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ABSTRACT
Extremely low-mass white dwarfs (ELM WDs) are the result of binary evolution in which a low-mass donor star is stripped
by its companion leaving behind a helium-core white dwarf (WD). We explore the formation of ELM WDs in binary systems
considering the Convection And Rotation Boosted magnetic braking treatment. Our evolutionary sequences were calculated
using the Modules for Experiments in Stellar Astrophysics code, with initial masses of 1.0 and 1.2 M� (donor), and 1.4 (accretor),
compatible with low-mass X-ray binary (LMXB) systems. We obtain ELM models in the range 0.15–0.27 M� from a broad
range of initial orbital periods, 1–25 d. The bifurcation period, where the initial period is equal to the final period, ranges from 20
to 25 d. In addition to LMXBs, we show that ultracompact X-ray binaries (UCXBs) and wide-orbit binary millisecond pulsars
can also be formed. The relation between mass and orbital period obtained is compatible with the observational data from He
WD companions to pulsars.
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1 IN T RO D U C T I O N

Extremely low-mass (ELM) white dwarfs (WD) are helium-core
WDs with masses M ≤ 0.3 M�, most likely formed through binary
interactions, since they would take more than the age of the Universe
to evolve out of the main sequence as single stars. There are several
definitions for the upper mass limit for the class in the literature,
e.g. 0.18 M� (Sun & Arras 2018), 0.20 M� (Kawka & Vennes
2009; Althaus, Miller Bertolami & Córsico 2013; Chen et al. 2017),
0.25 M� (Hermes et al. 2013a,b) 0.30 M� (Li et al. 2019; Pelisoli
& Vos 2019). In the most common binary evolution scenario, a
main-sequence star reaches the red giant branch, fills its Roche lobe,
and then starts stable mass transfer through Roche lobe overflow
(RLOF) to the accretor companion – either a WD (Kilic et al. 2007;
Kulkarni & van Kerkwijk 2010; Tauris, Langer & Kramer 2012; Sun
& Arras 2018; Li et al. 2019) or a neutron star (NS; Bhattacharya
& van den Heuvel 1991; Podsiadlowski, Rappaport & Pfahl 2002;
van Kerkwijk et al. 2005; Shao & Li 2015; Cadelano et al. 2019;
Mata Sánchez et al. 2020). These systems are then associated with
the cataclysmic variables (CV) and low-mass X-ray binary (LMXB)
systems, respectively.

Most known ELMs will merge in less than a Hubble time resulting
in new exotic objects such as R Corona Borealis stars (Webbink 1984;
Zhang et al. 2014), underluminous supernovae (Bildsten et al. 2007;
Brown et al. 2011), Type Ia supernovae (Iben & Tutukov 1984),
and AM CVn systems (Breedt et al. 2012; Brown et al. 2016b). The
shortest period extremely low-mass white dwarf (ELM WD) binaries
will serve as multimessenger laboratories (Korol et al. 2017; Kupfer
et al. 2018). In particular, Brown et al. (2020b) discovered the first
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He+He WD LISA verification binary, a dominant LISA source along
with He–CO double WDs (Lamberts et al. 2019). Furthermore, it is
expected that compact post-LMXB/pre-UCXB systems can provide a
very accurate measurement for the mass of NSs, imposing restrictions
on their state equation (Tauris 2018).

In the past decade, more than a hundred systems containing ELMs
have been discovered by several surveys. For example, the ELM
Survey (Brown et al. 2010, 2012, 2013, 2016a, 2020a; Kilic et al.
2011, 2012; Gianninas et al. 2015) now counts 62 ELMs in the
clean sample,1 where 65 per cent were identified as Galactic Disc
objects and 35 per cent as halo objects at distances up to 3.752 kpc.
Orbital periods were measured as 12.8 min ≤ P ≤ 1.48567 d and
estimated ELMs masses are in the range 0.15 ≤ M/M� ≤ 0.30. In
the ELM Survey, mass estimates are obtained spectroscopically by
fitting log (g) and Teff to a set of atmospheric models, without a proper
accounting of metallicity difference or envelope mass differences.
Therefore, these masses are not precise estimates. The ELM Survey
has started the search for ELM WDs in the southern sky (Kosakowski
et al. 2020), identifying ELMs in systems with periods as short as
2 h and also the second closest (72 pc) known ELM to date.2

Chen et al. (2017) and Sun & Arras (2018) concluded that the
formation of an ELM WD with M � 0.18–0.20 M� by unstable
mass transfer or a common envelope (CE) event is unlikely. Also,
Li et al. (2019) found that ELM WDs with M � 0.3 M� in double-
degenerate systems may be formed either from a stable mass transfer

1They define the clean ELM WD sample as ELM WDs in the dereddened
magnitude range 15 < g0 < 20, located in the SDSS footprint, with 8800 <

Teff/K < 22, 000 and 5.5 ≤ log (g) ≤ 7.1.
2The nearest ELM WD position was recently overtaken by an ≈0.17 M�
ELM and ≈71 pc away (Kawka et al. 2020).
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process or CE ejection, although the Roche lobe formation channel
has a greater contribution to the formation of He WD with mass
�0.22 M�, and the CE channel for higher masses. The currently
observed binarity rate of known ELM WDs – close to 100 per cent
– supports both channels. Their companions include millisecond
pulsars, main-sequence stars (the so-called EL CVns, Maxted et al.
2014; Chen et al. 2017), hot subdwarf B stars (Kupfer et al. 2015),
and more commonly canonical mass WDs (e.g. Kilic et al. 2007;
Kulkarni & van Kerkwijk 2010; Tauris et al. 2012; Brown, Kilic
& Gianninas 2017). However, observations are likely to be biased
considering current optical spectroscopy is more sensitive to short
orbital period systems (Brown et al. 2010; Kilic et al. 2012; Toloza
et al. 2019). In addition, failure to observe isolated ELM WDs does
not necessarily mean that they do not exist.

The formation and the evolution of ELM WDs through the
LMXB and CV channels were studied extensively in the literature,
although the input physics – e.g. donor and accretor masses, accretion
efficiency, metallicity, use of rotation and diffusion, mechanisms
of angular momentum loss, mass transfer formalism – considered
in each of them is widely varied (e.g. Podsiadlowski et al. 2002;
Serenelli et al. 2002; Panei et al. 2007; Althaus et al. 2009; Lin et al.
2011; Althaus et al. 2013; Istrate, Tauris & Langer 2014; Istrate et al.
2016).

In general, theoretical models are able to reproduce with good
accuracy the physical parameters observed in ELM WDs, such as
chemical abundance, final mass, effective temperature, and surface
gravity. Despite these successes, there are still open questions. For
instance, a severe fine-tuning – of the order of a dozen minutes –
in the initial orbital period was necessary to reproduce the observed
millisecond pulsars in compact (2 h ≤P ≤ 9 h) binaries with He WD
companions of mass �0.20 M� (Istrate et al. 2014). This extreme
fine-tuning in the initial orbital period suggests that something is
missing in the standard input physics of LMXB modelling. As most
angular momentum loss mechanisms are reasonably well understood,
the problem seems to fall on the magnetic braking. In addition,
irreconcilable discrepancies are found in some systems where it is
possible to obtain the mass of the components with good precision
and independently of the evolutionary ELM WDs models (Liu et al.
2020; Mata Sánchez et al. 2020).

The most used empirical torque formula for magnetic braking
of Rappaport, Verbunt & Joss (1983, hereafter R83) was derived
from observations of solar-mass main-sequence stars that exhibit
a strong correlation between equatorial rotation velocity and age
(Skumanich 1972; Smith 1979). R83 formula has been used and
discussed extensively in the literature in calculations of the evolution
and the formation of binary systems, including low and intermediate-
mass X-ray binaries, millisecond radio pulsars, cataclysmic binaries,
and subdwarf B stars (Patterson 1984; Bhattacharya & van den
Heuvel 1991; Podsiadlowski et al. 2002; Han et al. 2003; Knigge,
Baraffe & Patterson 2011). Van, Ivanova & Heinke (2018, hereafter
V18) and Van & Ivanova (2019, hereafter V19) proposed a physi-
cally motivated magnetic braking prescription. In their formalism,
the magnetic braking of the system is calculated from a rotating
spherically symmetric star, considering a radial magnetic field in the
dipole approximation. The mass lost by winds – assumed isotropic –
corotates with the star up to a distance that depends on the size of the
convective zone, rotation velocity, and the magnitude of the surface
magnetic field. V18 showed that the braking law from R83 is not
suitable to explain most of the observed persistent LMXBs, specially
the observed mass transfer rates. Instead, the V19 prescription
was successful in reproducing the observed mass transfer rates of
persistent LMXB for all observed mass ratio and orbital periods.

Furthermore, Deng et al. (2021) studied the LMXB evolution with
five proposed magnetic braking laws and found that both the V18
and the V19 laws are more preferred in reproducing the properties
of persistent and transient LMXBs systems.

