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ABSTRACT

The dynamics of three interacting waves fulfilling the frequency and wavenumber matching conditions can be dramatically modified if a
charged particle beam is added to the system. Energy is exchanged not only among the waves but also between the particles of the beam and
the waves. In the present work, a model that includes these interactions is revisited, allowing a more realistic case where the beam has an
initial velocity distribution. This study aims to present the role of this thermal effect over the system at the beginning of the dynamics and
after the breakdown of the laminar regime of the particle beam.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5125272

I. INTRODUCTION

The study of a conservative system formed by three waves inter-
acting with themselves was the subject of many works.1–12 The interac-
tion takes place, according to the wave triplet concept, when resonant
conditions are met: there must be frequency and wavelength matching
conditions (the sum or difference of the frequency/wavelength of two
waves is equal to the frequency/wavelength of the third wave).

A lot of interesting results come from this theoretical proposal.
For example, if the interaction parameter (which depends on the
plasma frequency) is small enough, the frequency of the envelope of
each wave is slower than the slowest frequency of the carriers. In this
case, the dynamics of the envelope of each wave is well described by a
periodic and regular function and a modulational approximation may
be applied to describe the evolution of the system. Moreover, due to
frequency and wavenumber matching conditions and due to energy
conservation, constants of motion are found.2,12–14

However, waves can also interact with charged particles,
exchanging energy, in a plasma, for example. The interaction between
a nonrelativistic charged particle beam and both electrostatic and elec-
tromagnetic waves in a plasma was studied in many works. In the pre-
sent work, we are particularly interested in Refs. 15 and 16. In Ref. 15,
the particles of the beam were able to interact with the waves, but, as
no frequency and wavenumber matching conditions were allowed, the
interaction between the waves was neglected. In that work, the authors
showed that in a system composed of transversal and longitudinal

modes, the amplitudes of the longitudinal modes can grow exponen-
tially. The exponential growth of a mode and the way the phase-space
evolves along the time have, indeed, similarities with one-dimensional
free-electron lasers (FELs).17–21 Some of those similarities were
explored in Ref. 16.

The interaction between the triplet and the particle beam, even
for very small values of the frequency of plasma, was shown to change
dramatically the dynamics of the waves, and for this reason, it must be
taken into account in order to obtain more realistic results. As seen in
Ref. 16, the regular dynamics of the envelopes is completely destroyed
by the interaction: the longitudinal mode is excited, growing exponen-
tially. After saturation, the amplitude of the longitudinal mode begins
to oscillate around a mean value with two characteristic frequencies:
the highest one is related to the frequency of the plasma, while the
lowest one is related to the frequency of the triplet (in the case of no
particles). The amplification of the electrostatic mode may have appli-
cations in accelerator devices.22–24 For example, the acceleration can
be obtained for a second beam (the density of this beam must be
much smaller than the first beam in order to promote nothing more
than a perturbation on the original system). Under proper conditions
(where the proper conditions include the initial velocity of the par-
ticles, phase velocity of the electrostatic field, and amplitude and length
modulation of the field), a particle of the second beam reaches the
phase velocity associated with the electrostatic field. As seen in Ref. 22,
at this moment, the particle is accelerated by the field.
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Thermal effects due to the initial energy distribution of the
particles of the beam are not avoidable and must be considered as well.
The presence of an initial velocity distribution introduces a new com-
ponent in the system dynamics that can impose obstacles to the appli-
cations and devices coming from the theory. The understanding of the
effect of the initial velocity distribution in this theoretical model is the
target of the present work.

In this paper, we present the physical model in Sec. II, through a
nonrelativistic dimensionless Lagrangian. In Sec. III, we describe how
simulations were performed and we show the main results of this
research, while in Sec. IV, we drawn our conclusions.

II. PHYSICAL MODEL

The physical model of this work is exactly the same as Ref. 16
and based on Ref. 15. Here, a nonrelativistic beam propagating along
the x-direction interacts with longitudinal, copropagating, and coun-
terpropagating transversal waves. The interaction among the particles
of the beam as well as the triplet interaction between the waves is
considered. Moreover, the particles of the beam are allowed to have an
initial velocity distribution (and the role of the initial distribution is
the focus of the present study).

Longitudinal, copropagating, and counterpropagating transversal
waves interact, in a cold plasma, with a nonrelativistic particle beam
with an initial velocity distribution.

