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Abstract

Single cell migration experiments [Selmeczi et al., 2005, Dieterich et al., 2008] shows a short-
time, diffusive behavior that precludes definition of instant velocity and puts in check some
current cell migration theory [Thomas et al., 2020, Fortuna et al., 2020]. These experiments
show a mostly ballistic motion for intermediate time intervals, followed by a diffusive (whose
displacement evolves proportional to the square root of the elapsed time) migration for large
time intervals, both already known, and a diffusive migration for short time intervals, a dy-
namics that makes the usual concept of instantaneous velocity, mathematically undefined
(a diffusive displacement, that is proportional to the square root of the elapsed time goes
to infinity when divided by an infinitesimal time interval). Consequently, any mathematical
model that considers time derivatives for velocity is ill-defined. Recently, we proposed a two
dimensional anisotropic migration model, which we analytically and numerically solved,
that recreates this observed cellular dynamics [de Almeida et al., 2022]. We considered a
polarization vector that defines a preferential migration orientation, along which velocity
is well defined, described by a Langevin-like equation, and an orthogonal-to-polarization
direction along which the cell describes a diffusive motion.The polarization direction is a
further variable of the model, being continuously updated. The predicted values for mean
square displacement are in agreement with experiments. However, the probability density
function for the velocity along the polarization axis is symmetrical around zero, disagree-
ing with what is observed experimentally. Here we present analytic stochastic calculations
where the noise term for the velocity along the polarization axis has a non-zero average
value. The analytical results reproduce the experimentally observed behavior for the mean
square displacement and probability density functions for the velocity along the polariza-
tion axis. The calculations are based on our analytical stochastic integration method pre-
sented in a previous work [de Almeida et al., 2022]], and the results agree with experiments,
numerical integration and the results from CompuCell3D simulation method.

Keywords: Anisotropy, Velocity, Velocity Autocorrelation, Mean Square Displacement,
Fiirth, Active Matter, Cell Migration, Diffusion, Ornstein-Uhlenbeck, Polarity, Single-
Cell, Vicsek



Resumo

Experimentos de migracao celular [Selmeczi et al., 2005, Dieterich et al., 2008] mostram para
tempos curtos de observacdo, um comportamento difusivo que impede a definicdo de ve-
locidade instantanea e pde em cheque algumas das teorias atuais de migracado [Thomas et al.,
2020, Fortuna et al., 2020]. Estes experimentos mostram um movimento de tipo balistico
para intervalos intermedidrios de tempo, seguidos um novo regime difusivo (o desloca-
mento é proporcional a raiz quadrada do tempo decorrido) para longos intervalos de tempo,
ambos previamente conhecidos. O regime de migracdo para intervalos curtos de observacao
é um regime que torna o conceito usual de velocidade instantdnea, matematicamente mal
definido (a razdo entre um deslocamento proporcional a raiz do tempo pelo préprio tempo
diverge quando o mesmo tende a zero). Consequentemente, qualquer modelo matemético
que considera derivadas temporais da velocidade, fica mal definido. Recentemente, nés
propusemos um modelo anisotrépico de migracdo (resolvido numérica e analiticamente)
que recria essa nova dinamica observada [de Almeida et al., 2022] ao considerar um vetor
de polarizacdo que define uma orientacdo preferencial de migracdo ao longo do qual a ve-
locidade instantdnea é bem definida, descrita por sua vez por uma equacdo de Langevin
e uma diregdo ortogonal a polarizagdo na qual a célula descreve um movimento difusivo.
A orientagdo do vetor polarizagdo é uma variavel adicional do modelo e é continuamente
atualizada. Os valores preditos para o deslocamento quadrédtico médio concordam com
os experimentos. No entanto, a fungdo de densidade de probabilidade da velocidade ao
longo do eixo de polarizacdo, assume uma curva simétrica em torno de zero, discordando
com o que se é observado experimentalmente. Neste trabalho, nés mostramos um novo
célculo estocéstico analitico no qual os termos de ruido para a velocidade definida ao longo
do eixo de polarizagdo apresentam um valor médio que ndo é centrado em zero. Os re-
sultados analiticos reproduzem os comportamentos observados experimentalmente para o
deslocamento quadratico médio e a fun¢do de densidade de probabilidade da velocidade ao
longo do eixo de polarizacdo. Os célculos sdo baseados nos métodos estocasticos analiticos
apresentados em nosso trabalho anterior, com algumas modifica¢des e os resultados corcor-
dam com as solu¢des numéricas, simulagdes produzidas no Compucell3D e experimentos
de migracdo individual.

Keywords: Anisotropy, Velocity, Velocity Autocorrelation, Mean Square Displacement,

Fiirth, Active Matter, Cell Migration, Diffusion, Ornstein-Uhlenbeck, Polarity, Single-
Cell, Vicsek
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Chapter 1

Introduction

Cells are the units of life, being present in different kinds of environments forms and quan-
tities. Some are able to exist on its own, while others form collectives of cells that are able to
exist by cooperating with one another through the differentiation that allows tasks division,

eventually forming multi-cellular beings as plants and animals as we know.

Surviving in a highly competitive environment is what propelled cells to evolve and
develop different kinds of life maintenance mechanisms, like cilia for locomotion and chem-
ical fields emission and sensing, enabling long distance cooperation between cells. Along

with some other capacities, these favoured the emergence of multi-cellular beings.

Among the many existing processes exhibited by many cells, cellular migration is im-
portant for single cells to search for nourishment, flee from predators, find possible partners
for sexual reproduction or a better environment to live. In case of multi-cellular organisms,
migration presents itself as an organized and coordinated behavior necessary in tissue heal-
ing, embryo development, immunological defense and much more. Cell migration dynam-
ics also plays a role in tumour evolution and spreading, meaning that a better understanding

of cancerous cell migration could allow for better cancer therapies.

Cell migration has been the focus of scientific research since the beginning of the last
century. Fiirth and collaborators [Fiirth, 1920] characterized cell migration by the mean
square displacement (MSD). They concluded that cells’ MSD was similar to that of Brown-
inan motion, whose equation is a solution for the Langevin s problem of a point particle

moving in a viscous fluid subject to thermal noise [Lemons and Gythiel, 1997]. For these
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systems, the MSD presents two regimes, depending on the time interval used to measure
displacements: for short-time intervals the movement is mostly ballistic and for long-time
intervals the movement is diffusive. In this model, the short time predominantly ballistic

movement implies that instantaneous velocity is well defined.

In the last decades single cell migration experiments [Selmeczi et al., 2005, |Dieterich
et al., 2008] showed that mesenchymal cells migrating on flat surfaces exhibit an additional
very short-time diffusive regime i.e. |A7] = [F(T+AT)—7(T)| ~ VAT, where 7*(T) represents
a cell position at time 7". This short-time interval behavior precludes the definition of an
instantaneous velocity as |U] = limATﬁo% ~ % — oo. The concept of instantaneous
velocity is frequently used to propose cell migration models and measurement procedures,
overlooking the dependence on the time interval used to estimate cell velocity. Furthermore,
a diverging instantaneous velocity puts in check some of the current single cell migration

theory.

To account for the short-time diffusion observed in mesenchymal cell migration, we
recently proposed a two-dimensional stochastic model. Whose analytical and numerical so-
lutions present a three regime behavior observed in cell migration [de Almeida et al., 2022]:
for short time intervals, the dynamics is diffusive, for intermediary intervals the dynamics is
predominantly ballistic and for long time intervals, the dynamics is again diffusive. In this
model, we considered a polarization vector that defines a preferential migration orienta-
tion, along which the velocity is well defined and is described by a Langevin-like equation.
Orthogonal to the polarization vector, we introduced a diffusive dynamic described by a
Wiener variable. The two different motions were then able to recreate the same mean square
displacement behavior as seen experimentally, besides agreeing with the measured velocity

auto-correlation function.

The model, however, is not perfect, the probability density distribution for the ve-
locity along the polarization axis has a maximum at zero, meaning the cells could migrate
with equal probability both forward or backward staying put on average. That disagrees
with experiments: cells maintain a stable forward motion with respect of its polarization
orientation. The importance of a forward biased cellular motion becomes apparent when

we consider chemotaxis.



CHAPTER 1 INTRODUCTION

The effect of a chemical gradient is to make the cell change the direction of its internal
organization such that they migrate following the gradient direction. However, aligning the
cell’s polarization with the chemical field gradient can only cause a preferential movement
towards the chemical source if the probability density function for velocity is not symmetric

around zero.

In this work adapt the anisotropic stochastic model by assuming a biased noise term
acting on the parallel-to-polarization velocity. We obtain the analytical and numerical solu-
tions and compare with experiments and simulations. We based our stochastic calculations
on the methods of a previous work [de Almeida et al., 2022]], while introducing new solu-
tions such as the analytical velocity probability density function which agrees with experi-

ments, numerical integration and the results from CompuCell3D simulation method.

In the chapters to come, we briefly present current biological background of single
cell migration, focusing on the facts we used to create our model. Chapter three presents
some useful mathematical tools we use in what follows. Chapter four presents the existing
single cell migration models, the most common modelling approaches and discuss their
advantages and disadvantages. Next, we present the anisotropic Ornstein-Uhlenbeck model
[de Almeida et al., 2022], its analytical solutions and results and discuss why do we need
a new biased model. Chapter five introduces the biased anisotropic Ornstein-Uhlenbeck
model, and present its numerical and analytical solutions. In the last chapter we conclude

and discuss future perspectives.



Chapter 2

Biological Background

In the eighteenth century the only known information was that cells were able to vary its
rigidity by transitioning between states of solid and gel. Scientists didn’t obtain new sig-
nificant clues until mid 1970’s were it was observed that under certain conditions the cell’s
lamellipodia (part of the cell that extends over the substrate and pulls the cells forwards and
which at that time looked void of cellular organelles) could separate from the cell’s main
body and migrate on its own for several hours (without the energy provided by the mito-
chondria) while the cellular body stood mainly still. This observation showed that all the
needed mechanisms for migration were present in the lamellipodium. During this same
decade, Hatano and Oosawa [Pollard, 2017|] and later, Thomas Pollard [Pollard and Korn,
1973], observed some proteins that are abundant in muscle tissue could be found inside di-
verse cells such as amoebas, platelets and white blood cells. These proteins localized more
abundantly in the peripheral regions of these cells, which made scientists question their

relation with migration.

Some years later, Pollard and Niederman [Niederman and Pollard, 1975|] observed
that inside each cell there were polymeric strands of actin that could provide rigidity for
them. Even though the process of actin polymerization and depolymerisation was known
from chemistry, there was no knowledge of it forming rigid structures inside biological cells.
When it became possible, scientists observed through electron microscopy, that the actin
strands could form a three-dimensional structure, an impossible feat if with actin was the
only molecule in this process[Stossel, 1990]. Stossel and collaborators concluded that a sec-

ond protein complex bound different actin strands in an orthogonal way and that they also
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worked as hinges due to cells’ variable flexibility. He coined these protein complexes as actin

binding proteins (ABP).

In 1974, John Hartwind and Stossel isolated the first of these protein complexes from
phagocytes, confirming the theory that the actin structures were very similar to polymer
structures observed in gelatinous materials. Later on, Actin Related Proteins 2/3 (Arp2/3)
complexes were also observed, they also connected different actin strands, but without flex-

ibility and at an angle of ~ 70°.

The myosin complex was another very important protein complex that finally ex-
plained how cells could move its actin structure. They are very abundant in muscles and
also bind to actin strands Using Adenosine Three-Phosphates (ATPs), the cells’ chemical en-
ergy supply, myosin complexes are able to contract and generate movement, a phenomenon
much similar to muscular contraction. The structure described previously is known today
as the cytoskeleton. The capacity to extend and contract in a muscle-like way, was already
hypothesised by [Pollard et al., 1974].

If we consider the protein interactions described above the cytoskeleton is able to
extend itself, but it lacks directionality, as the polymerization occurs irrespective of orien-
tation. And cells need an inherent polarization to move in one preferential direction. The
steps required to achieve a stable polarization direction start when proteins from the Rho
family (CDC42, Rho, Rac) translate mechano-chemical cues perceived by sensory organelles
present in the cellular membrane into chemical gradients that end up creating a cytoskeletal
asymmetry. The cytoskeleton asymmetry favors actin polymerizing at the farther ends of the
cellular body, while favoring capping and actin depolymerising in regions that are near the
cellular nucleus. This process creates a stable expansion of the cytoskeleton at the cell front
effectively pushing the plasma membrane forwards [Stossel, 1990, Bugyi and Kellermayer,
2020, Mogilner, 2009, Callan-Jones and Voituriez, 2016, Maiuri et al., 2015| Hall, 1998|] and a
fast actin polymerizing depolymeryzing phenomena at other regions (this is very important

to explain the short-time diffusion migration regimes).

Although this process pushes the plasma membrane forwards with a directional pref-

erence (we call it the polarization orientation), it is not enough to propel the whole cell for-
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ward: cell movement requires traction, achieved by adhesion to the substrate. At the ends
of each cytoskeletal protrusion, trans-membrane protein complexes (composed of integrins,
talins, paxilins, vinculins and others) bind themselves to the external substrate at the cel-
lular front, effectively creating an adhesion interface (that unbinds when needed) between
the cellular cytoskeleton and the substrate. The translocation of the whole cellular body is
accomplished when the myosins contract (process mediated by the Rho proteins). The cell
body moves, but the adhesion point remains fixed in respect to the substrate, such that each
adhesion point starts a retrograde movement with respect to the cell’s body, and eventually
breaks when they reach the cell’s rear [Mogilner, 2009]. The sequence of steps described
above is schematically represented in figure a model that was schematically proposed

by Abercrombie [Abercrombie et al., 1970] and that was confirmed in the following years.

Steps of cell crawling Top view

Side view of a migrating cell

Cell Body
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Figure 2.1: Simplified explanation of a single cell migration process adapted from reference
[Schwartz, 2013]. Step 1: The cell starts to polymerize actin monomers at the cellular front,
creating leading edge protrusions. Step 2: Formation of foci of new adhesion that adhere to
the substrate at the leading edge, disassembly of old foci of adhesion located at the rear end
of the cell due to the tension of the actin-myosin contraction. Step 3: With the contraction at
the rear end and the creation of leading edge protrusions at the cellular front, the cell moves
forwards.



Chapter 3

Useful Mathematical Concepts

The mechanisms that originate cellular migration are very complex and also depend on
many external factors such as substrate irregularities, thermal fluctuations, protein diffu-
sion, chemical and sometimes electrical fields. Due to the impossibility of taking all these
factors into account, we consider the cellular migration as a stochastic phenomena and study
the processes through mathematical modeling, computer simulations and statistical analy-

ses. Here we define the quantities we will use in the following chapters.

Consider the trajectory of a particle given by 7(7"), in the time interval 0 < 7" < T
The mean square displacement function MSD, is a function of the time interval At and is

defined as

1 Trinatl
—/ ds |7(s + AT) — 7(s)[2 (3.1)
Aty

MSD(AT) = =
final —

Usually M SD(AT) is plotted as log(M SD) versus log(AT), such that its slope indi-
cate whether the particle is in a diffusive (slope = 1) or ballistic regime (slope = 2) or mixes
of both regimes anomalous diffusive (1 j slope j 2). The mean square displacement obtained
from the solution of an Ornstein-Uhlenbeck system was considered to describe single cell
migration experiments. It is represented by a differential equation named after Langevin,
who at the beginning of the twentieth century modelled the dynamics of microscopic parti-

cles immersed in a viscous fluid. The equation reads
dv
dT
where ¥(T') is the particle’s velocity at instant 7" with a friction constant v and Wiener

= —i(T) + &(T) (3.2)

stochastic variable £(7") with Gaussian distribution and zero average. It was believed that

7
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the random expansion of the cytoskeleton through the diffusion of proteins inside the cells
produced a behavior that could also be described by the Langevin equation and conse-
quently exhibited the same mean square displacement solution, first applied in cell migra-
tion by Fiirth [Firth, 1920] and described as

MSD(AT) = (|F(T + AT) — #(T)|*)r (3.3)
= 4D (AT — P(1—e277)) (3.4)

where D is the diffusion constant for long time intervals and P the persistence coefficient
(time scale for the particle to forget its initial trajectory, transiting from a anomalous diffusive
movement to a diffusive one). Fiirth equation shows us that the magnitude of the time
interval we consider when analysing some trajectory influences on what is measured. If we
observe time scales AT < P, we will find a mostly ballistic regime (anomalous diffusion)
MSD(AT) ~ AT? and for AT > P we observe a ballistic regime, where the particle has

forgotten its initial trajectory.

The velocity auto-correlation function VACF measures the correlation between veloc-
ity measured at times separated by a time interval AT It quantifies the time it takes for a

particle to forget its previous velocity. The VACF’s definition is

1 Tfinal
VACF(AT) = —m— / ds v(s + AT) -0(s) (3.5)
Tfinal - At 0
such that the VACF measures the correlation of velocity with itself in two different instants

of time separated by AT.



Chapter 4

Single Cell Migration Mathematical
Modelling

Mathematical and computational modeling is essential in studying many subjects, from biol-
ogy to economy, as it allows for controlled environments, precisely varying every parameter
of the system and non expensive in-silico experiments. It would not be different for the cell

migration.

Models can describe a migrating particle in different ways, some, use a microscopic
approach [Mogilner, 2009, Marée et al., 2006, Marée et al., 2012] with mathematical descrip-
tions for the protein dynamics that are responsible for the cell movements, these models
reproduce cellular behavior in a very accurate way, at the same time, they are computation-

ally expensive and very hard to extend to a collective migration scenario.

Others have a more coarse-grained perspective such as the phase-field models [Shao
et al., 2010} Ziebert and Aranson, 2013, Camley et al., 2013|], who consist of differential field
equations that represent each agent of the system through the values of multi dimensional
functions, as function are continuously variable, they provide a very accurate representation
of extensive bodies, being able to reproduce twists, expansion and contractions. However,
this kind of representation presents the same difficulties from the previous approach, they

are still very complex.

The cellular Potts models, adopts an even more coarse grained approach, they were

adapted from solid state theory to model cellular segregation by [Graner and Glazier, 1992]
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and are currently used for single and multi cellular migration [Albert and Schwarz, 2014,
Goychuk et al., 2018, Fortuna et al., 2020]. They approximate continuum space to a grid,
which reduces significantly the computational load and is versatile but may introduce arti-

facts to the system.

Lastly, there is the punctual particle perspective whose dynamics may be described
in two ways, the probabilistic one, that considers stochastic differential equations whose so-
lutions represent the probability of finding the particle with a given position and velocity
at some time ¢ (similar to the Fokker-Planck equation) [Szab¢ et al., 2006]. And the direct
approach, which also uses stochastic differential equations, but with solutions that corre-
spond directly to some particle’s velocity and position [de Almeida et al., 2022, |Vicsek et al.,
1995, Szab¢ et al., 2006]. By considering punctual bodies, these models become computa-
tionally light, however this exact consideration makes it difficult to add interactions that
depend on the extensiveness of objects (in a collective scenario, for example, where cell-cell
interaction is present, the representation of a neighborhood of interaction is changeable and

malleable, something difficult to create in the punctual particle scenario).

In this work, we consider punctual particle models, as we are dealing with single cells
and are able to reproduce most of the phenomena that generate cell migration as the action
of stochastic variables. The Ornstein-Uhlenbeck model is possibly one of the most used
representations to recreate cell migration, adapting what was originally used to describe the
dynamics of particles immersed in fluids to model cellular motion, it was able to reproduce
experimental observations thus being a sound proposition. However, to account for the
data provided by more recent experiments and computer simulations, the model required

modifications.

