15)
Vi, M<r <X

‘/2; AQ S r,
where Vo = 0, and \g < A1 < Ao < 2)g, as shown in
Fig. 3.

Then, the Gibbs fundamental equation [Eq. (5)] of this
system is expressed as

1
9(B,p) = _Elogrﬁp €

+e—ﬁ(V1+>\1p) _ e—ﬁ(VH‘)\zp) + e—ﬁ(Vz-l‘)\zp)} .

—B(Vo+rop) _ o=B(Vo+A1p)

(16)

Vs

Ao Ay )

Fig. 3 Pair potential versus distance with three length
scales.

D1t is well defined because limg_,¢ Ts(T,p) =0, where s = s(T, p)
is the entropy per particle.

136102-4

It is reasonable to expect that the inclusion of a new
scale of interaction allows for the occurrence of a new
density anomaly region in the phase diagram. However,
Fig. 4 shows that, depending on the choice of parame-
ters, the system exhibits just one or two density anomaly
regions in the pressure versus temperature phase dia-
gram. The origin of this behavior can be understood if
we analyze the ground-state phase transitions, which are
precursors of density anomalies, as seen in the former
section. First, take p > 0; then the zero-temperature
Gibbs free energy is given by

lim g = — lim 1 log [e*ﬁ(VoJerp) + e BVitAip)
B—o0 B—00 ﬂ

+e—ﬁ(V2+/\2P)} . (17)

The zero-temperature Gibbs free energy is determined
by the smallest value among the straight lines ng(p) =
Vo + Xop, m(p) = Vi + Aip, and m2(p) = Va + Agp for a
particular pressure p. If we define their intersections as

" Vo —Va

Po1 = F/\o’ Po2 = m:
and
Vi—Vs
— 2 1
D12 Mo — A ( 8)

two possible scenarios arise: pp1 < p12 or po1 > p12 (a
consequence of the restrictions Ag < A1 < Ag). It follows
that g = g(p) in this regime [see Figure 5(a) and 5(b)]
assumes the form

—00, p= 0
gp) =4 Va+A2p, 0<p<po2 (19)
Vo + Aops po2 <p

if po1 < p12, or the form

—00, p=20
Va+Xop, 0<p<pi2
9(p) = (20)
Vi+Mp, pi2 <p<por
Vo + Xop, po1 <p

if po1 > p12. Therefore, the phase diagram shows only
one density anomaly region in the pressure versus tem-
perature phase diagram in the first case and two density
anomaly regions in the second case.

To visualize the energetic conditions for the existence
of one or two density anomaly regions in the pressure
versus temperature phase diagram, the behavior of ®
at T = 0 is analyzed. Eq. (13) shows that at T = 0,
® = wu(v). Therefore, in Fig. 4(a), the slopes of the
lines joining the points (Ao, Vo), (A1, V1), and (Ag, V)
are equal in magnitude to the coexistence pressures de-
fined by Eq. (18). The condition pg; > pia, illustrated

Eduardo O. Rizzatti, et al., Front. Phys. 13(1), 136102 (2018)
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Fig. 4 DPotential ® versus r for Ay = 1.8, \y = 27/20, A\g = 1, V4 = 7/16, and and V5 = 1 (a) and A2 = 1.8, A\; = 1.6,
X =1, Vi =0.75, and Vo = 1 (d). The corresponding phase diagrams exhibiting the density anomaly states are shown
in (b) and (e), respectively. The divergence of the response function « at the critical pressures as the system approaches
T =0, as well as its sign change, are shown in (c) and (f), respectively.

in Fig. 4(b), permits all scales to be accessible inasmuch
as it generates a convex u (phases of lower volume co-
exist at a pressure higher than phases of higher volume;
translating this idea to our notation, stability requires
po1 > p12 for \g < A1 < A2). Thus, the transitions 01
and 12 are allowed. Consequently, the thermal expan-
sion coefficient shown in Fig. 4(c) exhibits two regions
with divergence as T'— 0. On the other hand, if ® ver-
sus distance behaves as shown in Fig. 4(d), po1 < pio.
The length scale, (A1, V1), becomes inaccessible because
its location implies a nonconvex u as a function of the
specific volume. The system then coexists only in phases
0 and 2, as illustrated in Fig. 4(e). In this case, the di-

Eduardo O. Rizzatti, et al., Front. Phys. 13(1), 136102 (2018)

vergence of the thermal expansion coefficient is similar
to that in the system with two length scales, as shown
in Fig. 4(f).

We can easily identify, for T' = 0, whether the system
has one or two density anomaly regions in the pressure
versus temperature phase diagram by using the following
geometric picture. First, we draw one straight line con-
necting (Mg, Vo) and (A1, V1) and another straight line
connecting (A1, V1) and (A2, V2) in the potentials illus-
trated in Figs. 5(a) and (e). In Fig. 5(a), the two lines
together form a convex curve, and two density anomaly
regions are present, whereas in Fig. 5(e), a concave curve
is present, and just one density anomaly region is present.
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The difference in the two cases is also reflected in the
reduced volume versus pressure diagram, which shows
three phases in Fig. 5(b) and two phases in Fig. 5(f).
Consequently, the internal energy u versus v shows three
stable densities in Fig. 5(c) and only two in Fig. 5(g).
Finally, the free energy g as a function of p is a concave
stable function with three densities in Fig. 5(d) and only
two in Fig. 5(h).

Another way to visualize whether a pair potential leads
to multiple density anomaly regions is to draw a line con-
necting (Ao, Vo) and (A1, V1), another straight line con-
necting (A1, V1) and (Aq, V3), and a third line connecting
(Mo, Vo) and (Ag, V). If the first two lines lie above the
third line, the system has two density anomaly regions.

This same argument will be generalized in the follow-
ing section, where we will deal with the limit of N shoul-
ders.

3.3 Infinite-shoulder pair potential

In this section, let us consider an extrapolation of the
interaction potential ® of the form

00, 1 <Ay

Vo, d<r<)

Vi, A <r<Aip

VN, /\N <r< /\N+1;

where Vy = 0, Mg < ... < A\ < ... < Ay < 2, and
AN+1 — 0o. The Gibbs free energy g associated with
this potential is

9(B,p)= logl Z ’8(%+’\i”)—e—ﬁ(vi+/\i+1p))] ]

(22)
In the ground state, the free energy behaves as

— _ = B(Vi+Xip)
5lirgog hm log lZe ] (23)

for A\; < A\i41 and 0 < i < N. If we define the straight
lines

ni(p) =

for 0 < i < N, the ground-state free energy becomes

Vi+ Aip (24)

g(p) = inf mi(p) (25)
for p > 0. The intersection of the n;(p) and n;(p)

Eduardo O. Rizzatti, et al., Front. Phys. 13(1), 136102 (2018)

lines represents the possible coexistence pressures be-
tween phases ¢ and j:

ViV,
XA

where 0 <¢ < j < N.

For this multiscale system, the fundamental question
is whether a scale (\g, V) determines a phase transition
and consequently a density anomaly region. In other
words, if there exists an interval Ij; (on the domain of g)
such that p € I, this implies that g(p) = Vi + Axp. This
happens only if p;i > pi; for all ¢,j obeying i < k < j
(i.e., A; < Ag < Aj); N+1 phases and N density anomaly
regions are present in the system.

Figure 6(a) shows the free energy versus pressure for a
system with N+1 phases and N density anomaly regions,
whereas Fig. 6(c) shows the free energy versus pressure
for a system with N phases and N — 1 density anomaly
regions. The internal energies of these two systems are
shown in Figs. 6(b) and (d), respectively.

pij = (26)

4 Lattice pair potentials

The previous section presented an analysis of one-
dimensional systems interacting through shoulder pair
potentials in continuous space. We found that the ex-
istence of many density anomaly regions in the pressure
versus temperature phase diagram depends on the con-
vexity of ®. In this section, we test the generality of this
result regarding the convexity of ® for a lattice system.
We consider a lattice gas model with a four-shoulder pair
potential that is restricted to a lattice whose sites are
regularly spaced by I = ly, with lp = 1 (reduced units).
A partition function similar to that derived in the previ-
ous section [Eq. (3)] but for a lattice system is given by

J(B,p,N):

J(B,p, N lze 57lr(P)‘| \ (27)

where n,-(p) was defined above.”
expression for g is simply

g= _% In [i eﬁnr(p)] , (28)
r=1

which is identical to the low-temperature limit obtained
for continuous models in Eq. (23). Thus, the restrictions
obtained above for the scales (A, uy) on the continuous
model can be applied to lattice models.

It follows that an exact

2)Note that nr(p) was previously interpreted as the microscopic
enthalpy for a pair of successive particles in previous works, with
nr(p) = h(r;p) (23, 25].
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Fig. 6 Ground-state potentials g = g(p) and u = u(v) for the two scenarios described here.

As an application, we design a simple lattice gas model
pair potential presenting five states in the ground state
and four phase transitions between fluid phases.g) The
critical pressures are set to pyr+1 = 5 — k, where the
molecules in phase k are separated by k lattice sites.
With this definition, the critical pressures are simply
{pas = 1,p34 = 2,p23 = 3,p12 = 4}, and a pair po-
tential with this behavior can be found by starting with
us = 0 and recursively calculating uy, from Eq. (26). The
resulting pair potential is shown in Fig. 7.

The pressure versus temperature phase diagram of the
model is shown in Fig. 7, where ground-state phase tran-
sitions between different fluids are indicated by filled cir-
cles, at the expected pressures p = 1,2,3,4, and a gas—
liquid transition is indicated by a filled triangle at p = 0.

The TMD line is also shown in the upper right panel of
Fig. 7. The TMD line emanates from each ground-state
phase transition, creating four regions of negative ther-
mal expansion coefficient, i.e., regions where the density
anomalously increases with temperature at fixed pres-
sure. Each TMD line reaches a maximum tempera-

3)For simplicity, neither the gas phase nor the liquid—gas phase
transition are numbered.

136102-8

ture and returns to a lower temperature, reaching the
ground state at a pressure that is exactly between two
critical points. The exact location for the endpoints of
these TMD lines can be explained by the competing ef-
fects of contraction and expansion on the stable ground-
state configuration (a similar calculation was described
in Ref. [25]).

We finish discussing this example by investigating the
behavior of thermal expansion as a function of pressure
at fixed temperature. In the last panel of Fig. 7, a oscil-
lates when crossing pressures near the critical value, indi-
cating a relationship between phase transitions and den-
sity anomalies in one-dimensional systems. This result is
consistent and was also found in other one-dimensional
lattice models [24, 25], three-dimensional CS fluids [23],
and the continuous one-dimensional systems investigated
here.

5 Conclusions
In this paper, we obtained an exact solution for a family
of one-dimensional potentials that are characterized by

having N shoulders. The presence of one shoulder re-

Eduardo O. Rizzatti, et al., Front. Phys. 13(1), 136102 (2018)
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sults in a density anomaly region in the pressure versus
temperature phase diagram, and consequently, a zero-
temperature liquid-liquid phase transition. The pres-
ence of two, three, ..., N density anomaly regions for
two, three, ..., N shoulders occurs only if the pair po-
tential forms a convex curve when the different length
scales are connected.

The prediction in one dimension can be extrapolated
to the three-dimensional case, and that for two shoulders
results in the existence of two density anomaly regions
and two liquid-liquid phase transitions [23].
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HIGHLIGHTS

Density anomalies are found in the atomic limit of the Bose-Hubbard model.

o Inthis limit the model presents an infinite number of ground state phase transitions between Mott-Insulator phases with commensurate
occupation number.

A temperature of maximum density (TMD) line emanate from each ground state transition.

It is shown that residual entropies are connected to phase transitions and TMD lines.

ARTICLE INFO ABSTRACT

Article history: Although well-researched as a prototype Hamiltonian for strongly interacting quantum
Received 29 August 2018 systems, the Bose-Hubbard model has not so far been explored as a fluid system with
Received in revised form 29 November 2018 waterlike anomalies. In this work we show that this model supports, in the limit of a
Available online 7 December 2013 strongly localizing confining potential, density anomalies which can be traced back to
Keywords: ground state (zero-temperature) phase transitions between different Mott insulators.
Bose-Hubbard model © 2018 Elsevier B.V. All rights reserved.

Density anomaly
Waterlike behavior

1. Introduction

The Hubbard model [1,2] is of great interest in many areas of condensed matter physics and has been extensively
investigated through a variety of methods for strongly interacting quantum systems [3,4]. In particular, the Bose-Hubbard
model [5-9] regained attention since its realization with cold bosonic atoms trapped on optical lattices [ 10-13]. Indeed, such
systems became a remarkable experimental arena for testing a myriad of theoretical concepts, playing the celebrated role
of quantum simulators [14,15].

In parallel, water is relevant for many reasons including its abundance on Earth, its role on the chemistry of life and
as a human resource [16,17]. It also possess particular physicochemical properties, including its high latent heat, diffusion
and thermal response functions [16,18-24]. A striking property of water is the increase of density with temperature in the
range from 0°C to 4°C, setting it apart from regular liquids [ 19]. In liquid water, the temperature of maximum density (TMD)
decreases with pressure entering the metastable regime above 40 MPa [25,26], and is associated to a region with negative
value of the thermal expansion coefficient. Water also presents anomalies in its structure which are connected to density
and diffusion anomalies through the so-called hierarchy of anomalies [27-31].

* Corresponding author.
E-mail address: aureliobarbosa@unb.br (M.A.A. Barbosa).
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Water and its anomalies were investigated by various models, from which we mention simplified lattice and core softened
models. Among lattice models for water, it should be relevant to mention that waterlike anomalies were found for models of
orientational bonding fluids in the triangular lattice, and on 3D simple cubic lattice, through a variety of techniques, varying
from Bethe lattice [32], cluster variational method [33,34] and Monte Carlo simulations [35]. Core softened models were
investigated using molecular dynamics simulations [36-38] and analytically through integral equations [39], being found
that pair potentials with competing two scale can reproduce various anomalies including those on density, structure and
diffusion.

According to the second critical point (SCP) hypothesis the high temperature thermodynamic and dynamic anomalous
behavior of liquid water is attributed to the presence of a metastable liquid-liquid phase transition ending in a critical
point [40,41]. The SCP hypothesis has been proposed from the observation of a liquid-liquid phase transition on computer
simulations of the ST2 atomically detailed model of water [40], and was followed by extensive investigations on other models
for water (see Ref. [22] for discussion). Similar transitions were also investigated in models for carbon [42], silicon [43],
silica [44] and experimentally observed in phosphorus [45], triphenyl phosphite and n-butanol [46]. Although much debated
in the literature [22,47], recent experiments with mixtures of water and glycerol [48] and measurements of correlations
functions using time-resolved optical Kerr effect (OKE) of supercooled water [49] favor the SCP hypothesis.

The debate on the relation between water anomalies and phase transitions would be benefited if other experimental
systems, such as quantum gases on optical lattices, could be shown to present anomalous behavior similar to liquid water,
while associated with phase transitions. Such a comparison would be even more interesting if in certain regimes a limiting
behavior could be approached, or extrapolated, in which a simple statistical mechanical description could be achieved. It
is our opinion that the Bose-Hubbard model can be used for achieving this goal, since it can be “simulated” with quantum
gases on optical lattices.

The purpose of this work is to investigate waterlike anomalous behavior on Bose-Hubbard model in the so-called
“atomic limit" [1], where the hopping contribution to the Hamiltonian becomes vanishingly small. In this regime the Bose-
Hubbard model turns into an analytically solvable toy model which, despite being simple, does present a rich waterlike
phenomenology and, to our knowledge, is presented for the first time in this work. An study of waterlike behavior on
the Bose-Hubbard Hamiltonian including hopping is outside the scope of this work and will be presented elsewhere. Our
proposal is based on previous investigations which established a connection between ground state phase transitions (GSPT)
and waterlike anomalies in the context of classical lattice and off-lattice models of fluids in one dimension [50-53].

This paper is organized as follows: the Bose-Hubbard model and its ground state in the atomic limit are analyzed in
Section 2, the grand canonical partition function and relevant thermodynamic quantities are calculated in Section 3, with
the detailed expressions for pressure and chemical potential left for the Appendix. Our results are discussed in Section 4
and the final remarks made in Section 5.

2. The Bose-Hubbard model and its grand canonical ground state

On its simplest realization, the Bose-Hubbard model consists of a lattice whose sites are empty or occupied by a certain
number of particles and its hamiltonian presents terms for hopping (J > 0), chemical potential (1¢), and the on site interaction
disfavoring multiple occupation on the same site (U > 0). Creation and annihilation operators are defined as usual with
symbols a; and G; and the number operator on site i is fi; = a,T d@;. With these definitions this hamiltonian becomes [5]:

R it u, . A
= =D galay+ 3 1) = 3 .
(i) i i

where the first summation is performed over all pairs of nearest neighbor sites and the other two involve all sites in a system
with size L.