The full Lagrangian that describes the model is expressed as

L ¼
ð
d3x

1
2
mnj~vj2 þ 1

2
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e
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where n is the particle density of the background plasma (which we
consider as a constant), qð~r ; tÞ is the local fluctuation of charge density
of the background plasma,~vð~r ; tÞ is the Eulerian velocity, Uð~r ; tÞ is
the scalar potential, ~Að~r ; tÞ is the total vector potential,~jð~r ; tÞ is the
current, m is the mass of the electron,~r iðtÞ and _~r iðtÞ are the position
and the velocity of the i-particle of the beam, and e is the charge of the
electron.

The fields of the longitudinal (U) and the transversal (~A1 is a
copropagating and ~A2 is a counterpropagating) waves are described
by the following potentials, respectively,

U ¼ /ðtÞ cos kLx � xLt � bðtÞ½ �;
~A1 ¼ a1ðtÞ cos �k1x þ x1t � h1ðtÞ½ �ê;
~A2 ¼ a2ðtÞ cos �k2x � x2t � h2ðtÞ½ �ê

(2)

with the fields written in terms of the product of slowly varying ampli-
tudes [/ðtÞ; a1ðtÞ and a2ðtÞ] and the cosine of the fast phases. Inside
of the cosines, there are slow quantities [bðtÞ; h1ðtÞ and h2ðtÞ] related
to the evolution of the envelope of the waves. We assumed the field
with respect to Whitham’s envelope approximation. We identify the
longitudinal wave to be a plasma wave, wherexL ¼ xp, while the total
vector potential is ~A ¼ ~A1 þ~A2 and the polarization versor is given
by ê. The fixed sinelike shape of the potentials imposes that the density

of charge in the system must be limited. Otherwise, the selfconsistent
fields produced by the charged particles could modify this shape.

The matching condition of the frequency is x1 ¼ x2 þ xp, with
x2

p ¼ 4pne2=m being the plasma frequency. Moreover, using that for
a cold plasma, the dispersion relation for the electromagnetic waves is
described by x2

i ¼ x2
p þ k2i c

2; we find that the wavelength relation
between the waves is written as kL ¼ k1 þ k2.

Considering x1 ¼ axp, where a > 1; x2 ¼ ða� 1Þxp; k1 ¼ xpffiffiffiffiffiffiffiffiffiffiffiffiffi
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As can be seen, if we increase a, vr becomes smaller.
The linear relations for the background plasma are maintained

the same as Refs. 15 and 16,
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where~vk and~v? are the longitudinal and transverse velocities.
Assuming periodic boundary conditions, Eqs. (2) and (3) are

substituted into Eq. (1). Then, averaging in space the Lagrangian
(using a box of size l), we obtain
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Equation (4) is rewritten in terms of dimensionless variables,
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where
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(6)

N is the number of particles. The brackets indicate a mean value over
the particle beam distribution, i.e., hxi ¼

PN
i¼1 xi=N .

Equations of the evolution of the system are obtained from the
Lagrangian written in Eq. (5). This Lagrangian is identical to the
dimensionless Lagrangian of Ref. 16. In the present work, we allow the
particle beam to have an initial velocity distribution (initial conditions
of the particles).

III. THERMAL EFFECTS

An initial velocity distribution affects the dynamics of systems
where charged beams interact with electromagnetic fields. This is the
case, for example, for free electron lasers and beam transport.19,21,25–27

In FELs, the growth rate of the laser is reduced as the initial velocity
spread increases. Moreover, the particles of the beam can be exactly
represented by adiabatic fluid equations, while the dynamics of the
particles is laminar in the phase-space velocity� position. If the veloc-
ity difference between the beam and the phase velocity of the pondero-
motive wave is larger than the velocity spread, then the regime is
called hydrodynamic and the initial velocity spread acts like a pressure
term over the particles.28 However, as the velocity spread becomes
larger than the difference between the beam and the phase velocity of
the ponderomotive wave, the efficiency (gain) of the system decreases
significantly.19–21,29,30

In the case of Ref. 16, in the absence of the triplet interaction, the
growth rate of the longitudinal mode should be reduced as the initial
velocity spread increases, as well as the amplitude of the longitudinal
mode at the moment of the breakdown of the laminar regime (in the
phase-space). This result is expected according to Refs. 19 and 21.