Although the formulations V18 and V19 have very similar physical
motivations, the formula presented in V18 has three free parameters.
This makes the results depend on the chosen parameters. On the other
hand, the V19 formulation has a more consistent deduction and does
not have any free parameters.

Chen et al. (2021) used the V18 formulation to study the evolution-
ary link from low-mass X-ray binaries (LMXBs) to binary millisec-
ond pulsars (BMSPs) and ultracompact X-ray binaries (UCXBs).
Although Chen et al. (2021) focused on the parameter space for
the formation of UCXBs, they found that the V18 prescription
fails to form wide-orbit BMSPs. In addition, both V18 and Chen
et al. (2021) made it clear that the issue of free parameters gave
significantly different outcomes, making it more difficult to draw
general conclusions.

In this work, we apply the Convection And Rotation Boosted
(CARB) prescription for the magnetic braking presented by V19 to
study the formation and evolution of low-mass and ELM WDs. We
show that the use of CARB magnetic braking reproduces the LMXB
phase as well as being able to form UCXBs and wide BMSPs systems.

The layout of this paper is as follows. In Section 2, we describe the
physical ingredients considered in computing the grid of models; in
Section 3, we present the results obtained from the fully evolutionary
computations and compare with observational data. Concluding
remarks are presented in Section 4.

2 N U M E R I C A L M E T H O D S A N D S I M U L AT I O N S

The model grid presented in this work is computed using Modules for
Experiments in Stellar Astrophysics code (MESA Paxton et al. 2011,
2013, 2015, 2018, 2019), release 11701. We compute the binary
evolution of the system following the evolution of the donor star
from the zero-age main sequence (ZAMS) until it reached a model
age of 14 Gyr. The accretor is treated as a point mass. For the rest of
the manuscript, we adopt the nomenclature ‘d’ for the donor and ‘a’
for the accretor. Initial and final ages will be indicated by ‘i’ and ‘f’,
respectively.

Below, we describe the input physics and the computational details
used to calculate the evolutionary sequences.

2.1 Stellar evolution input

The equation of state (EoS) is a blend of the OPAL (Rogers &
Nayfonov 2002), SCVH (Saumon, Chabrier & van Horn 1995),
PTEH (Pols et al. 1995), HELM (Timmes & Swesty 2000), and PC
(Potekhin & Chabrier 2010) EoSs. A smooth transition between the
EoSs guarantees the appropriate usage across the entire required
range of density and temperature. Radiative opacities are primarily
from OPAL (Iglesias & Rogers 1993, 1996), with low-temperature
data from Ferguson et al. (2005) and the high-temperature, Compton-
scattering-dominated regime by Buchler & Yueh (1976). Electron
conduction opacities are from Cassisi et al. (2007).

Nuclear reaction rates are from JINA REACLIB (Cyburt et al.
2010) plus additional weak reaction rates (Fuller, Fowler & Newman
1985; Oda et al. 1994; Langanke & Martı́nez-Pinedo 2000). Screen-
ing is included via the prescription of Chugunov, Dewitt & Yakovlev
(2007). Thermal neutrino loss rates are from Itoh et al. (1996).
Hydrogen burning (p-p chain and CNO cycle) are computed by using
the cno extras.net network that accounts for the following 21

MNRAS 506, 3266–3281 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/506/3/3266/6318381 by U
niversidade Federal do R

io G
rande do Sul user on 10 Septem

ber 2021



3268 L. T. T. Soethe and S. O. Kepler

isotopes: 1H, 3He, 4He, 12C, 13C, 13N, 14N, 15N, 14O, 15O, 16O, 17O,
18O, 17F, 18F, 19F, 18Ne, 19Ne, 20Ne, 22Mg, and 24Mg. As calcium is
one of the easiest elements to be detected in the spectra of a WD, we
also include the 40Ca isotope in our models.

Convection is treated using the simple local formulation of
the mixing-length theory (Böhm-Vitense 1958) in the variation of
Henyey, Vardya & Bodenheimer (1965) allowing the convective
efficiency to vary with the opacity. Following Istrate et al. (2016),
αMLT = 2 is adopted as the mixing-length parameter. We consider the
Ledoux criterion of stability, which takes into account the influence
of composition gradients on mixing. Semiconvection is considered
in the regions unstable with respect to the Schwarzschild criterion
but stable to Ledoux, with an efficiency parameter αsc = 0.001.
Thermohaline mixing is included during all the evolution with
efficiency αth = 1.

Following Istrate et al. (2016), for each burning/non-burning
core/shell region we include an exponential overshooting below and
above the interface limit with f = 0.01 and f0 = 0.005. An extra step
overshooting of f = 0.25 and f0 = 0.05 above the burning H core is
also included.

For comparison, we calculated models with and without diffusion.
For the models with diffusion, element diffusion and gravitational
settling is included by solving Burger’s equations and using the
method of Thoul, Bahcall & Loeb (1994) with diffusion coefficients
similar to Iben & MacDonald (1985). Unlike Istrate et al. (2016)
who clumps elements into classes, we treat each isotope as a separate
class. This treatment does not affect the results, as we will discuss in
Section 3.

The effects of rotation may become important near the rotation
limit and are included by following Heger, Langer & Woosley (2000)
and Heger, Woosley & Spruit (2005), where we include the effects
for four different rotationally induced mixing processes: Goldreich–
Schubert–Fricke instability, Eddington–Sweet circulation, secular
shear instability, and dynamical shear instability. More details about
rotation and rotational element transport mechanisms can be found
in the review of Salaris & Cassisi (2017). The Spruit–Tayler dynamo
transports angular momentum and chemicals by magnetic fields.
Here, we must set two efficiency factors to calibrate the diffusion
coefficients: the contribution of the rotationally induced instabilities
to the diffusion coefficient is reduced by the factor fc = 1/30, and
the sensitivity of the rotationally induced mixing is fμ = 0.05. These
values follow Istrate et al. (2016). See Heger et al. (2000) for a
discussion of these calibration parameters.

For the atmosphere boundary conditions, we consider the simple
photosphere option for the pre-WD phase and the hydrogen atmo-
sphere tables for cool WDs from Rohrmann, Althaus & Kepler (2011)
for Teff < 10, 000 K and log10(L/L�) < −2.

2.2 Binary evolution input

Given the initial donor (Md, i) and accretor (Ma, i) masses, each
system starts with both stars in a circular orbit with separation

a, and initial orbital period Pi = 2π
[
a3/G(Md,i + Ma,i)

] 1
2 . At the

beginning of evolution, the rotation of the donor star is relaxed to the
orbital period of the system by applying tidal torque considering the
synchronization time-scale for convective envelopes (Hurley, Tout &
Pols 2002).

The rate of change of the angular momentum of the system is com-
puted considering contributions from gravitational wave radiation,
mass-loss, magnetic braking, and spin−orbit coupling as follows:

J̇orb = J̇gr + J̇ml + J̇mb + J̇ls. (1)

In the absence of outer convective zones, the gravitational wave
radiation term dominates in very compact orbits (P � 3 d) and is
given by (see e.g. Landau & Lifshitz 1975)

J̇gr = − 32

5c5

(
2πG

P

)7/3 (MdMa)2

(Md + Ma)2/3
, (2)

where G is the gravitational constant and c is the speed of light in
vacuum.

The mass transfer stability criteria is given by Soberman, Phinney
& van den Heuvel (1997). We calculated models with βmt = 0.3
and 0.8 for the fraction of mass lost from the vicinity of the
accretor as fast wind, implying a mass transfer efficiency of 70 and
20 per cent, respectively. The former value is for better comparison
with models in the literature, and the latter was chosen given that
there is observational evidence that mass transfer during the LMXB
phase is extremely inefficient, corresponding to accretion efficiencies
of only ∼5–40 per cent (Antoniadis et al. 2012, 2013, 2016).

Roche lobe radii in binary systems are computed using the fit of
Eggleton (1983), while mass transfer rates are determined following
the prescription of Kolb & Ritter (1990). We consider the RLOF to
take place when the mass transfer rate exceeds the value of Ṁ =
10−10 M� yr−1. We stress that this is just an arbitrary limit that has
no effect in our results.

2.3 Magnetic braking prescription

Magnetic braking plays an important role, specially in the early
stages of evolution in interacting binary systems. Considering that
stars of different spectral types on the main sequence have dif-
ferent rotational speeds, Schatzman (1962) was the first to sug-
gest that the convective envelope could be the reason for some
stars to have low rotation velocities. He suggested that in con-
vective stars the high magnetic field forces that ejected matter
spinning along with the star, even at very high distances, carries
a large amount of angular momentum per unit mass. The first
numerical estimate came from Skumanich (1972), who showed
that the equatorial rotation velocities of G-type main-sequence
stars decrease with time, suggesting the empirical dependence �

∝ t−1/2. A more elaborate expression appeared in the seminal
work of Rappaport et al. (1983), where the mass and radius of
the star are time-dependent quantities. The MESA implementation
follows

J̇mb = −6.82 × 1034

(
Md

M�

)(
Rd

R�

)γ (1 d

P

)3

, (3)

where Rd is the radius of the donor and γ = 4 is adopted for the
magnetic braking index.