Here we analyze the atomic limit by setting ] = 0. With this choice, tunneling between different sites is forbidden and the
superfluid phase, which is composed by particles in a delocalized state, does not exist but regions of waterlike anomalous
density behavior can be observed in the regular fluid phase. In the context of quantum gases on optical traps this limit
corresponds to a strong trapping field. Following this simplification the hamiltonian splits into single-site terms, H;, which
are diagonalizable in the number operators vector space, fi;|n;) = n;|n;). Hence, the energy eigenvalue of a single site with
occupation n; = n becomes

€ = %n(n — 1) — un, (2)
and, since lattice sites are distinguishable, quantum statistics end up identical to Boltzmann statistics [54].
We proceed by investigating the ground state. At T = 0 and a given u, the grand canonical free energy @ = V¢ (volume
V = vol, with vg defining the lattice cell volume) is simply the result of the minimization procedure ¢(T = 0, i) = min, €,.
Therefore, ¢(T = 0, u) = ¢, for n satisfying (n — 1)U < p < nU. This implies that GSPT occur whenever the chemical
potential hits an integer value of the on site interaction, where a coexistence between successive occupation states n and
n+ 1, called Mott Insulators, takes place. This analysis yields the critical chemical potentials i, = nU and the corresponding
critical pressures P,vg = n(n + 1)%.
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Fig. 1. (a) Density, (b) entropy, and (c) thermal expansion coefficient, as a function of the chemical potential at fixed temperatures.

Calculating densities in the GSPT at fixed chemical potential in the VT ensemble is simple and requires assuming that
states nand n+ 1 are equal a priori. The result is vgp, = n+ 1/2, and will not be the same observed at fixed pressures in the
NPT ensemble since the pressure is a non-differentiable function of  at the GSPT. These numbers can be obtained exactly
within a two states description, as will be explained in the Appendix.

3. Thermodynamics

The grand canonical partition function of the system can be expressed as:

00 L
E(T,V,u) = (Z e—ﬁ€"> , (3)

n=0

_ﬂ(p

where 8 = 1/kgT, with T being the temperature and kg the Boltzmann constant. Considering that & = e the fundamental

relation for the grand thermodynamic potential @ becomes:

O(T,V, u) = —kgTLIn |:Z e‘ﬁé"] . (4)

n=0
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Pressure can be obtained using @ = —PV, and one can calculate density and entropy per site employing the standard
expressions:
N 1 /00
T, uy=—=—1—|—1,, 5
p(T, p) v v (M )T (5)
and
S 1 /00
sS(T,w)==—=—=— . 6
T.uw)=y " ( 8T)M (6)

For the purpose of comparing our results with other works on the literature of the Bose-Hubbard model, it will be im-
portant to write the thermal expansion coefficient in terms of appropriate variables. Through a Jacobian transformation [55,
p. 364] one obtains:

1 /v 1/dp
o = — —_— [ p— —_
v\aT ),y »\0T/,

9
1/9 e
=O‘u+—<—p) (BT)H, (7)
p \ou )y (@)
o T
where «;, was defined as:
1 /0p
o, (T, u)=—— (—) . (8)
. p \dT u

Expressions (5)-(8) will be calculated in the VT ensemble and converted to the NPT ensemble whenever necessary.
4. Results and discussions

Before proceeding let us note that variables are reduced in terms of U, vg and kg, as T* = kgT/U, u* = /U and
P* = Pvy/U. Our analysis starts by comparing density, entropy and thermal expansion, «, as a function of chemical potential
at fixed temperature (Fig. 1). Also note that « is the same used in the fluid literature and was calculated from (7). Fig. 1(a)
shows that the density is highly sensitive to changes in the chemical potential around p = n, for integer n, and that this
response becomes sharper at lower temperatures, approaching true phase transition discontinuities in the T — 0 limit. This
confirms that u;; are indeed the critical values of the zero-temperature GSPT.

In Fig. 1(b) entropy is shown to develop maximum values exactly at the critical chemical potentials ;. As temperature
decreases entropy goes to zero except at the transition points, where it becomes sharper and turn into a residual entropy
in the limit T — 0. Note that the maximum equals s} = In 2, which is expected for a two state mixture. From the Maxwell
relation

<8S> <8V>
—) === =V, (9)
P ), aT ),

it follows that « is negative (positive) whenever entropy increases (decreases) with pressure.! Thus, an entropy maximum
introduces an oscillation in thermal expansion «, with its amplitude increasing as temperature is lowered according to
Fig. 1(c). The oscillations evolve to a peculiar double divergence with « — —oo (+00) as u — u, (u;"). Indeed, such
mechanism establishes a quite general connection between GSPT, residual entropy and density anomaly. The multiple
configurations remaining from each critical point produce a macroscopic zero point entropy. When temperature is raised,
the possibility of the system accessing these states can induce an anomalous behavior depending on the chosen external
fields.

Next we discuss the emergence of TMD lines on the phase diagram of the model. In Fig. 2 their loci, corresponding to
a = 0, are shown at pressures covering two regions where density increases with temperature (« < 0). As in our previous
studies [50,52], TMD lines are emanating from GSPT (filled circles) and draws a curve enclosing a region of the phase diagram
starting and ending at T = 0. The endpoint of these lines can be obtained by analyzing enthalpy variations for adding or
excluding a particle in the system. Even though we have chosen to show two TMD lines starting from transitions at P = 1
and 3, the model exhibits an infinite number of GSPT and also an infinite number of regions on the P x T phase diagram
where o < 0.

A more detailed view on the density behavior is presented in Fig. 3, where it is plotted against temperature at pressures
slightly above, below and equal to the critical value Pf = 1. It is interesting to observe that density increases with
temperature below P, reaching a maximum value and then decreasing again, while above P} density decreases, as in
a normal fluid. Exactly at P density reaches a fixed value at about the same temperature where the TMD line becomes

1 The chemical potential monotonically increases with pressure.
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Fig. 2. Pressure vs. temperature phase diagram with GSPT marked with filled circles and continuous lines representing the TMD. The anomalous states are
represented by the filled areas.

T*

Fig. 3. Density as a function of temperature for fixed pressures. Density increases with temperature (filled region) and presents a maximum (filled symbols)
for pressures slightly below (dashed lines) the critical pressure P; = 1 (continuous black line). Density decreases monotonically with temperature for
pressures above (dotted line) the critical value. The inset contains the P x T phase diagram featuring a TMD line and the pressures chosen.

horizontal in the P x T phase diagram (see the inset of Fig. 3). It is possible to calculate this value within a low temperature,
two-states expansion (see Appendix), resulting in the polynomial:

(1—28,)""1 = 2(1 + 28,)" (10)

where §, = p; — p;, with p; (o = n + 1/2) being the critical density at fixed pressure (fixed chemical potential) for the
nth transition. From this it is possible to find p7, the critical density at constant pressure forn = 1, as
. 5=+

pi =5 ~1381966. (11)

Accordingly, the critical densities obtained from Eq. (10) are indeed relevant as they predict the maximum densities found
along the TMD lines emanating from GSPT at critical pressures P} = n(n 4 1)/2.
Next, let us compare the low temperature aspects of « and «,, by rewriting Eq. (7) as:

e ()
pla —ay, = o \an ).
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Thermal Expansion

0.6 0.8 1 1.2 1.4

Fig. 4. Comparison between fixed pressure and fixed chemical potential thermal expansion coefficients, «* and «};, as a function of chemical potential at
temperature T* = 0.05. At low temperature the behavior of both coefficients are similar (see text).

For sufficiently small temperatures, it follows from the r.h.s. of this expression that @ ~ «, since limr_,os — 0, except at
1 = Wn. Consequently, o and o, are resembling functions at low temperatures, and «,, < 0 can be used to infer a waterlike
behavior in the NPT ensemble. As shown in Fig. 4, near the ground state phase transition between fluid phases withn = 1
and n = 2 particles (at 4 = 1), o, presents an oscillation similar to ¢, this being a signature of the proximity to the GSPT
and waterlike behavior [52].

5. Conclusion

In this work waterlike volumetric anomalies were observed in the Bose-Hubbard model by considering the so-called
atomic limit, where particle hopping across the lattice is strongly suppressed. In this case the model becomes analytically
solvable since all lattice sites are disconnected and the hamiltonian becomes diagonal in the basis representing each site’s
particle number. Ground state analysis captured transitions between Mott insulators with different fillings, i.e., ground state
phase transitions, with residual entropies taking place along each transition point.

The grand canonical partition function was calculated and density, entropy, and thermal expansion coefficient (at fixed
pressure) were shown to behave anomalously in certain regions of the phase diagram. It was found that TMD lines were
emerging from GSPT, being associated to residual entropy occurring on these transitions. These findings points towards
a connection between phase transitions, residual entropies and density anomalies, and how these effects come together
to produce an oscillatory thermal expansion coefficient, a hypothesis that was explored in previous works [50-53]. It was
demonstrated that at low temperatures the thermal expansion coefficient « is approximately equal to ¢, and that the
oscillatory behavior can be observed in both. This fact should be helpful, as it allows to identify regions where waterlike
anomalies are expected to happen in the NPT ensemble while looking at the behavior of «, in uVT ensemble at low
temperatures.

The fact that the atomic limit of the Bose-Hubbard model presents waterlike behavior allows us to question whether
the Bose-Hubbard model (with hopping term), and the real systems represented by this hamiltonian, can also present
such phenomenology; what is the relation between the hopping term and temperature of maximum density, and how the
emergence of the superfluid phase fits in the simplified scenario presented here. We advance that these questions have been
investigated in the Bose-Hubbard model with smallJ /U using standard mean field approaches and more elaborate quantum
statistical techniques (manuscript submitted).
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Appendix. Two-states approximation and the critical densities

Near the GSPT between configurations with occupation numbers n and n + 1 the grand canonical free energy can be
approximated by

1
o~ In (e~Fen 4 e~Pens1)", (A1)
from which we calculate pressure as
Py A _€n + €nt1
2
1 —
4+ —In 42 cosh M . (A.2)
B 2
Now we define AP =P — P, and Ay = u — i, to rewrite
1 1 A
APvg=|n+ =) An+ —In|2cosh 'B—M , (A.3)
2 B 2
and calculate
1 A
PUy = <n + —) + tanh <'B—M> . (A4)
2 2
By inverting Eq. (A.4) it is possible to obtain
PP (1 — 28,1 = 2(1 4 26,)", (A5)

with §, = p; — p; as defined above. At the critical pressure AP* = 0 and Eq. (10) is recovered. The case n = 1 leads to the
second order polynomial

452 — 88, —1=0, (A6)

whose physically viable solution is §; = (2 — +/5)/2, resulting in py =5 —+/5)/2, as discussed in Section 4. The values
of the critical densities for arbitrary n can be calculated numerically from Eq. (10). These solutions have the property
lim,_, o 8, = 0, meaning that in this limit critical densities become identical when calculated at fixed p and fixed P.
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Water, the substance of life, is known for its myriad of anomalous properties, whose origins are still the subject
of intense debates. In order to provide a different insight into this problem, we show how its density anomaly
can be reproduced using a quantum simulator. In particular, we demonstrate that the Bose-Hubbard model, a
paradigm system in quantum mechanics, exhibits an increase in density with temperature at fixed pressure in
the regular fluid regime and in the superfluid phase. We propose that the mechanism underlying the anomalies
is related to zero-point entropies and ground-state phase transitions. A connection with the typical experimental
scales and setups including confinement effects is also addressed. In this scenario, such finding opens a pathway
for theoretical and experimental studies of waterlike anomalies in the area of ultracold quantum gases.

DOI: 10.1103/PhysRevA.102.033331

I. INTRODUCTION

The experimental realization of the Bose-Einstein conden-
sation [1,2] inaugurated a new era in physics by merging
different areas, from condensed matter [3,4] to quantum infor-
mation [5,6]. This landmark provided grounds for new appli-
cations involving the manipulation of ultracold atoms, from
which optical lattices, literal crystal arrays of light trapping
neutral cold atoms [7,8], stand as a prominent one. Among
these applications, systems known as quantum simulators
[9,10] have attained great importance since they can be used
to experimentally implement and simulate scenarios for a
plethora of theoretical ideas [11,12]. Indeed, it is possible
to engineer them in highly controllable ways in regards to
parameters such as dimensionality, lattice structure, compo-
sition, and atomic interactions [13]. In a theoretical level, the
Bose-Hubbard model can be considered as a true prototype
system, currently used to investigate quantum phase transi-
tions, quantum coherence, and quantum computation [14—16].

In this work we theoretically show that the density of
bosons in optical lattices, described by the Bose-Hubbard
model, anomalously increases with temperature at fixed pres-
sure in both superfluid and normal fluid regimes. Such coun-
terintuitive behavior, usually denominated as density anomaly,
according to our analysis occurs at temperatures below 1.8 nK
(superfluid) and 14.8 nK (normal fluid) for rubidium-87 atoms
trapped in a simple cubic optical lattice. These anomalies are
similar to those presented by liquid water between 0 and 4 °C
at 1 atm [17,18] and are useful to test the concept that ther-
modynamic waterlike anomalies arise from the competition
between two scales of interaction, associated with critical phe-
nomena. In a quantum-mechanical context such anomaly has
also been reported experimentally for liquid helium [19,20].
The advantage exhibited by the optical lattice environment
is the possibility to control and tune the interactions between
particles, enabling a clear analysis regarding possible physical
mechanisms.

“eduardo.rizzatti @ufrgs.br

2469-9926/2020/102(3)/033331(13)
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An explanation for the thermodynamic and dynamic
anomalous behavior of liquid water has been disputed through
different thermodynamic scenarios. In the second critical
point (SCP) hypothesis, which is based on computer simu-
lations of the ST2 atomically detailed model of water [21],
followed by extensive investigations on other models for
water [22], the apparent divergence of thermodynamic re-
sponse functions in a metastable region is a consequence of
a metastable liquid-liquid phase transition ending in a critical
point [21,23]. Nevertheless, this behavior in the case of water
was never observed experimentally. The liquid-liquid transi-
tions were reported in models for carbon [24], silicon [25],
and silica [26], and experimentally observed in phosphorus
[27], triphenyl phosphite, and n-butanol [28]. More recently,
experiments with mixtures of water and glycerol [29] and
measurements of correlation functions using time-resolved
optical Kerr effect (OKE) of supercooled water [30] favor the
SCP hypothesis, despite debates in literature [22,31].

The suggested connection between thermodynamic
anomalies and criticality in water is difficult to test experi-
mentally since the system freezes before reaching the critical
temperature. In addition, the complexity of the water structure
makes it difficult to unveil the relation between the micro-
scopic interactions, thermodynamic anomalies, and criticality.
Due to its experimental manageability and for being numer-
ically treatable, we propose using the Bose-Hubbard model
as a platform to establish this connection. In such context, we
explore simple cubic and square geometries, constructed by
sets of orthogonal, counterpropagating laser beams of wave-
length A. The resultant standing waves determine the scenario
for the interacting bosons, an optical potential of the form

d
Vi(r) = Vo ;sin2 (%) (1)

where a = 1 /2 is the lattice spacing, Vj is the depth of the
optical potential, and d represents the dimensionality of our
system with coordination number z = 2d. Our theoretical
calculations are based on the bosonic self-energy functional

©2020 American Physical Society
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theory [32], which generates results numerically close to
quantum Monte Carlo [33] and bosonic dynamical mean-field
theory (BDMFT) techniques.

The paper is organized as follows. First, we introduce the
model and its relevant parameters in Sec. II. The theoretical
methods employed are explained in Sec. III, with greater
details given in the Appendix. The density anomaly in simple
cubic and square lattice geometries is discussed in Sec. IV
and a mechanism involving residual entropies is proposed in
Sec. V for the reported phenomenon. In Sec. VI, we discuss
how the anomaly could be experimentally observed based on
2D in situ imaging of the atoms. Final considerations are
addressed in Sec. VIIL.

II. BOSE-HUBBARD MODEL

The dynamics of itinerant bosons in a lattice occupying
the lowest-energy band is governed by the Bose-Hubbard
Hamiltonian [14,16]

U
H=-JY bb;+ 3 domi—1—pd n (2
(i) i i

where bj, b;, and n; designate the bosonic creation, annihi-
lation, and number operators at site 7, respectively; w is the
chemical potential.

The parameter U represents the (typically repulsive) in-
teraction of bosons on the same lattice site. More precisely,
it corresponds to the atom-atom s-wave scattering process,
which can be regarded as an effective contact interaction of the
form U (r) = g8(r), with a coupling constant g = 47 /i’a,/m
depending on the s-wave scattering length a; and mass m of
the atoms. By employing the local Wannier states w(r), the
term U is expressed through the matrix element

U= g/dr|w(r)|4. 3)

On the other hand, the parameter J indicates the hopping
amplitude, a kinetic term involving the probability of tun-
neling between first neighbor sites. Explicitly, it is quantified
as the following overlapping integral over adjacent Wannier
functions:

2
J=— / drw(r — r,-)(—hzzvm + VL(r))w(r —r;). 4

Therefore, the Bose-Hubbard model terms U and J can be
related to the experimental parameters A, a,, and Vj through
Egs. (3) and (4) [34], numerically calculating the band struc-
ture and obtaining the Wannier states [35,36]. These prescrip-
tions allow us to express temperatures in kelvin units and the
lattice depth in terms of the recoil energy E, = ii*w?/2ma?,
according to the values of U and J chosen. It is thus possible to
consider our theoretical results within the context of a specific
optical trap implementation, from which we select a gas of
rubidium-87 atoms in simple cubic [7,8] and square optical
lattices [37,38].

