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We investigatethe algebraicstructureof the supersymmetrict—J model in one dimension.
We prove that the Betheansatzstatesare highest-weightvectorsof an spl(2,1)superalgebra.By
actingwith shift operatorswe constructa completeset of statesfor this model. In addition we
analysethe multiplet Structure of the anti-ferromagneticground state and some low-lying
excitations.It turnsout that the groundstateis a memberof a quartet.

1. Introduction

Since the pioneeringwork of Bethe [1] and a subsequentwork of Faddeevand
Takhtajan[2] on the isotropicHeisenbergmodel, it is known that the Betheansatz
alone does not provide a completeset of states instead it only determinesthe
highest-weightvectors of multiplets of the underlying SU(2) symmetry group.
Recently,Essleret al. [3] provedthat for the one-dimensionalHubbardmodel the
Betheansatzstatesare lowest-weightvectorswith respectto the SO(4)symmetry.
In this paperwe show that this feature,which is essentialto constructa complete

set of states,also appearsin the context of a supersymmetricintegrablemodel.
However, the algebraicstructureis morecomplicatedandexhibitsnew interesting
properties,e.g. the anti-ferromagneticground stateis not a singletbut a member

of a highermultiplet.
We investigatea model of classicalstatistical physics in two dimensions, an

spl(2,1)-supersymmetric15-vertexmodel, which is a generalizationof the 6-vertex
model. Each link in the lattice can assumeone of three stateswhere two are
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bosonic andoneis fermionic. The resultsfor the spl(2,1)-supersymmetric15-vertex
model areeasilytranslatedto the one-dimensionalt—J model (for specialvaluesof
the couplings t and J). Recently this model has attractedmuch interest in
connectionwith high-J~superconductivity. It describes a quantum system of
electronson a one-dimensionalchain, where at a lattice point theremay be an
electronwith spin up or spin down or a hole.The hamiltonianfor a lattice of L
sitesis given by [4]

(11)

where the projector P = flfi ~(1— n
21 n1 ~) restricts the Hilbert space by the

constraintof no double occupancyat onelattice point.
We presentan explicit constructionof the eigenvaluesandeigenvectorsof the

transfermatrix of the spl(2,1)-supersymmetric15-vertexmodel usingthe algebraic
nestedBethe ansatzmethod [5,6]. By this procedurethe problem of finding the
spectrumis reducedto the problemof solving a systemof coupledtranscendental
equations,the Bethe ansatzequations(BAE). We find threedifferent kinds of
BAE, which correspondto threedifferent possiblechoicesof pseudovacua.Two of
theseformsof BAE werealreadyobtainedby Lai [7], Schlottmann[81,Sutherland
[9] and Sarkar [10] using similar methods.Moreover, we analysein detail the
algebraicstructureof the eigenvectorsobtainedby this nestedconstruction.From
the invarianceof the transfermatrix (and consequentlyof the one-dimensionalt—J
hamiltonian)with respectto the spl(2,1) superalgebrait follows that the eigen-
states are classified in terms of supermultipletscorrespondingto irreducible
representationsof this superalgebra.We analysethe structureof theserepresenta-
tions.In addition,weprovethat the Bethe ansatzstatesarehighest-weightvectors

of the spl(2,l) superalgebra,which was investigatedby Scheunertet al. [11].
Therefore,by actingwith the spl(2,l) lowering operatorson the Bethestateswe
obtain additional eigenvectors.Finally, the total numberof orthogonaleigenvec-
tors generatedby this procedureleadsto a completeset of states.This result has
beenalreadyannouncedin ref. [12].