In this work, simulations are run to evaluate the role of the initial
velocity distribution over the present given model. For this,
Euler–Lagrange equations from the Lagrangian of Eq. (5) are numeri-
cally solved, considering a water-bag distribution for the initial velocity
distribution of the particles of the beam (where vn;0 is the center and
Dvn;0 is the half width of the distribution; thus, the initial velocity
distribution is homogeneously distributed between vn;0 � Dvn;0 and
vn;0 þ Dvn;0).

If the initial distribution is not perfectly homogeneous in space
and in velocity, the dynamics of the system is changed and the time
scales are affected. Even for a random initial distribution, the finite

number of particles generates local fluctuations of charge, for example.
To circumvent this problem, the initial distribution is divided into
layers. The total velocity width of the initial distribution is split equi-
distantly, where each layer has a single value of velocity and a homoge-
neous spatial distribution. This kind of strategy is commonly entitled
as quite start, and it is a technique used to reduce noise without
increasing the number N of particles.31,32 For this work, N¼ 10 000
particles were taken in order to perform the simulations (100 velocity
layers with 100 particles each).

The analysis of the role of the initial velocity distribution is made
in two different situations. First, in Sec. IIIA, the focus is on the begin-
ning of the dynamics: the system is studied until the breakdown of the
laminar regime (which will be defined later); and then, in Sec. III B,
the focus is on the dynamics after the breakdown of the laminar
regime.

A. Breakdown of the laminar regime

If the triplet interaction is turned off, as one of the cases studied
in Ref. 16, the growth rate (that is exponential) of the longitudinal
mode is a function of the initial velocity of the beam. This result is sim-
ilar to the result obtained from the one-dimensional high gain FEL
theory.18 Introducing an initial velocity distribution to the beam, it is
seen in Ref. 19 that the growth rate is a function of the center and, of
course, of the width of the distribution.

In the hydrodynamical regime, the time until the breakdown of
the laminar regime (the regime is considered laminar as long as each
layer persists a single value function in the phase-space vn � n; for this
reason, the phase-space is explored despite the Lagrangian formula-
tion) does not depend strongly on the initial distribution width.
However, as the width of the initial distribution increases, the growth
rate decreases.

Moreover, in the case where the triplet interaction is turned off,
the amplitude of J at the moment of the breakdown of the laminar
regime (Jb) decreases as the initial distribution width increases. On the
other hand, the value of the center of the initial distribution to
maximize the value of Jb for a fixed distribution width increases as the
distribution width increases. Additionally, when the velocities of the
particles are away from resonance, there is no breakdown of the lami-
nar regime (and consequently no growth of J).

When the triplet interaction is taken into account, the growth
rate is not linear (where linear means the amplitude grows exponen-
tially with time) anymore, and despite the action of the triplet interac-
tion, in the beginning of the dynamics of the system, the particles of
the nonrelativistic charged beam evolve like in a laminar regime.

At the moment of the breakdown of the laminar regime, the
amplitude of J is evaluated and the result is given in Fig. 1. The figures
of this paper were built using the following set of parameters: x1

¼ 20; xp ¼ 1 (a ¼ 20) and the following initial conditions: _nðt ¼ 0Þ
¼ 0; I1ðt ¼ 0Þ ¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ
¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0, unless otherwise stated. The colored
solid lines are plotted for different values of Dvn;0 [in panel (a),
nb=n ¼ 0:05, while in panel (b), nb=n ¼ 0:20]. As can be seen, the
amplitude decreases as the center of the distribution decreases. There
is an important point, located at vn;0 � �0:1 in panel (a) and vn;0

� �0:30 in panel (b) in which Jb seems to be independent of the dis-
tribution width.
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The increase in Jb, while vn;0 is increased, may appear quite sur-
prising. But Fig. 1 cannot be analyzed alone. In Fig. 2 is shown the
time until the breakdown of the laminar regime as a function of the
center of the distribution for nb=n ¼ 0:05 in panel (a) and nb=n
¼ 0:20 in panel (b). The time until the breakdown seems to be inde-
pendent of the value of the initial spread for vn;0 � �0:10 in panel (a)
and vn;0 � �0:30 in panel (b). We call these points vn;in. Near vn;in, tb
is weakly dependent on the center of the distribution and on the distri-
bution width. As much as vn;0 becomes different from vn;in, tb
increases. When Figs. 1 and 2 are compared, it is clear that despite the
increase in tb as vn;0 decreases, the growth rate of J becomes smaller in
a way that Jb decreases as vn;0 decreases. The opposite occurs for
vn;0 > vn;in: as vn;0 increases, tb also increases. In this case, tb increases
more than the decrease in the mean value of the growth rate of J. It
explains why Jb increases for vn;0 > vn;in.