Cell tracking experiments use intermittent photographs, where the time lapse be-
tween two frames is predefined by the experiment design and two successive points of the
trajectories are actually not instantly successive, there are many fluctuations and movement
between any two shots. Also the characteristic times of protein dynamics is on the molec-
ular scale and impossible to observe when focusing on the whole cell. Both facts must be

considered when comparing experiments and simulations with theory predictions.

10
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Selmeczi and collaborators [Selmeczi et al., 2005]] and Dieterich and collaborators [Di-
eterich et al., 2008] have observed a short-time diffusive behavior in the measured MSD.
If we assume that correct (devoid of significant experimental errors [Thomas et al., 2020]),
then, instantaneous velocities become ill defined since v = Al%r_r}OAr /At = 0o, in other words,
instantaneous velocity measurements of diffusive particles, do not converge to a fixed value
( A very nice account for this discussion on the beginning of the twentieth century is pre-
sented in reference [Genthon, 2020]). Consequently, models whose dynamics depend on a
well defined instantaneous velocity and also present diffusive behaviors at short time scales

must be modified to take into account divergent velocities.

Thomas and collaborators [Thomas et al., 2020] analyzed 12 experimental data sets re-
garding the MSD, concerning 5 different laboratories. All experiments showed a short-time
diffusive regime, as presented in Fig. The short-time diffusive regime is indicated by the
higher values measured as compared to the MSD value predicted by the Fiirth equation at
short-time intervals. The same effect was observed in Potts Model simulations by Fortuna

and collaborators [Fortuna et al., 2020].

11
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Figure 4.1: Comparison between the Fiirth MSD (dashed lines) solution and experimental
MSD curves from different articles [Dieterich et al., 2008, Takagi et al., 2008, Wu et al., 2014,
Potdar et al., 2009]. Figure obtained from [Thomas et al., 2020].

The MSD curves presented in 4.1{also show a mostly ballistic regime for intermediate
time intervals, followed by another diffusive migration regime for long time intervals. The
last two regimes are predicted by Fiirth equation, being the mostly ballistic or anomalous
diffusive regime due to the stable polymerization of actin over the polarization axis and
the long-time diffusive behavior due to changes in the orientation of the cellular front and

consequently the preferential direction of migration (polarization direction). Thomas and

collaborators [Thomas et al., 2020] explains the short-time diffusion as caused by the fast

actin polymerization and depolymerization in the non preferential orientations of migration.

For punctual and/or rigid bodies, a short time interval diffusive regime poses a prob-
lem with the Newtonian description of such systems, a controversy that involved a stack

of geniuses at the beginning of the twentieth century, such as Eisntein, Ornstein, Wiener,

Langevin, among others [Genthon, 2020], whose work provided tools of how to study diffu-

12
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sive processes. Extended bodies in contrast have centers of mass whose dynamics depend
on a infinitely large number of events of mechanisms at the protein level, simultaneously
acting in a time scale that is much shorter than those available to experiments. Their dy-
namics may be described by a mathematical model with diffusion at small time intervals.

We tackle this short-time diffusion model in the next chapters.

13



Chapter 5

Anisotropic Ornstein-Uhlenbeck Model

5.1 The Model

The anisotropic Ornstein-Uhlenbeck (AOU) single cell migration model considers a parti-
cle exhibiting an internal degree of freedom, namely, a polarization orientation given by
vector p(t) = (cos (6(1)), sin (0(t))>, which must exist, since cells spontaneously break their
spacial symmetry through existing anisotropies in the distribution of proteins responsible
for cell movement. We also define an orthogonal to polarization unit vector as n(t) =
(Sm (6(1)), —cos (9(t))> We assume that AOU particle changes its polarization orientation

at every step of time At obeying the equation

t+At
9(t+At):9(t)—l—/+ B(s)ds (5.1)

where j3(t) is a Wiener variable. The polarity produces two different dynamics for the parti-
cle, one in the parallel-to-polarization orientation and another in the direction perpendicular

to polarization.

The dynamics on the polarization direction is given by a modified Langevin equation

U||(t + At) = ((1 — ’)/At)vu(t) + /t SH(S) dS) (ﬁ(t) -p(t+ At)) , (5.2)

where v)|(t) is the particle’s parallel-to-polarization velocity (namely parallel velocity) at the
instant of time ¢, 7 is the dissipation constant, &(¢) is a Wiener variable (Gaussian white
noise) which is uncorrelated to 5 and replicates the acto-myosin mechanism that propels the
particle forwards (because it is a zero centered distribution it also propels the particle back-

wards). The modification from the original Langevin equation is the product (p(t)-p(t+At)),

14
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meaning that the particle’s parallel velocity is projected onto the new polarization direction,
effectively losing some velocity at each turn. Real cells also lose some of its velocity when

turning due to the need of cytoskeletal reassembly.

The particle’s dynamics in the orthogonal to polarization orientation is given by a

Wiener process;

t+At
FJ_(t + At) = FJ_(t) + / ’ él(s) ds ﬁ(t) ’ (53)

where ¢, is a Wiener variable directly proportional to Si.e. {; = /g8 and 7(t) is the unitary
vector, orthogonal to p(¢) direction. The sideways stochastic fluctuation of the particle’s po-
sition is replicating the phenomena of rapid assembly and disassembly of the actin filaments

on the lateral parts of the cellular body.

Each Wiener variable has zero mean and a scale given by its second momentum, that

is

) =0 (g t) =go(t —t) (5.4)
(Bt) =0 (B(t)B(t")) = 2kd(t —t') (5.5)
(EL(t) =0 (EL()EL(t)) =2qko(t 1) , (5.6)

where g, k and ¢k have the units of [length’]/[time?], 1/[time] and [length®]/[time] respec-
tively.

In a succinct way, the AOU model consists of a particle with an inner degree of free-
dom represented by the polarization orientation that changes its direction at each instant of
time (according to a Wiener process) and provides an asymmetric dynamics for the migrat-
ing particle. In the direction that is orthogonal to the polarization axis, the particle’s position
follows a Wiener process. The particle’s dynamics on the polarization direction is ruled by

a modified Langevin equation for the speed.
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Figure 5.1: Diagrammatic representation of a particle that moves according to an Ornstein-
Uhlenbeck process, where v(t) is its velocity in the polarity axis p' = (cos(0(t)), sen(6(t)))
and at each time-step its initial velocity is projected onto its new polarization axis, in other
words, we model a cell’s loss of velocity at each turn to the cytoskeletal reshaping.The figure
was obtained from [de Almeida et al., 2022]].

5.2 Analytical Solutions

Here we show the analytical solutions for the model’s average velocity, parallel to polariza-
tion VACF and MSD.

In what follows, for brevity we shall call parallel velocity, the velocity parallel to the
polarization and perpendicular (or orthogonal) displacement for the displacement on the
direction perpendicular to the polarization. The solutions were obtained by iteration. We
consider the trajectory in the time interval 0 < ¢t < 7" where a partition of this time interval
may be written as At = 7'/n such that we have n partitions for this time interval. When we

take the limit where n — oo and At — 0, such that 7" = nAt remains finite.
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Average Square Parallel Velocities

The parallel velocity at the first time step is

At

(@i = (1= 28000+ [ &6ds) Goi) 57)

with p; is the polarization vector at the instant of time ¢At. Then we found the parallel
velocity equation corresponding to the second, third and fourth time steps and so on such
that it was possible, after n iterations, to create a generalized parallel velocity equation for

an arbitrary time step 7' = nAt, it is written as

vipn = (1 —7AL" (0 H Pis1) P (5.8)
=0
n—1 ' (J+1) At
+3 = [ g dsH PPt Pn - (59)
=0 jAt

We then squared equation and averaged it reaching

(vf(nAt)) = (1—7At)2"v2(0)<1_[(pz ﬁi+1)2> (5.10)
1=0
+9Atn2(1—7At)2‘”_j“) <H (ﬁi-pi+1>2> : (5.11)
§=0 i=0

with < o fjﬂlmt 1(5)§)(s")ds ds’ > = gAté,;, a result that is direct consequence of .
We also employed the fact that (p; - p/i1) = cos (9 (jAL) —0(( + )At)) = cos(Af) where
very small values of At allows us to write cos(Af) ~ 1 — 3(A6)? and cos?(Af) ~ 1 — (AG)*.
Considering the average values for cos(At) over small time intervals A¢, we obtain from

equation ((A6)?) A0 2kAt, which allows us to evaluate the product terms in equation

obtaining

n—1
(0f (nAL)) = vF(0)(1 — AL (1 — kAL 4 gAEY "(1 = yAL)* "I (1 — kAL =71 (5.12)
7=0
Taking the limit At — 0, with n = £, we obtain
W(T)) = L 1 (v3(0) = L) e20#0T (5.13)
| 2v+k)  \ T 2(y + k)
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If we assume an infinite time has passed (I" — c0) such that the system has reached

a stationary state, we find that (vj) = . Notice that assuming v}}(0) = forces the

_9 _9
2(vy+k) 2(v+k)
system into an initial stationary state. For detailed calculation, please see [de Almeida et al.,

2022].

Equation also allows us to find the rate at which the average squared velocity

reaches its stationary value. We name it the relaxation time R = (y + k)~ '

Both experiments and simulation deal with discrete values of time. Also, instanta-
neous velocity is estimated from a means velocity, calculated for finite values of time inter-
vals. When instantaneous velocity is a well defined quantity, an adequately small time inter-
val gives the instantaneous velocity within a predefined precision. However, for diffusive
movements this is not the case. To compare the theoretical predictions with the measured
values in both experiments and simulations, we define a mean velocity, that depends on the

time interval ¢ as follows

() = <\F(T+€)—F(T)\2> , (5.14)

e2

which can be decomposed into two components, one perpendicular (A7) to the polariza-

tion axis and one parallel (A7)

<\F(T+5)2— F(T)\2> _ <|F|(T+6)2— F(T)|2>+<\F¢(T+s)2— FL(T)!2> (5.15)
5 5 5
For small values of ¢, equation [5.15 tends to
<\F(T+522— F(T)\2> _ )+ <’FL(T+€22— ﬂ(T>!2> , (5.16)

. . . . LRl LRl 2 . .
Starting from a high velocity initial condition <UH > tends to its stationary value 5-%. Con-

sequently, the difference < lF(T“g; F(T)|2> — 50 has two terms. The first is the excess in the
parallel velocity in respect to its stationary value and the second component is due to the
contribution from the stochastic displacement on the perpendicular direction that we expect
to be constant in time. If the systems starts with a high parallel velocity, the plot of this dif-
ference against 7' should decrease from the initial value and stabilize at 2%, the value of the

contribution from the perpendicular displacement. Figure 5.2/shows a semi-log plot of The
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difference <w> — <vﬁ> versus time for v)(0) = 10° in arbitrary units and 4 values

52
of k.
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Figure 5.2: Semi-log plots of the average square displacement over 2 subtracted by rE
versus T, with arbitrary (values selected for best display of the model’s possible dynamics)
e=10""%¢=0.1,9 = 10,7 = 1 and k indicated in the figure’s superior right-side corner.
The dots consists of the numerical estimations made of over 10 particles and 10° steps.

Mean Square Displacement (MSD)

The MSD was obtained by partitioning the time interval 0 < ¢ < AT in N time intervals At
such that AT = NAT. We iterate the evolution equations to obtain a general equations for

the quantity of interest, then we take the average over the stochastic noise terms and finally

take the limit for n — oo and At — 0, such that AT remains finite. See [de Almeida et al.)|
2022] and [C] for more information.
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For N > 0 steps, the particle’s position is described as

N n—1
F(nAt) = 70) + v (0)AL Y (1 =A™ [ (b - pi1) bn
n=0 i=0
N n-l RN n—1
+A Z Z(l — AL / §i(s) ds H (Di - Di+1) P
n=0 j=0 JAt i
N (n+1)At
+At2/ [(n+ 1)At — 5] & dsp,,
n—0 Y nAt
N (n+1)At
+> / §L(s)dsny, . (5.17)
n=0 Y nAt

Squaring the particle’s position and averaging over the noise terms, we find

MSD(AT) = (#(T + AT) —#(T)) (5.18)
g

AT — —— (1 — ¢~ (0 F2R)AT .
(v +2k)(y + k) { Tt e )| +2¢kAT -, (5.19)

which has the same form as the Fiirth equation [Firth, 1920] added to a diffusive term
(2¢kAT) :

MSDrin(AT) = 2D (AT — P(1 — e 2T/7)) (5.20)

that can be rewritten as

AT
MSD\odified Fiurth (AT') = 2D (m —P(1- eAT/P)) ) (5.21)

that has been used as fitting equation, called the modified Fiirth equation [Thomas et al.,

2020], that could account for the observed short-time diffusive regime.

By comparing the modified Fiirth equation and the MSD equation we found for the
AOU model, we obtain the fitting parameters as functions of the theoretical model parame-

ter, as follows:

g
D = 5.22
2(y 4+ 2k) (v + k) (5:22)
1
P = ok and (5.23)

2qk(y + 2k) (v + k)
g+ 2qk(y 4 2k) (v + k)

(5.24)

20



CHAPTER 5 ANISOTROPIC ORNSTEIN-UHLENBECK MODEL

Varying the constants g, ¢, k and ~ allows us to obtain different dynamics, for £ = 0
the AOU model presents a one dimensional Ornstein-Uhlenbeck particle, with a normal
Fiirth equation for its MSD and S = 0, P = % and D = #. When k£ > 0 and ¢ = 0 we
obtain a Vicsek-like model [Vicsek et al., 1995] but with a variable speed ruled by a Langevin
equation in the p(¢) direction, in this case, our MSD curve is still the same as Fiirth one, but
with different (vﬁ> and relaxation time R from that of the usual Ornstein-Uhlenbeck process.

For ¢, k > 0, we observe the AOU model with the three regime MSD and (vﬁ) = -

We also find important the study of the limit cases for the MSD from the AOU model,
for small AT, yields

. 2DS
Alilrrgo MS DModiﬁed Fiirth ™~ mAT ’ (5-25)

indicating that for small time intervals of observation, the system exhibits a diffusive regime

with diffusion constant Dg, = 25 = gk. For AT >> P, we find that

. 2D
A%}iﬂoo M S Dypodified Firth ~ mAT ’ (5-26)

reproducing a long diffusive dynamic with diffusion constant Dqo,, = %. This way, it is
possible to attribute a meaning to the S constant, as a ratio, S = %, from [Fortuna et al.,
2020], we name it the excess diffusion coefficient. The four variables S, P, D and R then define
a three regime MSD with a short diffusive interval for AT < SP, a medium anomalous
diffusive or partially ballistic regime for SP < AT < P and a long diffusive regime for
AT > P, which reproduces the three regime MSD found experimentally [Thomas et al.,
2020].

An important aspect from the AOU model is the possibility of defining natural units
for time and space, which rescales any system obeying an anisotropic Ornstein-Uhlenbeck

process and allows quantitatively comparing theory, simulations, and experiments. We fol-

low the rescaling done in [Thomas et al., 2020] where 22 is used as a length scale and P as
a time scale. The reescaled MSD is
o AT
(A7) = 2DP/(1—S) (5:27)
= Ar—(1-9)1—e27) (5.28)

where Ar = &% and (|Ap[?) are dimensionless variables.
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Figure 5.3: Log-log plot comparing the analytical MSD curve in natural units from equation
(continuous lines) with the numerical MSD solutions (dots) for ¢ = 0.1, g = 10, v = 1
and four values of k, they are k& € {0.04405, 0.2625, 0.965, 1.7425} corresponding to four
values of S, they are S € {0.001, 0.01, 0.1, 0.3}. The numerical solutions are the results of
100 independent trajectories.

10

Velocity Auto-Correlation Functions

The anisotropy of the AOU model, allows us to establish two different displacements with
respect to the polarization axis, one parallel and the other perpendicular to the cell polariza-

tion . In natural units this displacement is written as

Ap = plr+06) = pl7)

— Aj+ A7, (5.29)

where Ap) is the dimensionless displacement parallel to the polarization axis and Ap’, the

perpendicular one. With the displacements in hand, we hypothetically calculate the instan-
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taneous velocity as

Ag La(r) (5.30)

L . Apy+Apy R .
u(r) = (151—% nL il B M 5 5 =y (7)p(T) + (151—%

when k£ > 0 and ¢ > 0 the ratio lim;_, % goes to infinity as Aj, ~ /6, a fact that originates
from the perpendicular Wiener process whose nature is always diffusive. The other compo-
nent of displacement Apj originates from an Ornstein-Uhlenbeck process, which is ballistic

for 6 — 0 and thus, finite.

To better illustrate how an AOU particle’s speed diverges for small values of §, we
plotted the the average mean speed versus ¢ and show that it is mostly constant for the time

intervals corresponding to the partially ballistic regime and it gets larger as 0 gets smaller.

e —e—85=03 (k=1725) |
10" | S=0.1 (k=0.965)
e e—5=0.01 (£=0.2625) ;
A " —e— 5=0.001 (k= 0.04405) :
—
< 0
w107 F .
=
V
10'1 - 3

10 1072 109 10?2

o

Figure 5.4: Log-log plot of the average mean speed reescaled in natural units of velocity

2D

Fii_5 and time P, whose numerical solutions are the result of 100 independent trajecto-

ries, with ¢ = 0.1, g = 10, v = 1 and four values of kk € {0.04405, 0.2625, 0.965, 1.7425}
corresponding to four values of S S € {0.001, 0.01, 0.1, 0.3}. The speeds are mostly conver-
gent when ¢ values correspond to that of mostly ballistic regimes and diverge when § — 0.
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In the laboeratory;, it is not always possible to separate the perpendicular and parallel
displacement components. However, a profile of the mean speed against the time intervals
d provides us some clues. Defining the mean velocity as
plr +8) — fir)

6 7

—

we know that for 6 — 0, the mean speed value (i(7, 9)) should diverge, but for some specific

u(r,0) = (5.31)

value of 6, we observe that Apj becomes much more significant than Ap’, such that the mean

velocity may be characterize by this value, as we see in what follows.

Velocity Auto-Correlation Function VACF

We observe that, although o(7) = %’7 diverges as & — 0, velocity auto-correlation function
does not. The reason for that is that the only term that does not vanish for finite values of §
is the parallel velocity, as shown below:

VACF(AT) = lm < (v| (T)B(T) + Ar;m ﬁ(T)) : (v (T + AT)H(T + AT) + Mﬁ@ + AT)) >

since Ar, (T') and Ar, (T + AT) both obey a Wiener process with zero average and zero

auto-correlation when considering two different instants of time (7" and 7'+ AT).

The analytical velocity auto-correlation function may be obtained by iteration method

used in obtaining MSD, and is

stationary

VACF(AT) = (vf(T)e~(H20AT) — (42 Yeranr (5.33)

which corresponds to the second derivative of the MSD curve, as it should. Because both
the Fiirth MSD curve and the AOU modified Fiirth one have the same second derivative,
both models have equivalent VACF curves: an exponential decay given by the constant
P =(y+2k)~

Mean Velocity Auto-Correlation Function W (d, AT)

We conclude through equation that when in the stationary state we have VACF (AT —

0) = <vﬁ however, this result usually does not agree with what is observed ex-

stationary> 4
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perimentally. There are two different factors that play an important role in experimental

measuring, as we discuss below.

Velocities are defined as the ratio of a displacement and the time interval in which the

displacement occurred and instantaneous velocities consider the case where § — 0 such that

o [Apy(0) o Api(6)
e L R A N (5:34)

. . . Api (&) 3- . .
However, for a Wiener process dynamics the ratio %() diverges, making the instantaneous

velocity to diverge.