The paperis organizedasfollows. In sect.2 the spl(2,1)vertexmodel,as well as
its transfer matrix, is defined on a two-dimensional lattice. We also give the
relationbetweenthe transfermatrix andthe one-dimensionalsupersymmetrict—J
model. In sect. 3 we diagonalizethe transfermatrix using the quantum inverse-
scatteringmethod. In sect. 4 the algebraicstructure of the Bethe vectors is
investigated.Our results for lattices with small and large numberof sites are
illustrated in sect. 5, where the structureof the ground state is also discussed.In
sect.6 wegive detailsof the proofof the completenessproblemof theBethestates
of this model and sect.7 containsa summaryof the main results.
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2. The spl(2,1) vertex model and Yang—Baxter algebra

The graded15-vertexmodel is a lattice model of classicalstatisticalphysics in
two dimensions. Its partition function on a L X L’ (L columns and L’ rows)

periodicsquarelattice is givenas

~ fl S(x), (2.1)

conf. xELXL’where the sum extendsover all allowed “bond configurations”. Eachbond can
acceptoneof threestatescharacterisedby a = 1, 2, 3, which canbe bosonic(B) or
fermionic (F). In what follows we will adoptthe convention 1 = B, 2 = B, 3 = F.
We follow the generalstrategyof the algebraicBethe ansatzof Faddeevet al. [5].
The vertexweights S(x) are determinedby 15 bond configurationsat the lattice
sitex, andtakethe following values:

2

S(v)~=Y—~—a~ (2.2)

f3

The parametrizationin terms of the spectralparameter“v” hasbeenintroduced
for laterconvenience(see eq.(2.11)). The sign factor if takescareof the statistics,

if y=~=3 (fermionic) (2.3)

1, otherwise.

S can be consideredas a matrix acting in the tensorproductof two three-dimen-
sional auxiliaryspacesC3 x C~andcanbe arrangedas a 9 x 9 matrix,

aOO 000 000
ObO c 00 000
OOb 000 cO 0

OcO bOO 000
S~(v) 0 0 0 0 a 0 0 0 0 , (2.4)

000 OOb Oc 0

OOc 000 bOO
000 OOc Ob 0
000 000 00w

where

2 2 2
a=1——, b=1, c=——, w=—1——. (2.5)

V V V
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We define the monodromymatrix as the matrix product over the S’s in the
following way:

~

~i ~2

y~T~a= ... —ba, (2.6)

(J3} 131132 13L

This monodromymatrix acts in the tensorproduct of an auxiliary spaceand a
“quantum space” C3 X C3L and can be regardedas a 3 x 3 matrix of matrices
acting in the “quantum space”,

A B
2 B3

T~?’(V)= C2 D1 D2 . (2.7)
C3 D3 D4

The transfer matrix is defined as a trace of the monodromymatrix in the
auxiliary space,

T~~(V)= ETa{~3}~(V)= E0~aa{a}T?(V), (2.8)

where

°~ata ll~~a• (2.9)

Herethe if-factors takeinto accountthe fact that we aredealingwith bosonsand
fermions.

The thermodynamicpropertiesof the vertexmodel can be obtainedfrom the
solutionsof the eigenvalueproblemof the transfermatrix,

r~I’=AW. (2.10)

This eigenvalueproblem will be solved in sect. 3 by meansof the nestedBethe
ansatz.

It caneasilybeshownthat thematrix Sgivenby eq.(2.2) fulfills theYang—Baxter
equation

— V’)s~:’(L’)s~’~’(V’)= s~:’’(V’)S~”~’(V)S(V — L”). (2.11)
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By means of iterations we can also prove the Yang—Baxter relation for the
monodromymatrix T,

— V’)T:~}( V)T~~2~}~(V’)= 7’~2~~(~‘‘)T:’~~( L’)S~’~’(~’— V’). (2.12)

In additionconservationof fermionsimply the following propertyof the T-matrix:

ifap~~ifa{y’~
1Tif~(V) = aapu~ty1~”~’~(V), (2.13)

for all a = 1, 2 or 3.
The Yang—Baxter equation for the monodromymatrix (2.12) together with

property(2.13) imply the commutativityof thetransfermatrix for different spectral
parameters,

[T(L), T(V’)] =0. (2.14)

This reflectsthe integrabilityof the model. In fact, the eigenvalueproblem(2.10)
canbe solvedexactlyby the Bethe ansatzmethod.

At the endof this sectionwe will show that the abovedefinedtransfermatrix is
related to the one-dimensionalsupersymmetrict—J model, such that if we solve
the eigenvalueproblem of the transfermatrix r we will automaticallydiagonalize
the hamiltonianof the one-dimensionalsupersymmetrict—J model.