Van & Ivanova (2019) alternative formulation for the mag-
netic braking is called the CARB magnetic braking. CARB mag-
netic braking considers the dependence of the Alfvén radius
(RA) on the rotation rate of the donor, and the dependence of
the magnetic field strength on the outer convective zone. The
Alfvén surface is the surface where the ram pressure is equal
to the magnetic pressure (Mestel & Spruit 1987), marking the
maximum distance at which the stellar wind is still in corota-
tion with the star. At larger distances, the mass is assumed to
be lost from the star. Spherical symmetry is assumed, which
results in the angular momentum lost by magnetic breaking
through an Alfvén surface to be (Weber & Davis 1967; Mestel
1968)

J̇mb = −2

3
�ṀW R2

A, (4)
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where � is the rotation rate and ṀW is the wind mass-loss rate.
The wind mass-loss is assumed to be isotropic, and depends on the
density and the velocity of the mass flux through the Alfvén surface.
Including the effects of rotation in the expression for the Alfvén
radius, the CARB magnetic braking then reads3

J̇mb,CARB = −2

3
�Ṁ

−1/3
W R

14/3
d

(
v2

esc + 2�R2
d

K2
2

)−2/3

× ��B
8/3
�

(
�

��

)11/3 (
τconv

τ�,conv

)8/3

, (5)

where vesc = √
2GM/R is the escape velocity, K2 = 0.07 is a

constant obtained via simulations (Réville et al. 2015). τ conv is the
turnover time of convective eddies, given by

τconv =
∫ Rtop

Rbot

dr

vconv
, (6)

where vconv is the local convective velocity and the integration limits,
Rbot and Rtop, are the bottom and the top of the outer convective
zone, respectively. Thus, this description assumes the total magnetic
field is generated by the convection eddies, i.e. no fossil fields. The
surface magnetic field is given by Bs = τ conv�, as in Ivanova (2006)
and Van et al. (2018). The last terms of equation (5) are normalized
according to a solar calibration, resulting in �� ≈ 3 × 10−6 s−1

and τ�, conv = 2.8 × 106 s. We adopt the Reimers (1975) wind
mass-loss scheme, as it was done in Van & Ivanova (2019). The
prescriptions of Rappaport et al. (1983) and Van & Ivanova (2019)
differ essentially by the fact that the former is an empirical fit, and
the latter is obtained through a self-consistent deduction considering
wind mass-loss, rotation, and that the magnetic field is generated
due to motions in the convective zone. The main limitations of this
model will be addressed in the conclusion (Section 4).

2.4 Model grid

We consider initial donor masses of 1.0 and 1.2 M� with initial
metallicity of Z = 0.02. The initial accretor mass is 1.4 M�, consistent
with NS companions. Systems are initialized with orbital periods
between 1 and 300 d. The exact minimum initial orbital period for
each configuration is defined so that the systems are completely
detached at the end of the evolution. The step in the initial orbital
period varies between 1 and 100 d, for the short and long initial orbital
periods, respectively. Rotation is considered in all configurations,
and element diffusion is also included in some configurations, as
listed in Table 1. For brevity, the general discussion of the effect
of the CARB magnetic braking on the formation of binary systems
containing ELM WDs will be done with a single initial configuration,
facilitating the comparison with the models of Istrate et al. (2016,
Sections 3.1 and 3.2). More detailed discussions on different initial
masses, accretion efficiencies, and diffusion of elements will be
presented on Section 3.3, where we show the Pi–Pf and the Mf–Pf

relations. The main properties – i.e. initial and final masses of both
components, initial and final orbital period, number of hydrogen shell
flashes – of our model grid can be found in Appendix A. For quick
use of our results, in Appendix B we provide polynomial fits to the

3We note that there is a missing minus factor in the exponential argument
of the wind mass-loss rate in equation (5) of Van & Ivanova (2019). Also,
in the code made available online by the authors, the argument 2/3 of the
exponential in line 320 should be 1/3 in order to make it correctly fit in the
corresponding equations in the paper.

Table 1. Summary of the three different initial set-ups studied in
this work. The second and third columns are the initial masses of
the donor and the accretor, respectively. The fourth column is the
initial metallicity. The fifth column is the fraction of mass lost from
the vicinity of the accretor. The last column indicates whether the
diffusion of elements was considered.

# Mi, d/M� Mi, a/M� Z βmt rot/dif

1 1.0 1.4 0.02 0.3 rot
2 1.2 1.4 0.02 0.3 rot
3 1.0 1.4 0.02 0.8 rot+dif

Figure 1. The evolution of orbital period as a function of decreasing
donor resulting mass. Two prescriptions for magnetic braking are compared:
Rappaport et al. (1983; the dashed lines) and Van & Ivanova (2019; the
solid lines). For each prescription, three initial orbital periods are analysed: 3
(green), 20 (red), and 100 (blue) days. Initial masses are Md, i = 1.2 M� and
Ma, i = 1.4 M� for all sequences.

final ELM WD mass (Md, f) as a function of the initial orbital period
(Pi). We also present a simple estimate of the gravitational wave
strain and the merging time for our most compact binary models, as
detailed in Appendix C.

3 R ESULTS AND D I SCUSSI ON

3.1 Effects of the magnetic braking

We first show how each of the two prescriptions for magnetic
braking differ in the formation of LMXBs systems. We start with
one single initial set-up and vary the initial orbital period searching
for representative cases of different evolutionary scenarios.

Fig. 1 shows the orbital period evolution as a function of the
resulting donor mass for three systems, with Md, i = 1.2 M� and
Ma, i = 1.4 M�, and for three different initial orbital periods, Pi

= 3 (green), 20 (red), and 100 (blue) days. Each configuration
is shown for both R83 (the dashed lines) and CARB (V19, the
solid lines) magnetic braking, totalizing six evolutionary sequences.
The evolution of the main physical quantities that govern magnetic
braking are shown in Fig. 2 for the cases of Pi = 3 and 100 d.
All other parameters are identical for all sequences. All sequences
produce detached He–COre ELM WD + NS binaries as output.

From short to long initial orbital periods, the final masses for
CARB (R83) sequences are 0.173 (0.205), 0.263 (0.325), and 0.371
(0.377) solar masses, respectively. In the same way, the final orbital
periods are 0.64 (2.55), 22 (152), and 424 (481) days, respectively.
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Figure 2. The evolution of key parameters during the mass transfer epoch.
Two prescriptions for magnetic braking are compared: Rappaport et al.
(1983, the dashed lines) and Van & Ivanova (2019, the solid lines). For
each prescription, two initial orbital periods are analysed: 3 (green) and 100
(blue) days. Initial masses are Md, i = 1.2 M� and Ma, i = 1.4 M� for all
sequences. Magnetic braking (first panel), mass transfer rate (second panel),
surface rotational velocity at equator (third panel), wind mass-loss (fourth
panel), and radius of the donor star (fifth panel) are shown.

Fig. 1 shows the existence of two different evolutionary scenarios
when we compare the prescriptions of R83 and CARB for magnetic
braking. The first scenario corresponds to intermediate and long
initial orbital periods (∼20–100 d), where the evolution of the donor
mass star has similar shapes for the two prescriptions of magnetic
braking. The orbital period increases as the donor star loses mass,
regardless of the adopted magnetic braking. The second scenario
corresponds to the case of short initial orbital periods (∼3 d), and
is characterized by a decrease in the orbital period at the end of the
evolution of the sequences that consider the CARB formula.

Also, for intermediate and long initial orbital periods, the binary
components do not come closer before RLOF begins if the R83
magnetic braking is considered. For the case in which the CARB
magnetic braking is considered, the components get closer before
the beginning of the RLOF, and the difference in relation to the
prescription of R83 is as large as the shorter the Pi. Finally, in the
case of short initial orbital periods, both prescriptions for magnetic
braking (R83 and CARB) considerably decrease the separation of
the binary components before the RLOF begins. In summary, the
effect of magnetic braking increases with the decreasing of orbital
periods for both prescriptions, but it alters differently along initial
orbital periods for each prescription.

For Pi = 100 d, both R83 and CARB prescriptions results in
diverging systems; and for Pi = 3 d, they both converge (see Fig. 1 and
Section 3.2). The relation between the initial and final orbital periods
for each magnetic braking prescription is, however, completely
different. Looking for the limit that separates the converging from the
diverging systems (i.e, Pi = Pf), we find ∼3 d for the R83 magnetic
braking but 20 d if the CARB prescription is used. With the only
exception of the Pi = 100 d models, in all other cases the use of
the CARB prescription causes the mass transfer to start earlier when
compared to the R83 prescription (second panel in Fig. 2). Also, the
duration of the mass transfer is longer for shorter Pi. In fact, for Pi =
100 d the mass transfer phase is so fast that we can barely distinguish
it in the figure.