In the experimental cell migration scenario, it is not possible to obtain truly instan-
taneous velocities and their values are estimated using finite values for . Separating the
displacement into two components, it becomes clear that for S < J < 1 (in natural units of
time, P = 1) the predominant component for the total displacement is Apj. This case will
result in the experimental measurements of the VACF agreeing with the theoretical results,

as the ballistic behavior dominates.

On the other hand, if § < S, we observe that Ag, >> Apj, in other words, the
predominant component of the velocity becomes (1) ~ A%(T)ﬁ(ﬂ, which results into de-

creasing values for the velocity auto-correlation as Ap, (7) obeys a Wiener process.

Using the average velocity concept for a finite time interval § we define mean velocity

auto-correlation function MVACEF as

b(8, AT) = <qz(7, 3) - @(r + A, 5)> , (5.35)

where (T,9) = A%mﬁ(ﬂ + Ap%(‘s)ﬁ(T). For displacement measurements for finite time in-

tervals J, we find an analytical MVACEF (with the system represented in natural units) as

v+ 2k (1 — e~ 10/ (V+2k)) (1 — =0 A
y ( 52 ) ( )6 s <uﬁ>stationary ' (536)

The detailed calculations may be found in Ref. [de Almeida et al., 2022].

(6, A1) =
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Figure 5.5: Log-log plot of numerical MVACF solutions (in natural units) versus At for
¢q=01,9=10,7v=1,k = 0.04405 and § = 0.001. To emulate low precision measurements,
we truncated the position and velocities estimates. From Ref.[de Almeida et al., 2022].

For experimental measurements with a finite precision, it may happen that the mea-
surement only detects the perpendicular displacement, that is much larger than the parallel
one for small values of 4. In this case, we expect that the measured velocity auto-correlation
goes to zero, since perpendicular displacements are not auto-correlated. In Fig. we
present the results where we have mimicked a loss of precision by artificially cutting the

number of digits of speed in our numeric solutions.

Since in real experiments we do not have infinitesimal § values, we have to be careful

to keep A7 > §. § > A7 introduces an artificial velocity auto-correlation due to the over-

lapping of the time intervals J used to calculate the average u(7,6) and u(7 + A7, §). This
phenomenon happens even for high precision measurements. Figure 5.6/ shows the mean

velocity auto-correlation function for different values of 5. When A7 < § the MVACEF curve
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separates from the theoretically calculated VACF.
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Figure 5.6: Log-log plot of numerical MVACEF solutions (in natural units) versus A7 for
q=0.1,¢g=10,v =1, k = 0.04405 with four values of § in which we measure the average
velocity auto-correlation for A7 < 9, effectively introducing an artificial correlation. The
lines correspond to the VACF solution and the symbols to the numerical solutions from 10
trajectories. From Ref. [de Almeida et al., 2022]]

There is also the possibility of both the low precision measurements (big values of
) and the overlapping quantities being present in some migration experiment, which may

cause erroneous measurements and conclusions.

The Anisotropic-Ornstein Uhlenbeck is successful in reproducing the three regime
MSD observed experimentally and in simulations, we introduced natural units of length
and time, which allows for comparisons between different cells, simulations and any sys-
tem whose dynamics is a composition two perpendicular processes, one of them a Ornstein-

Uhlenbeck and the other a Wiener process. We were also able to explain the shortcoming
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of VACF measurements in the laboratories whose measuring apparatus present finite pre-
cision, which end up diminishing the auto-correlation for short time intervals between suc-

cessive shots.

Although the AOU model was able to reproduce various cell behaviors, it considers
an Ornstein-Uhlenbeck process in the direction of polarization, with a parallel velocity dis-
tribution centered around zero something that is not observed experimentally. Real cells
maintain a stable actin polymerization activity at their frontal region and they exhibit veloc-
ity distributions centered around a positive velocity value. This is clearly shown by Nousi
and colleagues [Nousi et al., 2021]. They first measured brain cancer cells MSD obtaining
what we see in figure
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Figure 5.7: Experimental log-log plot of mean square displacements of brain cancer cells.
The values 25%, 50%, 67% and 75% represent the quantity of adhering substrate (extra cellu-
lar matrix or ECM) used in each experiment. Fig. from [Nousi et al., 2021]

Figure 5.7| shows four MSD curves with no short-time diffusive behavior, meaning
that subsequent displacements should be mostly ballistic, consequently calculated average

velocities should converge to what we defined as the parallel velocity v i.e.

SP<e<P _,

17(T, E) ~ U”(T) . (5.37)

Knowing that the average velocity converges to the parallel one when considering
time-intervals corresponding to mostly ballistic regimes, we may compare our model’s par-

allel velocity distribution F'(u,,0) shown in figure 5.8 with the displacement distributions
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obtained by Nousi et. al. shown in fig. (both distributions are comparable because in

a mostly ballistic regime, the parallel velocity is proportional to the particles” displacement

A7) SP§5<P
S

Uyjx

10°

10°

10°

-2 0 2

Ui«

Figure 5.8: Parallel velocity histogram plots in natural units. The left figure is a cross section
of the average velocity histogram F'(u ., v ,) for vy, = 0,ie. F(u),,0). The right figure is
the superior view of a two dimensional histogram F'(u ,, u| ) versus (u) 5, u|,)), for ¢ = 0.1,

g =10,v = 1and k = 0.04405.

Figure 5.8/ shows the numerical solutions for the velocity probability density function

F(u) 4, wy) with @ = (u)4,u),) the parallel velocity written in natural units of velocity for

the parameters ¢ = 0.1, g = 10, v = 1 and k£ = 0.04405. The right panel shows a heat-map

of both velocity axes, while the left map shows a cross section of the PDF at v, = 0 ie.

F(uy5,0). Both panels show velocity PDFs whose peaks are localized at the origin (u), =

O, tu = 0).
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Figure 5.9: Distribution of experimental cells displacements d given in micrometers. Where

25%, 50%, 67% and 75% represent the quantity of adhering substrate (extra cellular matrix
or ECM) used in each experiment. Fig. from [Nousi et al., 2021]

Figure 5.9|shows experimentally obtained displacements distributions in counts ver-
sus displacement d in micrometers where each of the four figures show the distribution for
different quantities of the cellular substrate known as extracellular matrix ECM. With excep-
tion of the first figure with 25% of ECM concentration, all of the other distributions present

peaks displaced from the origin. thus in the least, the AOU model should have a parameter
that controls said displacement.

With evidence that cells exhibit forwards biased migration, we introduced a bias in
the parallel-to-polarization axis Ornstein-Uhlenbeck dynamics, shifting the parallel veloc-

ity’s average from zero to a positive value. We explain this model in the following chapters.
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Chapter 6

Biased Anisotropic Ornstein-Uhlenbeck

6.1 The Model

As in the previous chapter, we consider a particle with a preferential direction of motion
described by a polarization vector p = (cos(6), sin(6)) whose orientation varies according to

a Wiener variable

t+At
B(t + At) — 0(1) = / B(s)ds 6.1)
where
(B(t)) = 0 and 62)
(B(t)ﬂ(t’» = 2k5(t—t') , (6.3)

with zero average and variance 2k. The polarization introduces a spacial asymmetry, which
allows the existence of two different dynamics, one for each direction. Parallel to the po-
larization direction, the particle moves according to a biased Ornstein-Uhlenbeck process
that loses speed after every infinitesimal reorientation through the projection of the current

parallel velocity onto the new polarization direction:

t+At
e+ 80 = (@=sdiu@+ [ (@) +0)ds) (05t 0)

where 7 is the velocity dissipation due to the cells” internal cytoskeleton dynamics, & is a
Wiener variable with zero average and variance g and b is the bias constant, responsible

for emulating a cell’s higher probability of moving forwards in the polarization direction
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instead of backwards. In short, this is the main difference between the AOU and the biased

AOU model.

The second dynamics, on the orthogonal-to-polarization direction, evolves due to the
same Wiener process that dictates the turnover fluctuation of the polarization (both pro-
cesses are consequences of the actin-myosin fluctuations [Mogilner, 2009]]). This is why we

define the relation

§L(t) = Vap() (6.4)

where the perpendicular Wiener variable ¢, (¢) is proportional to 5(¢). The dynamics origi-

nated by £, () is then written as

t+AL
Ar, = / £1(s)ds (6.5)

where (£,) = 0 and the variance of the Wiener variable is considered (£, ()£, (t')) = 2qko(t —
t'). The variables g, k, gk and b have the units of [length’]/[time®], 1/[time], [length®] /[time]
and [length]/[time®?] respectively.

To fully represent the perpendicular-to-polarization direction we need a second vec-
tor n = (sin(f), —cos(#)) that is orthogonal to p(t), consequently -7 = 0. Figure[6.1schemat-

ically represents the dynamics of our model.
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Figure 6.1: Diagrammatic representation of a particle of our model, where its total displace-
ment is decomposed into two components, A7 given by a biased Ornstein-Uhlenbeck pro-

cess and A7’ , a Brownian process. The components are decomposed according to the polar-
ity axis p = (cos(6(t)), sen(6(t))) and its perpendicular counterpart 7.

6.2 Analytical Solutions

Analytical Solutions for (v (7)) and (v (T))

We start by considering a particle whose parallel velocity is described during the time inter-

val 0 > ¢t > T, where T' may be separated by n partitions of infinitesimal size A¢. To obtain
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a generalized formula for said velocity, we consider it at the first time partition ¢t = At:

U”(At) = <<1 — ’)/At)UH(O) + /0 (5”(8) + b) ds) (A(O) ﬁ(At)) and

We iterate this equation over n partitions and generalize it for n — oo, such that in the
limit of At — 0, the product nAt remains finite. We then find an equation for the particle’s

parallel velocity

|
—

n

vi(nAt) = (1—vAt)"(0) | | (i - pis1)

)

+ g(l — YA </(

i—1)At

Il
o

n—1

(&) (s) +b)d3) 1T @5 piv0)

j=i—1

1AL

where we used the sub-index notation p(nAt) = p, for simplicity. Every integral with re-
spect to the Wiener’s variables are fully integrable via stochastic Ito’s integral [Klebaner,

2005]. For more details, please see the appendix (B).

From equation we take the average over noise terms and obtain
b b
T)) = ——+ (v)(0) = —— | e OFHT 6.6
D) = -+ (0 - ) e 66
The stationary value is taken as the limit 7" — oo such that (v)s; = Vﬁ Observe that the
system exhibits a non zero average velocity. The non-biased AOU model presents (v) = 0

[de Almeida et al., 2022].

Following the same procedure to obtain we found the squared parallel velocity,

as follows

W(T) = e OHRT [_ 20? van(())}

+
(y+k)? ~y+k

2
L

O+ R
Lo 20HR)T {_ g 2bv||(0)}
2(v+ k)  y+k
g b?
—1—2(7 s + CES (6.7)
and hence we obtain the second moment for the parallel velocity, as
(WD) = o)) = 5 = 5 te 2T (68)

S 2(y+ k) 20+ k)
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what shows that the dispersion around (v (7)) behaves the same as in the non biased AOU,

that is

<Uﬁ>5t - <UH>%t = 2(7‘2_ /{Z) . (69)

Mean Square Displacement

We then proceed to obtain a general formula for the particle’s position 7(t), by considering
that 3 (¢t) At = [7((n + 1)At) — 7 (nAt)]. We find

n—1

(N +1)AL) -7 (0) = U\\(O)AtZ(l =AD" | | B) - Dj+1)Pn

n=0 j=0
b N _
+7+kAt;(1—7At H Pj1)p
N n—1 n—1
+bAtQZZ 1 — AL ZH(  Dj11)Pn
n=0 =0 j=i
N nol - (i+1)At
+Atzz (1 — A1 Z1_[( ﬁj+1)/ §(s)ds pn
n=0 =0 j=i 1AL
N (n+1)A
+At Z/ [(n+ 1) At — s]¢(s)ds pn - (6.10)
n=0 nAt

Equation (6.10) represents only the parallel-to-polarization displacement The complete dis-
placement is obtained by adding the perpendicular displacement A7, (t) = [ £, (s)ds n(t) at
every time step. The final position depends on integrals of stochastic Varlables, whose aver-

ages are always zero because the polarity direction distribution (# distribution) is isotropic.

The mean square displacement (MSD), is obtained by squaring equation (6.10) and

taking its average, a long, but straightforward procedure found on appendix (C). The result
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is

g AT
MSD = + 2gkAT
v+ k) +2k) 1
_ g - e—(7+2k)AT]
(v + k) (v + 2k)?
2[92 |:1 _ e—2(7+k)AT:|
Yy +E)?2 L 2y + k)
2h2 1 — e~ (Y+2R)AT
+
vk(7+k)[ v+ 2k }
20 1 —e kAT
= AT
CETE [ k }
2h2 1 — e—('y—i—k:)AT 611
_k(wk)?[ v+k } 61D

We have numerically solved this model equations and the result agrees with the theoretical
prediction. Also, for adequate parameter values, the MSD equation has the same shape as
the modified Fiirth equation introduced by [Fortuna et al., 2020], presenting all three
migration regimes shown by real cells, indicating that we may be able to define a set of
effective parameters Setr, Pefr, Detr. and Reg. that map onto the Biased Ornstein-Uhlenbeck

model’s parameters g, ¢, v, b and k.

Since equation is composed of more than one exponential term with different
decay rates, however, the mapping of g, ¢, 7, b and k onto the effective Fiirth variables
Seft., Petf., Detr. and Regr, becomes a hard task which has not been completed. Without the
aforementioned mapping, the definition of proper natural units for the system is not yet
possible. Consequently, our future work will focus on these tasks. In what follows we
show figures and calculations with the standard units of time and length instead of the

dimensionless ones introduced in chapter
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o | —@— k=0.04405b=1
Analytical Biased MSD
Analytical Unbiased MSD

AT

Figure 6.2: Comparison between the mean square displacement (MSD) measured from the
numerical solution of our model for 10 particles and with constants g = 10, ¢ = 0.1, 7 = 1,
k = 0.04405 and b = 1 (black dots) with the analytical solutions of our current biased model
(black line) and our previous model [de Almeida et al., 2022] (red line), whose velocity PDF
did not agree with experimental results.

Figure 6.2| shows the three-regime behavior: the movement is diffusive for AT" — 0,
mostly ballistic or anomalous diffusive for 0 < AT < oo and diffusive for AT — oo, as ob-
served in real cells [Thomas et al., 2020]. In comparison to the AOU model, the bias extends
the particle’s persistence. Observe that the diffusive motion when AT — 0 precludes the

definition of instant velocity, the same for the non-biased case.
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Parallel Velocity Probability Density Function

Since this model has a non zero average for the stationary parallel velocity, we may conclude
that this model produces a particle more prone to move forwards than backwards on its po-
larization direction. However, these results are not enough to fully characterize cell motion.
Cell migration experiments also measure probability distributions. Our previous model [de
Almeida et al., 2022] presents a parallel velocity probability density function (PDF) peaked

at zero, a result that does not agree with cell migration experiments.

In this section we analytically obtain the velocity probability density function. We
assume an infinitesimal variation in the PDF, denoted as Ap(v)(T)) = p(v (T + At)) —
p(v”(T)) at time 7' = nAt, which may be partitioned in n infinitesimal time intervals At.
Then we expand p (v (T+ At)) in a Taylor series where vy is given by equation . Because
we only consider an infinitesimal variation in the PDF and consequently on v, the higher

than second order terms can be neglected.

Taking At — 0, we obtain a differential equation for the PDF, known as the Fokker-

Planck equation

ap(U” > T) . 0 b g 82P(U”, T)
—5r = D+ k]a_v” <P(U7T) (Un - m)) + 2 o

where a possible stationary solution % = 0 is a gaussian function, written as
2
+k (UII - ik)
gl g
P(yy) = exp | =[y +kl-——"—1| , (6.12)
) g

a result that implies that in the stationary limit, the velocity probability density function
becomes a gaussian centered at v = vak Hence, the particle has the highest probability
of moving with velocity v = ﬁ along the polarization direction, as is observed for single
cell migration, where a cell maintains its actin polymerization at its frontal region. A full
explanation in how to obtain the Fokker-Planck equation (6.12) can be found in appendix

(A). If we compare the analytical results and the numerical ones we see that they agree, as
shown in Fig.
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Figure 6.3: Comparison between the analytical (black line) parallel velocity probability den-
sity function with the numerical results (red dots), for 20 particles and with constants g = 10,
qg=0.1,v=1,k=0.04405 and b = 10.

In figure |6.3| we see indeed that the probability density function for the parallel-to-
polarity velocity has a non zero average and assumes a Gaussian form similar to experimen-
tal results. The Gaussian form in our model is due to the uncorrelated impulses originated

from the Wiener variable.

We also measured the velocity PDF along the velocity = and y axes, forming an axially

symmetrical velocity distribution, easily seen that is not centered on zero
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Figure 6.4: Parallel velocity probability density function obtained from the numer-
ical solution of our model for 10 particles and with constants g = 10,¢ = 0.1,y =1,
k = 0.04405 and b = 10. Left: cross section of the parallel velocity’s x axis versus
the velocity probability density function (VPDF). Right: upper view of the VPDF
where the coloring present the probability of each point in the v, vs v),,.

In experiments, the parallel and perpendicular displacements may not always be sep-
arated. In these cases, displacements are measured together and the ill-definition for instan-

taneous velocity has its effect. That can be by-passed by choosing an adequate time interval

for estimating the mean velocities as ¥y, = Tt+2)="1) This is showcased in tigure as we

£

plotted six heat-maps of mean velocity distributions for varying values of .
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Figure 6.5: Upper view of the mean velocity probability density func-
tion obtained from the numerical solutions, for varying e values (¢ =
0.0001, 0.001, 0.01, 0.1, 1 and 10 from left to right and top to bottom). The data con-
siders 10 particles and parameter values g = 10, ¢ = 0.1, v = 1, £ = 0.04405 and
b = 10. The brighter the color, the greater the number of occurrences.

We see in figure |6.5] that the time interval in which the average velocity is measured
changes the velocity probability density function. It is also visible that when e = 0.01 compu-
tational units, the distribution is mostly similar to the parallel-to-polarization distribution,

indicating an approximately ideal time interval of measurement for the mean velocities.

An ideal experimental procedure for robust velocity measurements is to film the tra-
jectories of some cells, obtain its mean square displacement and through the analysis of the
exponents of the mean square displacement curve, find the ideal time interval (when the

trajectory is mostly ballistic) [Fortuna et al., 2020, Thomas et al., 2020].
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Velocity Auto-Correlation Function

Similar to what is found in chapter 5, the biased AOU model also exhibits a exponentially
decaying velocity auto-correlation function. Here, we also define an instantaneous velocity
as
) =y 10
o ATT) | AT(T)

e—0 £

= GY(T) + lim AT (6.13)

e—0 g

a value that diverges as ¢ — 0 due to the diffusive nature of the particle’s perpendicular

. . . AFJ_ vV VE
dynamics i.e. lim — ~ Ve
e—0 &£ £

perpendicular displacements do not correlate with each other (the perpendicular displace-

— 00. This does not happen for the VACF solution, as the

ments are both Wiener processes at different instants of time)

VACF(AT) = < (?7||(T) + lim %@)) | (77 (T'+ AT) + limy B AT)) >

e—0 £

((@(M) - (@(T+AT))) . (6.14)

From the parallel velocity equation for the biased AOU model for an arbitrary time 7T’
and equation we find

g —(y+2K)AT b? —kAT
VACF(AT) = — 2 OF20AT = , 6.15
(A7) 2(v+ k) (v + k)2 (61

which is an expected result since for AT — 0, the correlation is maximum and equal to the
AT—0

average square velocity VACF(AT) = (0)(T) - v (T + AT)) ~ = <v|2|> and when AT — oo,

the correlation becomes zero, as the particle forgets its past velocities.