The hamiltonian of the t—J model for a one-dimensionallattice of L sites is
given as [4]

+ c5+1~c~~)}P+JE(s1 . s1±1— ~+i), (2.15)

wherethe c~t~are spin up or down annihilation (creation)operators,the S1 spin
matricesandthe n1 occupationnumbersof electronsat lattice site j. The projector

P = Uji. ~(1— n3 n1 ~) restricts the Hilbert spaceby the constraint of no double
occupancyat one lattice point. Therefore, at each lattice site we have three
possibilities (1, 2, 3) (1, J,, 0), i.e. an electron with spin up or down or no
electron(hole). This hamiltoniancan be rewritten in terms of Hubbard’s projec-

tion operators[13],

X~’
3= Ia

3) K/31I (a, p = 1,2,3), (2.16)

where 1~(2~))denotesan electronwith spin up (down) and 3~)a hole at site j.
Using(2.16), up to a chemicalpotential the hamiltonianreads

z= —t ~ E(x~
3x~

1+x1x1
3a)+~JL( ~Xr4Xf~i_X~33X

13~i).
a=l 1=1 j=1 a,/3=1

(2.17)
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For conveniencewe will considerthe hole operatorsas fermions and the spin
operatorsas bosons.In fact, this choice is possiblesince in one-dimensionthere
existsa transformationexchangingbosonsandfermions. Therefore,the spectrum
of the t—J modelwith two fermionsandonebosonis equivalentto the spectrumof
the t—J modelwith two bosonsandonefermion (for evenL) [10].

For J = 2t the t—J model is “supersymmetric”andconnectedto the previously
definedvertexmodel throughthe relation

3
Z= —2——-ln(V’~r(V)) . (2.18)

3v

The proof of this identity is analogousto the one for the isotropic Heisenberg
model [14].

3. Construction of Betheelgenvectors

The main subjectof this sectionwill be solving the eigenvalueproblem of the

transfermatrix

ThI’~_AW (3.1)

through an algebraicconstruction[5] basedon the Yang—Baxteralgebraof the
monodromymatrices

S~’’(~’— V’)T:~~~(V)Ti~
1(V’) = T4~” ;;}(V’)T~”;}(V)S~’~’(V — v’). (3.2)

The monodromymatrix T canbewritten as a 3 x 3 matrix,

A B
2 B3

C2 D1 D2 . (3.3)
C3 D3 D4

This suggestssolving the problemby meansof the nestedBethe ansatzwith two
levels [6]. The transfermatrix is given by a trace of the monodromymatrix T (see
eq.(2.8)).For the first-level Betheansatzthe operatorsBa (Ca) (a = 2, 3) play the
role of creation (annihilation) operators of “pseudoparticles”.The first-level
“pseudovacuum”CJ is definedby the equation

C~1j{$’) = 0,

~ 132 1~L

~ —~—1~=O for y=
2, 3. (3.4)
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Sinceat a vertexa generalized“ice rule” holds(seeeq. (2.2)) the solution of this

equationis

L 131132
I I ... . (3.5)

i~=t 1 1 1
This pseudovacuumis an eigenstateof A,

A~~
1(V)~‘}=aL(t)I~1~,

~ 132 PL 1 1 1

1~ ±... ±1 = 1~ ±... ~1, (3.6)

andalso of D1 and D4,

Dl(4)~~}(V) ~p{I

3’} = b’-( V)~t131

(3.7)

(a= 2 and3, respectively).Becauseof the specialform of the matrix S of eq.(2.2)
thesummationsover the internallines in eqs.(3.6) and(3.7) are trivial. In eq.(3.6)
theycan assumeonly the value 1, and in eq.(3.7) only the fixed value a = 2 or 3,
respectively.The action of Ba (a = 2 or 3) on the “pseudovacuum”yields new
states.So, the(Ba) canbe consideredas “creationoperators”andthe eigenvector
of the transfer matrix can be obtained by successiveapplication of the B’s
accordingto the first-level Betheansatz