III. METHODOLOGY

In order to map the thermodynamics of the bosons we
employ a variational and nonperturbative self-consistent ap-

proach, the self-energy functional theory derived by Hiigel
et al. [32], inspired in the original works for fermions by
Potthoff [39]. The formalism, which includes U(1) symme-
try breaking and comprehends previous BDMFT approaches
[40—43], is based on successive Legendre transformations of
the free-energy functional 2 leading to a new functional Qgg
of the self-energies. The approximation scheme to the many-
body problem constricts the variational space: the self-energy
domain is restricted to a subspace of self-energies of a simpler
reference system. Then, the original problem is transformed
into determining stationary solutions of this new functional in
terms of the reference system’s free propagators. This section
is devoted to providing an overview of the method, following
Refs. [32,44,45].

First, we write the Hamiltonian of Eq. (2) in a more concise
and general form,

H = 1blt§b’ +V + F b", 5

including an explicit symmetry breaking field F which cou-
ples to the bosonic operators. In this notation, we use the
Einstein summation convention and the superindex « spans
the site index i as well as the Nambu index v. Explicitly,
the bosonic operator reads as b, = b;v = (b:f, b;),, with com-
mutation relations [by, b;] =1® Uz)‘;;- Also, we have the
generalized hopping t§ =t} =1#; ® 1,, and interaction of
the form V = Uyg,sb*bPb"b°.

Including finite-temperature effects (with kg7 = 1/8), the
partition function Z = Tr[T ¢S] follows as a trace compris-
ing the imaginary time-ordered exponential of the action &
[46-48],

B B
S[F,Gg‘]:—%/o /O dtdt'b'(1)Gy ' (z, T)b(r))

B B
+/ drV[b(r)]+/ drF'b(x), (6)
0 0

written according to its explicit dependence on F and the
noninteracting Green’s function Gy:

G, =8t — )(~[1® 0,19, — 1). )

From the partition function, averages can be defined as
(0(1)) = T[T e S0(1)]/ Z. Also, its logarithm provides the
free energy Q[F, Ggl] = —In[Z]/B, which is a generating
functional of the propagators: the condensate Green’s function
o,

= =b =9 @®)
and the connected interacting Green’s function G,

3Q ot ’ T
28 = —(b(t)b' (")) = G(r, ') — ®PD". )]

8Gy!

Further details regarding products and traces are addressed in
Appendixes A and B.

Based on a Legendre transformation, the free-energy func-
tional dependence can be exchanged from F and Gy to the
dressed propagators @ and G, leading to the Baym-Kadanoff
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functional [49-52]
Bk [®,. Gl =F'® — 18'Gy'® + 1 Tr [G,'G]
+ 5T In[-G '] + Prw([@, Gl (10)
In Eq. (10), &rw[®, G] is the Luttinger-Ward functional
[53,54], a universal contribution which encompasses the com-
plexity of the many-body system, containing all two-particle
irreducible (2PI) diagrams [55,56]. At the physical solution,
the functional Qpk [P, G] is stationary,
82 5Q
BK _ ’ BK _ ’ (11
X A G
and it is equal to the equilibrium free energy Q2px = €2. The
variations,

6QBK 1 (S(DLW
=F-G;'® 12
TS 0 *F S (12)
and
SQBK —1 —1 S(DLW
2 = — 2 13
p 5G G -G+ 5G (13)

associated to the conditions of Eq. (11) lead to the following
identification:

b0y o 00w
st T T sG
where X/, and X are the one- and two-point self-energies,
respectively. Therefore, the propagators obey the Dyson
equations

Yip=-— , (14)

G,'®=F-3%), (15)

and
G'=G,'-2. (16)

With another Legendre transform, the Baym-Kadanoff func-
tional dependence can be exchanged from the one- and two-
point propagators ® and G to their respective self-energies
X, and X, yielding the self-energy functional

BE[T1/2, Z] = 1(F — Z10)'Gy(F — X1 2)
+1Tr In[—(Gy ™' — 2)]
+ F[Z10, X]. 17)
The universal functional F[X;), X] = O w[®, G] +
ZT n®+ % Tr[XG] is simply the Legendre transform of

the Luttinger-Ward functional ®pw[®, G], with the following
variations:

8F
—
8% »

=, 87 =G. (18)
)3

At the physical solution, Q2gg is stationary and equal to the

free energy Qsg = Qpx = Q2 (as a result of 2, Qpk, and Qsg

being connected by successive Legendre transforms), yielding

once again the Dyson equations

82
0=B—3=—Go(F - %)+ ® (19)
821/2
and
Q -
0=2ﬁ3—;E=—(G0*1 -3 ' +6. (20)

The mentioned universality of the functional F enables us to
overcome its complexity with the introduction of an exactly
solvable reference system (denoted by primed quantities)
exhibiting the same symmetry and interactions as the original
one. According to Eq. (17), the reference system’s self-energy
functional

BRUE[Z1)2, Z]1 = 1(F' — 21 0)'G{(F' — X1))

+ % Tr In [—(G/a1 — E)] + F[Xi)2, X]
21

evaluated at the physical solutions X, = X , and £ = X' is
equal to the reference system’s free energy Qgp[X],,, '] =
Q[F', G'y']. Subtracting Eq. (21) from Eq. (17), Qs evalu-
ated at Xy = X P and ¥ = X' becomes

1 3
BQElX) p, T = B + SF- 25 Go(F — X} »)

1 ,
- E(F/ - %) Gy(F - ) ),)

G—l .
0 } (22)

1
+ —Tr In [

2 G/al . 3
Therefore, the solution of the reference system provides a
parametrization of the self-energies in terms of F' and G/, '
which allows for the construction of the self-energy functional
theory approximation Qgpr to the self-energy functional Qgg
according to

Qser[F, Gy = QselZ] L[F. G 'L X' [F, G511 (23)

The approximation consists in constraining the variational
principle to the subspace of self-energies of the reference sys-
tem; this procedure applied to the variations of Egs. (19) and
(20) yields the Euler equations dp+Qspr = 0 and (SG’S' QgprT =
0.

In particular, we choose a local reference system, the SFA3
minimal construction [32], comprehending three variational
parameters: the U(1) symmetry breaking linear field F’ con-
jugated to the creation b' and annihilation b operators, the two
fields Ag, coupled with the density b'b, and Ao, conjugated
to pair creation h'b' and pair annihilation bb operators. The
Hamiltonian describing the bosonic state is given by

1 U .
H'[F,A] = EbTAb + En(n — D) —un+F'b, (24)

where b = (b, b"),F = (F’, F*),and A = Ayl + Ag;0y.

Therefore, the states of thermodynamic equilibrium are
determined by the stationary points of Qgpr, given by
VQSFT[F, A()(), AQ]] =0 (OI' 8F/‘r QSFT =0 and CSAQSFT = 0)
The functional can be evaluated according to the following
steps, which are completely developed throughout the Ap-
pendix sections. Given the parameters F’, Ag, and Ag;, the
Hamiltonian of Eq. (24) is determined. From Appendix C,
the reference system’s partition function and free energy are
computed through Egs. (C1) and (C2), followed by its one-
and two-point propagators of Eqgs. (C3) and (C5), and the
self-energies according to the Dyson Eqgs. (C7) and (C8). The
next step is to calculate the lattice system’s one- and two-point
propagators by using Egs. (D4) and (D3), respectively. These
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Vo =16.95E, (2J=0.06U) (a) Vo =14.25E, (zJ=0.12U) (b) Vo =11.05E, (2J=030U) (¢
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FIG. 1. Density p as a function of the reduced temperature kg7 /U (bottom) and the temperature 7 in nanokelvin units (top) at fixed
pressures for hopping amplitudes: (a) zJ = 0.06U, (b) zJ = 0.12U, and (c) zJ = 0.30U, considering a simple cubic lattice (z = 6). The
superfluid phase is highlighted in blue, while the normal phase is portrayed in white. Blue dashed lines denote the boundaries between
superfluid and normal phases, while orange dotted lines represent the TMD curves. In (a), the inset exhibits a zoom of isobaric curves in the
superfluid phase, while the red point signals the atomic limit critical point at 7 = 0. The triangular points denote the maximum temperatures
reached by each TMD curve.

products and the logarithmic trace Tr In[G’'G™'] are deter- where V = N,a? is the volume and N, is the number of
mined following the prescriptions presented in Appendixes  lattice sites. Its temperature dependence at fixed pressure P
A and B, respectively. By collecting the required terms in  is determined by the isobaric thermal expansion coefficient
Eq. (22), the desired self-energy functional is evaluated and

its stationary points can be determined. The code employed 1/0p
in our calculations is available in the Supplemental Material o= —o\er), (26)
[57].

For @ < 0, density increases with temperature and a region of
IV. DENSITY ANOMALY anomalous density behavior is identified by a temperature of
maximum density (TMD) line defined as ¢ = 0. The pressure

From the equilibrium free energy €2 = Qspr calculated is fixed employing the Gibbs-Duhem relation dP = pdu +

previously, the density is given by sdT =0, where s = —‘%(%)M is the entropy density and P is
1[0 related to the grand-canonical potential according to —PV =
p=—=\7=]> (25) _
v\du /), Q = Qgpr.
LA e Vo =1564E, (2J=0.06U) (a) Vo =1285E, (2J=0.12U) (b) Vo =956E, (2J=030U) (c)
e T(nK) T(nK) T(nK)
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FIG. 2. Density p as a function of the reduced temperature kg7 /U (bottom) and the temperature 7 in nanokelvin units (top) at fixed
pressures for hopping amplitudes: (a) zJ = 0.06U, (b) zJ = 0.12U, and (c) zJ = 0.30U, considering a square lattice (z = 4).
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TABLE I. Experimental parameters regarding potential depths Vy, scattering length a;, and laser wavelengths A of optical lattices
implemented using different alkali-metal elements, for the hopping amplitudes zJ = 0.06U and zJ = 0.12U. The maximum temperatures
in which density anomalies are observed in superfluid 7sr and normal phases Tya (the highlighted triangular points in Fig. 1 and Fig. 2) are
also addressed. In the 2D scenarios, the vertical confinement is achieved by an optical potential along the z axis. For rubidium-87 [38] the
lattice depth is V, , = 26E,, while the cesium-133 [58] atoms are confined in a Gaussian wave packet of width a, = 0.30 um.

zJ = 0.06U zJ =0.12U
Element Geometry A (nm) as (ap) W /E, Tna (nK) Tsa (nK) VW /E, Tna (nK) Tsa (nK)
2Na [59] Simple cubic (z = 6) 595 52 18.30 88.35 10.68 15.49 74.67 17.82
87Rb [7] Simple cubic (z = 6) 852 103 16.95 14.76 1.78 14.25 12.39 2.95
87Rb [38] Square (z = 4) 1064 103 15.64 8.13 0.95 12.85 7.00 1.69
133Cs [58] Square (z = 4) 1064 310 16.65 4.36 0.51 13.77 3.77 0.91

Considering a simple cubic lattice, with z = 6, Figs. 1(a)—
1(c) illustrate the density p versus the reduced temperature
kgT /U at fixed pressures (represented as black lines) for
increasing hopping amplitudes: (a) zJ = 0.06U, (b) zJ =
0.12U, and (c) zJ = 0.30U. The corresponding potential
depths, which decrease from (a) to (c), and temperature
scales in nanokelvin units are calculated considering atoms
of rubidium-87, with realistic values based on the experi-
ments performed by Greiner et al. [7]. The superfluid to
normal phase boundary is illustrated as a reentrant dashed
blue line and the blue filled area represents the superfluid
phase. Figures 1(a) and 1(b) show that at sufficient high values
of Vo (low values of zJ/U) there are two regions in which
density presents a local maximum, with the TMD curves
represented as orange dots: one at the normal phase [normal
phase anomaly (NA)] and another at the superfluid phase
[superfluid phase anomaly (SA)]. The maximum temperature
values reached by the TMD curves are highlighted as triangu-
lar black points.

Figure 1(a) portrays a large area in the density versus tem-
perature phase diagrams where the NA is present. However,
as the hopping increases, according to Fig. 1(b), the anomaly
occupies a smaller region in temperatures. In addition to
the normal phase TMD, the superfluid phase also exhibits a
density anomalous behavior illustrated in Fig. 1(a), with a
few superfluid isobaric densities drawn in the inset. When the
hopping becomes larger it dominates the free energy, leading
the superfluid to occupy a bigger region in the phase diagram
and suppressing both superfluid and normal anomalies, as
presented in Fig. 1(c).

Analogously, Fig. 2 displays the two-dimensional results
considering a square lattice geometry, with z = 4. For com-
parison reasons, we chose the same ratios zJ/U as shown in
Fig. 1. The superfluid domain exhibits a small retraction when
compared to the simple cubic case. In spite of this, the same
general behavior is observed. Specifically, Fig. 2(a) presents
the density anomaly in both phases; the anomaly is reduced
for a larger hopping amplitude as illustrated in Fig. 2(b) and
finally it vanishes completely as shown in Fig. 2(c). For this
two-dimensional system, the respective potential depths and
temperature scales in nanokelvin units are calculated also
considering atoms of rubidium-87, with parameters according
to the experiments performed by Sherson et al. [38].

Although the upper temperature scales and potential depths
addressed in Figs. 1 and 2 refer to specific setups using

rubidium-87, they can be adapted to other elements. Indeed,
we collect in Table I the temperatures, Tsa and Tya, that must
be achieved for experimentally detecting SA and NA not only
for the previous cases of rubidium-87 but also for sodium-23
[59] (in a simple cubic lattice) and cesium-133 [58,60,61] (in
a square lattice). These points are marked as the triangular
symbols over the TMD curves.

zJ =0.06U and kgT = 0.023 U

@) .05 |

e (Jd=3 —e— (=29

o~ J=0

FIG. 3. Considering square (d = 2) and simple cubic (d = 3)
lattices, the entropy (a) and thermal expansion coefficient (b) are
exhibited as functions of the chemical potential u for zJ = 0.06U at
kgT = 0.023U deep in the superfluid regime. The respective insets
depict the atomic limit (J/ = 0) scenario.
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(C) Vo =15.64E, (2J =0.06U)
T(nK)
2 4 6 8 10

FIG. 4. Density distribution in the normal phase, considering harmonic confinement effects. (a) The two-dimensional configuration of a
square optical lattice is created by counterpropagating red detuned laser beams. The additional harmonic effects are represented in (b), where
the optical potential V (r) and the intensity profile /(r) are schematically shown. (c) The phase diagram p versus T for the configuration
Vo = 15.64E, (zJ = 0.06U ) highlights two chosen temperatures kg7 = 0.08U (blue) and kT = 0.18U (red). Considering the LDA scenario,
the density p is mapped in the xy plane for the respective temperatures in (d) and (e).

V. RESIDUAL ENTROPY MECHANISM

The density anomalies in the normal fluid can be traced
back to the ground-state phase transitions between Mott insu-
lators of successive occupation numbers [62]. This anomalous
behavior, present even in the absence of hopping, arises
from the competition between the chemical potential, which
promotes the boson occupation in the lattice, with the on-site
repulsion interaction U, which favors the boson removal. As
the temperature increases, entropy first favors filling up the
sites but, for high enough temperatures, entropy increases by
removing particles from the system to increase the mobility
of the particles left. This is a classical behavior similar to
that of liquid water, where bonding and nonbonding structures
compete: at lower temperatures density increases by disrupt-
ing hydrogen bonds, while at higher temperatures enhanced
particles’ velocities increase the available volume, decreasing
density. The difference here is that this phase is not completely
destroyed by the hopping, persisting for values of the J
possible to be observed experimentally.

Indeed, the hopping brings another phenomenon not ob-
served for J = 0: the SA, a quantum density anomaly. The
physical origin of this behavior is also the competition be-
tween chemical potential and the repulsion U. But for the

SA the TMD line appears at lower temperatures and higher
densities when compared with the NA, because in this case
the hopping contributes to the temperature effects, favoring
the movement and the spread of particle over the lattice.
Such competition of interaction scales can also be trans-
lated in terms of degeneracies and residual entropies. Inhibit-
ing the hopping, a ground-state degeneracy, related to a phase
transition in number occupation between Mott insulators, is
settled whenever the chemical potential o reaches an integer
value of the interaction U. At such transition points, two
states are equally accessible and this degeneracy accounts
for an observed macroscopic residual entropy of kpln2 per
site. For finite temperatures, these entropies develop into
peaks near those points as the chemical potential is var-
ied; see the inset of Fig. 3(a). By turning on the tunneling
probability adiabatically the superfluid phase emerges exactly
from Mott insulator transition points, mitigating residual en-
tropies, since the previous degeneracy gets lifted. Thus, for
a finite hopping transition, the mentioned entropy maxima
remain deep in the superfluid phase but are less prominent,
as shown in Fig. 3(a) for zJ = 0.06U and k3T = 0.023U.
Formally, the entropy peaks mark a change in the behav-
ior of density with temperature according to the Maxwell
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relation

as ap 27
—_— = _— = — 0 ,
ou), ~ \or ), = P
which results in the sign flip of thermal expansion in the
superfluid phase illustrated in Fig. 3(b).