Mean Velocity Auto-Correlation Function ¥ (s, AT)

In the previous section, we have shown the parallel velocity auto-correlation solution is at
its maximum when the observation time interval AT goes to zero, however experimental

measurements present finite precision, meaning that when the perpendicular displacement
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is much larger than the parallel displacement, the measurement may keep information only

from the perpendicular component. That is

A AT AR

v(e, T) . . .

(6.16)

The finite precision effect is more important for smaller ¢, like in the AOU model. Using such
measurements to obtain the MVACF implies that only the non-correlated, perpendicular
displacements are taken into account, thus decreasesing the auto-correlation for small time-

intervals Ae.

However, if ¢ was exactly zero (infinite precision measurements), all of the informa-
tion regarding both o) = @ and AT%L would be known, meaning that when the correlations
were calculated, the only remaining value would be that of ((T') - 7 (T + AT)) as the self-
correlation (A7 (T) - 7L (T + AT)) is zero. The consequence is that the theoretical value for

the MVACF may be different when compared to experiments.

To obtain a mean velocity auto-correlation function, we considered two average ve-
locities separated by a time interval AT given as v(e,T) = w and (e, T + AT) =
M AT e) MIHAT) and using equation 1) found their respective values. Then we found

€

their correlation function by calculating the average dot product (¢, AT) = (4(e, T')-v/(e, T + AT)),

which is the mean velocity auto-correlation function.

We got
—(y+2k)AT
= g c _ o~ (v 2k)ey (L (v +2k)e _
$EeT) = ot (e )
b2 ekaT , L
+52(7 ) ( 12 (1—e")(e™ — 1)) , (6.17)

which makes sense as we assume the limit ¢ — 0, as

g e~ (V2R AT
Y(e — 0,AT) = 207 + k)2 ( (o o+ 2k (T— (1= (y+2k)2) ((1+ (v +2k)e) — 1))
2 e~ kAT
+€2(’yb—|— AE ( i (L= (L= ko)) (L he) = 1)) (6.18)
_ 9 —(y+2k)AT b? kAT
ECE e T hERee o (6.19)
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which is precisely the VACF solution, when the perpendicular displacement component is
disregarded. We also note that there is no problem concerning eventual values of ¢ and

e t2k)e for ¢ — oo,

If AT < ¢ we artificially introduce a correlation originated from overlapping average
velocities intervals, meaning that 7" must be always bigger than ¢, as we concluded from

chapter f|section 5.2} Thus if ¢ — oo then AT — co which makes ¢ (e, AT) — 0.

To emulate the lack of instrumental precision in the numerical solutions, we forcibly
reduced the significant figures for the particle’s position, which in turn produced MVACF

solutions with lower correlations for small time intervals AT. The numerical solutions were

VY(EAT)

) Significant Digits

10" F —e— 15 <
—e— 3
2
—— 1
10_3 4 I3 I2 I1 IO I1 I2
107 107 10° 10 10 10 10
AT

Figure 6.6: Log-log plot of (s, AT) versus AT considering the numerical solution of our
model for 10 particles and with constants g = 10, ¢ = 0.1, v = 1, k = 0.04405 and b = 1 with.

Where significant places were reduced as a way to reproduce a reduction of experimental
precision.

As expected, by artificially reducing the significant digits in calculating MVACF we

successfully reproduced experimental velocity auto-correlation graphs [Thomas et al., 2020].
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Also note that the results in figure|6.6|are very similar to the MVACEF results from chapter
as expected from the analytical results of equations (6.19) and (6.15).
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Chapter 7

Conclusion and Perspectives

In this work we show that to model single cell dynamics focusing on its kinetics properties
we must consider both asymmetry in the dynamics equations and a bias in the stochastic
term responsible to provide kinetic energy to the parallel-to-polarization degree of freedom.
In this way, we could explain the short time interval diffusive regime and still consider a
Langevin-like dynamics for the parallel velocity. The result is a properly described kinetics,
that evinces a century-old problem in measuring single cell speed, that yields theoretical pre-
dictions for MSD, VACEF, and velocity density functions that describe well the experimental
findings.

For the non-biased model, it was possible to obtain natural units to the system based
on the theoretical parameters. These natural units provided a straightforward way to quan-
titatively compare theory, simulations, and experiments. For example, simulation units as
Monte Carlo Steps and the lattice constants may be translated into seconds and micrometers.
The biased model revealed to be more complicated and requires further work to understand
the limits for the theory parameters where natural units of length and time may be ade-
quately defined. The resulting plots for MSD and VACF, however, show the same behavior
as the experiments and the non-biased model, indicating that at least approximately these

natural units may be defined.

Adding anisotropy to both models is important to separate the dynamics and by in-
troducing the Wiener dynamics for the perpendicular displacement we could explain the
short-time interval diffusive regime. For point particles, that could be a conceptual prob-

lem, regarding on how to assign Newton’s law to a particle for which it is not possible to
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define velocity. However, cells are not point particles nor they are rigid body. The lamel-
lipodium in mensechymal migrating cells are constantly protruding and receding at many
different time and size scales. At a given moment more than one membrane fluctuation
may occur at different locations of the lamellipodium. The cell’s center of mass will change
due to a sum of these fluctuations. Furthermore, there is a favored direction in the lamel-
lipodium protrusions due to an organized mesh of fibers that carry the necessary molecules
to the cell front. Directions perpendicular to the preferred orientation of these fibers are less
favored and it may be a sound hypothesis that they sum up as a Gaussian source of stochas-
tic displacements. As a by-product, the model we proposed basis a robust procedure for
experimental cell speed measurement as well as its correlation and probability density func-
tions, by pointing to the important role played by the choice of the adequate time intervals

to estimate speed and velocity.

A further remark regards to chemotaxis, an important process in cell migration, present
in many in-vivo phenomena. A cell is guided by chemical gradients, but not in the same way
as a charged particle is attracted or repelled by an electric field. The cell is not pulled by the
chemical gradient, in the sense that the cell machinery is responsible for the cell motion with
or without a chemical field. A cell always migrate due to its internal machinery and in the
direction that its lamellipodium is pulling. Due to the lamellipodium dynamics, in the ab-
sence of a chemical field, the cell movement changes direction with a a persistence that is
characteristic of the experimental set-up. When a chemical gradient is present, the lamel-
lipodium direction changes are affected, such that the motion direction persistence may be
infinite. Increasing the chemical gradient, for example, may not change the cell speed, this
is determined by the internal cell machinery. However, the cell velocity in the direction of

the chemical gradient is enhanced, due to the increased directional persistence.

Forcing an alignment of cell polarization with the chemical gradient in the non-biased
AOU model cannot increase the average cell velocity in this direction since its average is
zero. On the other hand, in the biased AOU model may explain the cell kinetics under the

action of a chemical gradient. This is part of my future work.

Finally, the Fokker Planck equation for migrating cells, presented as a way to calcu-

lated velocity probability density function, opens the possibility of describing cells dynamics
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as probability equations and extending it to a system made of many cells, where the inter-
action terms between each cell may be added. Naturally in this case, we must focus on

numerical solutions. This will be contemplated in future works.
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Appendix A

Parallel Velocity Density of Probability
Function

Considering the parallel velocity equation 6.4 at time ¢ = nAt, with n being an arbitrary

integer

t+ At
vt + At) = [(1 — YAty (t) +/t (& + b)dS] P Dn1 (A.1)

we may write a probability density function p(v)) as

t+At
plar(e+80) = ([0 = 38000+ [ (@405 o) then,  (a2)
t
we can write a finite time difference of the aforementioned probability density as

Ap = p(vt+At) —p(y ()
= p ({(1 — YAty (t) + /t (& + b)dS] Pn ’ﬁn+1> —p () . (A.3)

To obtain a differential equation that depends directly on the parallel velocity equa-
tion, we consider that the difference of v| will be infinitesimal when considering an infinites-
imal time interval At i.e. v (t + At) — v (t) = Ay ~ At. For an infinitesimal variation in vy,

we may expand the probability density function in Taylor series centered around ¢

t+At
Ap = p<v||<t>>+p’<v<t>>([<1—w>v“<t>+ / <fu+b>ds} mml—vm)

2

3 ) ([0 78000+ [ €@+ 05| s = u®)) = plonte) + 0
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Here we prove that higher than second order terms can be left out. To do this, we first

note that (p,, - Prs1) = (cos(Af)) ~ (1 — kAt), a conclusion from appendix[F Allowing us to
rewrite equation (A.4) as
t+ At
Ap = p(y(t)) ([(1 — yAt)v(t) + / (& + b)ds} cos(Af) — v”(t))
t

2

g ) ([0 78000+ [ €+ 0)ds| cost@d) =) = o) + 08

= o) ([(1- tagy 730 w0+ [ (60| costan)

00 ([(1- oty =) 0+ [+ v om0
(A.5)

7

here, the series will be proportional to powers of (the parallel velocity equation)

vyt + At) = ([(1—008(1M) ’yAt) vy (t) + /t Hm(§||+b)ds] cos(Ae)) . (A6)

The second power of (A.6) is

(1ot =) o (o)
+2 { (1 _ COSSM) _ 7At> oyt } /HA]t (& + b)ds

2

(A.6)* =

cos’(A0) , (A7)
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after averaging, we have

(@) - < [ (1 ooz ) 0 ([ s

2 { (1 _ 008(1 ) ym) ot )} /t e + vy

— (1 -5 —1kAt — 7At)2 (vii (£)) (cos*(A0)) + ( /t t+At(§” + b)ds)2 cos?(AF)

0052(A9)>

#2 (1 1y =) ) [ 6+ 0yds(eont(50)
(1 — kAt — 1 — yA(1 — kAt))Q(vﬁ(t» + < ([Mt(f + b)ds) >(1 — kAt)?

+2((1 ~RAD? — (1 — KAL) — (1 — kA At> (v (¢ )>< /tt+ t(g” + b)ds>

0
( — kAt = (v (t)) + (gAt + bQAtQ) (1 — 2kAt)

Q

Q

+2 (1 ~ kAt — 1+ kAL — (1 — 2kAt)At> (v (1))bAL
~ gAt+ 2( ~ kAL — (1 — 2kAt)At> (v (1))bAL
gAt . (A.8)

Q

Because (A4.6)? ~ gAt, we know that every other higher power of (A.6) will result in
terms proportional to At" n > 3/2, which can be ruled out. Considering (A.6)% ~ 0, we have

o = (oo ([(1- otz 0w+ [ (@ ois] wosan))

500 (D) g2t + O(AF)
= (p'(v() ([1 = kAt — 1 — yAL (1 — kA vy) + (p'(v)(£))bAL(L — kAL)))

+= (0" (v (1)) g AL + O(A?)

_|_

'(v(1)) ([—kAt — yAt] vy + bAL) >

S

(0" (v (1)) gAt + O(AE) . (A.9)

N | —

Now, we divide both sides of equation (A.9) by At, wee have a time variation of the
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parallel velocity probability density

% = @) (4 Koy —8) + S @)g + OAR) (A1)

here, we have obtained an equation that is similar to a Fokker-Planck however we must
remove the averaging brackets to obtain a full Fokker-Planck equation, to do it, we assume

that

(F(z(t)) = /P(z,t) F(z)dz thus, (A.11)
we rewrite the left side of equation (A.10) as

Qo) a0
Al = 5 P(z,t)p(z)dz whereas,
the right side terms of (A.10) may be rewritten as
(' (o) (v + Ky = b))y = /P(z, t) ([y + kv —b) p'(z)dz  and (A.12)
M = / z,t)gp"(2) dz  now, (A.13)

considering the special case where p(v|) = 0(v(t) — V) ) (the velocities all start from the same

point at ¢ = 0), we have

(Ap) arso 0 _
At—0 0
=0 SR (A14)

to simplify the other terms, we recall that the Dirac’s delta function has the property of
“transferring” a derivative applied to itself to a function that it is multiplied by inside an

integral (this is actually a case of the integration by parts),
, d
') (y+ Ky —b)) = /P(z,t) ([y + k] z —b) Eé (z—V)) dz
d
= —/E(P(z,t)([’y—i—k]z—b))é(z—V) dz

0
= —a—w<P(W|>t)([7+k]‘/||—b)) , (A.15)
the second term is
Wwng = [P (=~ V)dz
= / Z—V‘ (,t)g)dz
= gWP(VH,t) , (A.16)

I
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after grouping the three separate terms, the final simplified equation has the form of

aP(Vj, 9 .
%t) = (P(V\a t)([y + KV _b)) +g$
0 >*P(V,
- 0y (P(V”’t) (V' - vak)) * %% , (A17)

here, V) is an arbitrary variable, we can write it as the old parallel to polarization velocity v,

in other words,

OP(vy,t ) b g P (v),t

The known solution of a Fokker-Planck equation for the Ornstein-Uhlenbeck process

aP(UH,t)

is a Gaussian function, to find a stationary result, we impose 5

= 0, thus obtaining

Y4k (v~ =42)
Plop = e |~y 4 3

, (A.19)

a result that implies that in the stationary limit, the velocity probability density function

becomes a Gaussian curve centered at v = in other words, the particle has the highest

b
~+k’
probability of moving with velocity v = b - in the polarity axis, as is observed in individual

cellular migration, where a cell mamtams a stable actin polymerization in its frontal region.
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0.2 - . . . .
0.18 |
0.16 |
0.14 |
0.12 |
0.1 |
0.08 |
0.06 |
0.04 |
0.02 |

0 1 L
-5 0 5 10 15 20 25

Yl

Pv)

Figure A.1: Comparing between the analytical parallel-to-polarity vector velocity probabil-
ity density function with the numerical results, for 20 particles and with constants g = 10,
qg=0.1,v=1, k=0.04405 and b = 10.
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Parallel Velocity Solution

B.1 Average Parallel Velocity

We start at t = 0 with the speed vy (which can be either positive or negative) in the direction
of the cell polarization p,. The velocity in the direction of cell polarization p; at the beginning

of the subsequent small time interval [At, 2A¢] is:

v (At)pr = (1—7N)U(0)+/0 (€||(8)+b)d8] (Po - 1)1 (B.1)

where p; is the polarization vector at time interval [{A¢, (i + 1)At], b is the constant of biased
motion and ¢ is a Gaussian white noise with variation g ((§(¢)§(')) = ¢é(t —t')). By
iterating the velocity equation once, we obtain v at the beginning of the subsequent
time interval [2At, 3At]

v (2At)p; = [XU(NH /A t (S(SHb)d«S} (P1 - P2)P2

= [(en@x [ @ 0as) tuep+ [ €+ 0] e
(B2)

where we have used (1 — 4t) = x(t). For the next time interval [3At, 4At], v is

v (3At)ps = {XU|(2N)+/ (5(5)+b)d5} (P2 - P3)ps

2At

= (a0 [ 0as) o+ (x [ 66+ 0as) | 61 ptos-

+ / (&) (s) +b)ds (P2 - P3)ps

2At
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We iterate the formula once more:
v (4Aps = x*v)(0)(Po - P1)(P1 - 2) (P2 - P3) (D3 - Pa)Pa

At

+x° ( (& (s) + b)ds) (Po - P1)(P1 - P2) (P2 - D3) (D3 - Pa)Pa

0

AL

e ( JRGEE b)ds) (b - o) (b2 - o) (s - o)

t

+X ( /2 ijt(fn(S) + b)dS) (B3 - Da)Pa

4Nt
+ / (&(s) +b)ds ps . (B.4)
3At

With the results above, we can create a generalized formula for the n'” step

- n N n—1
vy (nAt)pn = x"vy (0 H (Bi-Bis1)Pn+ Y X" ( / (&) (s) +b)d5> T & pic1)bn. (BS)
i=0 =1

(i—1)At =i

With a generalized equation for the parallel velocity in hands, we must characterize
this stochastic function by taking its average and squared average. The first step is to take

an average over the noise realizations of the parallel velocity’s noise ¢

(v (nAt)) = <X”U(O)ﬁ(ﬁi'ﬁi+1)>+<ZxN‘i </ (§|| ) 1:[ (®; - pg+1>

= X"0p(0)(1 — KAL) + Ath Y X" (1 — kA"

i=1
= y(0)x"a" +bALY X" o, (B.6)
i=1
where we call @ = (1 — kAt). To obtain a solution for the geometric summation, we will

invert the order of the powers of x and « such that

n n—1
X = Zx"‘i = Zwl , (B.7)
=1 =0

this is always true, as we may consider the terms in a increasing or decreasing order of

powers.
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By applying the same identity to the parallel velocity formula, we get

n—1

(v(nAt)) = v(0)x"a™ + bAt Z X'a!

= y(0)x"a” + bAE (%) . (B.8)

In the equation above (B.8), we used the definition for a geometric sum

n ) j _ ntl
Y=t (B.9)
— 1—x
i=j
The next step is to assume that n — oo and nAt — T' < oco. If n — 0o, we can use
n \" n—oo _—gT
(I1—zAt)"=(1—2— = e , (B.10)
n
we also consider that the product of x and « is
X = (1 —yA) (1 — kAt) =1 — (v + k) At + ykAE?
= 1-(v+k)At+0O(A#)
2
MY 1o (yrk)At (B.11)

where we assumed that At? << At, allowing us to rule out the term vkA¢#?. Using identities
B.10/and [B.10] onto [B.8] we find

(v (nAt)) = v (0)(1 — (v + k)A)N + bAE (1 — (1= (v + k)AL )

(v + k)At

1— —(v+k)T
) (0)6_('Y+k)T +0b (ﬁ) , (BlZ)
which may be rewritten as
b b
At)) = — — ——— | e OFRT B.1
() = 7 + (0 - =7 )« (B.13)
So if we start from an initial distribution of v (0) whose average is ﬁ, the average
parallel speed becomes assumes its stationary value. Consequently,
b
<U||(NAt)>stationary - N+ L (814)
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We can also define v as
b

S B.15
v+ k ( )

Y=y =

Using Eq in EqB.1} after we have projected to the new polarization direction, but
at the beginning of interval [At, 2A¢),

lu(At) + %} o= {(1 — yAt) IU(O) + L} + /OAt(s‘(S) +b)d8} (Po - P1)pr

+k v+ k
b At
= {(1 — yAt) [U(O) + m} + At + §||(8)d8} (Po - P11

(B.16)

0

Iterating, we get the expression for [“H (2At) — ﬁ} as

wean+ = {a-asn fu@o+ ]+ [ im<su<s>+b>ds} (b - )i

v+ k
FOAL[(1 — yA) (o - 1) + 1] (B - P2)o
At
+(1 — ~At) &(s)ds (Po - P1)(D1 - P2)D2
0

2At

— (1- A {um) ¥ L] (5o - $1) (1 - )i

and for the next time interval

3At
s+ i = {a=van fmean+ 2]+ [ e +oas) Ga o

= (1—~At)? [U|(0) + be—k:] (Do - P1)(P1 - P2) (P2 - P3)P3
+bAt [(1 — yA)(Po - 1) (D1 - P2) + (1 — vAL) (1 - P2) + 1] (P2 - P3)Ps
At
+(1 — yAt)? ; §(s)ds (po - p1)(P1 - P2) (P2 - P3)P3

2At

(1 - A /A s o) 2 )

3At
+ / &1(s)ds (B2 - pa)ps - (B.18)
2At
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Generalizing,
a0+ L = {0980 un- ”A”*m} . /:_A:w<s<s>+b>ds} (or
= (1=7At)" {u ] E Piv1) D

n—1 n—2

+bAt [(1 — A" H(ﬁz i) + (1 —yAL)" H(ﬁz D)+ 1}]571—1

=0 i=1
At n—1

+(1 = yAp)™! §)(s)ds H(ﬁz *Pit1) Pn
0 =0

n—1

(1 - ’}/At / §|| dS H(pz pz—i—l)p
=1

nAt
+ /( &1()ds (Pus - )i

n—1)At

or in the summation notation

n—1
b
At)+ —— | pp, = " ||
U||(” ) 7+k]P Uu )X 1 pg+1

(’Y + k‘) H p] p]+1
n—1 n—1
+bAt (Z X' H(ﬁj 'ﬁj+1)) Pn

i=0 j=i
n—1 (i+1)At
i int
Averaging
b b
NAt = 0)e OFRT B.21
(a0 + =) = =+ uoe )

which allows us to conclude that when we consider a non-biased average parallel velocity

becomes zero a stationary state:

<U||(NA25>> = U||(O)€_(7+k)T Ti>oo 0 . (BZZ)
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B.2 Average Squared Parallel Velocity

The average squared parallel velocity (|v|?) can be calculated by squaring expression (B.20),
but first, we make substitutions x = (1 — yAt) and « = p; - p;+1 for simplicity

vi(NAL) = [u”(nAt)%—ﬂ}
= 20 [[ G pi)?

