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ABSTRACT

ASYMPTOTIC BEHAVIOUR AND COMPARISON PRINCIPLE FOR
SOLUTIONS OF LOCAL AND NON-LOCAL EQUATIONS IN
EXTERIOR DOMAINS

In this work, we establish an asymptotic behaviour theorem for solutions of a class
of quasilinear elliptic equations in R™\ K, where K is a compact set, provided the structure
of the equation and the dimension n are related. This result is obtained by a combination
of the Harnack inequality with symmetrization techniques. Furthermore, with the choice
of suitable test functions, a Comparison Principle is obtained for solutions of a class of

non-local elliptic equations in R™\ K, where K is a compact set.

Keywords: Asymptotic behaviour; Comparison Principle; Exterior domains.



RESUMO

COMPORTAMENTO ASSINTOTICO E PRINCIPIO DE COMPARACAO
PARA SOLUCOES DE EQUACOES LOCAIS E NAO LOCAIS EM
DOMINIOS EXTERIORES

Neste trabalho, provamos um teorema de comportamento assintético para solucoes
de equagoes elipticas quasilineares definidas em R™\ K, onde K é um conjunto compacto,
desde que a estrutura dessa equacao e a dimensao n estejam relacionadas. Esse resultado
é obtido através da aplicacao de uma desigualdade de Harnack associada com técnicas de
simetrizacao. Além disso, com a escolha adequada de funcoes teste, obtemos um Principio
de Comparacao para solugoes de uma classe de equacoes elipticas nao locais definidas em

R™\ K, sendo K um conjunto compacto.

Palavras Chave: Comportamento assintotico; Principio de Comparacao; Dominios ex-

teriores.



SYMBOL LIST

— means weak convergence;

— means strong convergence;

B(z,r) = B,(z) is the open ball centered at x and with radius > 0 in R™;
0f) is the boundary of the set €Q;

Q represents the closure of €;

Q¢ means R™\Q;

[t =max{f,0} (f~ = max{—f,0}) is the positive (negative) part of f;

|A| represents the Lebesgue measure of the set A;

a.e. is short for almost everywhere;

u | 4 is the restriction of the function u to the set A ;

i&f u (sup u) represents the infimum (supremum) of the function u over the set X;

X

0S¢ U = Sup u — i%f u is the oscillation of the function v in X;
X

lim inf « (lim sup u) represents the limit inferior (superior) of the function v when = — x;
T—Zo T—x0

S =

lullzri@) = llullp,0 = (fq lulPdz)?;
||| o) = inf{a > 0; [{z € Q; |u(z)| > a}| = 0};
LP(Q) = {u: Q = R is measurable and ||u|r(0) < 0o}, 1 < p < o0;

L*(Q) = {u : @ = R;u is measurable and |[u||z=(q) < 0o0};

LP

loc

(Q) = {u: Q — R is measurable and f|x € LP(K), for every K C {2 compact};



supp(u) = {z € Qu(z) # 0};
Ce(Q) = {u € C(Q); supp(u) C Q is compact};
C*(Q) = {u: Q — R;u is k times continuously differentiable};
C(Q) = N C*(Q);
k>0
C = C>R") N Ce();

SO(n) is the special orthogonal group in dimension n;

Wer(Q) = {w e [P(Q) ; wolwl) ¢ 1p(Q x Q)}, s e (0,1), p e (1,00);

|z—y| P
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INTRODUCTION

The theory of Partial Differential Equations (PDE’s) had great developments in
the last century, mainly due to its applications in several areas, such as engineering,
physics, biology, and economics. In this sense, understanding the existence, multiplicity,
and the behavior of solutions for different types of PDE’s grows in importance, given that
several applied problems depend on two or more independent variables.

Partial Differential Equations can be classified by many properties, like, for in-
stance, linearity, order, homogeneity, locality, and, as elliptic, hyperbolic, or parabolic.
This work addresses properties for solutions of two particular classes of elliptic PDE’s.
The first is described by a quasilinear local operator; the second, described by an integro-
differential non-local operator.

In the first part of the dissertation, we investigate the behaviour at infinity for
solutions u on exterior domains R™\ K, where K C R" is any compact set, of an equation

associated to the quasilinear operator
div(|VulP2A(|Vu])Vu).

In some sense, this generalizes results from Gilbarg and Serrin [15]. We prove the existence
of the limit at infinity for such solutions in a non-homogeneous context, considering the

case p < n, where p € (1,400). Our main result is the following.

Theorem. Consider p < n and let u € CY(R"\ K) be a bounded weak solution of

—div(|Vul?A(|Vu)Vu) = f

in R*\ K. If
fe L (R\K), forsome r < nj/p
and
feLra(RN\K), forsome 0¢c(0,1)
with

: o =
Rgrfoo R ||f||LpTe(Rn\BR(0)) =0

then the limit | l|im u(x) exists.
T|—o0
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We follow some ideas from Gilbarg and Serrin [15] based on the Harnack inequality,
but to overcome the non-homogeneity of the PDE, we employ symmetrization results to
obtain a sufficient condition for the existence of the limit in terms of the integrability of
f at infinity. The main properties of our operator are described in Section 1.1.

In the second half of the last century, several works about quasilinear operators,
similar to the one we study here, have been made. We mention considerations on singular-
ities of solutions of second order PDE’s by Gilbarg and Serrin [15]. Singularity problems
and the behavior of solutions have also been studied by Serrin [30, 31] and Serrin and
Weinberger [33]. Some years later, research concerning the regularity of solutions have
been developed by Evans [12], Tolksdorf [38], and Lieberman [24].

More recently, Fraas and Pinchover [13] studied singularities of positive solutions
of p—Laplace type equations, improving results from Serrin [30] and proving a limit result
at infinity under suitable conditions. Moreover, Liouville type results and asymptotic
behaviour of solutions have been developed by Serrin [32] and Fraas and Pinchover [14].
On exterior domains, this has been addressed by Dancer, Daners, and Hauer [9] and
Bonorino, Silva, and Zingano [4].

On the comparison of solutions of PDE’s and their Schwarz symmetrizations, we
cite classical works from Talenti [36, 37|, which, among other outcomes, estimates the
spherically symmetric rearrangement of a solution to a PDE by an expression that involves
the solution itself. Moreover, results that are similar to Talenti’s have been made by
Trombetti and Vasquez [39] and Bonorino and Montenegro [3]. It is important to mention
that we use the result from Talenti mentioned above (see Section 1.2) in order to prove
the limit result.

In the second part of this work, we obtain a Comparison Principle for solutions
on exterior domains R™\ K, where K C R" is a compact set, of an equation involving the

general integro-differential operator
-2
Lute) = [ Koy futa) = uw)]" (ula) - u(w)) dady,
R’ﬂ

Properties of £, including the spaces of the definition to the function v and properties of
the kernel K(x,y) are discussed in Section 1.3. We restrict ourselves to the case sp > n.
The main difference from this operator to divergent form operators studied in Bonorino,
Silva, and Zingano [4] is its non-locality, which requires a different approach in important

aspects of the problem. Our main theorem is the following.