We now examine how the variables that determine the intensity
of magnetic braking evolve. During most of the evolution, the R83
prescription results in stronger magnetic braking than the CARB
prescription (first panel in Fig. 2). The exception occurs during
mass transfer, where the CARB braking prescription becomes more
intense. This inversion can occur up to about 500 Myr before the
mass transfer begins. Although these two prescriptions for magnetic
braking differ for systems of any initial orbital period, their effects
are much more intense in systems of short and intermediate orbital
periods (Pi ∼ 3–50 d) than in long orbital periods (Pi ∼ 100 d).

The Pi = 100 d sequences show minimal differences in the
evolution of the orbital period and donor mass (Fig. 1). This occurs
because the rotation rate, the radius of the donor, and the the donor
mass evolve in a very similar way in both prescriptions, for this
initial orbital period (third and fifth panels in Fig. 2; the evolution
of the mass of the donor is not show, for simplicity). The small
difference in the orbital period behaviour during the evolution of
these sequences is due to the role of the size of the convective
zone in the CARB prescription, which, in turn, affects the magnetic
braking (first panel in Fig. 2). For the Pi = 100 d sequence with
the CARB formula, the convective zone at the beginning of the
RLOF accounts for ∼0.82 M� of the model. Finally, the angular
momentum loss from magnetic braking has a very limited impact
on the evolution of binaries with long orbital periods. During the
pre-RLOF evolution of the Pi = 100 d systems, magnetic braking
has an almost null contribution in both prescriptions. On the other
hand, for Pi = 3 d, magnetic braking is the dominant mecha-
nism in the R83 prescription; and has an increasing contribution
in the CARB prescription, dominating from 2 Gyr before RLOF
onwards.

In the second scenario, Pi = 3 d, the mass transfer begins when
the donor star has just left the main sequence and the convective
zone is not extended enough (∼0.25 M� in the CARB sequence)
to contribute significantly with magnetic braking. Thus, the consid-
eration of the size of the convective zone foreseen by the CARB
prescription has little effect. Until the beginning of the RLOF, the
wind mass-loss and the radius of the donor star behave similarly in
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both prescriptions, assuming values of 10−11.5 M� yr−1 and 2 R�
immediately before the beginning of the mass transfer, respectively
(fourth and fifth panels in Fig. 2). On the other hand, the rotation
rate in the CARB (R83) prescription is 32 km s−1 (59 km s−1) at age
5.2 Gyr (third panel in Fig. 2). Since the donor mass and the donor
radius behave similarly in this case, contributions are limited to the
rotation rate, the wind mass-loss, and the convection turnover time
in this case. These are the contributions that make the mass transfer
start when the system has an orbital period of 1.1 d (CARB) and 0.9 d
(R83). When the R83 prescription is used in the Pi = 3 d system,
the rotation rate, the radius of the donor star, and the donor mass
react smoothly to the mass-loss (third and fifth panels in Fig. 2).
Thus, the magnetic braking in this case also remains approximately
constant log10(|J̇mb|) = 35 during a few Gyr after the mass transfer
(first panel in Fig. 2). On the other hand, when the CARB prescription
is considered, the donor star contracts, and the wind mass-loss decays
after the end of the RLOF, causing the magnetic braking to be
reduced to log10(|J̇mb|) = 28. In the case where Pi = 3 d, although
the R83 prescription results in a considerably longer RLOF, the
CARB prescription reaches Ṁ = 10−7 M� yr−1, while the previous
one only Ṁ = 10−8.2 M� yr−1. In addition, the moment the mass
transfer ends, the system using the R83 prescription has an increasing
orbital period, while the CARB prescription has a decreasing orbital
period. At this point, the contributions of magnetic braking and
mass-loss to the total angular momentum loss are around 88 (98)
and 12 (2) per cent for R83 (CARB), respectively. Gravitational
radiation will dominate the angular momentum loss only about 2 Gyr
after the RLOF terminates. Furthermore, at this point, the donor
star has a radius about 2.3 times larger for R83 than for CARB.
In both cases, the donor radius remains close to the Roche lobe
after the end of the mass transfer, but for R83 these two quantities
are increasing, and for CARB they are decreasing. The analysis
of these factors makes it clear that the evolution of the donor star
and the binary system combine differently for each prescription of
magnetic braking, which will be presented in more detail in the next
section.

Although the Pi = 20 d sequences behave similarly to the Pi

= 100 d sequences, they differ in the evolution of the orbital
period before the RLOF. For Pi = 20 d, the RLOF starts when
P = 18 d in the case of R83 magnetic braking and when P =
5.7 d in the case of the CARB prescription (see Fig. 1). This
means that the entire mass transfer takes place with the stars much
closer together when CARB magnetic braking is considered. This
reinforces the fact that each magnetic braking prescription leads
to a different shrinkage of the orbit, and therefore to a different
evolutionary stage of the donor and orbital separation at the onset
of the mass transfer. Both the radius of the donor star and the
loss of mass by winds reach higher values (around 60 R� and
10−8 M� yr−1, respectively) during mass transfer when R83 braking
is considered. On the other hand, when CARB braking is considered,
the radius of the donor star remains stable around 9 R� during mass
transfer. In addition, the loss of mass by winds intensifies in this
case and remains around 10−9.5 M� yr−1 for about 1.5 Gyr. For
both braking prescriptions, these two variables drop dramatically
as soon as the RLOF ends. The consequence is that the mass
transfer lasts about three times longer when the CARB prescription
is considered.

For any Pi, the CARB magnetic braking is more intense than the
R83 prescription at a time when the mass transfer rate is maximum
(first panel in Fig. 2). In addition, for any initial orbital period, the
CARB magnetic braking is less intense than the R83 prescription
braking after mass transfer.

Figure 3. The evolution of the orbital period as a function of age for selected
models between 2.7 ≤ Pi/d ≤ 300. Initial orbital periods, from top to bottom:
300, 200, 150, 100, 70, 50, 40, 30, 25, 20, 15, 10, 9, 8, 7, 6, 5, 4, 3.5,
3.25, 3.2, 3, and 2.7 d. The bifurcation period occurs between 20 and 25 d.
The extra thick line marks the first convergent system. Above it, all systems
are divergent. The beginning and end of the mass transfer are indicated by
the green triangles and the pink squares, respectively. The colour of each
line indicates the mass of the donor at the end of the mass transfer. The
sequence shown in grey never becomes detached. The initial configuration is
Md, i = 1.0 M� and Ma, i = 1.4 M� for all sequences. The enhanced CARB
magnetic braking is considered. Convergent binaries will continue to contract
their orbits, forming a cataclysmic variable or an ultracompact X-ray binary
system. Divergent binaries will become relatively wide systems containing a
recycled NS and a He or CO WD.

3.2 Orbital period evolution and period bifurcation

There is a critical initial orbital period – called the bifurcation period
– that separates the systems in converging (Pf < Pi) and diverging
(Pf > Pi). The converging systems are the ones that, after the RLOF,
evolve with decreasing orbital period until the donor star becomes
degenerate and an ultracompact binary is formed. The diverging
systems are the ones that, after the RLOF, evolve with increasing
orbital period and a wide detached binary is formed (Pylyser &
Savonije 1988, 1989). In theoretical models, the bifurcation period
depends on the strength of the magnetic braking (e.g. Tauris & van
den Heuvel 2006). A systematic study made by Ma & Li (2009)
considering systems with a 1.4 M� NS and a 0.5–2 M� donor star
found that the strength of the magnetic braking is the dominant factor
in determining the value of bifurcation period compared with mass-
loss.

In this section, we expand our model grid using the CARB
prescription of the magnetic braking into the initial orbital period
parameter space. Fig. 3 shows the evolution of the orbital period as
a function of age for the CARB prescription, for initial masses Md, i

= 1.0 M� and Ma, i = 1.4 M�. The initial orbital periods range from
2.7 to 300 d. Because of the initial donor mass and metallicity, no
model shows a significant orbital period variation before a model
age of 10 Gyr. The shorter the Pi, the sooner the systems starts mass
transfer. Up to this point, we are only discussing models without
element diffusion. However, we draw attention to the fact that this
does not affect the main results discussed so far, as diffusion has a
small effect on the quantities studied. The effects of diffusion will be
discussed from Section 3.3.1 onwards.

Using the Rappaport et al. (1983, R83) magnetic braking, Istrate
et al. (2016) found that the bifurcation period that separates the
converging systems from the diverging ones occurs between 2.75 and
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2.8 d if Md, i = 1.0 M� and Ma, i = 1.4 M�. Considering the CARB
magnetic braking prescription of V19, a Pi = 20 d system with the
same initial masses is still a convergent system. This corresponds to
a 0.255 M� ELM WD – the thickest line in Fig. 3.

We should emphasize that even in the lower limit of orbital period,
our models (as shown in Appendix A) are completely detached at a
model age of 14 Gyr. Simulations considering shorter initial orbital
periods still have a small rate of mass transfer (Ṁ > 10−10 M� yr−1)
at the final computed age and therefore are not part of our model grid.
In such cases, the donor star is expected to be completely consumed,
i.e. transfer all its mass to the NS within a few billion years – or they
may merge due to emission of gravitational radiation, similar to the
known ultracompact binaries (bottom three sequences in Fig. 3).