VL. 2D IN SITU OBSERVATION INCLUDING
CONFINEMENT EFFECTS

On the basis of the recently developed in situ measurements
of ultracold gases in optical lattices [63], we discuss a physical
realization of the reported phenomenon considering rubidium-
87 atoms disposed in a square lattice, as Fig. 4(a) depicts.
These modern tools encompass high resolution absorption
[58,61], fluorescence imaging [37,38], and even scanning
electron microscopy [64], each technique with its specific
applications. Considering the range of density and fluctuations
presented here, our theoretical proposal appears better suited
to the absorption imaging realized by Chin et al. [58,61],
complementing the well-known time-of-flight methods which
probe the system in momentum space. In such experimental
framework, in situ density distributions p(x, y) of 2D gases
can be determined by performing absorption imaging perpen-
dicular to the horizontal plane xy. This technique allows for
mapping the occupation number at a single site resolution,
providing direct access to density fluctuations, which is our
ultimate goal in the analysis of the anomaly.

In our discussion, the confinement effects of the harmonic
trapping field, represented in Fig. 4(b), are considered using
a local density approximation (LDA). The harmonic con-

finement potential is given by V,(r) = Imw’r?, where r =

/x% +y? is the radial distance from the center of the trap
and the associated oscillation frequency w is fixed at w/2w =
60 Hz, as typically chosen. Consequently, in the LDA frame-
work the chemical potential across the lattice takes the form
w(r) = uo — Vi(r). The lattice depth is held at V) = 15.64E,
(zJ = 0.06U), as already discussed in Fig. 2(a). Furthermore,
the total number of particles is kept constant, Ny = 1096, as
well as the total pressure, P = 1.9765 U /a?. Under these
described conditions, such quantities satisfy the equation of
state [65,66]

ma)2

Ptolal = Z]Vtotal s

(28)
as demonstrated in Appendix F. This simple relation implies
that, if Ny is fixed, then Py, is naturally held constant.
Given all these parameters, we restrict our analysis to the
normal phase anomaly since the variations in density with
temperature are more prominent.

Since we want to investigate how the density behaves when
temperature is changed at fixed pressure, Figs. 4(d) and 4(e)
exhibit the density p on each lattice site of the xy plane for
temperatures kg7 = 0.08U (T = 2.97 nK) and kgT = 0.18U
(T = 6.68 nK), respectively. These two temperatures are also
marked as blue and red straight lines in the phase diagram of
Fig. 4(c), showing that only the normal phase is present. In

(a) 7+,
[ ]
L[]
15 *
:
P s
U/a? 1 :
o kpT = 0.08U
05| ° ksl =018V
. o AP
P
Y = = el
2
(b) b Y :
15
p Y e ryT=008U
(1_2
o kT = 0.18U
0.5
> Apfa?
0
0 5 10 15 20

Vs y/a
ZL‘/CL 20 —20
Ap B |
a—2 —0.18 —0.1 0 0.1 0.18
REGULAR ANOMALOUS

FIG. 5. Analysis of the setup presented in Fig. 4. Panel (a) shows
the pressure P for two different temperatures (kg7 = 0.08U and
kgT = 0.18U) and their relative differences AP/P as a function of
the radial distance ». The gray area signals the distances where such
pressure deviation becomes greater than 5%. (b) The density profiles
for these temperatures are exhibited as functions of the distance r
as well as their difference Ap, with the anomalous region (9 a <
r < 14 a) delimited by two TMD points (orange squares). (c) Ap is
represented as a color map in the xy plane.

a qualitative perspective, we observed a melting of the steps
as temperature is raised and a larger number fluctuations be-
tween the steps of integer density. Quantitatively, a closer look
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at how the local pressure P varies across the radial direction is
discussed in Fig. 5(a). Due to the finite deviation between such
temperatures kg AT = 0.1U, there are differences in pressure
AP compared to their respective values at each site which
are less than 5% until r = 14a. Larger distances are filled
in gray, comprehending an area where the relative variation
AP/P grows towards the boundaries of the lattice. Hence the
pressure is kept approximately constant at each site except
inside the gray area, where r > 14a. Figure 5(b) shows the
radial density profiles in greater detail, with their difference
Ap in green. This curve shows oscillations, taking on positive
values. These positive values indicate the density anomaly
and are limited by two TMD points, shown as orange square
points. Finally, Fig. 5(c) summarizes our analysis where the
difference in density Ap is represented through a color map
in the xy plane. The anomalous region Ap > 0 denotes an in-
crease in density with temperature at fixed pressure, while the
regular behavior corresponds to Ap < 0. As previously, the
gray area excludes the regions where the local pressure does
not remain fixed. Under these circumstances, we have shown
a signature of the density anomaly in this 2D configuration,
illustrated as the red circular ring of Fig. 5(c).

VII. CONCLUSION

We have predicted theoretically the occurrence of density
anomaly in a quantum system considering parameters com-
patible with its experimental realization in optical lattices,
within the framework described by the self-energy functional
theory. It was also shown that the physical mechanism un-
derlying normal density anomalies relies on the presence
of a zero-point entropy in the atomic limit, marking phase
transitions between Mott insulators with different occupation.
The inclusion of the hopping amplitude (enabling the rise of
a superfluid phase) lifts the ground-state degeneracy, gener-
ates correlations among different sites, and damps residual
entropies and thermal expansion. Nevertheless, regions of
anomalous density behavior can be found in a perturbative
regime (J < U) corresponding to atomic recoil energy being
much smaller than the intensities of the confining field E, <
Vo. For very intense confining fields waterlike anomalies are
also found inside the superfluid regime, as was illustrated for
the case of rubidium-87 in Figs. 1 and 2. Our proposition
is that by understanding the competition between different
physical mechanisms contributing to free energy, usually
manifested through interactions between particles (but here
including chemical potential and hopping), and the relation
between residual entropy and ground-state phase transitions,
it is possible to design and predict the phenomenology of
density anomaly in systems other than liquid water, as illus-
trated here with optical lattices of rubidium-87, sodium-23,
and cesium-133 atoms.
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APPENDIX A: TENSOR PRODUCTS

The product V¥(7) of a second-order tensor Mg(f, ')
and a first-order tensor F*(t) comprises the sum over the
superindex and integration in imaginary time according to

B
V(1) = Z/ dE M (z, DFY (). (A1)
- Jo
Similarly, the product Mg(t, ') of two second-order tensors
A(r, 7’) and B{ (7, ') is defined by

B
M%(r,z’):Z/o dEA%(r. D)BL(E, 7). (A2)
14

As a consequence, a scalar R = VIMF, given by the con-
traction of two first-order tensors V*(t) and F*(zr) with a
second-order tensor M%(t, '), can be expressed as

B B
R= Z dr dt'Vi(oM(z, THFP (). (A3)
wp 70 JO ¢ ’

Also, time and space translation invariances imply Mj(r —
) = M;;’,'L(r — 1) =M!(r; —rj, v — t’). The connection
between the imaginary time domain and the Matsubara fre-
quency space (with w, = 27”11) is established through the
Fourier relations

p A
MjGion) = [ dren o) (Ad)
0
1 o0
M) = 5 > e MY (iwp). (AS)
Analogously, real and momentum spaces are related by
Mk, 1) =) e *"MI(r, 1), (A6)
1 .
M/(r, ) = v > e Mk, 7). (A7)

N Kk

Similar conclusions also hold for first-order tensors. Com-
bining space and time translation invariances, in momentum
and Matsubara frequency space the products exhibited by
Egs. (A1)—(A3) simplify to

V7= Mk =0, im)F", (A8)
M (k, iw,) = Y Al(K, iw,)Bl (k. io,),  (A9)
"
R= BN, Y VIMI(k =0, ic)F". (A10)
nv

APPENDIX B: TRACES
1. General definitions

The traces presented in the functional formulations are
defined as the complete contraction over superindices and a
double integration in imaginary time according to

BB
Tr[M] = Z/o _/0 drdt's,(t — )M (7, '),  (B)
14
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where 6,(7) =46y, ,(r) =68(r — (=1)"07) with v =0, L.
The delta function is introduced in order to impose normal
ordering of the diagonal Nambu components of M. Consid-
ering time and space translation invariances, the trace defined
by Eq. (B1) becomes

Tr[M] = BN, Y MJ[r;=0,7 = (—1)'0]
v
=Y VMK, iw,). (B2)
vkn
The summation over Matsubara frequencies within the de-
scribed limit can impose difficulties depending on the asymp-
totic behavior of M. In order to improve the convergence prop-

erties of such sums, we analyze explicitly its high-frequency
expansion in the following.

2. High-frequency expansion

We define the high-frequency expansion of

Mk, i®,) = M(K, iw,) + O((iw,) M)y (B3)
up to order N, according to
Ny
MK, i) =Y m,(K)Q, (i), (B4)
p=1
where
1
o Gy @n # 0,
Oy (icwy) { 0. w0, = 0. (BS)

By adding and subtracting the term Tr[M] in Eq. (B2), the
corresponding trace can be expressed as

Tr[M] = (Z[M(k, iwy) — MK, iw,)])

vk n

+BM[k, T = (=1)"07]), (B6)

since the asymptotic behavior [M — M]" ~ (iw,)” ™D al-
lows us to drop the exponent present in the trace definition.
Considering a finite number N,, of Matsubara frequencies and
a high-frequency expansion of order N, the trace approxima-
tion reads as

Tr[M] ~ ) (Mg(k, iwo)

vk
N Ny Y
“ o oamy(k)
+ 2;/ M(k, iw,) Z(iw”)p
n=-—N, p=1 v
Ny
+ B m,K)]Q,k v =(—=1)'0"1|, (BY)
p=1

where the primed sum excludes w, = 0. The calculations
presented in this paper employ N, = 1000 with a second-
order N;, = 2 tail expansion.

In order to compute the trace approximation of Eq. (B7),
the functions Q,(7), Fourier transforms of Q,(iw,), need to

be determined. The idea is to visualize them as sums of the
residues [46] of a given complex function as follows:

o]

1
0m=7 2

n=-—0Q0

e—iw,,r S e T2
=Y Res[ S, la)]
) (BS)

(iwy)

with h(z) = (1 — e #%)~!. The poles z = iw, are located
along the imaginary axis; then, the residue theorem allows us
to relate the result to a contour integral, comprehending the
imaginary axis of the complex plane

oo —

3 Res[e h(2), iwn] =
ZP

n=—00o

-T2

dz e

c2mi 2P

h(z).  (B9)

By deforming the original contour C into two semicircles of
infinite radius this same integral becomes

dz e ™

o 2mi zP

h(z) =0, (B10)

once this new path C’ encloses regions free of poles. By
inserting Eq. (B10) into Eq. (B9) and comparing to Eq. (B8),
Q,(7) is determined simply by n = 0

e

0,(1) = —Res[ _h(z), o]. (B11)
zP
The relevant pole z = 0 is of order p + 1; hence the corre-

sponding residue is given by the formula

_ ! li 4\’ h B12
Qp(7) = ~ oy m (dz) ze Th(z), (B12)
with the following first-order terms:
Qi(r) = 2t — B)/(2B). (B13)
0:(7) = (=67° + 687 — B%)/(128). (B14)

Since the functions Q,(7) are periodic on the interval T €
(0, B), the respective zero time limits are

Oilt = (=D'07]1 = (-1)"/2, (B15)

Ot = (=1)'07] = —p/12. (B16)

3. Trace of logarithm

Besides the already mentioned ordinary traces, the self-
energy functionals also contain traces regarding the logarithm
of the Green’s function G. Actually, in order to guarantee
the correct noninteracting limit, a regularization factor must
be included. Therefore, we define the regularized Matsubara
trace logarithm functional L[G],

LIG]=;TrIn[-G™'1— ;TrIn[-G; '],  (B17)
with the regularization carried by the second-order tensor

. —p1, wy = 0,
G (ieon) = { Lﬂ o # 0.

According to Eq. (B2), such trace is represented as

(B18)

1 iw (—1)’0F _ . v
L[G] = _Eze "D IN[G, Gk, iw)]}

vkn
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and the approximation described by Eq. (B7) yields

1
LG~ =23 <1n[—G<k, iwo)/B1,

vk
Vg |
P
+ X;v n[(ozie,)G(k, iw)] — oy
n=— p=1 v
Np
+ B Z [q,(K)],0p[k, T = (—1)"07] (B19)
p=1

The terms q,(k) are the coefficients from the high-frequency

oo qpk) .
=2 i b given ex-

expansion of In[(o;iw,)G(K, iw,)]
plicitly by

qi (k) = o.e2(k), (B20)

[o-¢2(K)]?
s
until second order, where ¢, (k) are the coefficients in the
high-frequency expansion of the Green’s function

Gliw) =Y cpk)
P

q2(k) = o;¢e3(k) — (B21)

Gy (B22)

Hence, using second-order tail corrections, the Matsubara
trace logarithm exposed in Eq. (B19) reads as

2
§c2<k) - %‘h(k)

- qz<k>])“
Gwn?]),

(B23)

1
£161 % 3 3 (-G on/p1 +

v,k

N
Ly [ln[(oziwn)G(k, ion)]

n=-—N,,

APPENDIX C: REFERENCE SYSTEM

In the basis of local occupation number states, we generate
matrix representations for the reference system Hamiltonian
H' of Eq. (24) and the bosonic creation and annihilation op-
erators b™ and b. A cutoff Ny = 10 bounding the occupation
number from above is introduced. The diagonalization of the
Hamiltonian H' provides its eigenvalues E, and eigenvectors
|n). Given these procedures, the partition function is written
as

2= et (C1)
n
from which we derive the reference system free energy
1
Q= —Eln[Z/]. (C2)

Regarding the propagators, the static expectation value of b,
defined in Eq. (8), is given by

- Z/Ze

"(n[bln), (C3)

and the connected Green’s function of Eq. (9)
G'(r) = —(b(x)b') + &' @' (C4)
expressed in the Matsubara frequency space yields

o 1 (PP — e i) +
G'(iw,) = 5 Xm: m(”|b|m>(m|b |7)

Sw,, 0,3 Z

+ 84, 08P <I>/T. (C5)

E(n|b|n) (n|b' |n)

The noninteracting Green’s function is determined by setting
U = 01in Eq. (24),

Gy (iw,) = oiiw, +1p — A, (C6)

while the self-energies follow from the Dyson equations,
Egs. (19) and (20), as

¥, =F — G (iw)®, (&)

¥ (iw,) = Gy (iwy) — G (iwwy). (C8)

APPENDIX D: LATTICE SYSTEM

Considering the lattice system, the noninteracting Green’s
function satisfies

G, ' (k, iw,) = oiiw, + 1(p — €x), (D1)

where € is the energy dispersion relation

d
a =—2J ) cos(kia) (D2)

i=1
for a hypercubic lattice in d dimensions. Also, the interacting
lattice Green’s function follows from Eq. (20) as

Gk, iw,) = Gy (k, iw,) — X' (iwy), (D3)

evaluated at the reference system self-energy X’. According
to Eq. (19), the other Dyson equation implies

¢ = —G()(ia)())z/l/z, (D4)

taking into account that F = 0, since there is no symmetry
breaking field on the complete lattice.

APPENDIX E: HIGH-FREQUENCY EXPANSION OF THE
GREEN’S FUNCTION

To complete the evaluation of the trace log functional of
Eq. (B23), the coefficients ¢, regarding the tail expansion of
the Green’s function in Eq. (B22), remain to be determined
for both reference and lattice systems.

1. Reference system

By expressing the Matsubara Green’s function as a Fourier
transform of the imaginary time Green’s function, successive

033331-10
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integration by parts yields

B .
G'(iwy) :/ dt "G/ (1)
0

Py a0t
—Z( 1)pa G(,s) 3’G'(0 ) ED)

n)p—H

Therefore, the hlgh-frequency expansion coefficients take the
form

c},H = (_1)1’[85(;’(,3—) —
From the definition of the Green’s function as the time-

ordered expectation value of Eq. (C4) and the equation of
motion satisfied by b(t)

d:b(r) = [H', b(1)], (E3)

PG (0h)]. (E2)

we extract the imaginary time derivative of G'(7):
9:G(t) = —([H', b(z)Ib'). (E4)

By induction on Eq. (E3) and Eq. (E4), the derivative of order
p reads as

97G(r) = —([[H', b(x)]”b), (ES)

with [[H',b()I” =[H,...,[H,[H,b()]]...] the left
side commutator of H’ with b(t) applied p times. The eval-
uation of such derivatives at the imaginary times T = 0 and
T = B~ allows us to fix the time ordering

07G'(07) = —([[H', b]1”'bT), (E6)

G (B7) = —('IH', b]]P). (E7)

Inserting these results into Eq. (E2), the desired coefficients
simplify to
¢y = (=DP(LIH', BIIP, b7 ]). (E8)

Explicitly, the first-order terms are

= ([b,b]) =0, (E9)
¢, = —([[H', bl, b']), (E10)
= ([[H', [H', b]], b']). (E11)

2. Lattice system

According to Egs. (D1) and (D3), the lattice Green’s func-
tion G(k, iw,) presents a tail expansion of the form

O; o [1(ex — u) + SB]UZ

G k n) —
et = G T Gy
s 1 (ex — s)1}2o. 1
+Uz 1O‘z+{01,[ ( k : w) + 0]} o; 10— .
(icwp) (iwn)
where s, are the high-frequency expansion coefﬁcients of the
reference system’s self-energy X' (iw,) = Z;o_l Gy - Hence
the first-order terms are
ci(k) = o, (E12)
(k) = o [1(ex — 1) + syl (E13)
e;(k) = 0;810; + {o:[Uex — 1) +5p1Y0;. (E14)

To determine the coefficients s/, of the self-energy X'(iw,) =
G, Yiw,) — G'~'(iw,), we need to compute the inverse of G/,
given by

-1
0 ’

0. C
G Yiwy) = SR Ld
o = | 20+ 2 Gy
p=2
= o iw, — 0,€50;
N —0,¢,0, —|— (0,¢))%0, +of - 1
iwy, (iwy)?

Then, the previous result combined to Eq. (C6) implies
2:/71(1.041) = Gloil(iwn) - Glil(iwn)
=1p — A + 0,650,
—0,¢,0, + (0,¢,)*

) o, 10 1
iwy, (iwn)? )’

Consequently, the first-order coefficients of the self-energy
tail expansion can be written as

sy =1 — A + 0.¢)0., (E15)

s| = 0,¢50, — (0,¢,)%0.. (E16)
From these terms, the desired lattice Green’s function coeffi-

cients are evaluated according to Egs. (E12)—(E14).