7

iXQN . n(/ At/n A (& (s) +b)(& (s )+b)dsds)

=z

I\
=)

n=1
1 N—
X “Dj+1) H “Dis1)
j:Z—l l=n—1
N-1 N 1At N-1
#2000 TT 6o S0 ([ e jis) T1 6y
q=0 i=1 Lo j=i—1
(B.23)
averaging it, we get
N-1
wHNAD) = (Vuh(0) [T (i piso)?
=0
N N
Y > T n< / 5\\ )+ b)(§(s )+b)d8d8>
i=1 n=1 (i-1)At J (n—1)A
N-1 N-1
X “Djt1) H “ Dit1)
j:zfl l=n—1
N-1 N } iAt N-1
+2x Vo (0) [T Bg - Bosr) D XN (/ (&(s) +b) ) (pj - pj+1)> ,
q=0 i=1 (Z 1)At j=i—1
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now we proceed by expanding the terms inside the integrals

(WE(NAD) = (xR0 ) TL G- finr)’

=0
N N

DD R ( /( . /(:_A:)At(ﬁ(s>£(s’) s

N-—1
< T - bis) (Dr -+ Drs1)
j=i—1 l=n—1
N-1 N iAl N—

+2x Vo (0) [T g - Basn) D XN ( /( (&) (s) ) H pﬂ“> ’

q=0 i=1 i—1)At j=i—1

and then taking their averages. Here we know that the averages of the random stochastic
variables become zero for they have zero average. The average of a product of a stochastic
variable with itself is also zero if their respective time intervals are differenti.e. (§(¢)§(t')) =
gé(t =), if t # ¢/, then & () (t')) = 0. Then

(vf(NAL)) = X?Nvﬁ(o)aw—n

* Z Z X2N_i_n (/z 1)At

(g6(s — s') +b*)ds ds')

i=1 n=1 At
N-1 N-1
><< H PJ+1 H Pt >
j=i—1 l=n—1

N N-1

—1
+2<vu( )b ALY H (g - Pas) D XN T @5 pins >
q=0 i=1

Jj=i—1

The equation then becomes
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(WHNAD) = x*Vf(0)a"

N N N-1 N-1
+b?(At)? Z ZXQN*Z;"< H *Dj+1) H ‘P >
i=1 n=1 j=1—1 l=n—
N N iAL ’ N— 1 N-1
DD G (/ 90in ds) < I @i pi) 1] - o >
i=1 n=1 (i-1)At j=i—1 l=n—1
-1 N—
—|—2<UH bAtX Z H H q - Da+1)(Dj 'ﬁj+1)>
i=1 ¢q=0 j=i—

After evaluating the integrals and taking the averages of all the terms in equation
we get

(RNAD) = xPVR(0)a* ¥

N N N-1 N-1
#2202 33 (T Gy pw) TT G- o)
i=1 n=1 Jj=1—1 l=n—1
N N-1

IT X" - Pas) (b5 'ﬁj+1)> ,

for simplicity, we will solve each term in the expression (B.24) separately

Vi = x*Moj(0)a*™ (B.24)
N N N-1 N-1
Vo = A0S I G TT b)) (B.25)
i=1 n=1 j=i—1 l=n—1
N-1
Vs = gAth2<N '(TT @5 55000%) (B.26)
Jj=t—1

Vi = 2(u(0)bAty >

H XN By - Py1) (B 'ﬁj+1)> : (B.27)

The first term is straightforward, we just have to assume that N — oo and use an

exponential approximation
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vV, = XQNUﬁ(O)CYQ(N_l)
_ vﬁ(O)e‘Q(Wk)T , (B.28)
where we considered that
X2Na2(N—1) _ (1 . ’}/At)2N(1 . kAt)2(N_1
7\ 2081 7\ 2081

~ 1 —~v— 1—k— B.2
(1) (1) ®29
Nzoo 672('y+k)NAt (830)
NIX 20T (B.31)

The second term is not so simple,

N N N-1 N-1
Vo = B(At)? ZZXQN—i—n< H (D; - Pjs1) H  Prad >
i=1 n=1 j=i—1 =n—
. J l 1
_ bQ(At)Q Z Z X2N—i—naN—iaN—n (B32)

=1 n=1

To solve it, we will invert the order of the powers of the summation and use the

geometrical series identity

N—-1N-1
‘/‘2 _ b (At)Q Xz—i—naz-l—n
=0 n=0
N-1 N-1
_ b2 2 XlOél X &
1=0 n=0
)N
- st () ()
1 —xa 1 —xa
]_ _
= (A1) <M) : (B.33)
1 -y«

Now we have again to use the approximation (B.11) such that we obtain
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The third one is

Va

Q

Q

Q

1= ()™
1 —xo )

1— (xa)V )2
1—(1—(y+k)At)

bA(At) (
b?(At)? (
oo ()

1 — e—(+RT 2
P— . B.34
( v+ k ) (B:34)

N ' N—-1
gAtZXZ(N1)< H (ﬁj 'ﬁj+1)2>
gAt Z Y N—i) 2(N

1 — (xa)?
98! ( T~ (xa)? )

1— e—?(’y-i-k)T
() (53

And for the last term we have
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1 —xya
1— 67(7+k)T
(v + k)At >
1— e—(’y-i—k)T)
(v +k)
6_(’Y+k)T — 6_2(’7+k)T)

(v + k)

= 2U|| (0) b At 6_(7+k)T (

= 211”(0) bef('Hk)T (

= 2y(0)b (

Now, returning to expression (5.24) = V; + V5 + V3 + V,, we get

1 — e=(+RT 2 1 — e 20+B)T
(VF(NAL) = v (0)e 2R 4 p? (€—> +g <6—)

v+ k
e~ (HR)T _ p=2(y+k)T
v+ k )
25> 2bv; (0)
(v+k)? vtk ]

+2bu; (0) (

— o (HRT {_

(B.36)

(B.37)

b2

b? g 2bv)(0) g
4 20HR)T { 200) + _ _ Il ] +
‘ R A Ty Ry o I TNy

tinally
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2h? 200 (0)
(v+ k)2 + v+ k
bQ _ g _ 2[)1}H<0) 4 g 4 1)2
(v+k)?2 20y+k) Atk 2v+ k) (vt k)
(B.39)

VA = et

+e 20 FRIT {vﬁ(O) +

Because for the biased anisotropic Ornstein-Uhlenbeck model, the average parallel
velocity is not zero, the parallel velocity second momentum is

9 9 —(tR)T 20° 2bv) (0
(i) = (v)* = e ){_W+mf+7ﬁ;}

—2(v+k)T |, 2 b _ g _2bv||(0) g b?

ey {“(O”mkv 2G40 7+k]+2(7+k)+(7+k)2
b? 2 b? 2bv)(0)\ k)T

_(7+/€)2+(U(0)+(7+k)2_(7+k)>e o

an " (- mrm)

_ g 2y +K)T
1-— , B.40
%7+@( ‘ ) (B.40)

which means that the dispersion in the velocity distribution is only an effect of the Wiener

variable {| with variance g, the same dispersion as we obtained in the AOU model. The bias

variable b, only shifts the parallel distribution from v = 0 to v = Which would be the

b
(r+k)
same result if we calculated the variance of the non-biased velocity .

Now, assuming that the system starts at the stationary state, where v (0) = v_ik and

2 g b?

= B.41

A0 = T T e (B.41)
we obtain the same result if we considered the limits to 7" — oo
T—o0
<Uﬁ (T)> = <Uﬁ>stationary (B42)
b2

= 74 , (B.43)

204+ k) (v +k)?
we obtain the stationary average squared velocity (when the system relaxed, reaching a

stationary state).
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Appendix C
Mean Square Displacement

Here we assume that the parallel velocity can be written as

7 ((n + 1)At) — 7 (nAt)
At ’

G)(AT) = (1)

then, using equation B.5|from appendix B, we isolate the position terms of the displacement
equation to obtain

Ar(nAt) = v (nAt) At p,

= At {Zﬂ(ﬂAt} + b:| ﬁn
v

+ k
= 1 - 'VAt 1:[ p1+1 [u ) + b:| Dn
P y+k
n—1
+HAL| (1= AL H(ﬁi Bit) + (1= 3D 2 [T G- i) + -+ + (o1 B) B
=0 i=1
n—1 At
+AL (1= yA)" T T i - piva) | Gi()dsp
=0
n—1 2At
FAE (1= A2 T (i fisr) /A £ (5)ds b
i=1 t
(n+1)At
LA / (n+ V)AL — $)¢ (s)ds P, (2)
nAt
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where Ar(nAt) = 7} ((n + 1)At) — 7j(nAt), or in a more synthesized notation

AF(nAt) = vj(nAt) At p,

b | .
= At [u(nAt) + m} DPn

b P
n—1
+bAE? Z(l — YA H(ﬁz * Di+1)Pn
Jj=0 i=j
n—1 ‘ n—1 (j+1)At
+At Z(l R 7AY) K H(ﬁz 'ﬁiﬂ)/ & (s)ds pn
j=0 i=j Jat
(n+1)At
+A / [(n+ DA — )¢ (s)ds b (C3)
nAt

To find a total parallel displacement formula, we sum each parallel displacement,

fromn = 0ton = N to obtain

AV + DAY 7 (0) = At Wowl} SO = At [[ - Bis)in

+k n=0 i=0
N n-—1 n—1
+bAtQZZ 1 —~At)" 1 jH( * Pit1)Pn
n=0 j=0 =7
N n—1 'n—l G+ At
0D D) SEEFLULES] | (R (IO
n=0 j=0 i=j JAt
N (n+1)
+AL Y / [(n+ 1)At — s¢(s)ds pn (C4)
n—0 Y nAt
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then we expand all the term between parenthesis

N _
AN+ DAL = 7(0) +u(0)At > (1 —yAL)" H - Pip1)P (C.5)
n=0 7=0
b al -
+——7+ At 1 — A" C.6
Ntk nZ:O( gl HO *Pj+1)P (C.6)
N n—1 'n 1
A Y D (1= A0 T [0 Bye)n (C7)
n=0 i=0 j=i
N n-1 =1 (i+1)At
+At Z Z(l — AL H(ﬁj “Pj+1) /A §i(s)ds p,  (C.8)
n=0 i=0 j=i iat
N (n+1)A
+At Z/ [(n+ 1)At — s]¢(s)dspn (C.9)
n=0 Y nAt

to find the general equation for the parallel displacement of a particle that moves according
to our biased anisotropic Ornstein-Uhlenbeck model. For the total displacement, we must
add the perpendicular displacement to equations (C.5{C.9):

N (n+1)At
7 (N + 1)At) = 7, (0) + Z/ EL(s)dsin (C.10)

We then have to square the total displacement and take its average, to obtain the MSD,

but first, we define each term in the total displacement equation as:

N n—1
Al = | ( Atz 1 —~AL)" H - Pj+1)D
=0 §=0
N n—1 -l (i+1)At
Y0 9D SIEEIv Ly | (AR / 6(5)ds
n=0 i=0 j=i int
(n+1)
+At Z/ [(n+ 1)At — s]€(s)ds py,
n—0 Y nAt
N (n+1)At
+7L(0)+ ) / Ei(s)dsny, (C.11)
n—0 Y nAt
b n—1
A2 = P Atz 1—7At)"j:0(pj Pjt1)pn and (C.12)

74



CHAPTER C MEAN SQUARE DISPLACEMENT

N n—1 n—1
At Y D (L —aat) [ ] @ Bie)bn (C.13)
n=0 =0 Jj=t

Then we proceed to the squaring, followed by the averages over the noises:

— —

(71 (N + 1AL — 7 (0)2) = (JAL|?) + (JA2]?) + (|A3|?) + 2(A1 - A2) + 2(A1 - A3) + 2(A2 - A3)
(C.14)

We calculate each term of the biased AOU particle’s position:

<|A1|2> = MSDunbiased 7 (C15)

which was obtained by de Almeida et. al. in [[de Almeida et al., 2022]. The other products
arise due the introduction of the bias constant b, thus have not yet been calculated, for (A2%)
we have

N —

(|A2P) = <(’Y—(|)-k Atz (1—~AL)" H - Dj41)p ) (wzk At z_:(l —yAan)" [T - ﬁj+1)ﬁn)>

0
n—1 m—1
= (’Y-i-k‘) At? Z Z (1 —vyAR) "+m <H( ﬁj+1) H (P~ Prt1) (Pn ﬁm)>

n=0m=0 7=0 k=0

b 2 N n—1 2
= (wk) At? Z(l — AL < (H(ﬁj ~ﬁj+1)) > (C.16)

7=0

2 N—-1 N n—1 m—1
+2 (7 k) APy Y (1-7AY "+m<H<ﬁj-ﬁj+l>H<ﬁk~m+1> (ﬁn-ﬁm)>, (C.17)

n=0 m=n+1 j=0 k=0
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where we separate the calculations even further:

- () sl )

Jj=0

) At2 ( — YA (1 — kAL
=0

v+ k

> At2 (1—2(7+k¢)At)”

b
+
b
+k
b

) t — (1 =2(y + k) At))"*!
2(y+ k)At
1 — (1 =2(y + k)At)"*H!
) 2(y+ k)
— 0if At -0 and (C.18)

N

v+

=
(5
(5
5
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C1)

2 N-1 N n—1 m—1

b D D N A A~ A
n=0 m=n+1 =0 o
b 2 N-1 N
2 ( k) At? Z (1 — yA)™ (1 — kA)™ (1 — kAt)™
i + n=0 m=n+1
b 2 N-1 N
v K n=0 m=n+1
2 N-1 N
i <7 Jbr k) A D (1=yA0" D (1= A" (1= kAt
n=0 m=n-+1
2 N-1 B N N
2 (L) A2 S (1 = yap L= 2RAD (1— (v +2k)At)
Tk rd (7 + 2k) At
o (b N e =20+ kAT
tk (7 + 2k)At

~
b ’ 2 - N (1 =~A"
—2 (—) A Y (1= (r+ 200N e

k =0

)2 1—(1=2(y+ kAN
g (v +2k)2(y + k)

(b N\ 1= =AY
2 () oo

)21—(L—%7+MA0N
(v + 2k)2(y + k)

1—(1—~AD)N
(v + 2k)y

5

—2(——%) (1 — (v + 2k)At)Y
2 1 — e 2(y+k)AT

) (v + 2K)2(y + k)

v
2 1 _
-9 (_) e~ (V2R AT €
T+k (v + 2k)y
b 2 1 — e 2(y+k)AT
2
<7+k) (v + 2k)2(y + k)

b 2 —(yH2K)AT _ o—2(y+k)AT
—2 . A
(7+k) (v + 2k)y (C.19)

Summing results (C.18) and (C.19) we obtain (| A2|?)
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2 _ o =2(y+k)AT _ o —(y+2k)AT
(|A2]2) :_2( ’ ) <1 ’ Lo ) . (C.20)
y\v+k 2(y + k) (v + 2k)

Now, we calculate (|A3|?):

N n—1 n—1 N n—1 n—1
(143]) = <(bAtQZZ 1—yAn)" - lH( Pit pn) (bAtQZZ 1—yA)" = ] 6 ﬁj+1)ﬁn)>

n=0 ¢=0 Jj=1

N N n—-1m-—1 n—1 m—1
= Bb2At <Z Z Z (1 — yAp)Tm—2-i=k H(ﬁj “Pjt1) H Pe - Pry1) ﬁm)>
=k

i=0 k=0 j=i
1 —

N N
= VAL <Z SN D (=AY~ RAYTH(L - kA TR (1 - kAt)'m_”|>

(1 — yAt)Hm=2==k (] _ EAH (1 — kAR (1 — k:At)m”>

N n—1 m—1
= 20°At > (- kAy™ ”Z(l—(*y—i—kAt"l’z (1= (y+k)At)ym—1-k
n=0 m=n-+1 1=0 k=0
= 1—(1—(y+k)At)" (1= (y+k)AD™
= 2p2A# (1 - kAL { i ] x [ }
;wg;H (v + k)At (v +k)At
WAL N &
= 1—kAY)™™" c21
e 2, 2 (2
WAL N
-2 1—EkEA)™ (1 — (v + k)AD)" Cc.22
(T k)2 2 m:n+1( )™ML= (v + k)AL (C22)
b2At2 N—-1 N o
G iEE nzo m};ﬂ (1 —kA)™ (1 — (v + k)AD)™ (C.23)
b2At2 — m—n n+m
e nz% mZn:H (1 — kAH)™ (1 — (v + k)At) . (C.24)
Calculating each parcel separately we have:
oAz NN
(C.21) = 1 —kA)™ ™
I = g 2 Y
NG Nzl (1 — kAt) — (1 — kAE)N-
(v k)2 — kAt
I L, N-1
= 1—) (1—kAp)NT"
'7 + k nz: n=0 )
2b2 1 — —k:AT
= — (AT — ———— C.25
o —) 2
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’}/ T k)2 n=0 m= n+1
QbQAtQ N-1 . (1 _ ]CAt)TH_l ( kAt)N+l
RGP S N
WAL | = N-1
= — (1— (’}/—F/{)At)" Z( kAt)NJrl( —’)/At)n
k(’y " k) n=0 n=0
2b? < — e~ (Y+R)AT —kAT (] _ o=7AT) 26
k(y + k) (v + k) 5 ) :
WAL 2 N
(C.23) = —m Z(l — kA" Z (1= (y+ 2k)AD)™
! n=0 m=n-+1
242 N-1 B - - N
= _M Z(l_kAwfn {(1 (’Y—f—Qk‘)At) _ (1 (7+2k’)At) :|
(v + k)? n=0 (v +2k)At (v + 2k) At
e NZI N NZ_I N
= (v 4+ k)AH)"™ — (1 — (v + k)At) (1 — kAt
(v )Py +2k) | = >
_ 2b? {1 — OFRAT oy FRIAT (] e—kAT):| o
RO+ L (R r .
7] 2P A’ N
n=0 m=n+1
2A2 N1 _ - - .
(7+k5)2 n=0 (7+2]€)At (’7+2]€)At
N N-1 . N1
T (Y +k)2(y +2k) > (=207 + E)AY" — (1= (v + 2k) AN Y (1 = yAL)"
n=0 ~
2b* 1 — e 20RAT  o=(1+20)AT(] _ e_q,AT)]
) a C.28
(v + k)2(y + 2k) { 2(y + k) N ( )