The bifurcation period is shifted to longer ones (from 2.75–2.8 to
20–25 d) when the CARB magnetic braking is considered, i.e. the
CARB magnetic braking allows us to get ELM WDs models with
masses as low as 0.26 M� in converging binary systems even with
initial orbital periods as long as 20 d, which is not possible with the
magnetic braking of R83. This is important because it shows that
the entire extension of low-mass and ELM WDs in systems with
pulsars can be obtained via RLOF evolution from a more uniform
distribution of initial orbital periods (on a logarithmic scale), without
favouring only the most massive ones.

Although not the focus of this work, the upper and lower sequences
in Fig. 3 show that the use of CARB magnetic braking makes it
possible to form UCXB systems and wide-orbit binary millisecond
pulsars, which is not possible with the V18 prescription.

At this point, we should consider whether there are new problems
appearing with the use of CARB, since even the binaries with Pi

= 20 d can produce ELM WDs in millisecond pulsar systems. In
fact, the analysis of Istrate et al. (2014) indicates with a high level
of confidence that the distribution of orbital periods of observed
recycled pulsars with He WD companions in the Galactic Field is not
compatible with the simulations that use the R83 prescription. They
pointed out that the range of initial orbital periods that lead to the
formation of this type of system must be expanded. In addition, the
Pi–Md, f relation we found is much closer to the expected lognormal
orbital period distribution (see e.g. Duchêne & Kraus 2013; Tutukov
& Cherepashchuk 2020) than when using the R83 prescription. Thus,
the results we found using the CARB prescription are encouraging
and a study comparing these results with simulations of binary
population synthesis looks promising.

3.3 ELM with neutron stars

In this subsection, we expand our study of systems with point mass
accretors of 1.4 M�.

3.3.1 Initial orbital period and final mass

In this section, we show how the relation between the initial orbital
period and the final WD mass is modified when we change the
initial mass of the donor star and the NS mass accretion efficiency.
In Fig. 4, we depict the relation between the initial orbital period
(y-axis) and the low-mass/ELM final mass (x-axis). The red triangles
correspond to models with Md, i = 1.0 M�, 70 per cent accretion
efficiency (i.e. βmt = 0.3), and that take into account rotation only.
Blue circles are for Md, i = 1.2 M�; and the green squares are for
20 per cent accretion efficiency (i.e. βmt = 0.8) with both rotation
and diffusion. For comparison, Istrate et al. (2016) LMXB models
using the Rappaport et al. (1983) magnetic braking prescription are
shown in black ‘∗’ signs.

Figure 4. The relation between the initial orbital period and the ELM
WD mass at the end of 14 Gyr evolution for different set-ups. Istrate et al.
(2016) LMXB models using the Rappaport et al. (1983) magnetic braking
prescription are shown in black ‘∗’ signs. Green ‘�’ signs: Md, i = 1.0 M�,
20 per cent accretion efficiency, rotation plus diffusion. Red ‘
’ signs: Md, i

= 1.0 M�, 70 per cent accretion efficiency, rotation only. Blue ‘◦’ signs: Md, i

= 1.2 M�, 20 per cent accretion efficiency, rotation only. All configurations
have Ma, i = 1.4 M�.

As we already mentioned in Section 1, the empirical treatment
of the magnetic braking by Rappaport et al. (1983) leads to a fine-
tuning of the order of a dozen minutes in the initial orbital period
to reproduce the observed orbital periods of millisecond pulsars in
compact (2 < P/h < 9) binaries with He WD companions of mass �
0.20 M� (Istrate et al. 2014).

It is notable that each prescription for magnetic braking has a
completely different pattern in the Pi–Md, f plane. For final donor
masses between 0.17 and 0.25 M�, we can see in Fig. 4 that the
range of corresponding initial orbital periods is extremely narrow
(between 2 and 4 d) for the prescription of R83. On the other hand,
when the CARB (V19) formulation is considered, the same range
of final masses is obtained for initial orbital periods between 3 and
20 d. Thus, the use of the CARB prescription does not require a
fine-tuning of initial periods for the formation of ELM WDs. Using
initial masses Md, i = 1.0 M� and Ma, i = 1.4 M�, we were able to
produce detached WD systems within the range 3.25 ≤ Pi/d ≤ 300
(see Fig. 5), which corresponds to ELM and low-mass WDs with
masses in the range 0.1456 ≤ Md, f/M� ≤ 0.4067.

We will now consider only the sequences that use CARB (V19)
magnetic braking. In Fig. 4, the set-up discussed in the previous
subsection (Md, i = 1.0 M�, βmt = 0.3) is shown in the red triangles.
The first comparison concerns an initially more massive donor, with
1.2 M� (the blue circles in Fig. 4). There is a systematic shift of the
final mass towards larger masses, for the same initial period Pi, in
comparison to the case when the donor mass is Md, i = 1.0 M�. The
difference in final masses increases for shorter initial orbital periods.
For example, we find the final donor mass to be 0.1790 M� if Md, i

= 1.2 M�, but 0.1636 M� if Md, i = 1.0 M�. For Pi ≤ 11 d, no
sequence undergoes hydrogen shell flashes, regardless of the initial
mass of the donor. The configuration with Md, i = 1.2 M� is the only
one where it is possible to obtain detached systems for Pi < 3 d.

Using a Md, i = 1.2 M� donor instead of 1.0 M� does not
significantly affect the binary evolution. The difference in the ELMs
final mass is due to the more massive model being able to burn more H
into He before mass transfer begins. For example, for the Pi = 20 d
case, this is reflected in the He core to be 0.0054 M� more massive
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Figure 5. The relation between the final (Pf) and the initial orbital period
(Pi). Each initial configuration is as follows. Green ‘�’ signs: initial donor
mass Md, i = 1.0 M�, 70 per cent accretion efficiency, rotation plus diffusion.
Red ‘
’ signs: Md, i = 1.0 M�, 20 per cent accretion efficiency, rotation only.
Blue ‘◦’ signs: Md, i = 1.2 M�, 20 per cent accretion efficiency, rotation only.
All configurations have Ma, i = 1.4 M�. The purple dot–dashed line serves
as an indicator to distinguish between convergent and divergent systems.

for the initially more massive donor. This difference increases to
0.015 M� for Pi = 300 d. Note that for this metallicity (Z = 0.02)
and Md, i = 1.0 M�, because of the long main sequence lifetime,
it is difficult to produce (pre-)ELMs in less than 10–11 Gyr. Thus,
younger (pre-)ELMs require either lower metallicity or initially more
massive donors.

The next comparison concerns the accretion efficiency to the NS
and the use of diffusion (green squares in Fig. 4). The effect of
diffusion on the relation shown in Fig. 4 is negligible for Md, f �
0.3 M�. For Md, f � 0.3 M�, the diffusion of elements leads to slightly
smaller final masses, given a Pi, because diffusion brings more fuel
to the burning zone, in addition to leading to more hydrogen shell
flashes.

On the other hand, different accretion efficiencies have a signif-
icant effect only for Md, f � 0.3 M�. In this case, low accretion
efficiency results in low-mass/ELM WDs with a slightly higher
final mass, for a given Pi. This is because the mass transfer rate
reaches slightly higher values as the accretion efficiency to the point-
like NS is higher. Another consequence is that, for a given Pi, the
orbital separation after the mass transfer is shorter when the accretion
efficiency is higher.

The occurrence of different numbers of hydrogen shell flashes can
also be noted in Fig. 4 when looking at the systems with diffusion
(the green squares). In this case, the Pi = 7 and 6 d systems have
practically the same donor final mass (0.1698 and 0.1697 M�,
respectively), but the Pi = 7 d sequence undergoes one hydrogen
shell flash more than the other. This causes a discontinuity in the
form of a step in the curve formed by the models in this figure.
In summary, the variation of the initial mass of the donor stars and
efficiency rate to the accreting star, and the consideration of diffusion
of elements cause significant effects in the Pi–Md, f plane for Pi �
10 d or, equivalently, Md, f � 0.2 M�.

3.3.2 Initial and final orbital period

In this section, we show how the initial–final orbital period relation
is modified when we change the initial mass of the donor star and the
mass accretion efficiency to the NS. In Fig. 5, we show the final orbital

period (y-axis) as a function of the initial orbital period (x-axis). The
red triangles are for sequences with Md, i = 1.0 M�, 70 per cent
accretion efficiency (i.e. βmt = 0.3), and that takes into account
rotation only. Similarly, the blue circles are for Md, i = 1.2 M�;
and the green squares are for 20 per cent accretion efficiency (i.e.
βmt = 0.8) with both rotation and diffusion. The purple dot–dashed
line serves as an indicator to distinguish between convergent and
divergent systems.

Fig. 5 shows that the division between convergent and divergent
systems is around Pi = 20 d, regardless of the initial configuration.
Therefore, the pattern of orbital evolution shown in Fig. 3 for that
specific initial configuration is similar also for the other configura-
tions presented here.