APPENDIX F: EQUATION OF STATE AND PRESSURE

Considering the two-dimensional setup discussed in
Sec. VI, the total pressure Py, is evaluated by integrating the
Gibbs-Duhem relation dP = pdu + sdT at fixed tempera-
ture T over the lattice

Mo 00 dl'L
Potal 2[ pdu = —/ p(r)——dr. (F1)
- 0 dr

[e.¢]

For an 1sotr0})10 harmomc trap in the xy plane, u = po —
2ma) r? and % = —mw?r; then Eq. (F1) becomes

o0
Pt = ma’ f p(rrdr. (F2)
0

The total number of particles Nyt 1S Obtained by integration
of the local density p(r) according to

oo
Niow = 27 / p(r)rdr. (F3)
0

Comparing both Egs. (F2) and (F3), we deduce the equation
of state,

ma)2

—— Niotal» F4
g Moot (F4)

Pota =
valid for 2D gases including an isotropic harmonic confine-
ment [65,66]. There is also another interesting observation
concerning the value of the fixed total pressure. Since the
density p is a derivative of the free energy €2, see Eq. (25),
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we can write Py as

P /“01 2\
total = _ooV 8/1« ; 1%

1
V[Q(M = —00) — Q(uo)]. (F5)

Considering that Q(u = —o00) = 0 and —PV = Q, the total
pressure is equal to the local pressure at the center of the trap

Pota = P(po) = P(r =0), (F6)

as Fig. 5(a) confirms.
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Double-peak specific heat anomaly and correlations in the Bose-Hubbard model
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Considering the thermodynamics of bosons in a lattice described by the Bose-Hubbard Hamiltonian,
we report the occurrence of anomalous double peaks in their specific heat dependence on tempera-
ture. This feature, usually associated with a high geometrical frustration, can also be a consequence
of a purely energetic competition. By employing self-energy functional calculations combined with
finite-temperature perturbation theory, we propose a mechanism based on ground-state degeneracies
expressed as residual entropies. A general decomposition of the specific heat regarding all possible
transitions between the system’s eingenvalues provides an insight into the nature of each mazimum.
Furthermore, we address how the model parameters modify the structure of these peaks based on its
spectral properties and atom-atom correlation function.

Keywords: Bose-Hubbard Model, specific heat, residual entropy, correlation function.

I. INTRODUCTION

In the field of condensed matter physics, the specific
heat is a valuable physical observable that provides gen-
eral information regarding the energy spectrum of a sys-
tem, a key to its microscopic details [1, 2]. It encodes in-
formation on the entropy, a useful thermodynamic quan-
tity directly connected to such microscopic degrees of
freedom, in general inaccessible by direct measurements.
Among interesting anomalous properties, the appearance
of a second peak in the specific heat at low tempera-
tures, known as the Schottky-type anomaly, is experi-
mentally and theoretically observed in several frustrated
systems. Typical examples are the magnetic systems on
geometrically frustrated lattices with kagome, triangular,
or pyrochlore structures. Experimentally, the double-
peak anomaly is measured in magnetic pyrochlore ox-
ides [3], the canonical spin-ice materials Dy;TisO7 [4—6]
and TheTiyO7 [7], their mixtures Dys_,Tb,TioO7 [8],
lead-based pyrochlores [9], and spin glasses like RoMo2O7
(R=Y, Sm, or Gd) [10]. Other examples include heavy-
fermion compounds [11, 12], bosonic superfluids in spin-
dimer networks [13], COoNy plasma [14], lipid bilayers
containing colesterol [15], as wells as mixtures of liquid
crystal and nanoparticles [16]. In a theoretical frame-
work, the anomaly was verified for spin models with an-
tiferromagnetic Heisenberg interactions [17-22], Ising py-
rochlore magnets using Monte Carlo simulations [23, 24],
Ising models [25-28] in distinct geometries, and quantum
ferrimagnets [29].

Since the entropy dependence on temperature deter-
mines the specific heat of a given system, this thermo-
dynamic quantity is a relevant ingredient to the pre-
sented anomaly. Fundamentally, the geometrical frus-
tration arises from a conflict between the interaction
degrees of freedom and the underlying crystal geome-
try [30]. The described frustration leads to a macro-

* eduardo.rizzattiQufrgs.br

scopic degeneracy computed as a ground-state finite en-
tropy, the so-called residual entropy. Linus Pauling pro-
vided one of the first examples of geometrical frustration
when describing the low-temperature ordering of protons
in water ice I, [31]. The many ways of satisfying the
lowest-energy state which reconcile the crystal structure
of ice with the known bond lengths were given by the
Bernal-Fowler rules [32]. Based on their prescription,
Pauling calculated the ground-state entropy per hydro-
gen atom of (1/2)RIn(3/2) ~ 1.68 J mol"*K~!. In-
terestingly, a similar physical mechanism is verified for
the already mentioned highly frustrated pyrochlore mag-
nets, constituting the named spin-ice materials [4, 33].
The particular ways these systems can fluctuate between
such multiple ground-state configurations can be respon-
sible not only for the anomalies addressed but also for
the emergence of all sorts of novel behaviors in fluid and
solid phases, including even an artificial edition of elec-
tromagnetism [34].

In this work, we report the occurrence of the double-
peak specific heat anomaly in the Bose-Hubbard model
based on theoretical calculations. The Bose-Hubbard
model [35-37] is a paradigm system studied in quantum
mechanics. Since its experimental realization in optical
lattices [38], the ultracold atomic physics has been de-
veloping a myriad of experimental and theoretical tools
currently used to investigate quantum phase transitions,
quantum coherence, and quantum computation [39-41].
Also, a great advantage regarding the arena of optical
lattices is the sharp experimental control over parame-
ters such as dimensionality, lattice structure, composi-
tion, and atomic interactions [42-45]. More specifically,
the high-definition in situ imaging acquired through ab-
sorption [46, 47] and fluorescence techniques [48, 49] en-
ables a precise evaluation of the specific heat [50]. Here
we present an alternative mechanism of frustration ob-
served in this model, devoting some attention to the in-
fluence of correlations created by a finite tunneling am-
plitude. In the previously mentioned systems, the frus-
tration essentially derives from the incompatibilities be-
tween geometry and interactions; in the Bose-Hubbard



model, the frustration is a consequence of the competi-
tion between lattice occupation and local interactions.
The main ingredient, a ground-state residual entropy,
is also present. Our methodology comprehends numeri-
cal tools for treating the many-body thermodynamics of
the bosons: self-energy functional theory (SFT) calcula-
tions [51, 52] (closely related to BDMFT approaches) and
finite-temperature perturbation theory (PT) [53, 54].

The paper is structured as follows. In Sec. IT we de-
scribe the Bose-Hubbard model, its relevant parameters,
and the methodologies employed in our numerical calcu-
lations. The double-peak structure of the specific heat is
first discussed for the atomic limit in Sec. ITI. The emer-
gence of residual entropies and a specific heat decomposi-
tion based on all possible transitions between the energy
levels of the spectrum are also discussed. Section IV
addresses the effects of a finite hopping amplitude, in-
cluding the analysis of spectral and correlation functions.
Our main findings and final considerations are summa-
rized in Sec. V.

II. MODEL AND METHODS

In the Bose-Hubbard model [35-37], the itinerant
bosons occupying the lowest-energy band in a lattice are
described by the Hamiltonian

H= fJZb;fbj + %Zm(nl -1) f,uZni , (1)
(4:4) @ @

where b;-r, b;, n; represent the bosonic creation, annihi-
lation, and number operators at site ¢, respectively; u
is the chemical potential. The parameter U designates
the on-site interaction (typically repulsive, taking posi-
tive values) and J accounts for the hopping amplitude,
a kinetic term involving the probability of tunneling be-
tween first neighbor sites.

We explore simple cubic [38] and square lattice [46,
49] configurations, extensively studied in experiments
throughout the last 20 years. The thermodynamic prop-
erties of the bosons are mapped through a variational
and non-perturbative self-consistent approach, the self-
energy functional theory derived by Hugel et al. [51, 52],
based on the original works for fermions by Potthoff [55].
The formalism, which contemplates the U(1) symmetry
breaking and BDMFT approaches [56-60], relies on suc-
cessive Legendre transformations of the free-energy func-
tional  producing a new functional of the self-energies.
In a general panorama, such approximation strategy
constricts the self-energy domain to a subspace of self-
energies regarding a simpler reference system. Conse-
quently, the original problem is simplified into seeking
stationary solutions of this new functional, which is ex-
act, in terms of the reference system’s free propaga-
tors. When appropriate, we also complement our results
with finite-temperature perturbation theory around the
atomic limit. Both methods are detailed in the Supple-
mental Material.

Given the equilibrium free energy €2 obtained from the
previously cited techniques, the specific heat is explicitly

given by
T (0% ds
=N <8T2>HT<6T>H ) (2)

where T is the temperature and s is the thermodynamic

entropy per site
1 /00
TN, <6T>M ’ ®)

considering N sites at a fixed chemical potential .

III. THE ATOMIC LIMIT (J = 0)

In the following, we show the double-peak structure
of ¢, as a function of T, considering the atomic limit
(J =0). In the absence of the hopping amplitude, there
is no superfluid phase and the bosons are found in a nor-
mal fluid state. The Hamiltonian described by Eq. (1)
becomes

HO =2 =) —pYm, @)

a sum of single-site Hamiltonians H,L-(O) which can be di-
agonalized by the number operators eigenvectors |n;).
Thus, the energy eigenvalue of a single site with occu-
pation n is expressed by

E, = %n(n )= (5)

In this scenario, the grand-canonical partition function

. N.
ZO/(T, p) = Tr [6,51{(0)} _ HZi(O) _ [Z{O)] (6)
i=1
becomes simply a product of single-site partition func-
tions

0 _
20, p) =Y e (7)
n=0
where f§ = 1/kpT and kg is the Boltzmann con-

stant. The free-energy potential Q) follows directly

from Egs. (6) and (7) according to
QO(7, ) = Lz = Moy AR )

g B

Fig. 1(a) portrays the specific heat ¢, as a function
of the temperature 7' in a three-dimensional diagram in-
cluding a wide range of chemical potential values (in dif-
ferent colors), with the loci of maxima represented as
dotted and continuous black lines in the u7" plane. At
zero temperature, there are ground-state phase transi-
tions (GSPT) between Mott insulators of successive occu-
pation numbers whenever the chemical potential u takes
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FIG. 1. Finite-temperature analysis of the specific heat and
entropy in the atomic limit J = 0. (a) The 3D diagram por-
trays the specific heat ¢, as a function of the temperature
T in a wide range of chemical potential values. The contin-
uous and dotted black curves in the pT" plane represent the
loci of the maximum values attained by c,. Red dots denote
ground-state phase transitions between Mott insulators. In
(b) is shown a detailed vision on the temperature dependence
of ¢, considering the values yu = 0.7U, 0.8U and 0.9U, por-
trayed by the inset. Panel (c) contains the entropy per site s
as temperature varies for p = 0.8U, 0.9U, 0.95U and 0.99U.

on integer values of the local interaction U [52, 61], shown
as red dots. At higher temperatures, it is observed a
maximum at any value of fixed u, symbolized by dotted
lines. However, as the chemical potential approaches in-
teger values of the interaction, the specific heat develops
another peak at low temperatures (the continuous black
lines), which is connected to its corresponding GSPT.
The low- and high-temperature maxima start to merge
together as the chemical potential values move away from
the integers values of U, finally coalescing in a single peak
according to Fig. 1(b).

The entropy dependence on temperature illustrated in
Fig. 1(c) suggests that the low-temperature maxima are
related to a residual entropy per site of kgln2. This
zero-point entropy is due to the degeneracy established
at the GSPT between states with different occupations.
As the chemical potential approaches the integer multi-
ples of the local interaction, the entropy curves develop
a sharp step towards the residual value kg In 2 which in-
duces a change in their concavities. This behavior leads
to a Schottky-like peak at low temperatures close to the
critical points.

A deeper understanding on the evolution of the re-
ported double-peak structure can be attained by the fol-
lowing decomposition

=, (9)

n<m

demonstrated in Appendix A. The defined partial specific
heat cun’m) describes the fluctuations between the energy

levels m and n according to

2
) — k(B B e B (1)
1

Since the specific heat accounts for fluctuations in energy
with respect to its mean value, the intuitive idea brought
by this decomposition is to visualize the fluctuations in
energy as a result of transitions between all possible en-
ergy levels. This outcome allows us to understand how
these peaks behave and influence each other, isolating
the relevance of each transition.

In Fig. 2 we present the specific heat as a function
of temperature by continuous lines including four dif-
ferent values of chemical potential: (a) p = 0.9U, (b)

w=1.1U, (¢) p=1.3U and (d) p = 1.6U. For each sce-

. . . . n,m
nario, the most relevant partial contributions ¢, ) are

addressed as the colored dotted lines, with the respective
level transitions depicted accordingly. Figure 2(a) shows
the p = 0.9U case. The low-temperature peak appears
due to the |1) — |2) transition. Other contributions
add up to form the second maximum at a higher tem-
perature; among them, the most relevant terms in this
temperature range arise from the transitions 1) — |0)
(red) and |1) — |3) (orange) which connect the states
|0) and |3) to the ground state |1), respectively. In
Fig. 2(b), for p = 1.1U, the ket |2) becomes the new
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FIG. 2. The specific heat decomposition and its temperature behavior is exhibited considering four fixed values of chemical

potential: (a) u = 0.9U, (b) = 1.1U, (c¢) p = 1.3U and (d) u = 1.6U. The dotted curves represent the contributions ¢,

(n,m)

to the total specific heat c,, which is shown as the continuous curve. Each panel contains a diagram of energy levels assigning

a different color to each transition [n) — |m) (with energies E, — E,), referring to the respective term ¢

ground sate and the first peak persists due to the avail-
able transition |2) — |1). As a result of this new ground
state, the contributions for the second maximum from
[2) — |0) (green) and |2) — |3) (purple) become more
prominent than the previous transitions |1) — |0) (red)
and |1) — |3) (orange). In Fig. 2(c), where p = 1.3U, the
transition |2) — |3) (purple) starts to gain relevance since
the energy level F3 approaches F1. As a consequence of
these two competing contributions, the specific heat de-
velops only one maximum. Figure 2(d), which displays
@ = 1.6U, finally shows E3 becoming the first excited
state, with ¢(23) the most relevant term at low temper-
atures. By increasing the chemical potential, another
analogous cycle starts presenting the same fundamental
mechanisms already explored.

IV. FINITE HOPPING (J #0)

Including finite-hopping effects, the specific heat be-
havior with temperature for simple cubic and square lat-
tices is illustrated in Figs. 3(a)-(d) and Figs. 3(e)-(h),

(n,m)
m .

respectively. The observables were evaluated using the
previously described SFT formalism. In this framework,
we considered four values of tunneling: J = 0.006U,
J = 0.012U, J = 0.024U and J = 0.042U, at a fixed
chemical potential 4 = 0.9U. Physically, such increas-
ing tunneling amplitudes correspond to decreasing lattice
potential depths, going from very deep lattices to shal-
lower ones. The introduction of the kinetic term J gives
rise to a superfluid phase which grows from the GSPT
points [62]. The superfluid phase is represented in the
blue area, with the superfluid to normal phase bound-
aries shown as dashed blue lines. The respective insets
portray the uT phase diagrams.