Theorem. Let K be a compact set of R™ and let u,v € C(R") NWP(R"\K) be bounded

weak solutions of Lw = 0 in R"\ K. Suppose, further, that sp >n. If v > u on K, then
v > uin R"\ K.

12



Integro-differential operators of this kind has been extensively studied by several
authors in recent years. Initially, the case p = 2 and K(z,y) = |z — y|™" 2%, that gives
the classical fractional Laplace equation, was studied. For example, we can mention
the description of the fractional Laplacian by an extension problem made by Caffarelli
and Silvestre [7], the study of solutions by Servadei and Valdinoci [34], and the work by
Silvestre [35], that treats the regularity of the associated obstacle problem. A friendly
intro to the fractional Sobolev spaces and to the fractional Laplacian is Nezza, Palatucci
and Valdinoci [26]. Finally, we also cite the book by Landkof [23] about potential theory
and kernels that are used in this class of operators.

Regarding p-fractional Laplacian operators, many investigations have been per-
formed in the last decade. In bounded domains, fractional supersolutions, the obsta-
cle problem, and the Perron method were studied by Kovenpéa, Kuusi, and Palatucci
[19, 20, 21], and Palatucci [27] made contribuitions to the Dirichlet problem and compari-
son results. For the evolution p-fractional Laplacian equation, fundamental solutions and
asymptotic behaviour were studied by Vasquez [40].

Regarding symmetrization applied to fractional equations, Park [28] proved a result
that states a fractional version of Pdélya-Szegd inequality, while Di Blasio and Volzone
[11] established, via symmetrization methods, comparison and regularity results for the
fractional Laplacian. Another example, for parabolic equations, is Vasquez and Volzone
[41], where the authors adress symmetrization for linear and non-linear equations of porous
medium type.

We organize the work in three chapters. In Chapter 1, the preliminary theory is
developed. We define the operators that are studied in the work, we recall some results
about these operators involving symmetrization and, finally, two crucial estimates are
proved.

Chapter 2 is devoted to exploring results involving the quasilinear operator. In
this chapter, we prove the main theorem involving the limit at infinity to solutions to this
problem. Moreover, we provide an example that indicates the optimality of our result
and present a few corollaries of our limit theorem.

In Chapter 3, we study the non-local problem. Initially, we obtain properties for
the Gagliardo seminorm to solutions to our problem. Using these properties, the main
comparison result is proved. In addition, we show a few consequences of this theorem,
including a non-homogeneous version of the Comparison Principle.

We emphasize that in addition to the author and advisor of this research, the
results of Chapters 2 and 3 were obtained in collaboration with Diego Marcon Farias and

Filipe Jung dos Santos.

13



Chapter 1

PRELIMINARIES

In this chapter, we present the preliminary theory that is necessary to a better un-
derstanding of the next chapters. We introduce, in Section 1.1, concepts about quasilinear
operators, especially the one considered in our result from Chapter 2. In Section 1.2, we
recall symmetrization techniques and results usefull to the next chapter. In Section 1.3,
we treat fractional Sobolev spaces and non-local operators. In the last section, we present

two important estimates for our purposes.

1.1 Quasilinear Operator

In this section, we recall properties and results about a quasilinear divergent
operator. Classical results about operators that are similar (mostly, more general) to the
one that we study here can be found in Ladyzhenskaya and Ural’tseva [22], Gilbarg and
Trudinger [16] and Pucci and Serrin [29)].

We consider, for p € (1,00), the operator in divergence form
—div(|VuP?A(|Vu|)Vu), (1.1)

defined in the weak sense for functions u € W'?(Q). Here, the function A is assumed to

satisfy
i. Ae C(]0,+00)) and A(0) > 0;
ii. ¢+ tP~1A(t) is strictly increasing for ¢ > 0;
iii. 6 <A < T, for positive constants 6, T
The conditions i., ii. and iii. to the function A are based on Serrin [32]. The
prototype case for the generalization in (1.1) is the p-Laplace equation —A,,, where A(t) =

1 so that
—div(|Vul[P~*Vu).

14



Remark 1.1. Note that, if we consider n(t) = #*~'A(t), by conditions i., ii. and iii.
above, we have that

St < p(t) < Tt

Considering now the inverse n~!, it follows that

(%) . <) < (%) o (1.2)

These inequalities are important for some estimates.

We recall that a function u € W,-"(€2) on some domain Q C R" is a weak solution

loc

of
—div(|VulP?A(|Vu|)Vu) = f in Q (1.3)
if u satisfies
/ |VulP?A(|Vu|)Vu - Vo dr = / fodx (1.4)
Q Q
for all ¢ € C5°(92).
In the proof of the limit result for this operator, we use a Harnack inequality, which
we present below, and symmetrization results that are presented in Section 1.2.

The following statement is derived from Theorem 3.14 of Maly and Ziemer [25]

and an earlier version is stated in [31, Theorem 5].

Theorem 1.2. Let u be a non-negative weak solution of (1.3) in an open ball Br. Assume
that p < n and that there exists 0 € (0,1) such that f € L#9(Bg). Then, for any
o€ (0,1),

supuﬁC(jiBriujLK(R)), (1.5)

Bor

where )

K(R) = (RO FIl, 2 )
and C' depends on n,p,o0,0,0,T.

(1.6)

The result above can be extended with no difficulty to arbitrary compact subsets.
We can extract the corollary below which gives the Harnack inequality for solutions on

exterior domains over the spheres Sg, for all R large, with C' independent of R.

Corollary 1.3. Let u be a non-negative weak solution of (1.3) on R™\By. Assume that
p < n and that there is some 0 € (0,1) such that f € Lv=o. Then, for all R sufficiently
large,

supuﬁC(infu+K(R)>, (1.7)
Sr Sr

where )

0 p—1
KB = (R 15525 oy )
and C' depends on n,p,0,6,T.

(1.8)

15



Proof. We can cover S with a quantity N of balls B; = Bp/s(x;) with centers z; lying
on Sg, with N not depending on R. Ordering these balls so that B; N B;y1 # &, we have

inf u < sup u. (1.9)
i Bit1

Now for each i, we apply Theorem 1.2 on the ball Bsg/4(z;) C R™\ By, with o = 2/3. We
obtain
supu < C (iBf u+ K(R)) (1.10)

B;
with

_1
p—1

K(R) — ((3R/4)6 ||fHLP729(B3R/4('Ti))>
<3

1 0 p—1
= (B9 ”f“m%e(Rn\Bm(o») ‘
Then combining inequalities (1.9) and (1.10) yields, for all 7,5 € {1,..., N},

supu < C(ig_f u+K(R)>

B;
after a proper redefinition of C' depending only on N. This leads to (1.7), as it is clear

we can choose K above as in (1.8), redefining C' if necessary. O

1.2 Symmetrization

In this section we recall important definitions and useful results about symmetriza-
tion. For an exhaustive treatment about this topics we refer to Hardy, Littlewood and
Pélya [17], Talenti [36], Alvino, Lions and Trombetti [2] and Brothers and Ziemer [5].