Detailed maps showing Jb as a function of vn;0 and Dvn;0 are
shown in Fig. 3 for nb=n ¼ 0:05 in panel (a) and nb=n ¼ 0:20 in
panel (b). The colors represent the value of Jb, from light green
Jb � 0:01 to dark red Jb � 0:07 in panel (a) and from light green
Jb � 0:0001 to dark red Jb � 0:20 in panel (b). From the maps, it is
found that Jb increases as Dvn;0 goes to zero for a fixed vn;0 and
increases as vn;0 increases for a fixed Dvn;0. The initial distribution acts

like a pressure term, reducing the growth rate of J. Moreover, as nb=n
increases, Jb also increases. This last result is expected, once as we
increase nb=n, we are putting more particles in the system, which
implies that more energies are to be transferred to J.

Maps were also obtained for tb. The results are shown in Fig. 4.
For panel (a), nb=n ¼ 0:05, while for panel (b), nb=n ¼ 0:20. The col-
ors vary from light green tb ¼ 6:6 to dark red tb ¼ 7:8 in panel (a)
and from light green tb ¼ 6:4 to dark red tb ¼ 7:4 in panel (b). As can
be seen, tb is less dependent of nb=n in relation to Jb for the parameters
used in this work. Furthermore, as seen in Fig. 2, tb is almost uniform
in the vicinity of vn;in. The white solid line represents the value of vn;0

to minimize tb for a fixed Dvn;0 value. As the initial distribution width
increases, vn;0 to minimize tb increases.

The way the breakdown of the laminar regime takes place in the
phase space vn � n depends on the distribution center and on the dis-
tribution width. In Fig. 5 is shown the phase-space at the moment of
the breakdown (and just after) for different values of Dvn;0 and for
vn;0 ¼ �0:1. In panel (a) (Dvn;0 ¼ 0.2), the initial distribution width is
narrow. In this case, all the particles are exchanging energy with the
triplet and the configuration of the phase-space at the moment of the
breakdown of the laminar regime is quite similar to what happens for

FIG. 2. Time until the breakdown of the laminar regime tb as a function of the center
of the distribution for different initial distribution widths, using the following parame-
ters: x1 ¼ 20; x1 ¼ 20; xp ¼ 1 (a ¼ 20) and the following initial conditions
_nðt ¼ 0Þ ¼ 0; I1ðt ¼ 0Þ ¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ
¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0. In panel (a), nb=n ¼ 0:05, while in panel (b),
nb=n ¼ 0:20.

FIG. 3. Map of Jb as a function of Dvn;0 in the vertical axis and vn;0 in the horizon-
tal axis, using the following parameters: x1 ¼ 20; xp ¼ 1 (a ¼ 20) and the
following initial conditions _nðt ¼ 0Þ ¼ 0; I1ðt ¼ 0Þ ¼ 2; I2ðt ¼ 0Þ ¼ 2 and
Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0. In panel (a),
nb=n ¼ 0:05, while in panel (b), nb=n ¼ 0:20.

FIG. 4. Map of tb as a function of Dvn;0 in the vertical axis and vn;0 in the horizontal
axis, using the following parameters: x1 ¼ 20; xp ¼ 1 (a ¼ 20) and the following
initial conditions: _nðt ¼ 0Þ ¼ 0; I1ðt ¼ 0Þ ¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ
¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0. In panel (a), nb=n ¼ 0:05,
while in panel (b), nb=n ¼ 0:20.

FIG. 1. Amplitude J evaluated at the moment of the breakdown of the laminar
regime as a function of the center of the distribution for different initial distribution
widths, using the following parameters: x1 ¼ 20; xp ¼ 1 (a ¼ 20) and the follow-
ing initial conditions _nðt ¼ 0Þ ¼ 0; I1ðt ¼ 0Þ ¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ
¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0. In panel (a), nb=n ¼ 0:05,
while in panel (b), nb=n ¼ 0:20.
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a monoenergetic beam. Additionally, all the layers become a multi val-
ued function in a small interval of time, as plotted in panel (d) for
t¼ 10.00.

In panel (b) of Fig. 5, the width of the distribution was
increased. As can be seen, the first layer to become a multivalued
function in the phase-space (represented by the red solid line) is
not the bottom nor the upper layers. Besides it, the shapes of the
bottom and the upper layers are clearly affected by the dynamics of
the system, and eventually, they become multivalued functions as
well, as shown in panel (e).