= B~,
1~}1(V1) Ba2~’~(t’2) ... Ba N~~1}(VN)Ii{~1N)~I1~f~}, (3.8)

where the summationsover the a, (i = 1,...,N) are restrictedto a1 = 2, 3. The
coefficients are to be to be determinedby the second-levelBetheansatz.This
meansthe eigenvalueproblem of the transfer matrix (3.1) will be solved in a
recurrent way (nestedBethe ansatzmethod). The requirement that ~I’ is an
eigenvectorof T leads to anothereigenvalueproblem for a new transfermatrix

as will be shownlater. Now we start to solve eq. (3.1). Following the general
strategyof thealgebraicBetheansatz[5] we apply the transfermatrix T(V) (2.8) to
the state~I’ given by eq.(3.8),

Tt~~})(v)~I’~’~= (A~~}(L’) + TD~}~(V) )1.I1{13’), (3.9)
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where

= a2 = ~ (3.10)

In order to commuteA(c), D1(V) andD4(v) throughall B(c1) towards‘1. andthen
apply (3.6) and (3.7) we use the property (2.13) and the following commutation
rules,derivedfrom the Yang—Baxterrelation(3.2):

a(V’—V) c(V’—v)
A(V)Ba(V’) = b(V’ — V) Ba(V’)A(V) — b(V’ — V) Ba(V)A(V’), (3.11)

and

T~(V)Ba(V’) = V’) (B~,(V~)Ty~,(V)SY:’~’(V-

— V’)B~(V)T,~’(V’)) (3.12)

Ba(V) B4(v’) = a(V — V’) B~(V’) Ba’(V)S~’~’(V— V’). (3.13)

All indicesof the auxiliary spacein eqs. (3.11), (3.12) and (3.13) assumeonly the
values2 and 3. Using eq. (3.11) two types of terms arise when A is commuted
throughBa. In the first type A and Ba preservetheir argumentsandin the second
type their argumentsare exchanged.The first kind of terms are called “wanted
terms”, sincetheywill give avectorproportionalto ~Pandthe secondtype are the
“unwantedterms(u.t.)”. Then, usingeqs.(3.9), (3.8),(2.13), (3.11) and(3.6), we get

A~%~(V) ~ = AA(V)~[1~°”) + u.t.(A), (3.14)

where thecoefficient AA is given by

N a(v—c)
AA(V)=a(V)11 ‘ . (3.15)

j==1 b(V, — V)

Correspondinglywe obtain from eq.(3.12) the wantedand unwantedterms in the
form

N 1
= b’~(V)‘~b

1 — \ Ba4~’;}(Vi)Ba1~’~(V2)
,=~ ~V L,j

XBa;,,~~’1(VN)~ ~}T(l)~a}}(V, { L~})1I~(~{1~~}+ u.t.( D), (3.16)
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where we haveintroduceda new (the second-level)transfermatrix

3

T(l)~)}(V, {V
1}) = E ~ (V~}) (3.17)

/3=2

as a trace(over only 13 = 2 and3) of the second-levelmonodromymatrix. This is
given by J~~)= S(V — VN). .. S(c — V1) in analogy to eq. (2.6). Now, however, all
indices(the externalandthe internalones)assumeonly the values2 and3, as in
the internalblock of the matrix T denotedin eq. (3.3). In order to obtain in eq.
(3.16) a “wanted term” proportional to II’, the vector has to fulfill the
eigenvalueequation

T(l)~}

t(V, (V~})~1’((~}=A(

1)(V, (V~})~t’~’}, (3.18)

which is solved by the second-levelBethe ansatz. The monodromymatrix
belongsto an SL(1,1)6-vertexmodel slightly modified comparedto the SU(2) one
due to the presenceof fermions. If we identify I~1)~~A(1), I~1)3 B(1), T(1)~ C~1~
and ~ D~again B(1) (C(1)) can be interpreted as a creation (annihilation)
operatorwith respectto the “pseudovacuum”~(l)’ which is now of the form

N aN a2 a~
— I I I (~19

(1) 11 a ,2 — I I .