First, if € is an open bounded set in R™ and u : {2 — R is a measurable function,

the distribution function of u is given by
wu(t) = {x € Q: |u(z)| > t}|, fort>0.
The decreasing rearrangement of u, also called the generalized inverse of ., is defined by
u*(s) = sup{t > 0 : p,(t) > s}.

If OF is the open ball in R™, centered at 0, with the same measure as € and w, is the

measure of the unit ball in R"™, the function
uf(2) = u(wu|z|"), for x € QF

is the spherically symmetric decreasing rearrangement of u. It is also called the Schwarz
symmetrization of u. The next remark reviews important properties of rearrangements

and will be used through this work.

16



Remark 1.4. Let v, w be integrable functions in {2 and let g : R — R be a non-decreasing

non-negative function. Then

/Q g(Jv()]) dz = / " gt ()) ds = / 9(0Ha)) da.

Hence, if 1,(t) > py(t) for all ¢t > ¢; > 0, it follows that

[ svayar= [ asz [T sy as= [ i as

since v*(s) > w*(s) for s < p,(t1). Finally, the Pdlya-Szego principle, as you can see, for

instance, in Brothers and Ziemer [5], states that

/Q|Dv(x)|2 dx > /m |Dv(x)* dz, for v e HLQ).

This inequality also holds if we replace Q and QF by {t; < v < t5} and {t; < v* < 5},

respectively.

The next Theorem is one of several results that compare solutions of PDE’s in

general domains with their Schwarz symmetrizations, obtaining estimates that are similar

to Pélya-Szegd principle, for example. As references for works in this line of research, we

can cite Talenti [36], Trombetti and Vasquez [39], Kesavan [18], Bonorino and Montenegro

[3], and Talenti [37], from which we can enunciate, in our context

Theorem 1.5. Consider a solution u of (1.3) on a bounded domain ), where A satisfies

i — i1, and assume f € L'. Then, u*, the spherically symmetric rearrangement of u,

satisfies

1] —1+1/n —1+1/n
uf(z) < sup|ul —|—/ < T / f*(s ) — dr,
o0 wn|x|” nwn n W

where n(t) = tP~LA(t).
Proof. [37, Theorem 1].
From the Theorem above, we can derive the following statement.

Corollary 1.6. Under the same hypotheses from Theorem 1.5, u* satisfies

BRI =
supu? < sup |u| + ( 5>p_1 / " p_Z—l( fA(x) d:c) dp.
Qf o0 nwy 0 B,

Proof. Making the changes of variables
s=wpt", ds=nuw,t" dt

17
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in (1.11), it follows

3=

T

& rt (&) ot
uf(z) < sup|ul —|—/ n! (—/ f*(wnt”)t"_ldt> — dr.
w 0

—14+1 1
o0N nlx|™ Wn " nwy,

If we consider now the change of variables
r=w,p", dr =nw, p" ‘dp,

with
—1+1/n _ —141/n —n+1
r = Wy P )

it follows

M 1/n
f (Wn) -1 —n+1 P * ny gn—1
u*(z) < suplu| + n (e fr(wp t) 8" dt ) dp.
o0N |z| 0

Note that, from Remark 1.4, we get

p
flwo, t) " dt = i) de,
| o @
and so,
(%)1/” p7”+1
WH(z) < suplul + 0 o) de ) dp
Y ja n /B,

Using the lower estimate in (1.2), we get

(™

u%nmww+(1)*/ ”“(Bﬁ@“yam

o0 nWwn 0 x|

from which we obtain (1.12).

1.3 Fractional Sobolev Spaces and Non-local Opera-

tors

In this section we define the fractional Sobolev spaces and the non-local operators

that are important concepts for this work. For references about this topics, we can

cite Demengel, Demengel and Erné [10], Bucur and Valdinoci [6], Palatucci [27] and the

classical Nezza, Palatucci and Valdinoci [26].

Let Q C R™ be an open set. Define, for each s € (0,1) and p € (1, 00), the usual

fractional Sobolev space

wle) =) ¢ paq Q)} .

W*P(Q) = {w € LP(Q) ; s
lz—y

p

18



We emphasize that such space is an intermediate set between LP(Q) and W'?(Q), where

can be considered the norm

1
il = (I8 @) + [Wlyene) "

[wlwsr) = (/ |w|(;)__y|zﬁgs)|p da:dy) ’

Q Q

where the term

is called Gagliardo seminorm from w.

We can mention that such normed vector space is a Banach space, as you can see
in [10, Proposition 4.24].

Like the classical case, where s is an integer, every function in the Sobolev space
W#P(R™) can be approached by a sequence of infinitely differentiable functions. The next
result is stated in [1, Theorem 7.38].

Proposition 1.7. For every s € (0, 1), the space C§°(R™) of smooth functions with com-
pact support is dense in W*P(R").

Consider W3*(€) the closure of C3°(2) functions with the norm || - [[wsr(q). It
follows from Proposition 1.7 that Wi *(R") = W*P(R™). But in general, for Q C R", the
set C5°(Q2) is not dense in W*P(Q), that is, WP (Q) # WsP(Q).

Similarly to the usual Sobolev spaces, we have that the fractional space WP ()

is of local type, that is

Proposition 1.8. For every u € W*?(Q) and for every ¢ € C§°(R2), the product pu
belongs to W*P(2).

Proof. [10, Proposition 4.26]. O

Also, W (Q) is defined as the subspace of those u € L} () such that

u(@) — u(y)l” ’
[ulwer@) = (/ Wdl’dy < 00,
rr

[un

for every I' CC ().
The tail space, denoted by pr_l(R”), is defined as the space of the functions
u € LP7'(R") such that

loc

/ ()| P 2] P dz < oo,

R™\ B1(0)

19



We are interested in the general operator £ acting on functions u € W*?(Q) N L?~'(R")
described by

Lu(z) = /K(:c,y) ‘u(x) — u(y)‘p_2 (u(z) — u(y)) dedy, x €. (1.13)

The assumptions we require on the kernel K(z,y) are

L K(z,y) > 0
2. K(z,y) = K(y,2) (1.14)
3. < K(z,y) |z —y|"™ < A, for constants A > X > 0.

If we consider, in (1.13), the particular kernel K(z,y) = |z —y|~"*, we have, up to
a constant, the very studied p-fractional Laplace operator, denoted by (—A);. Moreover,
we can mention the very important case where p = 2, when the operator (—A)f, reduces
to the fractional Laplacian, which is denoted by (—A)®.

A typical property of these operators is the non-locality, in the sense that the value
Lu(z), in each point z € €2, does not depend only on the values of u in the neighborhood
of x, but the whole R™. In this sense, and due to the random nature of the process, it is
natural to express the Dirichlet condition in R™ \ €2 rather than 052.