First we analyze the three-dimensional case, exhib-
ited in Figs. 3(a)-(d). Considering the chosen value
J =0.006U in Fig. 3(a), the system is found in the nor-
mal phase and the two-peak structure of the specific heat
remains present. For comparison reasons, we also indi-
cate the corresponding atomic limit result as the gray
continuous line. It is observed a clear reduction of the
first peak when the hopping is slightly turned on; the
second one, however, does not present relevant quantita-
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FIG. 3. The specific heat ¢, is shown as a function of the temperature T" at constant p = 0.9U for simple cubic (a)-(d) and
square lattices (e)-(h) considering four different hopping amplitudes: (a) and (e) J = 0.006U (the gray continuous lines are
the corresponding atomic limits), (b) and (f) J = 0.012U, (c) and (g) J = 0.024U, (d) and (h) J = 0.042U. The superfluid
domain is represented by the blue area, with the phase boundaries symbolized by the blue dashed lines. The insets exhibit the

respective p1" phase diagrams.

tive differences. Intuitively, as the low-temperature max-
imum derives from the energetic competition between
two states, the introduction of the hopping breaks this
degeneracy, mitigating its magnitude. A detailed anal-
ysis regarding such behavior is also developed in Sub-
secs. IVA and IV B, involving the analysis of spectral
properties and correlation functions. By increasing the
hopping to J = 0.012U, Fig. 3(b) shows the appearance
of the superfluid phase. Inasmuch as response functions
tend to grow in magnitude near continuous phase transi-
tions, we detect an increasing of ¢, in the neighborhood
of the phase transition. Consequently, the first peak
turns into a critical divergence while the second one is
still observed. Figure 3(c) portrays the J = 0.024U sce-
nario, where ¢,, increases monotonically in the superfluid
and the second maximum remains to be seen in the nor-
mal phase. For a larger hopping term J = 0.042U in
Fig. 3(d), the superfluid domain expands to an extent
that the high-temperature peak disappears. Thus the
two original maxima, born in the the atomic limit, are
only verified in a perturbative regime.

Considering the same hopping values and p = 0.9U,
Figs. 3(e)-(h) depict the specific heat dependence on tem-
perature for the square lattice configuration. The su-
perfluid domain for each tunneling amplitude is smaller
when compared to the three-dimensional picture. Indeed,
since there is a reduction on the number of available di-

rections for a particle to hop in a square lattice, the su-
perfluid region shrinks. Therefore, it takes larger values
of J to observe in a square lattice the same effects seen
in a simple cubic one. For J = 0.006U, Fig. 3(e) shows
two peaks in the normal phase, with the low-temperature
one appearing reduced in comparison to the atomic limit
(continuous line). Increasing J, Fig. 3(f) shows that such
peak is diminished even further for J = 0.012U. Finally,
Figs. 3(g) and 3(h) demonstrate that the rise of the su-
perfluid phase starts to destroy the developed peaks.

In the next Subsections we analyze the two peaks of
¢y in the presence of hopping in greater detail. The
J = 0.006U case, which preserves such property in
two and three dimensions, is explored inside the normal
phase.

A. Spectral Functions

As spectral functions reveal how states occupy a given
energy interval, they also provide useful information on
the specific heat behavior. The spectral function A(k,w),
a generalized density of states in frequency w and mo-
mentum space k, is defined by the imaginary part of the
retarded Green’s function [63] according to

Alk,w) = —ls[GR(k,w)] .

™

(1)
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FIG. 4. The local spectral function A versus the real fre-
quency w at fixed J = 0.006U and p = 0.9U, considering
simple cubic (a) and square lattices (b). The two tempera-
tures addressed kgT = 0.04U (blue) and kT = 0.4U (red),
located around each maximum of the specific heat, are marked
in the inset panel. Above each resonance, the most significant
transitions |n) — |m) are identified.

This follows from the Matsubara Green’s function by
analytic continuation, applying the prescription iw, —
w + i0T where w, = 2wn/B. Its integration over the
momentum yields the local spectral function

w) = Ni > Ak,w) . (12)
Sk

Concerning other range of parameters, the spectral prop-
erties of the Bose-Hubbard were also discussed using
SFT [51], as well as employing QMC and BDMFT meth-
ods [64, 65]. In Figs. 4(a) and 4(b), we show the be-
havior of A as w is varied considering p = 0.9U and
J = 0.006U in the SFT framework for simple cubic and
square lattices, respectively. These are the same sce-
narios reported by Figs. 3(a) and 3(e). The temper-

atures addressed in our analysis, kpT = 0.04U (blue)
and kT = 0.4U (red), are located near each maximum
of ¢, as the inset panel illustrates. The noticed reso-
nances can be thought in terms of transitions between
local occupation number states, which are eigenvectors
of the zero-hopping Hamiltonian explored in Sec. I11. As
demonstrated in Appendix B, the local spectral function
in the atomic 1imit reads as

A9 (w z(o Za

— ﬁZ(s(w

a collection of delta functions centered around the energy
level transitions AFE,_.,, = E,, — E,. With the pertur-
bative inclusion of hopping, the relevant Hubbard bands
emerge from such values, with a particular shape reflect-
ing the dimensionality of each case.

Regarding the low-temperature regime (blue curve),
there are contributions from only three transitions:
singlon-holon |1) — |0), singlon-doublon |1) — |2) and
doublon-triplon |2) — |3). Given its larger width, the
most relevant of them is the portion |1) — |2), because
the chosen p value is close to the transition between
states of occupation number 1 and 2. These states at low
temperatures produce the Schottky peak as explained in
the J = 0 scenario. Regarding the second maximum
(red curve), other states of higher energy become avail-
able such as the transition triplon-quadruplon [3) — |4),
while the transition singlon-doublon |1) — |2} are less
probable to happen.

— AE, snt1)(n+ 1)€_BE”

— AE,_1_,)ne PEn - (13)

B. Correlations and the Double Peaks

As pointed out by Figs. 3(a) and 3(e), the first max-
imum appearing in the specific heat versus temperature
plot presents a reduction when compared to the atomic
limit. In Fig. 5, we supply a detailed view on this sub-
ject considering the simple cubic setup for deep lattices
J = 0.006U (the results in the square lattice are quanti-
tatively similar) and three values of chemical potential:

= 0.7U (purple), p = 0.8U (green), and pu = 0.9U
(orange). Colored dots symbolize SFT calculations while
the respective continuous lines represent the perturbation
theory until second order on J/U. Figure 5(a) exhibits
¢, as T varies in the described scenario, including the
zero-hopping cases as continuous gray lines. We observe
that the deviations from the J = 0 situation become
more prominent as the chemical potential approaches
w = 1.0U. Since the specific heat is essentially a second
derivative of the free energy with respect to the tempera-
ture, Fig. 5(b) shows the difference AQ = Q— Q) of the
system’s free energy (2 in the presence of hopping relative
to its atomic limit Q(®). When p = 0.7U, the free energy
is slightly reduced by the introduction of the tunneling
term. However, for y = 0.8U and g = 0.9U, impor-
tant variations in a low-temperature regime are verified.
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FIG. 5. The specific heat ¢, (a), free energy variation AQ (b)
and atom-atom correlation C (c) are shown as functions of
temperature at J = 0.006U. As the inset phase diagram pT
reveals, three values of chemical potential are considered: u =
0.7U (purple), u = 0.8U (green), and p = 0.9U (orange). The
dots represent SF'T calculations while the respective colored
continuous lines symbolize the PT results. The atomic limit
of ¢, is shown as gray continuous curves in (a).

The prominent curvature AS) implies a relevant second
derivative. This information gets translated into a con-
tribution to ¢, responsible for the magnitude reduction
in the first maximum.

The question remaining is what physical mechanism
generates such curvature in the free energy. Since the in-
clusion of the tunneling term induces correlations among
particles located at different sites j° and j, we analyze
the atom-atom correlation function [66, 67]

Cjrj = (Wb, (14)
related to the imaginary-time Green’s function
Gjgr (7,7) = =(T1b, (7)bl, (")) (15)
through
Cjrj = —Gj3(0,07) . (16)

Accordingly, these correlations can be indirectly probed
as they are connected to the Fourier transform of the
momentum distribution function

w k 2 —1 -r-/fr.
R S L)
3,3’

where w(k) is the Fourier transform of the Wannier func-
tion. The quantity n(k) is measured by the time-of-flight
absorption experiments, in which the trapping field is
turned off enabling the cloud of atoms to expand during
a certain amount of time [68, 69]. More specifically, we fo-
cus our attention on the atom-atom correlation function
between first neighbors (since the particles of the model
are able to hop to first-neighbor sites), denoted simply as
C due to the system’s homogeneity. In Fig. 5(c) we show
C as a function of the temperature, mirroring the param-
eters of Figs. 5(a) and 5(b). Similarly to the free energy
corrections AS), the correlations become important as we
increase the chemical potential towards the integer val-
ues of U, developing a sharp peak at low temperatures
kT =~ 0.1U.

The impact of the correlations on the free energy can
be examined in an analytical perspective. Indeed, it
is possible to exactly determine the free energy from
the atom-atom correlation function based on the intro-
duction of a continuous coupling parameter, following
Refs. [70, 71]. First, we parametrize the Hamiltonian
of Eq. (1) in the form

HN = HO 4\, (18)

where H(©) corresponds to the atomic limit defined in
Eq. (4) and H is the kinetic term

H=—J blb,. (19)
(i)

Note that the value A = 0 correspond to the atomic limit,
while A = 1 recovers the original model considered, with
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FIG. 6. In the right panel, AQ is plotted against temperature 7" showing the agreement between points (crosses and triangles)

evaluated through Eq. (21) and the curves from Fig. 5(b).
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respectively. For kT = 0.04U and p = 0.9U, the left panel illustrates how these points are determined by integration of the

correlation function C™.

HW = H. As demonstrated in Appendix C, the change
in free energy caused by the hopping reads as

AQ:/%MAM, (20)
0

considering thermal averages (...), taken with respect
to the Hamiltonian of Eq. (18). The definitions from
Egs. (19) and (14) substituted into Eq. (20) lead to the

exact expression
1
AQ = —zJNS/ cM g . (21)
0

The term C) = (b},b]))\ is simply the atom-atom cor-
relation function between first neighbors j and j', ther-
mally averaged at a hopping value A\J. This expression
associates the theoretical free energy to the atom-atom
correlation, an indirect measurable quantity, by a process
of charging up the tunneling amplitude until the desired
value. Through Fig. 6, we verify the agreement between
both sides of Eq. (21) considering SFT and perturbative
methods. In particular, perturbation theory up to second
order yields the direct relation

7zJNS
2

AQ = C+0(JY. (22)

Therefore, the low-temperature correlations, which grow
near integers multiples of the interaction, cause an impor-
tant curvature change in the free energy, whose impact
is revealed in the reduction of the first maximum of the
specific heat.

V. CONCLUSIONS

We studied in detail the specific heat dependence on
temperature of bosons described by the Bose-Hubbard
model, considering simple cubic and square lattice ge-
ometries. Our theoretical analysis comprehended numer-
ical methods, including the self-energy functional theory
(a non-perturbative and self-consistent approach, suit-
able for the description of both normal and superfluid
phases) complemented by finite-temperature perturba-
tion theory around the atomic limit. Our results re-
vealed an anomalous double-peak behavior of the specific
heat capacity as temperature is varied, connected to a
residual entropy established in the atomic limit. Indeed,
for J = 0, the anomaly is present for values of p near
ground-state phase transitions between Mott insulators
of successive occupation number. In this regime, such
ground-state macroscopic degeneracy is originated from
the energetic competition between the local interaction
U and the chemical potential . While the local inter-
action is repulsive and tends to decrease the occupation
of a single site, the chemical potential acts in the oppo-
site direction, favoring occupation. Specifically, when p
takes on integer values of the on-site repulsion (which is
exactly the energy required to add another particle at a
given site), the system becomes frustrated energetically.
This energetic frustration gets translated into an addi-
tional low-temperature maximum of ¢, as a function of
T. In this framework, we also demonstrated a general
decomposition of the specific heat, based on all possible
transitions realizable between the energy eigenvalues of
the system’s spectrum. This result enabled us to identify
the relevant energy level transitions and how the noted
peaks evolve as the chemical potential is varied.



For finite hopping amplitudes, the superfluid phase
tends to destroy the reported maxima. Indeed, the
double-peak structure is only observed inside the nor-
mal phase and in a perturbative regime, correspond-
ing to very deep optical lattices. Additionally, the low-
temperature maximum presents a reduced magnitude
when compared to zero-hopping scenario. This can be
explained by the effects of correlations created between
first neighbors (enabled by the hopping), producing a
prominent change in the free energy’s curvature. Such
connection was established by an exact and general re-
sult relating the free energy change to the building up
of correlations as the tunneling amplitude is turned on.
Spectral functions were also used to illustrate the rele-
vant excitations dominant at each maximum.
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Appendix A: Decomposition of the Specific Heat

In order to demonstrate Eq. (10), we explore the heat
capacity C, its extensive related function. In general
terms, the heat capacity accounts for fluctuations in en-
ergy with respect to its mean value according to

2
¢ =1 (G2 ) =k (B~ (BP) . (A1)

The fluctuations around the mean value (§E)? = (E?) —
(E)? are explicitly determined by the averages

1
and
1
<E>2 = z2 Z E.En, e =P (En+Em) ) (A3)
where
(A4)

Z = Z e~ BEn

is the partition function. Alternatively, it is possible to

express Eq. (A2) in the form
(B?) = lZEZ’ e PEn | x lz e~ PEm
Z e Z &
B(En+Em) ’

%ZET% e

n,m

(A5)

which allows us to write the heat capacity according to

2
2

e PEnFEm) —(A6)

Since the terms n = m are zero, we separate the sum into
two parts

7 ]
C=kngz Y (B2 = BuBy) e PFn)

2
+I~cB?Z(E — By Ey,) e PEAE) (A7)

n>m

By exchanging the labels n — m and m — n in the
second term, we obtain

2
2

n<m

2
+hB 2 > (B} —EmE,)e

m>n

Em) e*ﬂ(En+Em)

7/6(E'm +E’!L)

2
= kpy D (B2~ EuEy + B}, — B Ey) 75

nm

2
=kp33 > By — Ep)? e PEntEn) (A8)

n<m

Such decomposition impels the definition of the partial
specific heat ¢(™™) describing the fluctuations between
the energy levels m and n

52

C(n7m) — kB?(ETL _ ﬂ(EnJFEnl) .

En)?e” (A9)

Therefore, the heat capacity becomes simply the sum of
the defined partial components

c=>Y ct~m.

n<m

(A10)

This result enables us to analyze and filter the relevance
of each energy level transitions.

Appendix B: Spectral Function in the Atomic Limit

For J = 0, the local one-particle Green’s function in
Matsubara space is given by

, 1 (n|b|m) (m[bl |n) ~_ -
(0) BE, _ ,—BEm
G (an)z(o) Z:n iwn, + B, — B, (e € )

when expressed using the Lehmann representation [63].
For interpretation purposes, it is decomposed into parti-
cle and hole excitation branches [65] according to

GO (iwn) = GO (iw,) + G (iwy) (B1)
where
, 1 (n|b|m) (m| b7 ) -
(0) — BEn,
G iwn) = 20 2 g0+ By — By (B2)
and
(0 (m|bn) ( ”|bT [m) —BE,
G, (iwy) = (O)Z o 1 B B, e .(B3)



By analytical continuation, we determine the retarded
Green’s function Ggg) (w) = GO (w 4+ in), with n — 0.
Also, the definition of the local spectral function of
Eq. (11) implies

Aw) = ——3[GY ()]

1
T

1 _
= 2o > 6w = AEn_ym)| (n]b|m) [PeEn

1 _
~ @ 20w = ABu)| (m] bln) e
n,m

as a consequence of the limit

1
lim — = —7§(w— AE) .
A T AR v oW )

(B4)
The explicit evaluation of the previous matrix elements
yields

1
A0 (w) = O] D 6w = AEppi1)(n+ 1)e Pn

1
-0 Z 5(w — AEp_1-,) ne” PEr | (B5)

which shows the atomic limit spectral function as a
collection delta functions at the consecutive transitions
[ny — |n 4+ 1). This analysis makes explicit that the neg-
ative sign contributions of A comes from the hole excita-
tion branch.

Appendix C: Correlations and free energy

In Subsec. IVB we presented how the free energy is
obtained from the atom-atom correlation function ac-
cording to Eq. (21). To demonstrate this relation, we
parametrize the system’s Hamiltonian in the form H®) =
H©) 4+ \H according to Egs. (18) and (19), interpolating
the atomic limit H(®) and the original Hamiltonian H®)
as A continuously varies between 0 and 1.

The corresponding partition function is given by the

10

trace
2O = T[] (C1)

from which we extract the free energy

1
oW = 3 InzW | (C2)
The derivative of Q™ with respect to A provides
aomn 1T {(—ﬂH)e_BHW}
d\ B Tr[ePHY]
Tr [He’ﬁHm]
= W = (H)x - (C3)

On the other hand, the free energy variation follows im-
mediately from the integration

1 0™
/ s d=0-09 =AQ,
)

(C4)

because Q1) = Q. By using the results of Eq. (C3) into
Eq. (C4), we get

AQ = / 1 (H)x dX . (C5)
0

Furthermore, the expression for the tunneling term H of
Eq. (19) yields

(C6)

where

e = (bib,)a (C7)

is the correlation function considering first neighbors ¢
and j, evaluated through a thermal average at a hopping
AJ. For a homogeneous system the summation over all
first neighbors yields z Ny, simplifying Eq. (C6) to

1
AQ = —2zJN, / C™M dx . (C8)
0
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In this paper we show the geometrical realization of the Legendre transformation as an extremum
principle, connecting it to the foundations of the equilibrium Thermodynamics. In this formulation,
the equation of state can be regard as a path in the Gibbs manifold, which arises naturally as a
test of thermodynamic stability. Particularly, we explore how these transformations codify a test for
thermodynamic stability locally with response functions, and globally with the well known Mazwell

construction.
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I. INTRODUCTION

In this paper we explore the physical content regard-
ing the Gibbs space geometry, its direct and natural rela-
tion to Legendre transformations and stability conditions
about the equilibrium states.