For any initial orbital period, an initially more massive donor
always leads to a wider binary, regardless of the accretion efficiency
to the NS. In fact, it is possible to identify a tendency for initially
short (Pi < 10 d) and long (Pi > 40 d) orbital period systems. In these
cases, we find that, for a given initial orbital period, higher accretion
efficiency leads to shorter final orbital periods; and an initially more
massive donor leads to longer final orbital periods. For orbital periods
closer to the bifurcation period, however, there is no clear trend, and
the Pi–Pf relations are quite similar for each configuration studied.

These results can be understood as the mass transfer begins earlier
for systems that have a donor with a 1.2 M� (5–6 Gyr) compared to a
1.0 M� donor (11–12 Gyr) due to their main-sequence lifetimes.
Angular momentum loss mechanisms have more time to act on
systems with less-massive donors, leading to mass transfer beginning
when the components of the binary system are closer.

In Fig. 5, we compare models with diffusion and low accretion
efficiency (the green squares) against models without diffusion
and high accretion efficiency (the red triangles). We found that
diffusion of elements and accretion rate efficiency affect evolution at
different times. Until the beginning of the mass transfer, neither the
inclusion of diffusion or different accretion rates affect significantly
the evolution. At the end of mass transfer, low accretion efficiency
to the NS makes sequences with βmt = 0.8 with their components
closer together. Still, for a given Pi, the masses of each configuration
are similar at that time. What happens next for sequences of Md, f �
0.3 M� depends on the inclusion or not of the diffusion of elements.
For most non-diffusing sequences, none or one hydrogen shell flashes
occurs. On the contrary, in most sequences with diffusion, there
are two or three hydrogen shell flashes. As the loss of angular
momentum during hydrogen shell flashes is dominated by mass-
loss for a more massive accretor, each hydrogen shell flash increases
orbital separation. Thus, the inclusion of diffusion of elements tends
to decrease the final donor mass and increase the orbital separation
of the components.

We also found a clear relation between the final orbital period and
the rotation rate of the WD. For models with diffusion, systems with a
short initial orbital period (Pi � 15 d) present greater synchronization
with the orbit, at the end of the evolution. In such cases, the ratio
between the rotation rate of the ELM WD and the orbital period of
the system assumes values between 1 and 0.1. On the other hand,
this ratio in Pi � 20 d systems is Prot/Pf � 0.1–10−3, indicating
WDs rotating more slowly than the orbital period. Looking at the
Pi–Pf diagram in Fig. 5, we notice that this value of the initial orbital
period (20 d) coincides with the bifurcation period. Thus, convergent
systems are more likely to have synchronization between the rotation
of the WD and the orbit. This occurrence might be a tool to obser-
vationally estimate the convergence period. Even for systems with a
shorter initial orbital period, we find that from ∼1 Gyr after the end
of RLOF onwards, the time needed for synchronization exceeds the
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age of the Universe. This means that we should not expect tidal forces
to change the rotation of the newly formed low-mass/ELM WDs.

Note that the bottom left-hand corner of Fig. 5 is dominated by
systems with P < 1 d. Such close systems are strong candidates to
be observable in gravitational waves (e.g. Chen et al. 2021). Simple
estimates of the amplitude, the characteristic strain, and the frequency
of the gravitational waves emitted by our models at final age are
described in Appendix C and presented in Appendix A.

3.3.3 Final mass–orbital period relation

The determination of relations between the orbital period and the
mass of low-mass and ELM WDs in systems with NSs is of great
interest because this relation can be used to examine the evolutionary
channel for such a binary. These relations allow the estimation of the
masses of ELM WDs from the orbital period of the binary system,
which is, in general, easier to measure and independent of the Teff

and log (g) determinations.
The cores masses and radii of low-mass stars in the red giant

branch follow a tight, well-known relation (Refsdal & Weigert
1971; Webbink, Rappaport & Savonije 1983; Joss, Rappaport &
Lewis 1987). For a red giant donor in a binary system, its radius
is approximately equal to its Roche lobe radius during the mass
transfer phase. The latter, in turn, depends on the binary separation
and on the mass ratio. At the end of the mass transfer phase, the H-
rich envelope is almost completely removed, and the final mass of
the donor star is approximately the mass of its He core. Therefore,
the final mass of a degenerate-core donor and the orbital period are
correlated quantities.

Fig. 6 shows the final mass of donor versus period (Md, f–Pf)
relation for all computed models with a 1.4 M� point mass accretor.
Although the CARB (V19) prescription for the magnetic braking
completely changes the relation between Pi and Md, f, the relation
between the final period (Pf) and final donor mass (Md, f) is much less
affected in relation to the models calculated with the Rappaport et al.
(1983, R83) magnetic braking formalism (Istrate et al. 2016). The use
of the CARB prescription produces models that maintain agreement
with other theoretical adjustments and also with observational data.

Our results are in good agreement with the Lin et al. (2011)
theoretical fit, which is based on low and intermediate-mass X-ray
binaries models computed with gravitational radiation, mass-loss,
and R83 magnetic braking contributions to the angular momentum
loss. In particular, our models for Md, f � 0.30 M� and βmt = 0.3 are
in excellent agreement with the Lin et al. (2011) fit. For βmt = 0.8,
although the agreement with the fit is good for Md, f � 0.23 M�, we
found orbital periods slightly longer than Lin et al. (2011) if Md, f �
0.23 M�, for a given mass. Between Md, f = 0.23 and 0.26 M�, our
models are in good agreement with both Lin et al. (2011) and Tauris
& Savonije (1999, Pop. I) fits. It is important to note that these fits
were made based on a broader initial donor masses distribution than
we are considering here.

Although the angular momentum losses of the systems are cal-
culated differently in each work, the Md, f–Pf relation is determined
by the state of the He cores therefore it should not be changed
with the angular momentum loss. In fact, Chen et al. (2013) have
shown that the mass transfer efficiency and the way that angular
momentum is lost impose only a small influence on the Md, f–Pf

relations. On the other hand, the mixing-length and the metallicity
affect this relation (e.g. Rappaport et al. 1995; Tauris & Savonije
1999). Also, the calibration of other internal processes – such as the
opacity and the convective overshooting – can influence the radius of

red giant stars and hence the Md, f–Pf relation. As already mentioned,
we found that the inclusion of diffusion of elements leads to less-
massive donors, given an initial orbital period. Analysing the effects
of including diffusion and low accretion efficiency separately, we
find that both decrease the final mass of the donor, for a given initial
orbital period, although the former has a more pronounced effect
than the latter. Thus, in Fig. 6 we attribute the discrepancy between
the green squares and the fit of Lin et al. (2011) primarily to the
effects of diffusion.

An important result is that the relation between the orbital period
and the final mass of ELM WDs is not significantly affected when we
consider different initial donor masses (1.0 and 1.2 M�), although
considerable differences are expected for donors of initial masses
1.3–1.6 M� (Istrate et al. 2014). On the other hand, for Md, f �
0.23 M�, low accretion efficiencies always lead to more compact
systems, for a given mass.

Fig. 6 also shows observational data, which include 16 systems of
(millisecond) pulsar plus He WDs with individual component mass
measurements.4 Each pulsar companion is shown with a black dot
and an ±1σ uncertainty bar in the mass measurement. The dots
without an uncertainty bar have uncertainty in the measure of mass
smaller than the dots size. This list contains only systems in which
there is no mass transfer nor significant mass-loss observed.

Instead of commenting on each of the pulsars separately, we
highlight some systems that deviate most from the theoretical
estimates of Tauris & Savonije (1999) and Lin et al. (2011). It is
well known that, for a given final mass, lower metallicities lead to
shorter final orbital periods (TS99 Pop. II curve in Fig. 6). Therefore,
most of the observational points shown in Fig. 6 can be reached by
modifying the metallicity of the models. Still, some observational
points are located above the theoretical adjustments, not finding
agreement even considering the uncertainty in the measured masses.

The He WD in the PSR J2043+1711 system (P = 1.48 d) has
a mass estimate of 0.173 M�. Our model for Md, i = 1.0 M�, β

= 0.8 (the green squares in Fig. 6) of Pi = 7 d has Pf = 1.40 d
and Md, f = 0.1689 M�, far from the theoretical fits from Lin et al.
(2011) and Tauris & Savonije (1999), but in great agreement with
the observation.

For PSR J1713+0747 (P = 67.8 d), the millisecond pulsar has
1.35 M� and the He WD companion has 0.292 M�. PSR J1713+0747
is one of the most precisely timed pulsars and provides one of
the best pulsar limit on the variation of the gravitational constant,
on violations of the universality of free-fall, and post-Newtonian
parameters measurements (Desvignes et al. 2016; Zhu et al. 2019).
Our model for Md, i = 1.2 M�, β = 0.8 (the blue circles in Fig. 6)
of Pi = 30 d has Pf = 63.1 d and Md, f = 0.2932 M�, but Ma, f =
1.98 M�, not matching the mass of the pulsar. However, for a rotation
plus diffusion sequence with Md, i = 1.0 M�, Ma, i = 1.3 M�, Pi =
32 d and βmt = 0.9 we find Ma, f = 1.36 M�, Pf = 64.7 d, and Md, f

= 0.2918 M�, in much better agreement with the three measured
parameters.