We remind that the Laplacian operator, —A, is linear, as the fractional Laplacian
(—A)*. On the other hand, in the general case p # 2, operators p—Laplacian —A,,
p—fractional Laplacian (—A)s and £ are not linear. However, we highlight that £ is an

(p — 1)-homogeneous operator, that is, for every w and o > 0, we have £L(aw) = a?~ 1 Lw.
A function u € W*P(Q) N L~ (R™) is a weak (sub) supersolution to

Lu(z) =0, x€q, (1.15)

[ [ Kt @)~ ) (ula) - u(w) (¢l0)  ol0)) dady (<) =0,

Rn R7
for all test functions ¢ € C§°(Q) with ¢ > 0. Also, if v € W*P(Q) N LE7H(R™), we can
say that Lu < Lv in ) in the weak sense, if

//Kuwnmw—u@W*um»—wmﬂwm—wwnmw

R R"?

s//mewuww@w*wmww@ﬂﬂ@—wmmm%

RnR®

for all test functions ¢ € C5°(£2) with ¢ > 0.

20



By definition, u is a weak solution to (1.15) if it is both a sub and supersolution
to (1.15), in case that

//Kasym )= u(y) P (u(z) — u(y)) (p(x) — p(y)) dedy = 0, (1.16)

R R"

for all p € C§°(Q2). Moreover, a function u satisfies Lu(z) = f in  in the weak sense if

5 [ [ K o)~ ) (u(o) - u(0)) (p(2) = o(w) dndy = / fla (117)

R” Rn
holds for any ¢ € C§°(€2). Observe that in these definitions of weak solutions, we can
consider p € WP (Q) instead of ¢ € C§°(Q2), since we can use density arguments and that
W () = C52().

Finally, for K(z,y) = |x —y| " P we can prove the following result concerning the

S
P

invariance under rotations to the p-fractional Laplacian (—A)
Theorem 1.9. Consider u € W*P(Q) a weak solution of (=A)su = f in Q and any
rotation R € SO(n). Then, we have that @ := uo R is a weak solution of (—A)) 4 = f
in Q= RYQ), where f := foR.

In particular, if (—=A);u = 0 in R, then also (=A)7 @ = 0 in R”.
Proof. In fact, let ¢ € WSP(Q) a test function. Noticing that det(JR) =1, R™' € SO(n)

is also a rotation and so |[R7'z| = |z|, for all x € R", we have, by changing variables
w = Rz, dw = dx, z = Ry, dz = dy,

// |u(Rz) — u(Ry)["” (u(Rz) — u(Ry)) () — p(y))

o =y

dxdy

R R"

/ / [u(w) = u(@)["” (u(w) — u(2)) (p(Bw) —p(R7'2)

R lw R- 12|n+sp

[ [l vl () = u) (e 20) = R o,

— [ #a) et

where the last equality is valid since po R™1 € I/Vo1 P(Q) is a test function in Q. Changing
variables again in the last expression, making w = R~ 'z, dw = dx, we get

// lu(Rz) — u(Ry)["™* (u(Rx) — u(Ry)) (p(z) — ¢(y))

o =yl

dxdy

RrR"™

= [ #t#w) ptw) du

as we wanted. O
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1.4 Auxiliary Estimates

In this section, we obtain estimates that are usefull to the proof of the results in
Chapter 3. The first Lemma shows that we can control the Gagliardo seminorm from a

family of functions with interesting properties.

Lemma 1.10. Consider the open sets V. CC U CC Bg,(0) and, for every R > Ry > 1,
Y =g € CHR") such that

¢

Yv=0 'V
=1 in Br(0)\U
) = in R™\ Bag(0)

V| <m, in U\V, where m is a constant depending only on U and V

Then, if sp > n, the functions Vg satisfy
Sl]l%p[wR]Ws,p(Rn) < 00.
Proof. Notice we may write g = ' + ¥%, where 9!, ¥% € C'(R"),

W <1, suppyt € B, (0), |Vo!|<m;

2
[WE| <1, suppid C Bog(0), |Vii| < 7

It follows then by the triangle inequality for the seminorm that

[V lwsr@n) < [U lwor@n) + [VF lwer@n),

so, as we know [¢!]ysr < oo and does not depend on R, we need only to estimate
[4% Jwss. Observe that, although it is not really the case, each 1% is essentially obtained
by a change of scale in the function 7, namely, ¥%(z) = ¥{(%), and so, 3 (Rw) = 7 (w),

considering * = Rw. Therefore,

[ [ RO, _ [ [ R VR i,

|Il§' _ y|n+sp Rn+tsp |w _ Z|n+sp
R R™ R"R™
|91 (w) — Pi(2)[P
— n—sp
=R // |w—z|”+5p dxdy
R R®

S R(?_SP [szf]gvs,p(mn))

as we wanted. O
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In the next Lemma, we consider the function L : R — R given by L(z) = z|z[P72,
and we get some inequalities that will be helpfull to the proof of the Comparison Principle.

This result uses ideas from Damascelli [§].

Lemma 1.11. For p > 2, there is a positive constant c¢i, depending on p, such that, for
all s < t € R,
L(t) — L(s) > ¢ ([t| +]s))" 7 (t = s).

In particular, for all s < t € R,
L(t) — L(s) > ey [t —s|P72 (t — s), (1.18)

and for all s, t € R,
(L(t) = L(s))(t — s) > e |t — s|P. (1.19)

Proof. The proof comes by using that L'(t) = (p — 1) [¢|?? and writing
1
L(t) — L(s) = / L'(s+7(t—s))(t—s)dr
’ 1
—(p—1) (/ s 7(t = 5)[P2dr) (¢~ 5)
0

The remaining integral is estimated at [8, Lemma 2.1], for p > 2, as
1
/ s +7(t—8)|P72dr > c(|t| + |s])P 2,
0

for all s,t, by some positive constant ¢ depending on p. O
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Chapter 2

ASYMPTOTIC BEHAVIOUR

In this section, we obtain some limit results for the solutions in exterior domains to
the equation (1.3) in the case p < n. The proof follows ideas from Gilbarg and Serrin [15]
using the Harnack inequality, but in our case, they were combined with symmetrization
results, since our problem is non-homogeneous.

On the matter of the limit at infinity for solutions, there is no loss of generality in

assuming K = By. Our main theorem then reads as follows.

Theorem 2.1. Consider p < n and let u € C*(R™\ By) be a bounded weak solution of

—div(|Vul?A(|Vu|)Vu) = f

fe L' (R"\By), forsome r < n/p (2.1)

and
fe L1 (R\B,), forsome 6c(0,1) (2.2)

with

. 0 .
RETOO h Hf”LFG(R"\BRw)) =0 (2:3)

then the limit lim wu(x) ezists.
|z|—o0

Proof. Let u be a bounded weak solution of
—div(|VuP?A(|Vu|)Vu) = f

on R™\ By and set m = llm‘n infu. For a given € > 0 there is some Ry > 0 such that
T|—0o0

u(x) > m —e for all x such that |z| > Ry,

so that the function

v =u—m-+e¢
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is a positive solution on R™\Bg,. We pick up a sequence (x;) with |zx| — oo and
Ry < |zg| < |xg41] such that
u('rk) S m + e,

hence
v(zg) < 2e. (2.4)

Now let Ry, = |zx|, Sk, = 0Bg,(0). By applying Corollary 1.3 to v we get

sup v < C(infv—i—K(Rk))

SRy, SRy
for a positive constant C' independent of k, with

_1
—1

KR = ((R/O) 11 2y 50050,00))