Thermodynamics present in modern applications.
Concerning the classical aspects of its logical construc-
tion (formulation), two schemes stand out: the thermo-
dynamics of Clausius and Kelvin, with axiomatic foun-
dations formulated by Carathéodory; and the Gibbs ap-
proach, with precise postulational basis given by Tisza.
In the Gibbs theory, the attention

Thermodynamic systems or subsystems are treated as
spatially disjoint volume elements, whose states are de-
termined by a set of extensive quantities (variables pro-
portional to the overall scale of the system) like en-
ergy/entropy, volume and number of particles. In this
framework, the complete information about each sub-
system is contained in the so-called fundamental equa-
tion, formulated in entropy/energy representations. The
phase space spanned by these extensive variables is des-
ignated as Gibbs space and it plays an important role in
the mathematical development of the theory. When the
flux of such parameters between subsystems is allowed
through the manipulation of appropriate walls, thermo-
dynamic processes are said to occur. The new equilib-
rium state achieved is postulated to be the one which
maximizes/minimizes the total entropy/energy restricted
to manifold of the constrained variables. The essence of
the theory relies on an extremum principle, just as seen
in different context of physics. The application of the
variational principle to the system coupled to reservoirs
of extensive quantities leads naturally to the Legendre
transformations. The procedure generates equations of
states as solutions and also provide a test for the thermo-
dynamic stability for local and global fluctuations about
the obtained equilibrium states. Here we focus on the
physical interpretation of some properties and elements
regarding the geometry of the Gibbs space and Legendre
transformations. Particularly, how these transformations

* eduardo.rizzattiQufrgs.br

naturally codify a test for thermodynamic stability with
the compliance coefficients (or response functions) and
the well known Maxwell construction.

The paper is structured as follows. In Sec. , we pro-
vide the basic thermodynamic definitions and postulates
based on the works of Tisza [1, 2], concerning the nota-
tion and the entropy maximum principle. Section dis-
cusses the Legendre transformations, considering them
as extremization procedures, treated geometrically in the
Gibbs space with Lagrangre multipliers. The local stabil-
ity about equilibrium states is addresed in , and it physi-
cally inserted in the context of the Legendre transforma-
tions. Indeed, ddiagionalization of a quadratic form, a
curvature from of the Gibbs manifold, with coordinates
systems a diagonal coefficients deduced from fluctuan-
tions enabled by Legendre transformations in a physical
proccess of interaction with reservoirs. Section discusses
the stabilty in a global panorama, containing a natural
reformulation of the Maxwell construction. Our final re-
marks and conclusions are exposed in Sec.

II. BASIC DEFINITIONS AND THE
VARIATIONAL PRINCIPLE

We consider a composite thermodynamic system
o, constituted by a collection of simple subsystems
{o(®}. Tts equilibrium states are parametrized by a
set of coordinates comprising m + 1 extensive variables

S G

ergy/entropy, volume, and number of particles. The sub-
system’s boundaries may be permeable or not to the flux
of such quantities, according to the appropriate collection
of thermodynamic walls. The set of parameters {X ()}
specifies the state of the composite system; each quan-
tity is considered additive over its subsystems, as well
as conserved if the total system is isolated. Hence, the
composite system variables satisfy

X =YX

summed over all the subsystems. The referred thermo-
dynamic walls constitute the internal constraints for the
composite system, represented by relations w; ({X(®}) =

,X,(,fﬂ)d)7 which can encompass en-

(1)



0. For simplicity, we symbolize this set of equations by w.
These relations determine a new set of free variables usu-
ally called virtual states: states that are consistent with
the imposed constraints. In this sense, virtual processes
or displacements correspond to variations from one vir-
tual state to another.

Based on these definitions, the classical thermodynam-
ics is essentially developed from a variational principle, as
usually seen in other areas of physics. In the present con-
text, this idea is constructed by assigning to each subsys-
tem an entropy function (also called fundamental equa-
tion or thermodynamic potential) W(®) = @()(X(@)
first-order homogeneous, continuous, with piecewise con-
tinuous higher-order derivatives. The total entropy ¥ of
the composite system is introduced as an additive func-
tion over its components

TUXW}) =Y v ). (2)

since the interactions among them are considered short
ranged. The occurrence of thermodynamic processes, de-
fined as the transfer of extensive quantities between the
subsystems, is mediated by the modification of internal
constraints, symbolized by the transformation w —— 6.
In such scenario, the extremal principle is structured as
follows: the new state of equilibrium achieved {X(()a)}
is such that it maximizes the total entropy restricted
to the manifold of new internal constraints. In other
terms, from all possible states obeying the restrictions
0;({X®}) = 0, the state of thermodynamic equilibrium

{X(()a)} corresponds to the largest value of total entropy:

P({X(}) = max {Z w<a><x<a>>} G

Therefore, the description of a thermodynamic system
relies not only on defining its subsystems, through the
corresponding fundamental equations, but also on the
identification of its internal constraints.

The entropy maximum principle can be reformulated
in terms of the internal energy ®(®), represented by one
of the variables X{a), . ,X,(,?ll. The postulate of Eq. (3)
becomes equivalent to the minimization of the total in-
ternal energy

B({X{}) = min {Z <1><“><x(“)>} : (4)

The inversion of
Eq. (2) is allowed locally since the derivative ggigzs =
ﬁ is the inverse temperature, a quantity regarded
as positive. These representations correspond to differ-
ent physical configurations and setups. In the entropy
scheme, the total system is considered in isolation with
constant total energy while the entropy is permitted to
vary. The energy scheme allows for fluctuations in en-

ergy at fixed total entropy by the coupling of an external

respecting the analogous constraints.

working source.

First we analyze the variational principle in a local
perspective, studying infinitesimal virtual displacements
around the equilibrium state. For a local extremum, the
condition

§® =0 (5)

implies the equality of the thermodynamic potential’s
first derivatives

(@)
(o) _ 0P
P = W ) (6)
J
with
Pj(a) = Pj(ﬁ) (7)

for all j = 1,...,m and «, 8 coupled through the ex-
change of X;. These intensive quantities are named as
the fields Pj(o‘) conjugated to Xj(a) and they act like pas-
sive generalized forces induced by the corresponding per-
meable walls. The relations brought by Eqgs. (6) deter-
mine the so-called equations of state in a local scope. The
entropic representation receives the notation

) _ ow(@)
T ax(®
J

(8)

The fundamental equation lacks direct physical appeal,
sometimes distant from the experimental reality. Indeed,
the connection between the formalism and the labora-
tory environment is established more properly by the
already mentioned equations of state. As discussed in
the Sec. III, they are naturally generated by Legendre
transformations, arising from an adaptation of the ex-
tremum principle considering interactions between the
system and proper reservoirs. In spite of being an ex-
tensively discussed subject, its possible to connect the
Legendre transformations and the geometry of the Gibbs
space through an unified view encompassing the obtain-
ing of equations of state, and the analysis of local and
global stability criteria.

III. LEGENDRE TRANSFORMATIONS

The Legendre transformations are commonly associ-
ated to the convex envelope or supporting hyperplanes
of sufficient regular functions [3, 4], connected to the du-
ality between points and lines [5]. Indeed, they preserve
the information content of the original function by re-
lating an element of the Gibbs manifold to its respective
tangent space as illustrated in Fig. 1(a). This association
is actually a consequence of the ideas brought by the ex-
tremal principle, subjecting it to adequate constraints.
To explore this latent meaning in a geometrical perspec-
tive, we generalize the mental experiment from the pre-
vious section.

We consider a composite system & constituted by the
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FIG. 1. Panel (a) depicts the fundamental equation as a func-
tion of the extensive variable X, with some of its tangent
lines. Their intercepts with the ® axis determine the Legen-
dre transform ®*). An equivalent construction is shown in
(b), considering the intrinsic variational character of the dis-

o)

cussed problem. The contour curves of M =@ — PRX are
shown as the blue lines with constant slope P, concerning
the reservoir o®. This function is explicitly minimized sub-
jected to the constraint ® = ®(X), regarding the system o
originally studied. Arrows symbolize the gradient vectors of
the corresponding curves. At the extremum solution X, the
gradient vectors become parallel, with P = P. The mini-
mum value reached by the intercepts is ® = @) (PF)| the
Legendre transform of ® at the value P®. The extremization
procedure yields also the equation of state Xy = Xo(P%).

studied system ¢ and a reservoir o®. The later is char-
acterized by the intensive parameter P® conjugated to
the extensive variable X. Both system are allowed to ex-
change X through a corresponding permeable wall. The

b = :I)(l) + f)RAX

'... A ‘o'
q ..‘R-...-"'
e
W (PR|X) = ®(X) — PEX
\
Xo X
FIG. 2. The geometrical construction of the potential

W (PEIX) = ®(X) — PEX, involved in the reformulation
of the extremal principle. The points A, B and C corre-
spond to the intersection of ® = ®(X) and the level curves
® = &M 4+ PRX. The intercepts A’, B’ and C' projected
into the X axis yields A”, B” and C”, composing the func-
tion @ (P?|X) (dotted curve). Its minimum value is the
Legendre transform ®) of & at fixed P.

total energy is additive over its subsystems with
®(X, X7 = o(X) + o7 (XF). (9)

As Eq. (4) postulates, the equilibrium state (Xo, X{)
reached by the transfer of X is such that (X, X&) <
&)(X, XB), for any state (X, X ) satisfying the imposed
constraint

X=X+Xx", (10)

with X constant. This implies that the deviation from
equilibrium

A® = (X, XT) - B(Xo, X >0 (11)

must be positive-definite. We decompose this variation
through Eq. (9), following the contribution of the two
subsystems

AD = A + ADT . (12)

According to Eq. (10), the fluxes of the analysed quanti-
ties vary in the opposite sense

AXE = _AX (13)

in order to ensure the conservation of X. The choice of a
reservoir of* mediating the interactions with o provides a



particularly simple variation for the total thermodynamic
potential. Since the higher order derivatives of P® are
negligible for a reservoir, A®® becomes simply

AP = PRAXTE (14)
Indeed, using Eqs. (13) and (14), we rewrite Eq. (12) as

A® = AD — PRAX
=A(®-PRX) , (15)

since PT is fixed. The energy minimum postulate
brought by Eq. (11) and the deviation expressed in
Eq. (15) imply that the equilibrium state achieved mini-
mizes the function

M (PE|IX) = ®(X) — PEX . (16)

Consequently, the Legendre transform &) (P®) is de-
fined by the solution of the variational procedure

W (Pl = min{®(X) — PEX}
= min &V (PR |X)
X
= oW(PE|X,) , (17)

for each value of P as the reservoirs are varied. The
solution obtained develops into an equation of state, with

X = Xo(P®) . (18)

These steps reformulate the extremal principle, allow-
ing for fluctuations in the studied system. They reveal
the essential ingredient composing the Legendre trans-
formations: the maintenance of the variational principle
adapted to a set of new constraints.

As typically done under these circumstances, the opti-
mization problem in the presence of constraints is treated
employing Lagrange multipliers, as Fig. 1(b) depicts. In
the X® plane, the minimization of @) (PE|X) is equiv-
alent to finding the minimum value of the function

M (PE|IX)=d — PRX (19)
for a constant value of P and restricted to the manifold
o =9(X). (20)

The level curves of () correspond to a family of lines
with slope PT; their values constitute the intercepts of
the @ axis (X = 0). By defining the function h(®, X) =
®(X) — @, which is identically zero, the solution to the
posed problem satisfies

Vo) = \Vh, (21)

corresponding to the equilibrium state Xg3. Geometri-
cally, this codifies the parallelism of the gradient vec-
tors regarding the considered curves. In other terms, the
minimum value assumed by the intercepts of the refereed
lines, restricted to ® = ®(X), occurs for the line tangent

to the system’s fundamental relation curve. Precisely,
the components of Eq. (21) yield
9o on
a0 oo ’ (22)
and
oo on L
d —Aa—X <~ —P _Aa—X, (23)
whose combination provides
0P
PR= — . 24
X (24)
This relation brings up the equilibrium condition
P = PR (25)

corroborating the equivalence between the tangent planes
construction and the extremal principle adapted to the
interaction with the reservoir.

Going further in our analysis, Fig. (2) details the geo-
metrical construction of the function ®1)(PF|X), which
is set to be minimized. As an example, the points A,
B and C signal the crossing of the fundamental equa-
tion & = ®(X) and the family of parallel lines & =
&M + PRX. The intercepts of these lines with the ®
axis correspond to the values of (1), designated by A’,
B’, and C’. These points projected into their respective
X values determine A”, B”, and C”, which compose the
function @) (PE|X) illustrated as the dotted curve. In-
deed, the lengths of the segments AA”, BB"”, and CC"”
are equal to PEX; when the ®(X) values (the points A,
B, and C) are subtracted by PEX (the length of AA”,
BB", and CC"), we obtain ®1)(PR|X). This affine
construction naturally produces the Legendre transform
as the extremal solution to the posed variational proce-
dure, yielding an equation of state. The fluctuations of
the variable X between the system and the reservoir are
such that they minimize this new function, combining el-
ements from the system and the reservoir.

To generalize our discussion in the multivariable case,
we define the successive Legendre transform of order k
by

o (Py) = min @1 (Pe|Xp) (26)
following the extremization of
M) (P X)) = F Y (Xy) — P X, . (27)
Its solution, the equation of state
Xio = Xk,0(Pr) , (28)
is such that
3™ () = 80 (Py| Xy 0) . (29)

Only the dependence on the transformed parameters
is addressed; the complete notation reads as ®*) =
Q(k)(Pla Tt Pk7Xk‘+17 st 7Xm+1)'
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FIG. 3. Schematic representation of a thermodynamic system
o and the mental experimental which enables the analysis of
the fluxes § X;, obeying the originally imposed constraints. In
the left hand side, we highlight a subsystem o, with a fixed

scale parameter X,,+1. The right hand portion presents the
Xm+41
Xﬁ+1
interacting with reservoirs R(P;) of extensive quantities X;.

limit — 0 leading to a a replica of the studied system

IV. THERMODYNAMIC STABILITY

The variational procedure can be employed not only to
obtain the equilibrium state X of a homogeneous system
¢ but also to probe its thermodynamic stability. In order
to do so, we analyze the system’s response to global or
local fluctuations starting from the attained equilibrium
state. (define global and local variations).

A. Local Stability

The presented formulation imposes an inherent obsta-
cle: the fluctuations from the equilibrium value as a test
to the stability must not violate the originally imposed
constraints. We overcome this difficulty by highlighting a
subsystem o, with a fictitious boundary with the comple-
mentary subsystem o . In analogy to the set theory, we
write the described decomposition in the form & = cUc .
Such procedure enables the analysis of fluctuations about
an equilibrium state obeying the system’s constraints. If
we assign to each subsystem its fundamental equation,
the total energy becomes

(X, X% = o(X) + (XN, (30)
with the enclosure relations
X =X+X~%, (31)

The subsystem o can be regarded as a re-scaled replica
of the original one due to its homogeneity.

We submit ¢ to a virtual process about the equilibrium
state (Xo,X{). The minimum energy postulate states
that A® = &(X, X)) — ®(X,, XF) > 0, for any (X, XF)
compatible with the constraints of Eq. (31). In terms of
a Taylor expansion about (X, X(If), this variation of the
total energy corresponds to

AD = AD + ADT
= (0D 4+ 0% +...) + (607 + 520 - ..) . (32)

In alocal neighborhood of the equilibrium state, the ther-
modynamic potential satisfies 0® = 6@ + 6@ = 0, ac-
cording to Eq. (5). Hence, the remaining higher order
terms provide

AD = (62 + 6D +...) + (820" + 520" 4+ ...) . (33)

Additionally, we can fix a scale parameter from the set
of variables describing the system. Usually the number
of particles or volume in a simple fluid; here we desig-
nate this variable as X,,,+1. By employing the extensive
property of the thermodynamic potential, we define the
following generalized densities for o

X

= and x; = , 34

¢ Xm+1 Xm+1 ( )
and the subsystem o

O XE
oft = = and zf = s (35)
Xm+1 Xm+1
considering i = 1,...,m. As both subsystems are com-

plementary parts of the total system, the homogeneity
condition brings the equation

32¢ 32 ¢R

= 36
0x;0x; 8;1;‘?81‘? ’ (36)
which readily yields
o*eft X, 0% (37)
oxFoxt — XIt ., 0X;0X; "

Since X; is fixed, the restrictions from Eq. (31) imply
6X; = —6X[I, (38)

for all ¢ = 1,...,m. The combination of Egs. (37) and
(38) relates the second order variations for o® and o to
the scale factor previously chosen according to

Xom
2ol = 0 520 (39)
Xm+1
Similarly, the higher order variations also obey analogous

relations

e k-1
gEpf = (~1)k ( ’;“) 5 . (40)
X
m—+1
Note that k = 1 recovers the condition regarding a local
extremum, from which we extract the equality between

the intensive fields or generalized forces. In the limit

Xerl

R
Xm+1

-0, (41)

the complementary system o can be regarded as a reser-

voir if compared to the selected subsystem o, which plays
the role of a replica in reduced scale of the total system
o. This mental experiment is represented schematically
in Fig. 3.