Summing (C.25), (C.26),(C.27), and (C.28) we find (| A3|?):
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20° 1 _ p—kAT
A3y = — _
) = g (AT )
2h2 (1 — e~ (y+R)AT e—k:AT(l _ G_VAT)>
k(v +k)? (v+ k) ~
202 1 — e~ (y+R)AT e—(7+k)AT(1 kAT

(R 2k) ( (v+k) 2 )

2 — o 2(vtk)AT —(y+2k)AT (1 _ ,—yAT
(Y+E2(v+2k) \ 2(v+k) N

Now we proceed in finding the crossed multiplication terms, here we observe that
the average over the initial speed u(0) = 0, hence the only crossed term that survives the
average is (A2 - A3). As follows:
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b2At3 N N m-—1 'nfl m—1
+k <Z 2(1 = YA (1 — Al H ‘Dj+1) H P~ Prr1)( ﬁm)>
v n=0 m=0 =0 =0 i
b2At3 N N m-1 | |
72D D (L= AN (1= AL = RAG"N (1= kA" (1 - kAD
v n=0 m=0 =0
N _—
v+ k Z Z(l — A" (1 — EAL)™ (1 — kAt)\m—M Z(l — (v + k)AH)™
n=0 m=0 p
b2 At? N L A
1 —yA)™ (1 — kAH)™(1 — kAt)m=
7”%2220( 7R a ) (v + k)
PAR L&
(v + k) 222 (1 —yAD™M1 — kA" (1 — kAt)m—™
,y n=
P2AL L &
CEDE SN (1= AL — kAL — kAL
v =0 m=0
WA X
>0 ) (1—yAy™(1 - kAL
(v +k)? =
WAL =
B (1 =AD" ™(1 — EAL)*™
(y+k)? = =
2Nt =
LS (- A" (1 - kAT — (1 kALY)
k(7 T k>2 n=0
202 At N
1 —~AN)" ((1- 2k)At)" T — (1 — oL VAL)Y
(7+2k)(7+k)2n20( YA (1= (v + 2k) A" — (1 — (v + 2k)AL)N)
2b?
o (L (1= (kA
2b2
RreTeEy (1= kAN (1= (1 —~AHY)
_ 202 (1 —(1-2(y+ k:)At)N)
2(y + 2k) (v + k)3 v
202 At

TTan T (2029 (1= (1-929)7)

2
20 (1-— e*(wk)AT)

E(y + k)?
2b2 kAT AT

2 kar

Ao+t e
_ 2b2 (1 . 672(7+k)AT)

2(v + 2k) (v + k)3

2 2

* b e ORI (81 e 4T) (C.30)

(v + 2k) (v + k)2
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Now we can write M .S Dy;qseq:

MSDbiased - MSDunbiased

2 b 2 /1 _ e~ (H2RAT | _ —200+k)AT
?(7+k>< (v+2k) 2(y+k) )
2 2 _ ,—kAT
_{_L AT — 16—
k(v + k)? k

2h2 <1 _ 67('y+k)AT
(v + k)

k(v + k)
20?

6kaT(1 _ efyAT))
Y

(v + k)2(y + 2k)

(v + k)

( 1 — e~ (+k)AT

e—(v—Hc)AT(l _ 6—kAT)>
k

N 2b2 (1 - e—2(7+k)AT B 6(—7+2k)AT(1 - 6—7AT)
(v + k)* (v + 2k) 2(y + k) gl
2b2
1 — ¢~ (VFR)AT
T )

ky(y + k)?
20?

2
2b ekaT(l . efyAT>

_2(7 + 2k)(y + k)

20°

T 2R) (1 k)2

__—2(7+k)AT
s(1—e™

)

6—(’y+2k)AT(1 - e—VAT)

To simplify the equation above, we then define some terms

M, =

M, =

M3:

1

— e~ (y+2R)AT

1 —

v+ 2k

e—2(’y+k)AT

1

2(y + k)

(v + k)

4

7

)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)
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And rewrite the biased mean square displacement as

MSDbiased - MSDunbiased

+2—b2 [My — Mo
Yoy kT
20° / /
+W[AT—M4—%+ + My —
20°

TR 2R [_M3+M4<1—(7+k)M3)+;\/2

~ My (1= 20T0,) = M5+ My (1= -+ 2T
= MSDunbiased
2b>
+—— M, — M.
O+ R M AR
2b*
— = |AT — M.
R (AT M
2b?
+ 2
(v + k)2(y + 2k)
= MSDunbiased
2° 1 — e OFRAT ] =20 FR)AT
+ —
7(7+k)2{ v+ 2k 2y + k) }
2b2 _ —kAT
W Npap o1z
k(v + k) k

— KYAT —kAT
2" {—1_6 i +<1_6 )wWW] (C.37)

[—M3+M4(1—(’y+k)M3)]

+

+
(v + k)2(y + 2k) v+ k k

Writing the whole biased mean square displacement we then obtain

g 1 _
MSDyivsed = AT — — (1 — e~ (r20)AT } 1+ 2qkAT
base (7+k)(7+2/f)[ Gran e )|+
2b2 1 — e—('y+2k:)AT 1 — e—2('y+k:)AT
v<v+k>2[ v+2%k 20y +k) ]
2b° 1 — ¢ kAT
kG TR l Tk }
2 _ o—(v+k)AT —(y+k)AT —(v+2k)AT
n 20 Lze 4 _¢ } (C.38)
(v + k)2(y + 2k) v+ k k k

finally, we group the e~ (""?MAT terms together. It can be done by adding the null term
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% (+ — +) to the equation, which in turn, results

1
MSDbiased = J |: — (1 — 8_(7+2k)AT) + QQkAT

(v + k) (v + 2k) (v + 2k)
2h2 |:1 _ 62(’Y+k)AT‘|
Ty HR? L 20y k)
2b2 1 — e—('y+2k;)AT
_+_
’yk(’Hk){ v+ 2k }
2% 1— e_kAT]

k(v + k)2 [AT B k

2h2 1 — e~ (y+R)AT 1 — e~ (y+R)AT
— _|_ ,
(v + k)2 (v + 2k) { v+ k k }

(C.39)

now, simplifying, we finally get

1
AT — 5 (] = #20ATY | gop AT
1K) 7+2 { CES A )| +2

2b2 1— 2(y+k)AT
7+k‘{ 7+k }

MSDb’iased

1 — —(y+2k)AT
7+k[ 7+2k; ]

2 o~ kAT
2b [AT ]
’y+/<:

1—e (v+k

{ v+ k ]

C.40
k(v + k ( )

To verify the results of the analytical calculations, we plotted the mean square dis-

placement of a simulation of a single cell moving according to our model biased model
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\ Simu N=20 b=1, (=0 —O— | D
10" f Analytical Biased MSD
Analytical Unbiased MSD
102 :
10° :
1072 :
107* 3
107 ¢ ]
107 102 10% 10' 10° 10 102

Figure C.1: Log-log plot of the Mean Square Displacement versus AT of 20 non-interacting
particles with parameters £ = 0.04405, ¢ = 0.1, ¢ = 10, v = 1 and b = 1. The solid lines
correspond to the analytical calculations corresponding to (C.40)

Since we have verified the analytical calculations with the results from a simulations,
the next logical step should be to compare these results with other simulations and real
world cell migrations experiments, but first it is necessary to establish a relationship be-
tween the parameters found in our model and real world phenomena and its consequences.
The easiest way to do it, is to find the set of parameters (g, ¢, k,v,b) as a function of the
macroscopic parameters D and P, already used in stochastic literature as the diffusion coef-
ticient and the persistence parameter respectively and also S defined in [de Almeida et al.,

2022] as the fraction of time in which the crawler stays in the initial diffusive dynamic.

In a scenario without any complications, the procedure to identify the relationship
between the microscopic parameters ((g, g, k,, b)) and the macroscopic ones, would be as-
sume a correspondence between the biased mean square displacement and an effective un-

biased mean square displacement given as
2DP (AT

MSDeffective = m ? — (1 - S) (1 — e_AT/P)) (C41)
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in such a way that
MSDbiased(g7 q, k7 e bu AT) = MSDeffective and (C42)

then obtain the relation between the macroscopic and the microscopic variable.

It was already done in [de Almeida et al., 2022], for a non biased self moving particle

(b=0), it was found that

1
P i (C.43)

B g
D = 3+ k) (7 + 2 and (C.44)

2qk(y + k) (v + 2k)

- g+ 2qk(~y + k)(y + 2k) (C.45)

In the case of the biased model however, the mean square displacement resulted in the
sum of exponential terms with different exponents thus, the procedure cited above results
in a transcendental equation. Considering all this, we may at least find the limit cases for
AT — 0 and AT — oo.

To begin, we consider the case where AT — 0, which prompts us to expand the
exponential terms of both effective MSD and the biased MSD and compare the results
AT—0 2DP (AT AT 0
MSDeffectwe - m <? (]. S) (1 |:1 ? —|—O(AT ):|))
2DPS ( AT )

Q

1-S \ P

2DS

Q
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we do the same for the biased MSD

AT—0 g
M.S Dy, ~
Pt = it |

1
" (7 + 2k)

(1 =1+ (y+2k)AT)| + 2qkAT

o [1 — 1+2(’y+kj)AT]

WO HRE [ 204k
LW F—J%%7+2@AT}
vE(y + k) v+ 2k
202 1—1+EAT
_ 2 AT
+M7+@2{ k }

v+ k

o2 [1—1+(7+k)AT}

k(v + k)2

Q

1 1
20kAT + 20°AT — -
I (%7 Yy + k)2 k(y+k)?

~  2gkAT (C.47)
The result implies that, for small times, we have
%AT S 2gkAT (C.48)

For AT — oo, we know that exponentials with negative exponents go to zero, which

implies for an effective MSD

AT—00

MSDeffective ~

Q

2DP (AT
1—S<7T_O_S0
2DAT

o (C.49)

doing the same procedure of zeroing negative exponentials of AT, for the biased MSD, gets
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us

AT—00 g {

MSDyigeed  ~ 20kAT
Dbiased (v + k) (v + 2k) }Jr 4

1
" (7 + 2k)

_7(7255:16)2 [2(71 k)}

N 20° [ 1 }
YE(y+ k) | v+ 2k

202 1
_ 2 AT =
CELE { k}

202 { 1 }
k(y+Ek)? |[v+k
gAT 2b2AT
+ 20kAT + ——m——
v+ k) (y+2k) ! k(v + k)2

(C.50)

With this, we find for AT — oo that

2
2D\ Ao g 2

1-S - [(v+k)(v+2k>+k<v+k)2

We may also analyse the case where k = 0, which implicates in a self-propelling particle that

+ 2k | AT (C.51)

does not change its polarization orientation neither exhibits a perpendicular to polarization
diffusion, thus, staying permanently in a 1D trajectory. At first sight, it may seem as a

problem for we have in our biased MSD equation, three terms divided by k, they are

207 1 — e FaT]
s [AT -—— (C52)

2b2 1— 6—(7+2k)AT'
TE ) [ T and (C.53)
2h2 1 — ef('erk)AT' Csa
_k(wk)?l o (G54

The first term, when k goes to zero, has an exponential expansion proportional to £?, which
cancels out with the factor k? by which the expression is divided, producing an equation

proportional to AT? and thus, generating ballistic dynamics.

2 _ kAT 2 1— (1 — kAT + B2A12
2b AT — 1—e k=0 2b AT — < 2 >
k(v + k)? k k(v + k)2 k
2 2 A2
~ 2b AT kAT n k*AT
k(v + k)2 K 2k
b2 AT?
~ CEWAE (C.55)
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To show that we have non infinite terms, we may sum the last two and find the result

22 (1 _ e—(7+2k)AT) 2h2 (1 _ e—(%l—k)AT) s0 2h2 (1 _ e—vAT) 22 (1 _ e—yAT)

YR+ R)(y+2k) k(Y k)P T kG R 2k k(G + k)
1-— e*’YAT) ( 2b* B 2b? >
( Yh(y +E) (v +2k)  k(y+ k)3

20%k At
V(v + 2k) (v + k)3 (1—e72) (C.56)

Q

which in fact results in a equation that is multiplied by k& and not divided, so it must go to

zero when k£ — 0.
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Appendix D

Velocity Auto-Correlation Function

The parallel-to-polarization velocity auto-correlation function is a function that shows the
velocity correlation between two different instants of time separated by a time interval AT
Thus we consider a time 7" = nAt and another instant of time 7" + AT = (n + m)At, where
At is a infinitesimal time interval. The velocity auto-correlation function can then be written

as

VACF(AT) = (g(T)-v)(T + AT))
= (o (@p) - p(T + AT)vy (T + AT)) (D.1)

where T represents a determined instant of time and A7, an arbitrary time interval. In terms
of infinitesimal time intervals At¢, we may write 7' = nAt and AT = mAt with n,m € N.

Now we have to consider the parallel velocities in times 7" and 7'+ AT, from equation B.5]

|
—

n

) (nAt) = UII(O)(l—”YAt) (Dj - Dj+1)Pn

<.
I

n—1

n—1 (i+1)At
#S0=a  [ ) [ @)+ D dsh, and D)
1=0 L

7=t

n+m—1
b (n+m)At) = v (0)(1 =A™ T] @) D+1)hnim
§=0
ntm-1 n—l (i+1)At
+ Z (1 — yAg) =t H(ﬁj *Pjr1) /A (ﬁll(s) + b) ds Prm(D.3)
1=0 j=1 1AL
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Next, we calculate the product between both velocities and take their average over
realizations, which is denoted by the brackets (). The product becomes

n—1 n+m—1
F(T) - T (T+AT) = of(0)(1 =A™ [[Gs-psr1) [ s Dis1)Br - Prtm)
§=0 §=0
n+m—1 ) ) ln+m71 n—1 (I+1)At
+op(0) Y (=AM T By pien) [ s - Bie) (B Drtm) / (&) (s) + b)ds
1=0 =0 j=l IAt
n—1 ) L n+m—1 n—1 (i+1)At
+op(0) > (1 =AM T s Bien) [[ s - Bier) (B -ﬁn+m)/ (&) (s) + b)ds
i=0 =0 =i 1At
n—1n+m-—1 2 o ln+7n71 n 1 (I+1)At (i+1)At ,
+> Z AT (g i) [T s By / / (s (s)dsds
i=0 =0 j=l j=i iAt

n—1ln+m-—1 n+m-—1 n— 1

(I+1)At  p(i+1)At

+> Z —yAn? T (6 'ﬁj+1 PJ Dj+1 / / b'dsds’
1=0 = =l

we know that p;-p; 11 = cos(Af) for an arbitrary integer i, we also know from appendix|F that

Ditn-Di = cos(n Af) and (i1, - p;) = (cos(n Af)) which can be approximated to (cos(n Af)) ~

(1 —kAt)", a conclusion reached from equation (F.15). In other words, the sequence of inner

products of polarization vectors ([, (4; - j1)) = (Dn - Dm) = (1 — EAL)™ 7L,

We also know that the averages of the random variables ({(s)) = 0 because of their
symmetrical Gaussian distribution around zero. For the products between two distinct
Wiener variables, we know (£ (s)¢|(s")) = g (s —s’) which become (&(s)§(s")) = g iy when
considering that the variables s and s’ depend on the summation indexes ¢ and . Following
these, we denote (vj(T') - v)(T + AT')) as VACF(AT) and proceed to obtain

Sl (I+1)At
Hop(0) D0 (1= yADTFTT I A — kAT (1 - cht)"“"*"/ bds
0 LAt

i . (i+1)At
+’U” (0) (1 _ ’7At)2n+m7171(1 _ kAt)2n+m7271(1 kAt)n+m n/ bds

1=0
n—1ln+m-—1 ) ) (I+1)At ('L+1)At
+ (1 _ IVAt)Z’rH»mefzfl(l _ kAt)2n+7n7277, 1 kAt n+m— n/ / S _ S dS dsl
i=0 1=0
n—1n+m—1 ) ) (I4+1)At (i4+1)At
+ (1 _ ,_yAt)Qn{»mefzfl(l _ kAt)2n+m7271 1 kAt n+m— n/ / b2d8 ds/ i
=0 =0
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now, with an equation without stochastic variables, the integrals’ solutions become trivial
VACF(AT) = of(0)(1 —yAt)*" ™ (1 — kA>T 72(1 — kA" (D.5)

n+m-—1

+bAt v (0) Z (1-— ,YAt)2n+m—l—l(1 _ k:At)QM'm_Z_l(l _ kAt)’“'m_"

+bAt v (0) (1-— ,yAt)Qn+m717i(1 _ kAt)2n+m—2—i(1 — kAT

. . (i+1)At
+ Z (1 . ’yAt)Qn-‘—m—Z—z—l(l o kAt)Q'rH—m—Q—'L—l(l o kAt)'rH—m—n/ gdi,lds
=0 =0 iAt
n—1ln+m—1 ) ]
+b° A (1 —~AAH)? 27070 — kAT 27N 1 — kAD)™ T then
1=0 =0
solving the only remaining integral over g, we have
VACF(AT) = v (0)(1 —yAt)>" (1 — kAL)* ™ 72(1 — kA" (D.6)
n+m—1
HbAL(0) D (1= AT = kAGPHT TN (1 - pAgT (D.7)
=0
n—1 ) )
+bAt v (0) Y (1 —yA) TN — kAG T TN — kAT (D.8)
i=0
n—1 ] )
FgAL Y (1 — AL EITEE(L - pALPET (1 — kAR (D.9)
1=0
n—1ln+m—1 ) )
FOPAE D TN T (1 =y AP L = gAY TR (1 — kAT (DU0)
1=0 =0
to proceed, we must use the identities
b
, 1—2A)?* — (1 —zAt)®
> (1 -z Aty _ | - " and (D.11)
: 1—(1—zAt)
1=a
(1 — gAY VTEAT0 e N A (D.12)

where z is an arbitrary constant and a, b and N are arbitrary integers. We also divide the the

velocity auto-correlation function into separate terms for more clarity in the calculations.