PSR J1946+3417 (P = 27.0 d) hosts the fourth most massive
millisecond pulsar (1.828 M�), and its He WD companion has
0.2656 M� (Barr et al. 2017). In this case, taking a rotation plus
diffusion sequence with Md, i = 1.0 M�, Ma, i = 1.7 M�, Pi = 21 d,

4Observational data of pulsars were taken from https://www3.mpifr-bonn.mp
g.de/staff/pfreire/NS masses.html (see also Özel & Freire 2016; Antoniadis
et al. 2016), Barr et al. (2017, PSR J1946+3417), and Fonseca et al. (2021,
PSR J0740+6620).
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Figure 6. The relation between the low-mass/ELM WD final mass and the orbital period. Each initial configuration is as follows. Green ‘�’ signs: Md, i =
1.0 M�, 70 per cent accretion efficiency, rotation plus diffusion. Red ‘
’ signs: Md, i = 1.0 M�, 20 per cent accretion efficiency, rotation only. Blue ‘◦’ signs:
Md, i = 1.2 M�, 20 per cent accretion efficiency, rotation only. All configurations have Ma, i = 1.4 M�. The dash–dotted curves represent the theoretical relations
from Tauris & Savonije (1999, TS99) and the dotted curve from Lin et al. (2011, Lin+11). Observational data (the black dots) are from pulsar + He WD
systems, with 16 systems in total. The dots without an uncertainty bar mean that the uncertainty is less than the dot size.

and βmt = 0.8, we find Ma, f = 1.836 M�, Pf = 26.8 d, and Md, f =
0.2664 M�, in excellent agreement with the measured parameters.

In summary, the CARB magnetic braking seems to be compatible
with the formation of ELM WDs in systems with millisecond
pulsars. The use of low accretion efficiency to the neutrons stars,
between 5 and 20 per cent, revealed to be appropriate, as suggested
by Antoniadis et al. (2012, 2013, 2016). Even in cases where
the pulsars have masses far from the canonical value (1.4 M�), a
simple adjustment of the initial masses has considerably improved
possible matchings of the masses. Still, we emphasize that different
metallicities were not considered up to now.

3.3.4 Impact of the CARB magnetic braking on the formation of
ELM WDs in double degenerates

Although most of the first ELMs discovered had NSs as companions
(e.g. van Kerkwijk, Bergeron & Kulkarni 1996; van Kerkwijk et al.
2005), none of the ELMs in the clean sample of the ELM Survey
was proven to have an NS as a companion (Brown et al. 2020a).
Thus, we present preliminary results for models of ELM WDs
formed in companion to other WDs. For WD accretors with Ma, i

= 0.8 M�, we find that there is a systematic shift towards lower

final masses, for each given initial period Pi, when compared to the
1.4 M� NS accretor case. This result can be easily understood since
the evolution of the orbital separation depends on the mass ratio.
Even so, the general behaviour and trends of the Md, f–Pi, Pi–Pf,
and Md, f–Pf relations are similar to what we found for NS accretors.
None the less, observational data of ELM WDs in double-degenerate
systems (e.g. Pelisoli & Vos 2019; Brown et al. 2020a) are widely
dispersed in the Md, f–Pf plane, moving away from the theoretical
low-mass/ELM WDs RLOF models. This seems to indicate that
objects that are not in the region of the quoted theoretical models
should have been formed via evolutionary channels other than stable
mass transfer, such as CE, mergers, triple systems, etc. Thus, this
topic requires further study to say to what extent the disagreement
has to do with the quality of the data or with the differences
between the parameters of the observed system and the input of
the simulations.

4 C O N C L U S I O N S

We first investigated the formation of ELM WDs in binary systems
with millisecond pulsars with the proposed CARB prescription for
magnetic braking of Van & Ivanova (2019) and compared their effects
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on the evolution of LMXB systems with the classic prescription of
Rappaport et al. (1983).

We also computed a grid of models of ELM WDs from de ZAMS
until a model age of 14 Gyr. We have considered canonical NSs as the
accretor, compatible with milliseconds pulsars in LMXBs systems.
Different accretion efficiencies (βmt = 0.3 and 0.8), and donor
initial masses (1.0 and 1.2 M�) were considered. The parameter
space of the initial orbital period (Pi) was explored between 1
and 300 d, which corresponds to low mass or extremely low mass
WD models of final masses between 0.15 and 0.40 M�. For the
evolution of the binary system, we take into account energy loss
as gravitational waves, mass-loss, spin-orbit coupling, and magnetic
braking. Magnetic braking follows the CARB prescription (V19),
which was obtained through a self-consistent deduction considering
wind mass-loss, rotation, and that the magnetic field is generated due
to motions in the convective zone. Although the CARB model is still
considerably simplified – only radial magnetic fields are considered
and the dipole approximation is used, the Alfvenic surface estimated
does not depend on the polar angle, the wind considered is isotropic
and the rotation axis is assumed aligned to the magnetic field axis
– it has a consistent physical deduction and presents more plausible
results when modelling ELM WDs in binary systems.

The use of the CARB magnetic braking prescription by V19
strongly modifies the loss of the total angular momentum of the
binary systems and, as a natural consequence, also the relation
between the orbital period and the WD becomes completely different.
In particular, fine-tuning the initial orbital period is not required. A
range of final masses for the ELM WDs (0.15–0.27 M�) can be
obtained from a large range of initial orbital periods (1–25 d), and
up to 0.40 M� for initial orbital periods up to 300 d. The bifurcation
period (Pi = Pf) is shifted to longer ones (from 2.75–2.8 to 20–25 d)
when the CARB magnetic braking is considered, i.e. the CARB
magnetic braking allows us to get ELM WDs models as light as
0.26 M� in converging binary systems even with initial orbital
periods as long as 20 d, which is not possible with the empirical
magnetic braking prescription of R83. Else, in addition to the LMXB
systems, the use of CARB magnetic braking makes it possible to
form UCXB systems and also wide-orbit binary millisecond pulsars,
which is not possible with the V18 prescription.

The orbital period is one of the main factors that relate an ELM
WDs as we observe it today with its progenitor system since the initial
orbital period is directly linked with the final orbital period and the
final mass. Comparing our models with observational data from He
WDs in binary systems with millisecond pulsars, the use of CARB
magnetic braking is shown to be compatible with the formation of
ELM WDs in LMXBs.

The main properties of our model grid can be found in Appendix A.
In Appendix B, we provide polynomial fits to the final ELM WD mass
(Md, f) as a function of the initial orbital period (Pi).
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APPENDIX A : C OMPUTED MODELS

In Tables A1–A3, we present the properties of the computed models at final age (14 Gyr). These three tables correspond to the initial set-ups #
1, 2, and 3 in Table 1, respectively. The CARB magnetic braking prescription (Van & Ivanova 2019) is considered in all cases. For each model
we show the initial and final orbital periods, the final masses of the donor and the accreting stars, and the number of hydrogen shell flashes
that occurred during evolution. More details are given in the caption of each table.

Table A1. Grid of ELM WDs models considering the use of the enhanced CARB magnetic braking prescription proposed by Van
& Ivanova (2019) in the angular momentum evolution of the LMXB systems for various initial orbital periods (third column). The
first and second columns show the final donor and accretor masses for each simulation after 14 Gyr, respectively. The fourth column
indicates the number of hydrogen shell flashes (#HSF). The fifth column is the frequency of the gravitational wave emitted by
the binaries. The sixth and the seventh columns are the dimensionless gravitational wave amplitude and the characteristic strain,
respectively. The last column is the merging time due to gravitational radiation. Details on how we calculate the values on the last
four columns are provided in the Appendix C. Md, i = 1.0 M�, Ma, i = 1.4 M�, Z = 0.02, and βmt = 0.3 for all models. Rotation is
taking into account in all models.