2 2 2

It is an eigenstateof A(1) and D(1), satisfying

A(l)~}(V, {V~})~= fla(L’ -c~)~,

2H-...H_-~--2=2H---~--...+2, (3.20)

D(l)~))(V, (V~})~} = ~b( -

(3.21)

The summationsover the internal lines in eqs. (3.20) and(3.21) are only over the
values2 and3, respectively.The eigenvector1I~(1)of T(l) is givenby thesecond-level
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Bethe ansatz

1I~’~=B(~)~}(y
1,{V~})B(1)~ (y2, {VI})...B(l)~~’~(yM,(V~})tI~)M}. (3.22)

Following a strategyanalogousto the oneabove,we apply T(j) to the state111(1) and
commute A(1)(V, {V1}) and D(1)(V, {V1}) throughthe B(l)(Ya, {V~})towards and

then useeqs.(3.20) and(3.21).Sincethe Yang—Baxteralgebrafor the monodromy
matrices(3.2) is also valid in the inhomogeneouscaseswhen T(V) is replacedby
T(V, {V~))[15], we derive the following commutationrelations:

a(V’ —

A(I)(V, {cJ)B(l)(V’, {VJ) = b(L’ — V) B(1)(V’, ( V/} )A(l)(V, {v~})

c(V’ — V)

— b(V~_V)~1~~ {VJ)A(])(V’, (V~}), (3.23)

w(V — L’’)
D(l)(V, { V~})B(1)(V’,(V1}) = b(V — c’) B(I)(V’, {V~})D(1)(V,{V1})

c(V — V’)

— b(t’ — V’) B(1)(V, ( V~flD(1)(LJ’,{L’~)). (3.24)

w(V —V’)
B(1)(V, {V})B(U( V’, {v}) = a(V—V’) B(l)(V’, {V})B~)(V, {V}). (3.25)

Using eqs.(3.17), (3.22), (2.13), (3.23), (3.24), (3.20)and (3.21)as abovewe obtain
againwantedandunwantedterms,

r(I)~}}(V, { })~~1= (AA(V, { vJ) + AD1(V, {V1} ))~~‘}+ u.t.(A(1)) + u.t.(D(l)),

(3.26)

where

N M a(y —V)
AA= fla(V — V1) fl ~ , (3.27)

i=1 /3=1 b(y~—V)

AD = — ( — 1)Mflb(V — V1) ~ w(V — (3.28)
i=1 /3~.~3b(L’—y~)

Substitutingtheseequationsin (3.16) and taking(3.8) into accountwe get, in case

the unwantedterms u.t.(A(1))andu.t.(D(l)) cancel,

= (AD,(V) +AD(L’))W~~”+ u.t.(D), (3.29)
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where AD and AD,
1 aregivenby

= b’-( V) fl a( V — V,) a(y13 — V) , (3.30)
j=1 b(L—V1) 13=1 b(y13—V)

= —(— 1)MbL(L) ~ w(i’ — (3.31)
/3=1 b(V Y13)

Finally, combiningeqs. (3.14) and (3.29) we have,again if the unwantedterms
u.t.(A) andu.t.(D) cancel,

T~}~(V)~I1{~’~= A( L’)~I’1~”~, (3.32)

where

A(V) =AA(L’) -l-AD(V) +AD(L’). (3.33)

The cancellationof all unwantedtermsensurethat V’, as given by eq. (3.8), is an
eigenstateof the transfermatrix r (2.8) with eigenvalueA(L) of eq.(3.33).

In appendixA we show that the unwantedterms indeedvanish if the Bethe
ansatzequationshold,

a(v1) LN a(~’1—V1)b(L1—L’1) b(y4—L’1) = —1, j=1,...,N, (3.34)

b(V1) ~ b(~— ~) a(~1— V1) /31 a(y13 — v1)

N I —V~ M I — ~ b
1 —( flMf

1 a~ya if a~y13 YaJ C/a ~‘~‘ = 1, a = 1,..., M, (3.35)
~ b(y,, — V,) /3=1 b(y13 — Ya) W(Ya — Y13)

where N is the numberof holesplus down spins and M is the numberof holes.
Anotherway to obtain theseequationsis to requirethat the eigenvalueA(L’) (3.33)
hasno polesat V = V1 and V = y13. Using (2.5) andmaking the changeof variables