Considering the described scenario, the variation of the
thermodynamic potential given in Eq. (33) simplifies to

AD = 520 + 52D 4 ... . (42)

Therefore, the sign of the quadratic form §%2® deter-
mines the thermodynamic stability in a local scope. Ex-
plicitly, the second variation §2¢ = §2¢(x¢;X) of ¢ =

¢(x1,...,2n) is expressed by
1 m m
2.0 .. , .
6= ;; bij 00z (43)

a second order degree polynomial in m variables whose
coefficients ¢;;

_ 9%
bij = M(XO) (44)

are elements of the hessian matrix of ¢ evaluated at the
equilibrium state x¢. In matrix notation, Eq. (43) be-
comes

62¢ = % oxTQ ox , (45)

where @ = Q(x¢) is the Hessian matrix of ¢ calculated
at xq:

$11 P12 ... Pim
P21 P22 ... Pam

Q=1 . C : ‘ (46)
¢m1 ¢m2 DR ¢mm

We seek a diagonal representation for this bilinear form
in order to clarify the conditions determining its positiv-
ity. Indeed, every symmetric quadratic form admits a di-
agonal representation through a linear transformation [6].
Precisely, it is possible to conceive an appropriate change
of basis L : §x — dy given by

d0y = L ox, (47)

such that the quadratic form is diagonal
1 m
20 E : 5.2

In a matrix notation, Eq. (48) assumes the form

1
0% =5 oy Ady, (49)
with A the diagonal matrix
A0 .00
0 A ... O
A=1|. . I (50)
0 0 ... Am

Therefore, both transformation are connected by a con-
jugation relation

Q=L"AL. (51)

Consequently, our stability analysis relies on deter-
mining the sign of the coefficients {);}. In general, the
referred coordinate transformation is not unique [7].
Nevertheless, the number of positive, negative and null
terms among the supra-cited coefficients is always the
same. This statement is known as the Sylvester’s law of
inertia [8], whose name alludes to an intrinsic property of
the quadratic form which resists the mentioned change
of basis. In a geometrical scope, the dimensions of
the maximal subspaces in which the quadratic form is
positive or negatively defined are invariant under these
circumstances.

Regarding the non uniqueness associated to @, we
seek the transformation carrying physical meaning in
the explored context. For example, we can diagonalize
the Hessian form through an orthogonal transformation.
In the linear algebra scenario, the spectral theorem
attests that every symmetric matrix is diagonalizable
by an orthogonal transformation, which preserves the
euclidean metric. However, such procedure does not
exhibit any physical information and meaning for
the manifold defined by the fundamental equation in
the Gibbs space. On the other hand, the orthogonal
transformation finds applications in the context of
vibrations and stability of structures, once the physical
space is naturally endowed with the euclidean metric.
Alternatively, we show in the following that a deeper
connection with the thermodynamic structure presented
is established when the diagonalization is carried by
completing squares, also known as the Lagrange method.

1. Diagonalization for a non-singular quadratic form

We treat initially a non-degenerate quadratic form,
with det(Q) # 0. For ¢1; # 0, we separate the terms
containing dx7, completing the square according to

2

1 1y
8¢ = - oxy + —L §x;
¢=51%u 1 ; -

Z ((b” ¢1Z (le) 61‘1‘(5.’5]‘ . (52)

1,j=2

Two new parameters naturally arise from this procedure:
the coordinate system

0y1 = 0x1 + Z ﬁ 5$j s (53)

2 on

as well as the set of coefficients

15 P1;
éu1

6\ = dij — (54)



for i,7 = 2,...,m. Including these definitions, Eq. (52)
becomes

1 m
50 = b} P16y} + Z ¢>1('Jl<) dxidx;
i,j=2
1
= 5 oudy + 8%, (55)

where the remaining sum was redefined as
m
1
326 = 3" i) dwida; (56)
i,j=2
As deduced in Eq. (55), the reduction process generates
the first element in the diagonal representation, given
simply by
0%¢
A= =—. 57
1= 11 027 (57)

The coefficients gbl(.jl.) defined through Eq. (54) receive this
label because they are second derivatives of the Legendre
transform ¢ = ¢ (Py, xy,...,x,,) of ¢ with respect

to xq,
1 924
(bij - (axiaxj P ) (58)

evaluated in terms of the natural variables Py, o, . .., Ty,-
Also, from the change of coordinates carried by the Leg-
endre transformation, the new coordinate dy; addressed
in Eq. (53) can be expressed as

[0
J/ P

Jj=2

Both identifications shown in Eqs. (58) and (59) are
demonstrated in Appendix A.

Note that we are in the same position when we started
the diagonalization process. Therefore, it is possible to

develop the next steps by induction. For QSSQ) # 0, we
obtain the new basis

i 8.1‘2
]:3 1,472
and the coefficients

1 1
0 _ o 05 0% 61
Gij = i T (61)
22

The next diagonal element is
2o
e=ofy = (%) (62)
2 03 P

and the second order variation from Eq. (55) transforms
into

1 1
o= 5 ondyt + 5 on0; + 676 (63)

In such non-singular case, the complete process provides
the following diagonal terms

_ a2¢(k71)
w= ol = () SN
i (“):c% Pi,...,Pi_1

obtained through the change of basis
Syp, = Sz, — i 92k sz;,  (65)
Yk k ' oz; ) b p J
j=k+1 1P
fork=1,...,m—1 and
OYm = 0Ly, . (66)

In a matrix language, the transformation L which diag-
onalizes @) into A is given by

L), - ()
3$2 P, 3$m P

N

0 1 c = (D
L= O Py ,Py | - (67)
0 0 . 1

The exposed diagonalization procedure presents a clear
physical interpretation based on the presented decompo-
sition for the total system o. The artificial partition in-
volves its re-scaled copy o coupled to the complementary
part o', regarded as a reservoir of extensive quantities.
This mental construction allows for testing the stabil-
ity of an equilibrium state through fluctuations which
are naturally implemented by Legendre transformations
due to their intrinsic variational character. We begin our
analysis with the variable x;. By enabling fluctuations

dx1 with the remaining variables xs,...,x,, fixed, the
extremal principle
A >0 (68)
transforms into
ApM = A(p— Pray) >0, (69)

following . The local stability with respect to the induced
variation requires that the function ¢! presents a local
minimum at the studied equilibrium state. Precisely, the
second fundamental form must be positive definite
~ 52
260 = 529 = T8 5012 > 0, (70)
Ox?

yielding the first diagonal element

?¢  OP
M=="%=—=>0. 71
YT 022 T oy (71)
This condition permits the local realization of the Legen-
dre transformation involving the conjugate variables x;
and P;. We derive the equation of state

xlle(Pl,xg,...,xm) (72)



as a solution of the extremization problem. Since its
infinitesimal deviation (0x1)p, of x; at fixed P is

@hha—<§m> &m+.~+(3“> 52 (73)
T2/ Py Py

Oz,

the choice dx1 = (dz1)p, implies dy; = 0, according to
Eq. (59). This means that, once we perform the Leg-
endre transformation, the analysis of sign regarding the
direction dx; gets completed. Such procedure verifies au-
tomatically the local stability for the corresponding vari-
ations. After this, our attention turns towards the fluxes
of the variable x5 conjugated to P,. The corresponding
successive Legendre transformation of ¢(!) satisfies the
condition
AP = AW — Poxg) > 0, (74)
which locally produces
~ 2o
5262 = 5241 =

) (629)*> >0, (75)
P

where the quantities 3, ..., z,, are kept constant. Con-
sequently, we deduce the second diagonal element

2 (1)
Ny = (%) _ (3P2> >0.
Ox3 ) p, 0x2 ) p,

The equation of state derived from the new extremal
principle

(76)

JIQZ.IQ(Pl,PQ,Ig,...7$m) (77)

exhibits the local variation

8352) (8952 >
) P, = | =— Ors + -+ oxdT
(0x1) Py, P <8x3 - 3 9m ) oo 1 TAT3)

at fixed P; and P,. The new basis, show in , assumes the
form dys = dx2 — (621) py,p,. For infinitesimal deviations
determined by the path describing the obtained equation
of state, with dze = (dx1) p, p,, the new basis yields. The
diaigonalization procedure can be carried out inductively
providing the same conclusions. The path or directions in
the Gibbs space which test the local stability of a given
state are brought by the Legendre transforms through
the change of coordinates L. Therefore the algebraic and
physical level by the natural structure of Thermodynam-
ics equilibrium.

From the positivity of the quadratic from in the energy
representation, we extract the Le Chatelier principle

P P P,
k>(k> >...><k> > 0 (79)
axk 813k P, 8$k Py,...,Pr_1

where the displacement dxj corresponds to a gradient
of the generalized force d Py. Such response is larger if
the extensive quantities are kept fixed, and progressively
smaller if the flux is allowed at fixed fields. Similarly, the
local stability requires negative diagonal elements n the
entropy representation.

As an example, consider a binary mixture described by

a fundamental equation U = U(S,V, N1, N3), involving
the internal energy as a function of the entropy, volume,
and number of particles N;. From the total number of
particles N = N+ N, we define the generalized densities
U S \%4 M

N’S: v=— and x

v= N N N

(80)

The diagonalization of the quadratic form &2u repre-
sented by

9%u 8%u 8%u,

g? 8832811 %s x
— u u u
U laE ot v
dxds Oxdv Oz
provides the stability criteria
0%u
)\1 - @ > O 3 (82)
0% f
Ay = () >0, (83)
o? ),
0%g
A = () =0, (84)
0x2 ) 1 p

according to . Indeed, these diagonal elements encompass
appropriate curvature conditions over the internal energy
u = u(s,v,x) and its successive Legendre transforms:
the Helmholtz free energy f = f(t,v,x) and Gibbs free
energy g = g(T, P, x).

2. Diagonalization for a singular quadratic form

The so called critical points are commonly considered
as the boundary between stable and unstable states. In
the explored context, the critical manifold can be defined
by the semi definite character of the previously analyzed
quadratic form. This condition is achieved whenever one
of its diagonal elements, say A, becomes zero; this read-
ily implies det Q = 0. Since the order of the variables is
not unique, we choose r with the least value as possible.
We discern two possibilities: » = m and r < m. In the
case r = m, with
the diagonalization procedure is concluded without prob-
lems. This is the most usual scenario. Since the
quadratic form can assume the value zero, a positive free-
energy variation is guaranteed locally if

53(15("171)
and
4 1 (m—1)
oM . (87)

4
ox},



For the remaining case (responsible for the critical
azeotropy in binary mixtures), the diagonalization is in-
terrupted when we arrive at the variable z, according
to

r—1
1
820 == > Noy? + 8% 88
6=3 ; yi 0% (88)
with
20V = 3" ¢l suba . (89)
1,j=r
Considering
A=) =0, (90)
the quadratic form of Eq. (89) is semi-definite if
oV =0, (91)

for j = r+1,...,m. Indeed, by choosing the displace-
ments

for1 <i<r-—1, as well as
dx; =0 (93)

for r + 1 < 5 < m, the quadratic form
820 = ¢V Sw,dwp + ¢\ 6a? (94)

can take on positive and negative values according to the
arbitrated values of dz,. and dx. Then, we continue the
diagonalization process keeping fixed the coordinate x.,
without submitting it to the Legendre transformation.
Consequently, there is a decoupling between the sets of
variables {z1,...,2,—1} and {®;41,...,2m . Collecting
the previous results, the critical points are determined by
the following conditions

83¢(r71) .

83¢(r—1) 84¢(r—1)

om0 g 70 (96)

52 (r—1) ‘

JW:O, (G=r+1,....m). (97)
J T

B. Global Stability and the Maxwell Construction

We extend our stability analysis to global variations,
including the emergence of several local minimum states.
The general idea is already contained in the extremal
principle of Eq, which can be extended to its Legendre
transformations according to . We highlight the following
possibilities: locally

520 > 0 (98)
520 =0 (99)
520" <0, (100)

and globally

AR >0 (101)
for k = 1,...,m. The equilibrium is stable if the con-
ditions of Egs. (99) and (101) are satisfied; in the criti-
cal case, the local quadratic approximation for the ther-
modynamic potential becomes degenerated as stated by
Eq. (100). Also, if Eq. (99) is fulfilled with violation of
Eq. (101) for a certain displacement, such equilibrium
state is designated as metastable. The equilibrium state
is unstable if Eq. (100) is verified by some local displace-
ment.

We explore these definitions by studying fluctuations of
the quantity X (from a fundamental relation ® = (X))
obtained via interaction with reservoirs R(P) through
Legendre transformations. Figure illustrates this proce-
dure based on the described method of Lagrange mul-
tipliers, addressing three values of the conjugated field
P, > Pg > P,. The respective thermodynamic poten-
tials and families of lines of slope as functions of X are
portrayed by Figs. ; the construction of the correspond-
ing potentials ') is exhibited in Figs. ; finally, Fig.
depict the equations of state resultant from the extrem-
ization procedure and locally symbolized by g—;};. In Figs.,
the case P = P, points out the emergence of a local solu-
tion X{ to the extremization problem, besides the global
minimum X,. The colored area in Fig. corresponds to
the energetic barrier separating theses equilibrium states.
Precisely, this is verified because the highlighted region
corresponds to the variation as follows

Xg a¢ * *
(P 55) 4% = P~ X5) - o) - 3(x5)]

= [®(Xg) — PX{] — [@(Xo) — PXo]
=AM (102)

For P = P3, we observe a new metastable phase, the
solution X{. The free energy available to reach the lo-
cal maximum from this metastable state is not enough
to accomplish the same process starting from the global
minimum, since A®”’(M > A®'(D). These variations are
also represented by the areas in Fig . When P = P,,
two global minima occur, X{, and X{/. Thus, the pre-
vious variations become equal, with A®”(1) = AP'D)

This is equivalent to the Maxwell Ccostruction. In-
deed, the Maxwell construction is an artifice recovering a
fundamental idea: the stable equilibrium states must be
determined by the extremization of a thermodynamical
potential. The variational procedure directly determines
the equations of state, not the simple attribution

0o

P —
&

(103)
which actually generates an imprecise equation of state
that must be corrected by a Maxwell construction. The
equilibrium points obtained in Fig are described in Fig..
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FIG. 4. The Legendre transformation and the Maxwell Construction, considering three different values of the fixed field P.

The stable presenting. Hence the adequate equation of
state comes from the minimization of the potential

oM = min{®(X) + PX} (104)

providing the correct solution Xo = Xo(P), with
M (P) = oM (P|X,) .
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Appendix A: Change of variables and Legendre
transformations

Our analysis begin with the case k = 1, exploring the
intrinsic change of variables carried by the studied trans-
formations. In order to check the relation for the new
coordinates dy; and the coefficients (;Sl(;), we consider the
equation of state

$1:$1(P1,$2,~~,5Um) (Al)
generated by the Legendre transformation o) of

the thermodynamic potential ¢ with respect to z;.
This solution establishes a relation of the form



(a)
P, - o
0P
0xX bt o =
P, ' O
(b)
P+
P pl
P,
X

FIG. 5. The equation of state, obtained as the solution of the
extremization procedure

(P, x1, %2, ..., %y) =0, whose implicit definition
NP, x1(P1, X2y oy T )y T2y Tn) =0 (A2)
yields the derivative
an an ([ 0xy
— =0 A3
8%1' + ail,'l (&m P, ’ ( )

through the chain rule. Therefore, we achieve the expres-

sion
0x1 _ an ﬁ
8331' P n 8331' 8.731 ’

(A4)

11

a consequence of the known implicit function theorem. If
we choose

77:P1(.’L'17x27...,$m)_P1, (A5)
derived from the local inversion of Eq. (Al) or P, = %,
the result provided by Eq. (A4) becomes
81'1 - 78P1 @
3331' Py - 8331 8$1
32 62 ’
Ry TN
O0x;0x1/ Oxy o11

fori =2,...,m as well as the condition ¢1; # 0. Here we

considered the compact notation introduced in Eq. (58).
Consequently, by employing Eq. (A6), the new basis de-
scribed in Eq. (?7) becomes

Syp = oz + LU P
Y1 1 ;%1

- axl

=2

(A7)

as stated by Eq. (59).
Similarly, we analyze a generic function of the form
& =¢(P1,x2,...,2m). Its dependence on the variables

Py, xs, ...,z is implicitly described by the equation of
state Eq. (A1) according to
£(P1,$27. .. ,:Em) = f(xl(Phx?w .. ,Zﬂm),l‘g, cee ,.’Iim) 3
The chain rule for its derivative provides
0 0 0 0
(), ), w
Oxi ) p  Oxi  Oxy \Ox; ) p

Based on the choice £ = agj—;;), Egs. (A6) and (A8) imply

( 82¢(1) ) 62¢ 82¢ 82¢ @
Py

0,0z - 0z;0z; B 0x10xj Ox;0x1 | 023

which, in a compact notation, is equivalent to

w_ ., _ Py A9
¢z] ¢ZJ ¢11 . ( )
with 4,7 = 2,...,m. Hence the coefficients defined in

Eq. (54) are the second derivatives with respect to the
appropriate Legendre transformation of the fundamental
equation. The k£ > 1 scenario follows in a straightforward
manner by induction on k.
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