Md, f (M�) Ma, f (M�) Pi/Pf (d) #HSF fGW (Hz) A hc τGW (Myr)

0.4067 1.594 300/809 0
0.3894 1.645 200/609 0
0.3775 1.677 150/492 0
0.3609 1.716 100/355 0
0.3455 1.749 70/254 0
0.3286 1.783 50/169 0
0.3146 1.808 40/116 0
0.2886 1.850 30/55.3 1
0.2730 1.873 25/32.1 1
0.2577 1.891 20/18.2 1
0.2530 1.896 19/15.2 1
0.2482 1.902 18/12.6 1
0.2433 1.907 17/10.4 1
0.2383 1.913 16/8.62 1
0.2290 1.923 15/7.58 2
0.2218 1.931 14/6.28 2
0.2145 1.938 13/5.10 2
0.2090 1.943 12/4.01 0
0.2032 1.948 11/3.18 0
0.1979 1.952 10/2.50 0
0.1933 1.956 9/1.92 0 1.21 × 10−5 9.15 × 10−24 3.57 × 10−22 9.15 × 105

0.1883 1.960 8/1.50 0 1.54 × 10−5 1.05 × 10−23 4.65 × 10−22 4.86 × 105

0.1834 1.964 7/1.17 0 1.98 × 10−5 1.21 × 10−23 6.06 × 10−22 2.56 × 105

0.1783 1.968 6/0.90 0 2.57 × 10−5 1.41 × 10−23 8.02 × 10−22 1.31 × 105

0.1725 1.973 5/0.66 0 3.51 × 10−5 1.68 × 10−23 1.12 × 10−21 5.89 × 104

0.1636 1.980 4/0.41 0 5.65 × 10−5 2.20 × 10−23 1.85 × 10−21 1.74 × 104

0.1547 1.986 3.5/0.24 0 9.65 × 10−5 2.98 × 10−23 3.29 × 10−21 4.40 × 103

0.1456 1.993 3.25/0.082 0 2.82 × 10−4 5.76 × 10−23 1.09 × 10−20 2.65 × 102
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Table A3. Grid of ELM WDs models considering the use of the enhanced CARB magnetic braking prescription proposed by Van
& Ivanova (2019), as in Table A1 but for βmt = 0.8, element diffusion and rotation is taking into account in all models.

Md, f (M�) Ma, f (M�) Pi/Pf (d) #HSF fGW (Hz) A hc τGW (Myr)

0.4102 1.451 300/847 1
0.3936 1.465 200/648 1
0.3648 1.486 100/386 1
0.3492 1.496 70/277 1
0.3312 1.507 50/183 1
0.3165 1.515 40/124 1
0.2876 1.528 30/56.2 2
0.2706 1.535 25/31.3 2
0.2550 1.541 20/17.6 2
0.2502 1.542 19/14.7 2
0.2454 1.544 18/12.1 2
0.2405 1.545 17/10.0 2
0.2341 1.548 16/8.60 2
0.2219 1.551 15/7.73 3
0.2151 1.553 14/6.31 3
0.2082 1.555 13/5.09 3
0.2020 1.556 12/4.06 3
0.2967 1.558 11/3.19 3
0.1914 1.559 10/2.53 3
0.1852 1.560 9/2.03 3 1.14 × 10−5 7.22 × 10−24 2.74 × 10−22 1.30 × 106

0.1809 1.561 8/1.59 3 1.46 × 10−5 8.31 × 10−24 3.56 × 10−22 6.91 × 105

0.1698 1.564 7/1.40 4 1.65 × 10−5 8.53 × 10−24 3.89 × 10−22 5.23 × 105

0.1697 1.564 6/1.00 3 2.31 × 10−5 1.07 × 10−23 5.76 × 10−22 2.13 × 105

0.1586 1.566 5/0.815 3 2.84 × 10−5 1.15 × 10−23 6.86 × 10−22 1.32 × 105

0.1504 1.568 4/0.489 2 4.73 × 10−5 1.53 × 10−23 1.18 × 10−21 3.55 × 104

Table A2. Grid of ELM WDs models considering the use of the enhanced CARB magnetic braking prescription proposed by Van
& Ivanova (2019), as in Table A1 but for Md, i = 1.2 M�.

Md, f (M�) Ma, f (M�) Pi/Pf (d) #HSF fGW (Hz) A hc τGW (Myr)

0.4212 1.716 300/994 0
0.4016 1.769 200/737 0
0.3885 1.802 150/591 0
0.3705 1.842 100/424 0
0.3538 1.877 70/301 0
0.3357 1.913 50/198 0
0.3209 1.940 40/135 0
0.2932 1.984 30/63.1 1
0.2629 2.024 20/22.0 1
0.2581 2.030 19/18.5 1
0.2532 2.036 18/15.3 1
0.2482 2.042 17/12.6 1
0.2432 2.048 16/10.3 1
0.2378 2.054 15/8.60 1
0.2289 2.063 14/7.49 2
0.2224 2.070 13/6.18 2
0.2160 2.076 12/5.04 2
0.2111 2.081 11/4.05 0
0.2062 2.085 10/3.25 0
0.2014 2.090 9/2.60 0
0.1969 2.093 8/2.10 0 1.10 × 10−5 9.20 × 10−24 3.43 × 10−22 1.09 × 106

0.1925 2.097 7/1.70 0 1.36 × 10−5 1.04 × 10−23 4.30 × 10−22 6.33 × 105

0.1882 2.101 6/1.37 0 1.69 × 10−5 1.17 × 10−23 5.42 × 10−22 3.63 × 105

0.1839 2.104 5/1.10 0 2.10 × 10−5 1.33 × 10−23 6.85 × 10−22 2.07 × 105

0.1790 2.108 4/0.870 0 2.66 × 10−5 1.52 × 10−23 8.79 × 10−22 1.13 × 105

0.1730 2.112 3/0.636 0 3.64 × 10−5 1.81 × 10−23 1.23 × 10−21 5.08 × 104

0.1609 2.121 2/0.278 0 8.33 × 10−5 2.94 × 10−23 3.01 × 10−21 5.98 × 103
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A P P E N D I X B: PO LY N O M I A L F I T S

In Table B1, we show polynomial fits to the final ELM WD mass (Md, f) as a function of the initial orbital period (Pi) for our models in the
form of y = A + Bx + Cx2 + Dx3 + Ex4. The quality of the fits is indicated by the coefficient of determination (R2).

Table B1. Coefficients for the third degree polynomials that best fit the final ELM WD mass (Md, f) as a function of the initial orbital
period (Pi), i.e. Md, f(Pi). The fits are only valid for Md, f < 0.35 M�. The first column shows the set-up, as in Table 1. Columns
two to six shows the coefficients in the form y = A + Bx + Cx2 + Dx3 + Ex4, as discussed in the text. The last column shows the
coefficient of determination (R2).

# A B C D E R2

1 1.3209 × 10−1 7.9247 × 10−3 −1.0617 × 10−4 6.2084 × 10−7 − 1.2798 × 10−9 0.9977
2 1.4805 × 10−1 7.0866 × 10−3 −8.8185 × 10−5 4.9107 × 10−7 − 9.7816 × 10−10 0.9980
3 1.1415 × 10−1 9.2348 × 10−3 −1.3749 × 10−4 9.0360 × 10−7 − 2.0138 × 10−9 0.9972
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APPENDIX C : G RAVITATIONA L WAV ES

The LISA sensitivity band frequency is from 10−1 to 10−5 Hz, with a peak around 4 mHz. We can approximate the frequency of the gravitational
wave emitted by the binary systems as fGW = 2/Pf, indicating that systems of ELM WDs with lower mass will populate the region of greatest
sensitivity.

In order to estimate the gravitational radiation emitted by our models, we adopt the same approach as in Kupfer et al. (2018), Li et al. (2020),
and Korol et al. (2020). We choose to present our estimates in terms of the characteristic strain since the difference between the source signal
and the sensitivity of the detector is directly related to the signal-to-noise ratio (Moore, Cole & Berry 2015). Thus, with the data available in
Appendix A, it is immediate to obtain estimates for other values of observation time, distance, and also to calculate the signal-to-noise ratio
for specific configurations of the detectors.

The signal-to-noise ratio is directly proportional to the dimensionless gravitational wave amplitude, which after averaging over inclination,
sky-location, and amplitude reads

A = 2π2/3 G5/3

c4

M5/3f
2/3
GW

d
, (C1)

where M = (Md,fMa,f)3/5(Md,f + Ma,f)−1/5 is the chirp mass and d is the distance of the binary system to the Sun.
For an inspiralling binary system that emits monochromatic radiation, the characteristic strain is

hc = √
NcycleA, (C2)

where Ncycle = fGWTobs give us the total orbital periods observed over the detector’s operation time. For the purpose of facilitating comparisons
and conversions, in this work we fix the distances to d = 1 kpc and adopt the nominal LISA mission duration time of Tobs = 4 yr.

When compared to the equation (2) of Brown et al. (2020a) in the case of inclination i = 90◦, our calculated characteristic strain is 1.42 times
larger; or, alternatively, equivalent to i ≈ 66◦.

Finally, starting from equation (2) in Kraft, Mathews & Greenstein (1962), we obtained the following expression for the merging time due
to gravitational radiation5

τGW = 47100M−5/3P
8/3
f Myr, (C3)

where again the chirp mass and the orbital period should be given in solar masses and days, respectively. Since the expression above accounts
only for the angular momentum loss due to the gravitational radiation (J̇gr), the merging time should be greater in models that may have
significant contributions from other processes of loss of angular momentum (see equation 1). In our models, this is the case when Pi � 25 d,
where J̇ml is the term that has the greatest contribution at the end of evolution.

5We would like to point out that the multiplicative constant that we found is slightly different from that found by Brown et al. (2020a).

This paper has been typeset from a TEX/LATEX file prepared by the author.
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