V—*iV+ 1, y—~iy+2weobtain

VJ+1 L ~ VI~Vk+

2t ~ ~ j=1,...,N, (3.36)

k=1 Vj~Vk~21 /3=1 V
1—y13+1

N y —V.+i
a =1, a=1,...,M. (3.37)

j1 YaVj~

This form of the Bethe ansatzequations(BAE) waspreviouslyderivedby Suther-
land [9] and later by Sarkar using a generalizedpermutationoperator[10]. We
stress that this procedurecould be repeatedwith two other choices of the



622 A. Foerster,M. Karowski / AlgebraicpropertiesofBetheansatz

pseudovacuumleadingto two other forms of the BAE. The pseudovacuaof both
levels of the Bethe ansatzP and ~(1) (see eqs. (3.5) and(3.19)), which we used
above,consistof statesof kind 1 = B and 2 = B, respectively.Basically,the change
of pseudovacuumis determinedby altering the initial convention (1 = B, 2 = B,
3 = F). Using(1 = F, 2 = B, 3 = B) we get

V.+i L M Vy
13+i= J] ., j=1,...,N, (3.38)V3—I 13=1 V1—y13—l

N —V— M — —2
Ya i = ~—jYa Y13 •, a1,...,M, (3.39)

j=1 YaVJ+1 /31 YaY/3+
21

where N is the total numberof spins and M is the numberof spinsdown. These
equationswere alreadyobtainedby Lai [7] andSchlottmann[8] usingthe coordi-
nateBetheansatzmethod.

Finally, the choice(1 = B, 2 = F, 3 = B) leadsto a new form of the BAE ~,

L
V—I M

= fl ., j=1,...,N, (3.40)
V

1+I f3...~ V3 y13 +1

N ~
a . = 1, a = 1,. ..,M, (3.41)

j1 YaVj~

where N is the numberof holesplus spin downs and M is the numberof spins

down. In the following we will work with the BAE’s (3.36) and(3.37),sincethis is
the mostconvenientform for the presentinvestigation.

We havereducedthe eigenvalueproblemof thetransfermatrix (3.1) to a system
of coupled algebraic equations for the parameters{VJ} (j = 1 N) and

(‘Ia) (a = 1,. . ., M). The basicprocedureto solve eqs. (3.36) and(3.37) is to adopt
the string-conjecture,which meansthat the V’s appearas stringsandall roots y’s
are real,

V~1= V + i(n + 1 — 2j), j = 1,.. .,n, a = 1,..., N~, n = 1, 2

y13=real, p=1,...,M, (3.42)

where V is the positionof the centerof the string on the realV-axis. The number
of n-strings N~satisfy the relation

N= ~ (3.43)
n

* Whenthis paperwas in preparationthe authorswere informed abouta preprint of Essler,Korcpin

andSchoutenswhere this new form of theBAE alsowasobtained.
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This hypothesisfor the v’s can be easily understoodby heuristic arguments,
analogously to the isotropic Heisenberg model [2,16]. To understand absence of
complex roots for the y’s we apply the following argument, which is similar to that
one developed by Takahashi for the one-dimensional electron gas with a repulsive
delta function [17]. If all v, are real or appear as complex conjugate pairs,
Im ‘Ia > 0 implies that the absolute value of theleft-handside of eq.(3.37)is larger
thanunity. Therefore,Im y~,> 0 is not possible.In the samewaywe canprove that
Im ‘Ia <0 is not possible.We can seehere the greatadvantageof usingthis form
of BAE. In the other two forms not only the parametersv but also the roots y
appearas strings.This meansthat counting the statesis much morecomplicated.
Althoughwe arenot ableto provethe string-conjecturerigorously,we will assume
it to bevalid. SinceBethe [1], assumptionsof this kind havebeenwidely usedby
many authors(ref. [16] and referencestherein).Applying this conjecturein (3.36)
and(3.37) andtaking its logarithmwe obtain thecoupledequationsfor the v~and

N,,, M
LO — E ~nm(V,~1~)+ ~ o a Y13 =2’nI, (3.44)

mf3=1 /3=1 n

(m,f3) * (n,a)