By hypothesis (2.3), K(R) — 0 as R — oo, so that K(Ry) < ¢, for all k sufficiently large.
Hence, using (2.4), it follows

sup v < C'e, for all k sufficiently large,

SRy,

and, consequently,

supv < Ce, for all k sufficiently large. (2.5)
OA(Ry,Ri11)

In the sequence, we obtain a bound for v on the interior of the annuli A(Ry, Ry41).
For that we apply Corollary 1.6 to v on Q = A(Ry, Rg11), with

fe = f

A(Rg,Rrq1)

As [Q| = w, (R}, — RY) < wy R}, we obtain

1 p%l Ryyq i p%l
sup vf < supov  + ( ) / p =1 (/ fi(x) d:v) dp, (2.6)
A(RiRip1)t  OA(ReRiyr)  \PWn 0 0 B,

where A(Ry, R41)" is the ball centered at 0 with the same measure as A(Ry, Rj.1). Let

us split the integral above as

1

Ry n—1 f p—1
/ p ol ( fi(z) dﬂf) dp
0 Be 1 (2.7)

. /Olp—’rfii(/Bpf,&x)dx)’”Ldp +/1R'““p-?3(/3pf£<x>dx)”“dp.

By the Holder inequality we have, for any ¢ > 1,

[ fiyas < (/ p (fﬁ)‘%x)dx)l/q(wnm ,
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and using that

1/q
(/B (fﬁ)q(x)dx) <Nl A

we get
L a
fi@)de < i p7 | fll g, aReRes)- (2.8)

Using this with ¢ chosen as s = p%o > % we have for the first integral in (2.7)

1 n—1 p%l TNy 1 1
/ p‘P—l< f;f(fc)dx> dp < wy "V / p-
0 B, 0

_ aw slb—=1) )
= wn P sp— ||f| s A(Rk,Rkﬂ)

5, A leRkJrl)

For the second integral in (2.7), we use (2.8) with ¢ =7 < n/p to get

1

Tt _am g ”j oo [
[ rE ([ swa) e < W7 [ 1
1 B, 1
1 _ N N VS 1
< W7o (TP D) s
- D —"n

ooy rlp—1) )
n —

LIV

1

S U.)n HfHT' A Rk,Rk+l)

Putting these estimates together in (2.7), we obtain as a result from (2.6) that

#
st < swo + (7177 I A ) (29
A(Ry,Rp41)t 3A(Rk,Rk+1) Al Reta) ARk Ri) ( )

for some constant C' depending only on n,p,d, ', 7, s. Now by the hypotheses (2.1), (2.2),

we have

Hf| T A(Rk Rep) T Hf\ k A (ReoRis) < ¢, for all k sufficiently large.

Then using (2.5), (2.9) yields

sup v¥ < Ce, for all k sufficiently large,
A(Rg,Rp41)

with a constant C' depending only on n,p,d,',r, s. Now, since

supv = sup vt |
A(Rg,Riv+1)  A(Rp,Rpq1)f

it follows that
supv < Ce, forall k sufficiently large,
A(Ry,Rps1)
which amounts to say that

v(z) < Ce, for all |z| sufficiently large.
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Therefore, by definition of v, we have
u(z) —m < Ce, for all |z| sufficiently large,

and by arbitrariness of € follows

limsupu < m,
|x|—o00

proving that |1|irn u(z) = m. O
Tr|—0o0

If we consider, in particular, a pointwise limitation for the function f, we get the

next corollary.

Corollary 2.2. Consider p < n and let u € C'(R™\ By) be a bounded weak solution of
—div(|VuP?A(|Vu|)Vu) = f

in R"\ By. If f satisfies .

‘x|p+e’

|f(2)] <

fore >0 and x € R™\ By, then the limit lim wu(x) exists.

|z| =00

(2.10)

Proof. 1f f satisfies (2.10), then the conditions (2.1), (2.2), and (2.3) from Theorem 2.1

are valid, as long as we choose r > max {1, "TTE} for condition (2.1). O

Remark 2.3. This result is the best possible with respect to the conditions (2.1), (2.2),

and (2.3), in the sense that considering the counterexample given by the function
u(z) = cos (log log |z|), for |z| > 1,
clearly u does not attain a limit at infinity and satisfies
Apu(z) = f

with f such that
|f(x)] < C (log |2[)"* 2|7, for all |z| >2

for some positive constant C. In case 27 < n, f satisfies conditions (2.2) and (2.3),

fe L%(R”\BZ(O)) but fails to satisfy (2.1), for any r < n/p.

The next corollary is a consequence from Theorem 2.1 that states a kind of Maxi-

mum Principle to solutions of (1.3).

Corollary 2.4. Consider p < n and u € C*(R™\ By) a bounded weak solution of
—div(|VuP?A(|Vu|)Vu) = f
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in R"\ By. If f satisfies the assumptions (2.1), (2.2), and (2.3), then

_1
sup v < max{ sup u,m} + C(Hf’ r R"\BRk(O) + 171 :%_;,Rn\BRk(o))a

R™\Bg, (0) 0Bg,,(0)

and
inf > . nf : B ( : )
gl gy 2 ming il u,m) 7 Re\Ba ( a0

where m = lim wu(z) and C = C(n,p, 6,1, r,0). In particular, if inf u < m < sup u,
|z|—o0 0Bg, (0) dBp, (0)

we have

< C( . 7 an >
Rn(i%(};:éo) - a%ii(%) * 717 = \Br, 0) ¥ I B (0

Proof. Consedering the equation (2.9), using that v = u — m + ¢, and

supv = sup vt |
A(Rg,Rr11)  A(Rp,Rp41)t
we obtain
swu < swu +C (11 Ay + 1% amme ). (211)

A(Rg,Ri41) 8A(Rk7Rk+1)
Now, observe that

sup v = max{ sup u, sup u }.
OA(Rp,Ris1) 9Bp, (0) 0Bg,,(0)

Then, making Ry, — oo in (2.11), we have
sup v < max{ sup u,m +C< f = R + ||f )
R™\Bp, (0) {8BRk(0) ) 11 \BR (0) I H ,R"\Bp, (0)

The result for the infimun follows considering the solution —u.

If inf u <m < sup u, we obtain

0Br,,(0) OBg, (0)
max{ sup u,m} = sup v and min{ inf u,m} = inf u,
9Bk, (0) 8Bk, (0) 9BR, (0 ) OBR, (0)
and the result for the oscillation follows when we subtract the estimates. O

As an important application from Theorem 2.1, we can consider the case of the

mean curvature operator.