We built panel (c) increasing even more the width of the distribu-
tion. In this panel, the red solid line, which is the first layer to become
a multivalued function, is internal to the distribution. Moreover, the
upper and the bottom layers seem to be symmetrical in relation to the
center of the initial distribution. This indicates that these layers are far
from resonance and the particles in this region do not effectively
exchange energy with the triplet. This result is represented in panel (f)
for t¼ 10.

An interesting result comes from varying the center of the initial
distribution for the same value of the distribution width and analyzing
the phase-space at tb. Depending on the signal of the difference
between the velocity of the center of the initial distribution and the

resonant velocity, the way the breakdown of the laminar regime takes
place is mirrored in relation to the resonant velocity.

Another way to understand the role of the initial distribution in
the breakdown of the laminar regime is to evaluate the particle density
of the beam along �p < n < p. In Fig. 6(a), comparison is made
through three panels for different values of Dvn;0 (the same parameters
used in Fig. 5). As the distribution width increases, the gap between
the most and the fewest populated regions (in terms of n) decreases.
This gap can be thought as an indirect measure of the fraction of the
particles in resonance with the system. The referred result agrees with
warm-beam FEL models in the literature19–21 and is somehow con-
nected to the concept of bunch factor, applied in FELs. This suggests
that the thermal effects act like a pressure over the particles.

Different from FELs, the bunching factor is a smooth function of
the distribution width and of the beam density, while evaluated at the
breakdown of the laminar regime (keeping fixed the center of velocity).
In the FEL case, however, the laser grows due to the interaction among
the particles and between the wave (laser) and the particles. Thus, there
are cases in the FEL scenario where the laser does not grow, and for
this reason, the bunching factor function does not vary smoothly as a
function of density and distribution width. There is indeed a critical
value of the distribution width beyond which there is no further break-
down of the laminar regime. On the contrary, in the present model,
the interaction between the particles (triplet interaction) guarantees
that the electrostatic field will grow and, consequently, will lead to the
breakdown of the laminar regime. Moreover, in this case, the shape
of the waves is kept sinusoidal: it does not allow huge gradients of
particle’s density.

B. Role of the initial distribution in the evolution of J

In Sec. IIIA, the role of the initial velocity distribution until the
breakdown of the laminar regime was on focus (tb, Jb, and the way the

FIG. 5. Phase-space vn � n for vn;0 ¼ �0:1; nb=n ¼ 0:05; x1 ¼ 20; xp ¼ 1
(a ¼ 20), and _nðt ¼ 0Þ ¼ 0 and the following initial conditions: I1ðt ¼ 0Þ ¼ 2;
I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0.
In panels (a) and (d) Dvn;0 ¼ 0:2, panels (b) and (e) Dvn;0 ¼ 0:5 and panels (c)
and (f) Dvn;0 ¼ 1:0.

FIG. 6. Histogram of the spatial distribution of the particles at the moment of the
breakdown of the laminar regime for vn;0 ¼ �0:1; nb=n ¼ 0:05; x1 ¼ 20; xp
¼ 1 (a ¼ 20), _nðt ¼ 0Þ ¼ 0 and the following initial conditions: I1ðt ¼ 0Þ
¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ
¼ 0. In panel (a) Dvn;0 ¼ 0:2, panel (b) Dvn;0 ¼ 0:5, and panel (c) Dvn;0 ¼ 1:0.
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breakdown of the laminar regime takes place are functions of the ini-
tial distribution width and the center of the distribution). In Sec. III B,
we discuss how the distribution affects the overall system evolution
after the breakdown of the laminar regime.

For this, we plot in Fig. 7 the time evolution of J in panel (a), I1 in
panel (b), and I2 in panel (c), for nb=n ¼ 0:05; vn;0 ¼ �0:1, and dif-
ferent values of Dvn;0. The value of the first peak of the fields has a
strong dependence on the initial distribution width [different from Jb,
as seen in Fig. 1(a), built using the same parameters]. We must point
out that the low frequencies associated with the evolution of the fields
are changed due to the distribution width as well. Moreover, as
Dvn;0 !1, the evolution of the fields tends to be the case without the
particle beam (red solid line).