(D) = vi(0)(1—~AL)> ™1 — EAL* ™ 72(1 — kA"
= Uﬁ(o)e—v(2n+m)m(1 _ kAt)2n+2m—2

_ Uﬁ (0)e—'y(Qn-i-m)Ate—k(2n+2m—2)At

7

considering that nAt = T and mAt = AT (we may rule out the exponential e 24/, for 2 is

much smaller than the other terms m and n), then
‘m) _ Uﬁ(0>672('y+k)T67(7+2k)AT
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The following results are obtained in a similar way

n+m—1

(D7) = bAtoy(0) > (1— A1 (1 — kAL 271 (1 — kAL

= bALy(0) D (1 —qATETIL — pArEE

1=0
here, we note that it is possible to rewrite a summation as follows

n— n

=g, (D.13)

1
i=0 i=1
where z is an arbitrary variable, the only difference in the summations, being that the left

side starts to sum from the bigger powers to the smaller ones and the right side does the

opposite, applying the same concept for expression (D.7), we obtain

n+m—1
" = DAt (1 - ’YAt)n(l — /{ZAt)nerilU”(O) Z (1 _ ,}/At>n+mflfl(1 . kAt)nerflfl
=0
n+m
=1
n+m
f— bAt G_WWAte—k(n-‘rm—l)AtUH (0) Z (1 . 'YAt)l(l o kAt)l
=1
1 — (1= yAt)™m (1 — kAE)+™
1— (1 —7At)(1 — kAY) ‘

— bAte? nAte—k:(n—&-m—l)Ath (0)

where we may consider that (1—yAt)(1—kAt) = 1—kAt—~At due to the fact that At? << At
(we rule out the term v kAt?), we also assume that (1—vA¢)' (1—kAt)! = 1, because 1 >> At,

thus obtaining

1 — e~ (v+k)(ntm)At

D.7 — bAt —ynAt  —k(n+m—1)At 0
(12Ki) e 1" e vy (0) T A
_ bv”(O) o~V At —k(n+m—1)At (1 . e—(’y+k)(n+m)At)
vtk
_ bv”(O) o~ (VHR)T ,—kAT (1 - 67('y+k)(T+AT)) ' (D.14)
v+ k
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We then proceed to obtain

—_

n—

D) = bALy(0) ) (1 — AL 171 — kA>T 2741 — kA"

(2

Il
o
—

= DAL(1 =y AL = kA" (0) (1= yAH" (L = kA"

i

Il
o

— LAt e—'y(n+m)At6—k(n+2m—1)AtU”(0) Z(l _ ’}/At)l(l o kAt)z
=1
(1= 7A8(1 = kAL — (1 — 7A™(1 — kAL"
[ = (1= 701 — kA7)
1 — e~ (rtk)n At
1—(1—-(y+k)AY)
1 — e~ (v tRk)n At

— LAt 6—7(n+m)At6—k(n+2m—I)Atvll (0)

— DAL 6—7(n+m)At6—k(n+2m—1)AtU” (O)

_ bU”(O)At e—'y(T+AT)6—k(T+2AT)

(v + k) At
_ by (0) o~ V(T+AT) ,~k(T+2AT) (1 _ 6—(7+k)T)
(v + k)
bv; (0)

o —(y+k)T —(v+2k)AT —(v+k)T
— ¢ e 1—e
('Y k) ( )
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which ends our calculations for (D.8), proceeding to the next we have

1D 10]

n—1

gAt Z(l . ’7At>2n+m_2_2i(1 . kAt)2n+m—2—2i(1 . kAt)n+m—n
=0
n—1

gAt Z(l _ 7At)2n+m—2—2i(1 _ kAt)2n+2m—2—2i

=0

—_

gAt (1 _ fyAt)m(]_ _ kAt)Qm (1 o 7At>2n_2_2i<1 o kAt>2n_2_2i

i

I
o

n—1

gAt o~ (1H2k)m At Z(l . 7At>2n—2—2i<1 o kAt)zn—z—%
i=0

gAt e~ (7 H2k) m At Z(l _ ,YAt>2i(1 _ kAt)Zi
i=1

1— (1 — yAH)2(1 — kAt
1— (1 —vAD2(1 — kAL)?

1 — e—2(y+R)T

1— (1—2(y+ k)At)

1 — e 200r+R)T
2(y + k)At)

_ 9 —(v2k)AT (1 — e 204007

gAt 6—(7+2k)AT

gAt e~ (y+2k)AT

20y + k)

The last term is

n—1 n+m—1

— D2AL Z Z ’yAt 2n+m 2—i— l( . kAt)2n+m—2—i—l<1 . kAt)n—i—m—n
1=0 =

n— 1n+m 1

— D2AL Z Z ’yAt 2n+m 2—i— l( . kAt)2n+2m—2—i—l
1=0 =

= VA (1

= At (1

= VA (1

b2

kAT

D2AL2 e _rarl—e

G

n—1 n+m—1
— kA (1= AT (L = BAYTT YT (1= AT (L — kAT
i=0 =0
n n+m

— kAD™ > (1= AL (1 — kA" Y (1= yAb) (1 — kAL

1 =1

— (1 = 7A)™ (1 — kA" 1 — (1 — yAL)" (1 — kA
1— (1 —~AL)(1 — kAL) 1— (1 —~yA)(1 — kAL)
—(VHR)T | _ o~ (y+k)(T+AT)

s

(v + k)At (v + k)At

e—kAT ( —(’y—&—k)T) (1 o 6—('y+k)(T+AT))
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To find the total parallel-to-polarization velocity we must sum the obtained expres-

sions for (D.6), (D.7), (D.8), (D.9), and (D.10)

VACF(AT) = (u)(T)-0(T + AT)) = (D.6) + (D.7) + (D.8) + (D.9) + (D.10)

_ Uﬁ(0)672('y+k)T67(7+2k)AT

buy (0) o~ (V)T ,—kAT (1 _ ef(wrk)(TqLAT))

e
v+ k
+M e~ (FHRIT = (HHZRAT (1 _ =T
(v + k)
g —(v+2k)AT —2(y+k)T
+—¢ 1—ce¢
2(y + k) ( )
b2 kAT
LU RAT (] mGHRITY ( _ g (R)(THAT)
el ) )

To continue the solution, we have to assume that the system has reached a stationary

state where (v(0)) = -2 and (vﬁ(O)) = 5o T (A/fk)Q, results obtained in appendix

vtk
Substituting these terms into the above expression, we reach
VACF(AT) = ( g + b ) e 20 +R)T = (v+2k) AT
20v+k)  (v+k)?
b2
+ e~ (VHR)T —kAT (1 _ o —(v+k)(T+AT)
(v + k) ( )
b2
+ e~ (VHR)T o —(Y+2R)AT (1 _ —(v+k)T
(v +k)? ( )
g —(v+2k)AT —2(v+k)T
+———=¢€ 1—e
20+ k) ( )
b kAT
+ - 1 — e~ OHRTY (1 — o~ (+R)(T+AT)
e ) )

the substitution allows us to cancel a series of terms

VACF(AT) = (/Vi{)—'— ) o200 HR)T = (7+2k) AT
, U

+< b? : o~ ()T kAT (4 — ef(fy+k)(T+AT)>
vtk
b (V+k)T —(y+2k)AT
e e
g —(y4+2k)AT ( —2(4 )
T A= 1—c
2(y + k)
2
+( 4b_ k)ze—kAT (1 _W) (1- 6—(7+k)(T+AT))
5
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leaving us with

VACF(AT) =

)

2
9 ewar P gar D.15
R R R
and that is the final analytical solution for the parallel-to-polarization velocity auto-correlation
function
9 - v
VACF(AT) = ———< e OPMAT 4 kAT D.16
U RN SRR (010
Note that when AT — 0, we obtain
b? 5

VACF(AT) “%° 5 J — () (D.17)

OO RNCEaE

which is the expected result, because if the interval between the two velocities goes to zero,
the velocity auto-correlation function simply becomes the average of the squared velocity
(@(T) - 5)(T + AT)) “=" (@ (T) - 5)(T)) = (v}(T)). Also note that when AT — oo we obtain
VACF(AT — o0) = 0 due to to the zeroing of the exponential terms, which is another
expected result, since the auto-correlation of a stochastic with times separated by an infinite

interval should be also zero as the particle has forgotten its initial state velocity.
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Mean Velocity Autocorrelation Function

From appendix |C, equation (C.9), we know that a particle’s general position for the biased

anisotropic Ornstein-Uhlenbeck system may be written as

N n—1
F(N+1)AL) = 70)+ At vy(0) Y (1 —~AH)" H(pi-piﬂ)p
m=0 =0
N n-1 n—1 (j+1)At
#8032 3 (1= 20 6 i [, @+ b
m= 0] 0 =J At
(n+1)A
Iy Z / (0 + 1)At — s]€)(s)ds P
m=0 Y nAt
N (n+1)At
—I—Z/ &1 (s)ds
m—0 Y nAt

we may use this result to obtain an average velocity that depends upon a time interval
0 = AN At, being AN an arbitrary integer. Thus, we define an average velocity at time
T =NAt; N € Nas
(T +6) —(T)

5 ,
with the definition of the average velocity, we now propose the measure of the mean velocity
auto-correlation function (MVACF)

(T, 5) =

(E.1)

MVACF(AT, ) = (9(T,d) - 9(T + AT, 6))
_ <F(T+5)—F(T).F(T+AT+5)—F(T+AT)> (E2)

) o

where AT = M At. To proceed with the calculations, we the need to discover the equations
for /(T + 6) — 7(T") and 7(T' + AT + 6) — 7(T'+ AT), which is easily obtained by subtracting
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the general position for the particle at two different times

N+AN n—1
P((N +AN)AL) — #(NAL) = 70) + At vy(0) Y (1 —~At) "H Pis1)P
m=0

1=

N+AN n—1 n—1 (J+1)At
+AE Y (1 =AY I (i D / (&1 () +b)ds P
m=0 j=0 i=j JAt
N+AN  (n41)At
+AL Y / [(n + 1) At — s]&(5)ds pim
m—0 Y MnAt
N+AN  (n+1)At
+ ) / €. (s)ds Ay,
m=0 nAt
N n—1
—7(0) — At v (0 Zl—vﬁt"H - Dig1)D
q=0 =0
N n-—1 ‘n—l (j+1)At
=AY S (1= yA) T T -ﬁm)/ (&i(s) + b)ds pq
q=0 j=0 i=j jAt
(n+1)At
—At Z/ [(n+ 1) At — s]€(s)ds p,
q=0 nAt
N (n+1)At
—Z/ £(s)dsn,
q=0 nAt

because the expressions are the same until a certain point, the equivalent parts cancel each
other, leaving only the summation indexes that remain between the position of smaller times
and the one at greater times, i.e.

AF((N + AN)At) = F((N+ AN)At) — 7(NAt)
N+AN m—1
= Atv(0) > (1—=vA)™ [ i - pis1)bm (E.3)
m=N i=0
N+AN m—1 m—1

e (+1)At
S S (1At [ G i) /_m (€(s) +D)dspm  (EA)

m=N j=0 1=y

N+AN  (m+1)At
+AE Y / [(m + 1) At — s]€(s)ds pm (E.5)
m=N mAt
N+AN  (m+1)At
+ > / E1(s)dsfm . (E.6)
m=N YmAt

observe that the indexes present on the sum expressions, now start from m = N and go to
m = N + AN, now we have a general expression for a position separated by an arbitrary
time interval, to find its average velocity, it is only necessary to divide the expression by 4,
however we will not do it for now. The second position interval we want is 7(7"+ AT + §) —
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(T + AT), easily obtained through the process stated earlier

AP((N+ M +AN)At) = F((N+M+AN)At) —7((N + M)At)
N+M+AN q—1
= Ato(0) D (L=yA) [ piv1)pg (E.7)
q=N+M i=0
N+M+AN g—1 g1 (G+1)At
IOV DD SRR T | () R CIORT T Ay )
¢=N+M j=0 i=j jat
N+M+AN (qg+1)At
+AE Y / [(q + 1)At — s]€(s)ds Py (E.9)
¢=N+M 7JaAt
N+M+AN (g+1)At
+ > / Ei(s)dshg . (E.10)
g=N+M vaAt

The only thing remaining to do to obtain the mean velocity auto-correlation is to mul-

tiply both expressions and and take their average. However, because
both expressions are too big, we will name each part of it and obtain the multiplication of
the terms separately = ffl, 1) = /YQ, 1' = ffg,, {) = /f4 and = él,
= B,, = §3, = B,. The multiplication of both expressions would result

in 16 terms (/TZ- . éj, i,j € [1,4]), however some of these terms go to zero, if the series multi-
plication has a power of At greater than the number of summations, then it goes to zero as

At — 0, this happens because at every summation, we get something of the form

b
i (L —aAn)— (1 —zAt)* (1 —zA)* — (1 — zAt)*H!
D (1 —zhi) = 1—(1—zAt) B TAt o (ELD

with z being an arbitrary value, observe that every summation of a term of the form (1 —
xAt), is equivalent to a power divided by #At, thus if the average of an arbitrary multiplica-
tion A, - Bs, for instance, is multiplied by At to a higher power than it has summation terms,
it becomes proportional to some positive power of At, which is much smaller than unit and

can be ruled out, the only multiplication where this does not happen is ffl B, ffl By, Ay- §1
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and /YQ . §2. Starting with ffl . él, we have

-1

3

—

(ﬁz ' ﬁi+1 )ﬁm

<E1. §1> - <Atv”(0)N§N(1—7At)m

m=N 1=0
N+M+AN q—1
-At U||(O) Z (1 - VAt)q (]31 'ﬁi+1)ﬁq>
g=N+M i=0
N+ANN+M+AN m—1 a1
SRS SR SRIREIE( ) () | TN
— q=N+M =0 7=0

N+AN N+M+AN
= At%j(0 Z > (=A™ = kAT (1 = kAT (1 — kAl

m=N q=N+M

where <H?:a(ﬁi ~ﬁi+1)> = (1— kAP and ((p, - p)) = (1 — kAt)P~9l, the demonstration of
these identities can be found in appendix |F| Because ¢ > m V¢, m, we know that |¢ — m| =

q — m, which takes us to

N+ANN+M+AN

<A1. Bl> — AP0 Z 3 (LA™~ AT (L - kAL~ kAHT
m=N g=N+M
N+AN N+M+AN

= v” Z Z (1 —yAL)™ (1 — kAt)?

m=N q=N+M
N+AN N+M+AN
= AP(0) Y (1—AAH™ > (1Al — kAL !
m=N q=N+M
1 —~A N __ 1 — ~A N+AN
1—(1—~At)

y (1 _ ”yAt)NHV[(l _ /{:At)2(N+M) _ (1 o 7At)N+M+AN( kAt) (N+M+AN)
1— (1 — At (1 — kAt)?

— Aty (O) e~V NAt _ o—y(N+AN)At RN DA 1 — ¢~ VANAt,—2kANAL
! ! Lo (v + 2k)At
= vf(0)e VA (LM) e~ (VH2R)(N+M)At (1 — e‘Wr?k)ANAt)
| 7 (v + 2k)
= v2(0) T (1 — 675) —(v+2k)(T+AT) (1_€—W>
= ye e
v (v + 2k)
2
Y| (0) T

e e~ (VH2k)(T+AT) (1 _ 6775) (1 _ e—(7+2k)5)

STeET)

which ends our calculation for the first term, the second one <%T1 . §2> is obtained through
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similar procedures

N+AN m—1
m=N z:O
N+M+AN g—1 al (j+1)At
At YT Y A= yA)T I [ (i pig) / (§1(s) + b)dsﬁq> ,
¢=N+M j=0 i=j Jat

where (§) = 0, because it is a stochastic variable with distribution centered around zero,
thus the only remaining term in the integral is bAt

~ ~ N+AN m—1
<A1-BQ> - <bAt3 o (0) 3" (=A™ T (i pir)p
m=N

=0

N+M+AN g—1
Z Z (1 —~A)T™ - Jle Pit1)D >
G=N+M j—=0
N+AN m—1 N+M+AN g—1
= AP <U||(0) Z (1 —~AH)™ H “Dit1) Z Z (1 —~yAt)T 1= H Di* Dit1) Pm - pQ>
m=N =0 q=N+M ;=0
N+AN N+M+AN q—1 ‘ A
= bAt?y)(0) Z (1 —~A)™(1 — kAL)™ 1 Z Z(l — Y AHTII (1 — gAt)a i Ham|
m=N g=N+M =0

N+AN N+M+AN g—1

= +m—1— +m—2—j+|g—m
= bAty)(0 Z Yo - yan Tt (1 - kAL j+la—m|

m=N ¢=N+M ;=0
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because ¢ is always bigger than m, then |¢ — m| = ¢ — m, getting us

N+AN N+M+AN g—1

<[f1 : §2> = bAt3v|| Z Z Z (1 — yALTHM=1=5 (] g Ap)T+m—2=ite—m

q=N+M ;=0
N+AN N+M+AN g—1

= bAt3U|| Z Z Z 1 _pyAt q+m 1— ]( _ kAt)?q—?—j

q=N+M 3=0
N+AN N+M+AN g—1 ' '
— bAtg?}”(O) Z (1 — 7At>m Z Z(l _ 7At)q+m_1_](1 _ kAt)2q_2_]
m=N qg=N+M j=0
N+AN N+M+AN g1
— bAt?’U”(O) Z (1 — ’yAt)m Z Z ’yAt q—1— ]( . kAt)quij
m=N q=N+M j=0
N+M+AN g—1
_ 3 (1 —7yAHN — (1 —yAHNTAN _ g—1-j(1 _ 2g—2—j
= bAt?y(0) ( 0 A 2(1 YAt) (1 — kAt)
q=N+M j=0
e~ YNAEL _ —y(N+AN)AL\ N+MAAN q—1 ' '
= bAt3v||(0) A (1— kAT IS (1 — yAH) T (1 — kA)T 1
7 q=N+M j=0
e~ YNAt _ —y(N+AN)At N+M+AN q
= Aty (0) N S A —kAHYTTY (1 - yAL)I(1 — kAL
7 q=N+M j=1
—yNAt _ —y(N+AN)At\ N+M+AN (1 q(1 — q
- tara () e
v o — (1= AL (1 — kAL)
) __—~5\ N+M+AN 1 a1 _ q
— bAtSU”(O)e_,yT <1 e > Z (1 _ ]CAt)q_ll (]. "}/At) (]. kAt) )
YAt N (v + k)At
here we used the fact that Z = vazl r’ and that (1—kAt)(1—vAt) A0 (v+k)At,

because YkAt? << At, now we only have to obtain the sum over the summation index ¢

<14T1 .§2> = % -T (1 - 6*75) ((1 — kAN (%)

1 ANAt(q 2ANAL
—(1 = AN TM (1 — AN (1 L= rAd (1- kA7) ) )

1— (1 —~vAL)(1 — kAL)2

L LTION (1 - 6—75) ek (lze S o2 (VA (1 e~ (vH2R)ANAL
(v + k) kAt (v + 2k)At

_ bv; (0) T (1 . 6—75) o~ H(T+AT) (1 — eiké) _ o~ (2R (T+AT) (1 - e*(“**%)é)
v(y+Fk) k (7 + 2k) ’

103



CHAPTER E MEAN VELOCITY AUTOCORRELATION FUNCTION

which is the final form of <ff1 . §2>, next, we must obtain <ff2 . §1>

N N+ANm—1 m—1 (+1)At
<A2'Bl> = At Z Z 1 —’YAt m = H * Pis1 / (fll(s) ‘H)) ds pm
m=N j=0 i=j JAt
N+M+AN q—1
Atog(0) > (1—yAn ] Pl'pl+1)]?q> , (E.12)
qg=N+M 1=0

where ({(t)) = 0, given §|| is a Gaussian stochastic variable with a distribution centered

around zero, thus, the integral in equation results in bA?, and the equation becomes

. . N+AN m—1 m—1
<A2'Bl> = <bAt3 Z Z 1 —~yAL)™ ! JH( “Dit1) Dm

m=N j=0 =7
N+M+AN q—1
) (0) Z (1 —~A?) qH “Pi+1)P > . (E.13)
q=N+M =0

From appendix |F, we know that the average of each successive projection equals (p; -
pit1) = (1 — kAt) and that two projections separated by more than one time-step can be
decomposed into (p; - p;) = [[1—;(Bi - piy1) = (1 — kAt)/"Il. This result implies that we are
able to do the same for equation [E.13]

N+AN m—1

</T2 : §1> = DA mz_;v ;(1 — AT (1 — kAL
N+M+AN
v (0) D (1= AL — kAT (1 - kALl (E.14)

q=N+M

Because ¢ > m is always true, [¢ — m| =q¢—m
N+AN m—1

</Y2 : §1> = bA#? Z Z(l — AT (1 = kAL
m=N j=0
N+M+AN
v (0) D (1= AL — kAT (1 — kAL
q=N+M