Corollary 2.5. Consider p =2, n >3, and u € C*(R™\ By) a bounded weak solution of

Vu
—div| ——= | = f(z
(\/1+\Vu\2> /(@)
in R™\ By. If Vu is uniformly limited in R™ \ By, and f satisfies conditions (2.1), (2.2),
(2.3), then the limit lim wu(x) exists.

|z]—o0
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Proof. Considering the limitation for Vu, we have that A, defined by

1
V1+t2

satisfies the condition iii., when restricted to [0,sup |Vu|]. In this case, since the pre-

Alt) =

scribed mean curvature equation can be written as —div(A(|Vu|)Vu) = f(z), all hy-

potheses that validate Theorem 2.1 can be verified. O

The next corollary is a generalization for Theorem 2.1:
Corollary 2.6. Consider p < n and u € C*(R™\ By) a bounded weak solution of
—div(|VulP?A(|Vu|)Vu) = g(z, u)

in R"\ By. If |g(x,t)] < hy(z)ho(t), where hy satisfies conditions (2.1), (2.2), (2.3), and
hy € L2 (R), then the limit lim w(z) ezists.

loc
|z|—o0

Proof. The result follows considering

f(x) = g(x,u),
and observing that f satisfies conditions (2.1), (2.2), and (2.3) from Theorem 2.1. O

As an application of Corollary 2.6, we can consider the next corollary, which shows

the limit result for an eigenvalue problem.

Corollary 2.7. Consider p < n and u € C*(R™\ By) a bounded weak solution of
—div(|Vu[P?A(|Vu|)Vu) = g(z, u)

in R™\ By, where

g(z,t) = Z Vi(z)t[t|P~2 + h(z).

If the functions h and V;, for each i =1,2,--- |k, satisfy the conditions (2.1), (2.2), and

(2.3), we have the existence of the limit ‘ llim u(z).
T|—00
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Chapter 3

COMPARISON PRINCIPLE

In this chapter, we obtain results concerning the operator (1.13) in exterior do-
mains. The main result, Theorem 3.3, is a Comparison Principle for the solutions of
(1.15) in exterior domains. The proof follows some steps made by Bonorino, Silva and
Zingano [4] for an operator similar to (1.1).

The first result is a limitation for a Gagliardo seminorn of u by the supremum of

u.

Theorem 3.1. Let K C R"™ be a compact set and u € W P(R™\K) N L>°(R™) be a weak

solution of Lu(x) = 0 in R"\K. Suppose that sp > n. Then, for any open set U C R"
such that K C U, it holds

(/ M dxdy) < C'sup |ul, (3.1)

R

Q=

R” Rn\U
with C depending on n,s,p, \, A, K and U.

Proof. In what follows, let us write simply B, for denoting the ball of radius » whenever it
is centered at the origin, making explicit the center point if necessary. We start assuming
with no loss of generality that U is bounded. In this case, there is some Ry > 0 such that
U C Bg, and we consider for every R > Ry functions ¢ = g € C*°(R") satisfying

p

=0 in V, where V' is an open set such that K c V cc U
2/) =1 n BR\U
=0 in R"\ By

V| < m, in U\V, where m is a constant depending only on U and V'
\ VY| <2/R, in Byp\Bg

Using ¢ = ¢pg := ¢Yhu € WP(R"\K) as test function in (1.16) and splitting the integral
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as the sum of the integrals over Byr X Byr and its complement on R™ x R™ we obtain

/ / K (2, y)|u(z) — uly)P2(u(@) — u(y))(o(2) — oly)) dedy +

ByrBar (3'2)
o / /K )[uz) — uly) P2 (u(z) — u(y))p(x) drdy = 0.

R"\BygrBar

Using that

we have
| [ K@l - ut)pwo) - )o@ - o) dady
~ [ [ K@o)lute) - uPoter dsdy +
+ / / K (2, y)|u(z) — uly)2(u(z) — uly)) (@) — $(y)?)uly) dedy.

Taking it to (3.2) and isolating the first integral above we get

| [ K@) - aty)pocoy dedy

- / / K (2, y)|u(z) — uly)P2(u(z) — u(y)) (@) — b(y))uly) dedy
9 / / K (2, y)|u(z) — uly)P2(u(x) — u(y))p(z) dady
R"\B4RB4R (33)
@) =)
<A / / D ot — v ) dady
julz) — uy) P
+ 2ARH\/B B/ o g lo(z)| dedy

c= (i) + (ii).

Estimate of (7).

Applying the mean value theorem to ¢ — t? we can estimate, for some 0 < 6 < 1,

(@) =) = plod@)+ 1= 0w [v(@) — vyl

(3.4)
< p2P ()P 0y ) [w(e) — (),
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where we also used that (a + b)P~t < 2771 (aP~1 4 b*~1), for a,b > 0. Then, we have

/ / o |x — |n+s|pp ()" —(y)] lu(y)| dzdy

BsrBsr

< p 27 supul / / [u(@) = W ot 1) () — ()] dady

|n+sp

BirBir

)Pt
= v sl [ [ WL PP () — 0(y)] dudy

ByrByr
B y)IP! 1 () =9 (y)]
= v sl [ [ e PR ey
BsrBsr
Ju(z) = u(y)]” B [ [ v '
< p2P Pdxd dxd
<y sup|u|<// =L sy dody e
BarBar BirBar
D |U p B
< p2P sup |ul y|"+5p ( ) dzdy (¢ lwermn).
ByrBar

From Lemma 1.10, the ¥ seminorm on the right stays bounded with respect to R, so it

follows the estimate

p—1

(i) < Csup\ur< [ <>pdmdy) B

ByrBar

for some positive constant C' depending on n, s, p, A, and U.
Estimate of (ii).

Observing that ¢ = P u and suppy C Byr we have

u(x )Pt
2 [ [ MO ol dey

R™\Bypr Bar

- / /W |n+st1¢(ﬂf)pIU(x)\dxdy

R™"\Byg B2r

dxdy
< (2 supfu])” / /|x y[rrer”

R™\Byr B2r

Switching the order of integration and making the change of variables y = x — 2z, with
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z € R™\ Byg(x), gives

dxdy B dy d
o=yl o=y ™

R"\B4RBQR Bar R"\B4R

o

Bor RM\Byg(z

Observe now that as © € Bag(0), then Byg(0) C Byg(x), so that R"\ Byg(x) C R™\ Bag(0).
Consequently,

dz dz
/ / |Z‘n+sp d$ S / / ‘Z‘nJrsp dl’

Bar R™"\Bygr(x) Bar RM\Bapr
o

— / / r17Pdr nw, dx

Bor 2R

_ / T o R)

sp

Bar
2 2
_ nw, QR < nw?
sp sp

(2Ry)" P,
and we have obtained the estimate
(i) < C(sup |ul)?,

for some positive constant C' depending on n, s, p and A.
Using the estimates for (i) and (éi) in (3.3) it follows that

o — gl
BsrBar

s%//memwmwwwmw

BirBar

(3.5)

p—1

Csuplul (/‘-Mﬂlﬂ@%mwmw)p+@wmw*,

IN

o — gl
BsrBar

with C' depending on n,p,s, A\, A and U.