Figure 8 was made increasing nb=n to nb=n ¼ 0:20. In this case,
the figure was built for vn;0 ¼ �0:30 and for different values of Dvn;0.
As in Fig. 7, the peaks of the fields depend on the distribution width,
different from Jb in Fig. 1(b). The time interval was kept the same. As
can be seen, the low frequencies depend on the initial distribution
width and they were significantly increased in comparison to Fig. 7.
This result was expected, once the increase in nb=n also increases the
interaction term between the waves and consequently diminishes the
period of oscillation of the triplet.

A way to estimate the frequency of the oscillations of the fields as
a function of the initial distribution width is to plot a map with the
time evolution of J (through colors) against Dvn;0. It is exactly what
was done in Fig. 9. Both in panel (a), made for nb=n ¼ 0:05 and
vn;0 ¼ 0, and in panel (b), made for nb=n ¼ 0:20 and vn;0 ¼ 0, as the
distribution width increases, the frequency of the oscillations of J
decreases. As seen in Figs. 7 and 8, if we increase the relation nb=n, the
frequency also increases.

IV. CONCLUSIONS

In a previous work,16 it was shown that when an initially cold
beam, even for a very small charge, is allowed to interact with a triplet,
the dynamics of the system is completely changed. Besides the triplet
interaction, the particles interact with the waves and with themselves.
This kind of system emulates a more realistic model for a triplet com-
posed of a plasma wave, where the particle beam can be thought as the
free particles of the plasma.

However, free particles have different initial velocities. Thus, the
inclusion of thermal effects (i.e., an initial velocity distribution) is
needed. In the present work, a water-bag distribution for the initial
velocities of the particles was used.

The dynamics of the particles in the phase-space (velocity against
the position) is initially laminar. However, as the system evolves, some

FIG. 7. Time evolution of the fields for vn;0 ¼ �0:1; nb=n ¼ 0:05; x1 ¼ 20;
xp ¼ 1 (a ¼ 20), _nðt ¼ 0Þ ¼ 0 and the following initial conditions: I1ðt ¼ 0Þ
¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ
¼ 0. J is plotted in panel (a), I1 in panel (b), and I2 in panel (c).

FIG. 8. Time evolution of the fields for vn;0 ¼ �0:30; nb=n ¼ 0:20; x1 ¼ 20;
xp ¼ 1 (a ¼ 20), _nðt ¼ 0Þ ¼ 0 and the following initial conditions: I1ðt ¼ 0Þ
¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ ¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ
¼ 0. J is plotted in panel (a), I1 in panel (b), and I2 in panel (c).

FIG. 9. Map of J for x1 ¼ 20; xp ¼ 1 (a ¼ 20), _nðt ¼ 0Þ ¼ 0 and the following
initial conditions: I1ðt ¼ 0Þ ¼ 2; I2ðt ¼ 0Þ ¼ 2 and Jðt ¼ 0Þ ¼ 10�4; bðt ¼ 0Þ
¼ h1ðt ¼ 0Þ ¼ h2ðt ¼ 0Þ ¼ 0. In panel (a), vn;0 ¼ 0; nb=n ¼ 0:05, while in
panel (b), vn;0 ¼ 0; nb=n ¼ 0:20.
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(or all) of the layers of the distribution become a multi valued function
in the phase-space. We call the moment where the first layer becomes
a multi valued function tb or the time of the breakdown of the laminar
regime. The amplitude evaluated at this moment is called Jb. Both the
center of the distribution and the distributions width affect tb and Jb.
In general, if the distribution width increases, Jb decreases (for a fixed
vn;0) and if vn;0 increases, Jb increases as well (for a fixed Dvn;0). The
density of the particle beam also changes Jb and tb since more particles
can exchange energy with the waves.

When one looks at the phase space of the particles at tb or just
after tb, it is possible to understand some results. There are cases where
all the layers of the distribution become a multi valued function in
phase space and some of the layers become a multi valued function in
phase space. Only particles near the resonant velocity will exchange,
effectively, energy with the waves. In this sense, particles far from reso-
nance act like a pressure over the others (reducing the growth rate of
Jb and increasing tb). The initial distribution affects, also, the character-
istic frequencies of the fields for t � tb. As Dvn;0 increases, the fre-
quency of the fields J, I1, and I2 also increases. Moreover, when
Dvn;0 !1, the evolution of the fields becomes the same as the case
of no particle beam in the system.

The present model is restricted to nonrelativistic velocities for the
particles of the beam. Thus, a relativistic model should be developed.
This will be the target of an upcoming paper based on Ref. 33.
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