N+AN m—1 N+ M+AN

= byy(0)A Y > YT (1= AT (1 — kALY

m=N j=0 ¢=N+M

5 e~ (VF26)(T+AT) _ o—(y+2k)(T+6+AT)
= b At
1(0) ( (7 + 2h)AL )
N+AN m—1
SN (1 —qanpm Q- kAT (E.15)
m=N ;=0
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T —CCb+

where we used the fact that Zzza x? = *=— for an arbitrary variable = and that (1 —
’YAt)a(l _ k’At)2a — e—(v2k)alt

Proceeding to solve the summations with corresponding indexes m and j, we have

o S B bU”(O)AtQ —(y+2K)(T+AT) —(v+2k)s
<A2-Bl> CES DN (1—e )
N+AN m—1
52 S -
m=N j=0

buy (0)At? —(y+2k)(T+AT) (1 . —(v+2k)S
(v +2k) (1-e )
7

N+AN

(1 —kA)™ — (1 —yAH)N
D 1— (1= ~vAY)(1 — kAt

m=N

2
by (0)At ¢~ (rERTHAT) (1 =(r2K)

(v + 2k)
NiA:N (1= kAL)™ — (1 — yAL)NY
— (v + k)At '
in equation [E.16 we know that Y"1=(" " a™~7b~7 = £"=4" for arbitrary variables a and b. We

also used the fact that (1 — kA#)(1 — yAt) = 1 — (7 + k) At + vk A - (v + k)At, which

takes us to

- = bUH(O)At _ 3
A, - B = — (VH2R)(T+AT) (1 _ o= (y+2k)S
< ? 1> (v +26)(y + k) (L-e )
(1 —kA)™ — (1 — kAt)"N-4N N (1 — yAH)N(1 — yAL)N+AN
1— (1— kA 1—(1—7&)
by (0)At o—(H2K) (T+AT) (1 (1- o—(1+2k)8 (ekT(l — €_VT(1 - 6_75))
(v + 2k) (v + k) ~At
___ O ~OHRTHAT) (] =200 ( e I 6_76)) :
(v +2k)(y + k) v

(E.16)

Now, the only remaining non zero average product is (A, - B,)

. N+AN m—1 m—1 (J+1)At
(Az - Bz = <At Z Z (1 —yAt)m= H( Pz+1)/ (&1 (s) + b)ds pm
JAL

m=N j=0 i=j
N+M+AN g—1 q—1 (+1) At
At Z Z (1 —yAt)T 1 JH( ﬁi+1)/ (& (s) +b)dsﬁq>
g=N+M j=0 JAt
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for ease of calculus, we separate the calculation into two parts, one corresponding to the
non-biased part of integral f D) At(§| + b)ds and the other corresponding to the biased part
(the non-biased part corresponds to the terms proportional to the Wiener variable ¢, the

biased part stands for the terms multiplied by the bias b). Starting from the non biased part,

we have
. . N+AN m—1 . m—1 (J+1)At
(Agnp - Banp) = ( At Z Z(l — YAt H(ﬁz 'ﬁz‘+1)/ §1(s)ds pm
m=N j=0 z‘—j JAt

N+M+AN g—1

(I+1)At
At ) (1A ZH i - Dit / §||(S)dsz5q>

q=N+M 1=0

Because the integrals f UrL)As §(s)ds and [ ,, (Lr1)As §/(s)ds have intersecting time inter-

vals, their averaged product isn’t equivalent to 0, we have

(G+1)At (I4+1)At (+1)At  p(j+1)AL
/A €(S)ds/ZA §(s)ds' = / / §)1(s)§)(s")dsds’
JAt t
(I+1)At  p(j+1)At
= / / gd(s — §')dsds’
At

(1+1)At
= 0, / gds'
I

At

= G9At (E.17)

where the only scenario that the integrals” intervals overlap is when | = j, thus the result in

equation
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Back to <14T2 - By nb), we have

N+AN m—1 m—1
<A2nb'B2nb> - <9At3 Z Z 1_7At m = H( pz—i—l)p

m=N j=0 =7

N+M+AN g—1
Z Zl—’yAtq 1= alz pz-i—l pqél]>
q=N+M =0
N+M+AN N+AN g—1m m—1
) <9At‘°’ )BID D ) DUESAULLESE | (TR
q=N+M m=N 1[=0 j=0 =7

q—1
H(Pi * Di+1)Pq * POl
i=l

N+M+AN N+AN g—1 m—1

= gAY 3TN (A=A (1 - kAT

g=N+M m=N [=0 j=0
(1 — kAH)TH(1 — kAt)lamlg,

N+M+AN N+AN m—1

= gAY T Y (1 — AT (L — kAT

qg=N+M m=N j=0

(1 — kA1 (1 — kARl (E.18)

in the last step of (E.18), the Kronecker’s ¢ ; forced [ = j, and this only happens from j,1 = 0
to j,1 = m—1, the upper limit being m — 1 because m < q. We also know that |¢—m| = ¢—m,
thus

N+M+AN N+AN m—1

(Aorp - Bomp) = gAL? Z Z 2(1 AR (] Ayl

q=N+M m=N j=0
(1 — kADT179(1 — kALT™

N+M+AN N+AN m—1

Y Y S g g

¢=N+M m=N ;=0

To solve equation we need to multiply it by (1 —~yA¢)™ ™ (1 — kAt)*™~?™, which
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produces
N+M+AN N+AN m—1 ]
(Ao~ Baws) = gA" > 3" (1—yADT(1 - kAT N (1 — AP (1 — kAL
¢=N+M m=N j=0

N+M+AN N+AN
= gAY N (1—yAY)T (1 - kApPTT

q=N+M m=N

1— (1 —~yAH)*™(1 — kAL)®™
1— (1 —vAD2(1 — kAL)?
N+M+AN N+AN

_ 3 oAnE-m (] papyza-zm (L= (= (y+ kA"
= gAt q:%;M m;vu YA (1 — kAL) ( 50+ R)AL )

N+M+AN N+AN
gAt?

= 1 E QZ%;M mgv (1= 7AHY (1 = kAL [(1 = (v + 2k)At) 7™ — (1 — yAH)™]

As e F2RT _ (v H2k)(T+8) =T _ o=v(T+8)\ NTMTAN (1 —vAH)(1 — kAt)*
e (- e 3

(v + 2k) oy 2(y + k)
c(VF2R)T _ (y+2K)(T+6) - o=V (T+8) o~ (VH2R)(THAT) _ ,—(v+2k)(T+AT+)

= —gAt -

g ( (7 + 28) )< 2(v + k)(7 + 2k) At )
= —gAt ( (reamyr L — OO Tl 677(6 ) ( (yi2ky(Trar) 1 —e (129 )

(v + 2k) 2(y + k) (v + 2k) At
e~ (VH2R)AT (1 . ef(w+2k)6) ( ('~/+2k)6)
T 2(y+k) (7 + 2k)?
B g 672('y+k)T87('y+2k)AT(1 _ e*(w+2k)6)(1 o ef-yé) (E 19)
2(y + k) v(y + 2k) '

This finishes our calculations for the non biased part of (fYQ . ég), as for the biased part

we have
N+AN m—1 m—1
(Agp - Bop) = <62At4 Z Z(l — AL H(ﬁz * Di1)Pm
m=N j=0 i=j
N+M+AN g—1 q—1
: Z Z 1 —yAH)T 1 ]H( pz+1)p> ,
q=N+M I= =l

here, we know that (p,-p,) = (1—kAt)le=™ where ¢ > m is always true, thus |¢g—m| = ¢—m,
we may also know that <H2”i;1(ﬁ, - s +1)> = (1 — kAt)™ 177 from the previous calculations
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and from appendix[F| thus

N+AN m—1
(Agp - Bop) = DALY D > (1= A" (1 — kAy™
m=N ;=0
N+M+AN g—1
XY Y (L= AT (1 - kAT = kAL
q=N+M =0
N+AN m—1

= DA DY (L= AN (1 - kAL T
m=N j=0

N+M+AN g—1

XY Y (L= AT (1 = kAT (E.20)

=N+M =0
from now on, each summation (over the indices m and ¢) can be solved separately as the

terms are each independent.
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(Ay - Bap)

N+AN m—1
ALY YT Y (1= yAYT (1 - kAL T
m=N j=0
N+M+AN g—1

XYY (=AY (1 - kAL

q=N+M [=0
N+AN m—1 ' '
A YT Y (LAY (1 - kAL T
m=N j=0
N+EAN 1— (1= yA8(1 — kAL
XY (L—kAp)
=N (v +k)At
B2ALS N+AN m—1
1— m—1-j1 _ —1—j
) mzz;v ;0( YA (1 - kAY)
(L= RADVEM — (1 — RAYNFMEAN (1 — (4 2R)) VM — (1 = (y 4 2k)) VM AN
1— (1 — kAL) 1— (1 — (v + 2k)At)

A2 NERN (1 - kAT — (1 — yAH™

(v+k) = 1-(1-(y+k)AL)

» <€—k(T+AT) 1—e ™ (2R @+ar) L= 6_(7+2k)5)

k (v + 2k)
PPAL (1= kA) N AN — (1 —kA)N (1 —7AHN — (1 —yApNTAN
(v + k) 1—(1— kAt) 1— (1 —~At)
o [ errranl= e (2R (Trar) L — e~ (2R
k (v + 2k)
b2 —ekT 1-— eké . e_,YT 1-— 8_"/6
(v+ k) kAt yAt
o | omrrran =™ _aaean - e 0P
k (v +2k)

Now, the only remaining step for us to obtain the MVACF analytical solution is to
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sum all of the separate non-zero products and divide it by ¢*

(0, AT) & = </_1'1 : §1> + </T1 : §2> + <g2 . §1> + <1‘T2nb : §2nb> + (A'% : §2b>
672('y+k)T67(’y+2k)AT(1 _ 6—76)(1 _ 67(7+2k)6)

= 070
1) v(v +2k)
b2
+ —(vHRT o~ (VH2R)AT (1 _ —(+2K)3) (] _ ko
k(v + 2k)(y + k)2 ( ) )
2
b 672('y+k)T€f('y+2k)AT(1 o 67('y+2k)6)(1 . 6776)

+
(v +2k) (v + k)?
2
b e—kAT(l _ e—ké)(l _ €k6>

k(v + k)?
b2
_ —(HR)T —KAT (1 _ o=k6) (] _ =9
era
bv; (0) o _ _ _
_ e 'y+l<:)T€ ('y+2k)AT(1 —e 76) 1—e (v+2k)d
(v + k) (v + 2k) ( )
by (0) e~ (OHRT=RAT (] o=18)(1 _ o=Hb)
Yk (v + k)
by (0) —(y+E)T ,—(y+2k)T -
e 1—¢ (’y+2k)6) 1 eké)
RECESTIEYy ( (
buy (0) 2y )T~ - -
e v+2k)AT 1—e (y+2k)é 1—e ¥4
RCESORED ( =)
g e OFIAT (1 _ o—(r2R8) (1 _ (14203
2(y + k) (v + 2k)?
—2(v+k)T o= (vH2k)AT (1 _ o= (7+2k)6) (1 — =70
g NI ORI o 0hn) ) o) 21
2(y + k) V(v + 2k)

Now we substitute the v;(0) and vﬁ(O) for their stationary values and cancel the op-

111



CHAPTER E MEAN VELOCITY AUTOCORRELATION FUNCTION

posite signaled terms

bz e—2(7+k)T€—(7+2k)AT(1 o 6_75)(1 o e—(7+2k)6)
5, AT) 6% — J
A% AT) (zm ot %@ 0+ 28)

bl (~ Y A /777”/7”77/77j,,:,,,,,,Trr——————"'””"”'"": ;
A\ (7(+]'”171.AJ<1 — e :()) (l - (;’7/. O)

g o—(y+2K)AT (1 _ 6—('y+2k)6> (1 _ 6('y+2k)6)
2(y+ k) (77 + 2k)?

,—2(y+k)T —(W+2k:)A/T<1/_M

g T ji-c™) E22)

2(v+ k v(v + 2k)

after canceling the terms with opposite signals, we end up with

Y - _
V(6,AT) = TR T (AT (] _ o=(r+2808) (o (142K _ 1)
b? _ B
+—k2(7 n k)252e (’V+2k)AT(1 e ké)(eké ~1) (E.23)

which can also be written as

VOAT) = 3 o e (AT (cosh((’y +2k)3) — 1)

20°

+m€_(7+2k)AT (COSh(k(S) — 1> ’ (E24:)
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this is the analytical solution for the MVACEF. Notice that for 6 — 0 (emulating an infinite

precision VACF solution), we recover the VACF solution

¥(6,AT) = o k)(z o T (1= (= (r+2800) ) (14 (3 +20)0) = 1)
+k2(7i—2l€)2ye—ﬁ+%>ﬂ<1 —(1- k6)> ((1 + ko) — 1)
= 2(v + k)(g + 2]{)2626*(%%)” (W + Qk)é) ((’y + 2k)6)
_|_k:2(7:)_—2k)we—(7+2k)AT (k5>2
"= ﬁe—w%m 1 #e—w%m = VACF(AT) . (E.25)
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Appendix F

¢ Dynamics

Here we introduce calculations for a particle with an internal degree of freedom represented
by a polarization vector p = (cos(6), sin(6)) subject to a chemical field that forces the particle
to orient itself to the point of highest concentration. Mathematically speaking, we specify
a polarization vector whose direction varies according to a stochastic differential equation
with decay, forcing § — 6, with intensity ¢ and 6, an arbitrary direction dictated by some

chemical concentrations.

We assume, without loss of generality, that 0, = 0, creating a particle that migrates
preferentially in the # = 0 direction. Also note that all calculations work for ¢ = 0, which rep-
resents the case where there is no chemical field and takes us back to the biased anisotropic

Ornstein-Uhlenbeck model.

Considering the differential equation for the angular position 6(t) as

do

= -0+ 5L, (E1)

where

(BL()BL(t))s, = 2ko(t — 1) . (E2)

We obtain a solution for §(¢) via an integrating factor or via the Green’s function

method
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—e? 4 phe?t = Be
t d / t ’
/ —(0e?)dt! = / Breftdt
to dt to
t
O(t)e? — O(tg)e™ = / Bie™ dt
to
t
0(t) = O(to)e?™" + / BLe?@tay (F.3)
to
After using this solution, we can then obtain other pertinent measures, like the av-
eraged squared angle, where (X) y represents the average of the variable X considering all

possible realizations of the stochastic term /5, . But first we have to find A§ = 6(¢) — 6(0),

assuming t, = 0 with no loss of generality

0(t) —0(0) = 6(0)e % —6(0) + / tﬂLe_‘z’(t_s)ds , (F.4)

with the result above (F.4) we can find its average and its average squared value

B)) = (B(to))e 20 ¥t e[ty 00 , (F.5)

meaning that the average direction for the polarization vector is 0 as we have chosen ¢, = 0.

The squared average for 0 is

(186P) = ()~ 1) +6 / Bt ds 4 / / B1(5)BL (s )25 dsds>
- <92(0>(e‘¢t—1>2>+<6<0> ot 1) / Bre~#t=ds //m )8 () ds s
= (PO)(e = 1)) + 0+ ( //m )B1(se™ = ds as')
= 0%(0)(e™ 2 + 1 —2e7 %) / / 2kd(s — ' )e ?P5=) ds ds’

= 0%(0)(e ' +1—2¢” ¢t)+2/~c/ 20079 g5
0

= 0%(0)(e 2" + 1 —2e%) + (];(1 )
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If we assume that ¢ — oo, then we obtain the asymptotic solution for (|A§]?), which is

k
<|A9’2>asymptotic = tlgg 92(0 (672@ +1— 2€f¢t) + 5(1 . €,2¢t)
= 6°(0) + g and (E6)

if we assume ¢ — 0 before taking the limit of ¢ — oo, we get

<|A0‘2>asymptotic = ET% 02(0) (e +1 —2¢7) + g(l —e )
— 53592(0)(1 — 2t + 1 — 2+ 26t) + g(l ) (F7)
= Hi) 2(1 — 72 (F.8)
now expanding the exponential term we obtain
k
(|AOPY g0 ~ 5(1 —1—2¢t)
= 2kt, (E9)

implying that when ¢ = 0, we have a simple diffusion in § i.e. Af = [ 3, (s) ds, taking us

back to usual migration without chemotaxis.

Another important measure is the cosine of an angle variation Af; ;, where i and j
are integers such that ¢ = (At and ¢’ = jAt and also that |¢ — j| # 1. This calculation is
important because the cosine represents the projection of a unit vector onto another, which
occurs recursively in the anisotropic Ornstein-Uhlenbeck model [de Almeida et al., 2022

and the biased anisotropic Ornstein-Uhlenbeck model. We have the product denoted as

(pi-pj) = cos(Ab; ;) =cos(Ab; i1+ Abiyqio+ -+ A0j_o;1 + A1)

= COS(QM_H) COS(QH_LH.Q + -+ '9]‘_173') - sin(@iﬂ-ﬂ) Sin(9i+1,i+2 + -+ 9]'_1,3')
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Assuming that Af;;,; << 1 for any integer i, then we obtain the sine and cosine

values of it

C)2
cos(Ab; 1) ~ 1 — % and (F.10)
sin(AHMH) ~ (A9i7i+l) . (Fll)

Now expanding equation (F.10) through sines and cosines sums, we can find a general

equation for cos(A¥; ;).

(cos(AG;;)) = (1 — kAt)cos(Abiry ;) + ¢(0;) At sin(Abi,1 )
= (1 —kAt)? cos(Ab;1a,) + (1 — EAL)${0;) At sin(Ab; 1o ;)
— (@(0:)A)? cos(Abyya ) + (1 — KAL) (H(0;) At) sin(Af12)
= (1 —kAt)® cos(Aby3,) + (1 — kAL)? (¢(0;) At) sin(Ab, 5 ;)
— (1= kA ()AL cos(Abrys ) + (1 — kAL (G(6;)AL) sin(Ab;s.;)
— (1= kAD)(¢(0:) At)? cos(Abi3,5) + (¢(0:) At)? sin(Abiy3.5)
— (1= kA (p(0;) At)? cos(Ab; 13 5) + (1 — kKAL) (¢(0;) At) sin(Abi,5,) ,(F12)

if we generalize the equation above (F.12), we get

cos(Ab;;) = co(1 — kAT 4 e (1 — kAT G(0,)At) + e5(1 — kAL TI172((0;) At)?
+ g (1= RAD (G0 ADTIIT ey (0(0:) A1)

il
= co(1— kAT 4> " e (1= kAT (G(0in) A", (F.13)

n=1
where n is an integer between 7 and j and ¢, is an arbitrary coefficient. Remembering that
(On) = (B, )e?N21, then
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li—jl
(cos(Abi ;) = co(l— kAT 4+ " e, (1= kAT (G(6;,)e ?TIMAL" , (F14)

n=1
if 7,7 — oo in such a way that iAt = T; and jAt = T} are finite values, we make the
summation terms go to zero as ¢ f,ye*2 — 0. This way, the cosine of |i — j| successive

variations in 6 become

(cos(A0;,)) RT eo(1 — kALl
then, if all of the summation terms are zero with the exception of the first, we notice that
co = 1 by comparing equation with equation (the term with the highest power of
(1 — kA) has a coefficient 1 multiplying it). This result means that we can approximate the
cosine of a variation in ¢ as the product of cosines of infinitesimal variations Af. Here the

assumption that i, j — oo is the same as considering that the system is in a stationary state.
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