Next we look the following cases:
1. If

p—1

(sup )~ (//W“ o <vw@>p,

ByrByr
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(3.5) gives

p—1
u(z) — u(y)|P u(x i
/ %ww drdy < 2C'sup |ul ( / / lur) — )l |n+sp ( )pda:dy> :
ByrBar B4rBar
which leads to
1
u(z) — u(y)|P !
( / %w(x)pdxdy> < 2C sup|ul.
ByrBar
2. If -
‘U p ’ p—1
|n+8p ( )P dxdy < (sup |u])""7,
B4rBar
then (3.5) readily gives
u(z) —u(y)?
[ [ ey dudy < 20 Guplaly,
ByrBar
It follows in both cases that
1
u(z) — u(y)|P !
(/ %w@)pdmdy> < C sup |ul,
ByrBar
for some new constant. Now considering ¢» = 1 in Bg\U we have
u P ulx P
/ ’ ’i;)_ ’ngrszi| pdl‘dy > / / ‘ ‘n+sp’ dl’dy
ByrBar Bsr BR\U
and then )
u(z) — u(y)|P g
(/ / wdxdy) < C sup |u]
Bsr BR\U
holds, for all R. Letting R — oo, this concludes the proof. O

A similar result to that of Theorem 3.1 can be stated for solutions of the non-
homogeneous equation as well. This result is goint to be usefull to prove the Comparison

Principle for the non-homogeneous case, applying some similar ideas as in [4].

Corollary 3.2. Let K C R™ be a compact set and u € WP(R"\K) N L>*(R™) a weak

loc

solution of
Lu(z) = f in R"\K,

where f € LY(R™\U), for any open set U D K. Suppose that sp > n. Then, for any open
set U C R™ such that K C U it holds

1
[u(z) — u(y)l” ’
R™ RP\U
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Proof. Following the steps in the proof of the previous theorem, instead of (3.5), we obtain

|z —y[rr
BirBar
< C sup [uf [(// fule) — )l |n+sp ( )pd$dy> + (sup [ul)" | +
BsrBar
n / F(@) 9 (@) u(w) da
Rn

IN

C sup |ul [(// lue) — uly)¥ |n+sp ( )pdwdy> p + (sup [u)’™" +

ByrByr

+ I fllor@mo) ]

It

p—1

I fll@mey < (/ MW@”JJ@) "y (sup |u|)P~!

o — gl
ByrBsr

for large R, then we fall back on estimate (3.5), from which the conclusion follows the
same way as before. Otherwise, we simply get

u(x) —u(y)|P
/ M@D(x)pd:rdy < Ol f ller@mw) sup lul < oo,

o — gl
ByrBsr

which also leads to the conclusion. O

The next theorem is the main result of this chapter and states a Comparison

Principle for solutions to the equation (1.15) in exterior domains.

Theorem 3.3. Let K be a compact set of R™ and let u,v € C(R") N W P(R"\K) be

bounded weak solutions of Lw = 0 in R\ K. Suppose, further, that sp > n. If v > u on
K, thenv > u in R"\ K.

Proof. Let € > 0. Since v > w in K, by continuity there exists a bounded open set U D K
such that v —u+€ > 01in U\K. Let Ry > 1 such that U C Bg, and consider for R > Ry
the 1 = 1Y i associated to U as described in the previous theorem. Using the definition of
¥ and the fact that u,v € W)P(R™\K), we have that

loc

v = (v—u+e Y’
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has a compact support in R"\ K and ¢ € W;*(R™\ K). Then using ¢ as test function for

the solutions u and v, and considering L(x) = x|z|P~2, we have

/ / K (2, y) L(v(z) — v(y)) (o(x) — ply)) dady = 0,

R7R"®

/ / K (2, y) L{u(x) — u(y)) (p(x) — o(y)) dedy = 0,

which subtracted result
[ [ K[t - o) - Liute) - uo)] (o) — o) dody =0. (36

Observing that
p(r) —oy) = [(v—ute) (2) = (v —u+e) (y)] ¢'(z) +
+ (v—ut+e) (y) (VP () —U"(y)),

it follows

- [ [ K@ [Le) - o) - L) - uw)]-

R R"™

v —ute)(z) = (v—u+e) (y)] VP (z) dxdy
- / / K (z,y) [L(o(z) - v(y)) — L(u(z) - u(y))]

R” R™

(3.7)

(v —ut ) (y) (V(x) — ¢P(y)) dudy.

We estimate each side of this equality separately.

Left-hand side estimate:

Let us denote G, := supp (v — u + €)~. The left-hand side then splits like

- / / K (z,y) [L(o(x) — v(y)) — Llu(z) - u(y))] -

N —ut ) (@) = (v —u+ ) (y)] ¢P(x) dady

- / / K (2, 4) [L(0(z) — () — Liu(z) — uy))] (0(z) — v(y) — u(z) + uly))¢? () dedy
Ge Ge

[ ] K (L) — o) - (o) = ulg)] (0~ u+ ) () w7(z) dady
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For the first integral above, observe that from (1.19) in Lemma 1.11, we have
[L(v(z) —v(y)) — Lu(z) — u(y))] (v(z) = v(y) — ulz) +u(y))
> crfo(x) —o(y) —u(z) +o(y)l,

with ¢; > 0. Then using A < K(z,y) |z — y|"™*" comes

y//K@wﬂﬂd@—W@D—waﬂ—MMH@@O—MM—U@%+MMMW@dwy

| > o //' y|n+sp 4P 0y dedy

- “l//lv_u+e|x_ Wout 9 O yo(a) dady.

y|n+sp

Let us look now for the last integral

- /L/K@WHMM@—WWD—LWMﬁ—MwHw—U+@T@¢W®¢My

RM\Ge Ge

= [ Ko [Lule) = ) = L)~ )] (0 = ut ) ()07 ) dady.
R™\G, G-

Noticing that z € G, and y € R"\G,, we have v(z) —u(z) + € < 0, v(y) — u(y) + € > 0,
and so u(z) — u(y) > v(z) — v(y). Then using (1.18) we get

Lu(a) ~ u(y) ~ L(u(x) — o(»))

> a1 fu(e) —uly) = (@) +oy)|" (ulx) — uly) = o) +v(y)

y) = o) +o()|"
= | = (o) —u(@) + ) +o(y) —uly) +|”

u(
= ¢ |u(z) — u(
> |0 —ut (@),

the last inequality being valid since v(y) — u(y) + € > 0. Therefore

/L/mewuwm—uw»—me»—wmﬂ@—u+awwwwm¢My

R™\G. G

(v —u+e€)
> o) / m—mww U#(x) dady
R™\G. G-
B (v—u+e) (z) —(v—u+e) (y)] »
= 1\ / / |x mppTE P (x) dzdy.
R™\G. Ge

A similar argument holds for the integral in the middle and yields

|| K@) [L0@) - o) - Liute) = u@)] (0 = u-+ ) () 67(a) dody

Ge R"\G.

>01/(/|“—“+€ SICRUE R )]

— sl

Ge RM\G.
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By adding these inequalities we obtain the following estimate for the right-hand
side
- [ [ K L@ - o) - L) - uw)]-
R R™

v —ut 6)_(35) (v —u+e€)~(y)] ¢'(z) dady
> ¢ //|v—u+e | —(v—u+e€)"” (y”p@/)p(x)dxdy.

T — |n+sp

Still, noting that ¢» = 1 in Bg\U, then

[ [ ) [B0te) o) - L) ~ )]

R R?

. [(v—u%—e)*(aﬂ) —(v—u+e) (y } YP(z) dedy
> ¢ // (v —u+e€)” :1:) (U_u—i_e)_(y)‘pda:dy.

y|n+sp

R” Bp\U

Right-hand side estimate:
For the right-hand side of (3.7) observe that

!//KWWHMN@—U@D—MM@—U@M'

(W) —uly) + 07 (¢ (@) = ¥"(y)) dedy
//ny — o) ~ L(u(@) — u(w))]

- (v(y) —uly) +€)” (VP (x) — ¢ (y)) dady.

Let us write

(-) =K(@y)[Lv(@) —v(y) — Llul@) — u(y))] (v(y) —uy) + )~ (U () — ¢ (y))

for an easier and shorter notation. Then, we split the integral as

/ / ) dxdy = / / ) dxdy + / / ) ddy

G.R" Gc\Bp R? G.NBg R"
/ / ) dxdy + / / ) dxdy + / / (...)dzdy.
Ge \BR R7 G.NBr Br Ge ﬂBRRn\BR
(3.8)
Claim 1.
/(...)dxdy <0. (3.9)
G.NBp Bg
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To prove it we write
/ / ) dxdy = / / ) dxdy + / / (...)dzdy.
G.NBg Bg GNBr U GeNBRr Bp\U
In the first integral on the right, since U C R"\G, then x € U and y € G, imply that
v(x) = v(y) = u(x) — u(y), and so
L(v(z) = v(y)) — L(u(z) —u(y)) = 0.
On the other hand, ¥?(z) —P(y) < 0, since » < 1 and ¢ =1 in Bg\U D G.N Bg. This

gives

/ / K(z,)[L(v(x) — v(y)) — Llu(z) — u(y))] -

GeNBr U

- (v(y) —uly) +€)~ (VP(x) — ¥ (y))dzdy < 0.
In the last integral we note that z € Bg\U and y € G N By gives YP(z) = YP(y) = 1, so
that

/ / K(z,y) [L(v(:r;) —v(y)) — L(u(z) — u(ym )

GeNBr BR\U
- (v(y) —uly) +€)~ (VP () — ¢P(y))dwdy = 0,
proving (3.9).

Now back to estimate ( (3.9) then gives

// Ddxdy < / / D dxdy + / / (...)dzdy.

G.R» G:\Bg R" G.NBrR™"\Bg
Claim 2.

/ / ) dxdy — 0, / / (...)dzdy -0 as R — oc. (3.10)
Ge\Bg R® GeNBr R™\Bpg

To prove the first limit we denote M := sup(v —u+ €)™, use inequality (3.4), and
that K(z,y) |x — y|*™P < A to estimate

/ / K (z,)[L(v(x) — v(y)) - Llu(z) - u(y))] -

GA\Bg Rn
- (v(y) —uly) +€)~ (VP () — P (y)) dedy
< wapn [ [P Z WO ) ) ey

o=yl
Ge\BR R
[v(2) = v@)P" + |u(z) —u@)P~" [(z) = ¢(y)l
< MQppA / / (ntsp) (p—1) nitsp dxdy
GE\BRRW’ ‘x_y‘ P ’x_ ’ P



Distributing the product and applying Holder’s inequality, we get

G \Bp R" A e
1
' ( / |¢|§:)_;|fg£ . dfﬁdy) g
G\Br R™
We have l
( / / Wy(ggx)_;fﬁgz'p dwdy) " < [,

G\Bg R?
and, by Lemma 1.10, this seminorm is bounded with R. Since G. C R™\U, the previous
theorem ensures the integrals on the brackets go to zero as R — o0, then it follows the
first limit in (3.10). By an analogous argument we can also prove the second one and
conclude the claim.

Putting together the estimates so obtained for the members in (3.7) it follows that

[ [ lemura@-tour g,

v gl

the expression

R™ Bp\U
is bounded from above by a quantity that goes to zero as R — 0o. As Br\U — R"\U

with R — oo we obtain

[ [ ot wry,,
‘ |

T — y‘n+sp
Rn R7\U
Hence (v — u + €)™ is constant in R™ and, as (v —u +¢€)~ = 0 in K, we then have
(v—u+¢€)” =0in R", concluding the result. O

The Comparison Principle yields some consequences. The first, Corollary 3.4, is a

uniqueness result that follows immediately from the Comparison Principle.

Corollary 3.4. Let K be a compact set of R™ and let u,v € C(R™) N W P(R"\K) be

loc

bounded solutions of (1.15) in R"\K. In case sp > n, if v =u on K, then v = u in R™.

The next result is a consequence of Theorem 3.3 that compares a solution u of

(1.15) to a continuous function in K.

Corollary 3.5. Let K be a compact set of R™ and f be a continuous function in K.
Suppose that sp > n and v € C(R™) N W P(R"\K) is a bounded solution of (1.15) in
RN\K. Ifu= f on K, then

min f < w <maxf in R"\K.
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Proof. Observe that v = max f is a solution of (1.15) and satisfies v > w in K. Then,

from Theorem 3.3, we get © < max f. By a similar argument, min f < w. O

Considering new assumptions, we are able to prove a new version of the Comparison

Principle.

Theorem 3.6. Let K be a compact set of R™ and let u,v € C(R™) N W P(R"\K) be

loc

bounded functions such that Lu < Lo in R"\K in the weak sense. Suppose that sp > n,

|u(z) —uly)[” ’
(1) setam) <

R" Rn\U

[ [ ey, .
R ’

R” Rn \U

and

for any open set U with K C U, as in (3.1). If v > w in K, then v > u in R"\ K.

Proof. Since u and v satisfies Lu < Lv in R™\ K in the weak sense, we have, instead of
(3.6) in Theorem 3.3,

[ [ KL - o) - L) - u)] (o) - o) dedy = 0,

Rn R™
for any non-negative test function ¢ € Wi?(R™\ K). Hence, if we assume the hypotheses
on v and v and use them to prove the convergences in (3.10), we can follow the same

steps as Theorem 3.3 and obtain the result. O

The next Corollary is a non-homogeneous version of the Comparison Principle that

we get from the previous Theorem.

Corollary 3.7. Let K be a compact set of R™ and let u,v € C(R™) N W P(R"\K) be

loc

bounded functions such that
Lu = f1 S f2 =Lv in Rn\K

in the weak sense, where f, fo € LY(R™\U), for any open set U with K C U. Suppose
that sp > n. If v > w in K, then v > u in R"\ K.

Proof. Since f; and f5 satisfy the hypotheses of Corollary 3.2, we have that u and v
suit the conditions for the Gagliardo seminorm on Theorem 3.6, for any open set U with
K C U. Therefore, from Theorem 3.6, we get the result. O

In particular, for the classical kernel K(z,y) = |z—y| ™" *P, the operator is invariant

under rotations by Theorem 1.9 and so, we have
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Corollary 3.8. Let Ry > 0 and u € C(R") N W P(R™\ Bg,(0)) be a bounded solution of

loc
(=A);u=0 in R"\Bg,(0).
In case sp > n, if u is radially symmetric on Bg,(0), then u is radially symmetric in R™.

Proof. Considering any rotation 7' € SO(n), we have that 4 := u o T is also a bounded
solution in R™\Bg,(0). Since u is radially symmetric in Bg,(0), @ = w in Bg,(0), then

the previous corollary gives @ = v in R™. O]
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