(3.45)

where 6(x) = 2 arctan x and

I x x I x
+26 l+...+261

\In—mI In—mI+2J \n+m—2

(9nm(~)” +~( forn~m\n +mJ

26(_) +26(±i)+ ... +26(X) +e(~_)for n=m. (3.46)

Hence the solutions of eqs.(3.36) and (3.37) are parametrizedin terms of the
numbers1 and J13. Here,the I~are integers(half-integers)if L + M —N~is odd

(even) and the are integers(half-integers)if ~, N~is even(odd). In addition
they are limited to the intervals

I~I~ax(MEtnmATm1), (3.47)

IJ13I<fmax(~1Vn_2)~ (3.48)
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where tnm = 2 min(n, m) —
6nm~ In fact, all sets {1, J

13)where the I’s and f’s are
pairwisedifferent specify all the Bethe vectors (I~Bethe)N,M) They are highest-
weight vectorsof anspl(2,l) superalgebra,as we will show in sect.4.

In order to avoid misunderstandingswe shouldadd some generalremarkson
the string-conjecture(3.42) andthe bounds ax and jmax givenby eqs. (3.47) and
(3.48).Both statementsareto be consideredas assumptions,theycannotbe proven
rigorously.In fact theyare not exact.Thereare finite-sizecorrectionsof the string

configurationsof orderO(e~)for fixed string centersv~andof order 0(1) near
to the boundary V~ax (given by ‘,~ax~’producing“exotic solutions”. On the other
hand a naive estimateof ‘l~ax from eq. (3.44) would suggestadditional solutions
(for n ~ 2) which are cancelledby assumption(3.47). However,both assumptions
togetherlead to the correctnumberof states,as is well known for the SU(2) case
[2] andwill be provenbelowfor the spl(2,1)case.Obviously, the effectsof the two
phenomenamentionedabovecompensatefor this computation.In additionto the
“exotic solutions”mentionedabove,thereexist also “wide pairs” and“quartets” if
the density of real roots is large enough. It is believed that these problems may be
avoided and exotic effects may be neglected, if one considersthe following
thermodynamic limit. Introduce a symmetry breaking magneticfield B and take
first the limit L —‘ ~ and then B —~0. It should be stressed that many featuresof
the Bethe ansatz are not well understood.

In the thermodynamiclimit the BAE’s arewritten in termsof densitiesof roots
(p~(~),o-(A)) and BA-holes * (p~(v),if h(A)) such thateqs.(3.44)and(3.45)canbe
replacedby integralequationsfor the densities.

At the end of this sectionwe apply the resultsobtainedfor the spl(2,l) vertex
model to the supersymmetrict—J model. Usingthe identity (2.18)it is possibleto

obtain the energy eigenvaluesof the t—J model from the eigenvaluesof the
transfer matrix (3.33). The terms AD1D~,given by eqs. (3.30) and (3.31) do not
contributeandfrom eq.(3.15) we find

E=L—~ 1±~2 (3.49)

Thermodynamicpropertiesof the model were investigatedin ref. [8] usingthe
second form of the BAE (3.38), (3.39). The ground state and the excitation
spectrumwere discussedin ref. [18]using the first and secondform of the BAE.

* Unfortunately,in this paperthe meaningof the termhole is ambiguous:A “hole”, asdenotedabove

is a physicalhole, i.e. a lattice site with no electron.A “BA-hole” correspondsto a non-occupied
placein thesetof numbers(I”} or (J) for a solution of the BAE (seesect.5 for examples).
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4. Algebraic properties of the Bethestates

In this section we analyse the algebraicpropertiesof the Bethe states. By
asymptotic expansion (v —, cc) we obtain the generators of spl(2,l) as matrix
elementsof a matrix M of operators in the “quantum space”definedas follows:

T”~”( V) = ~a”{y”}~ - ~ + O( v2). (4.1)

We provethe commutationrelationsof the entriesof M usingthe Yang—Baxter
relation (3.2) for the monodromymatrix and the property (2.13). For v —~cc we
have(in what follows we will omit the quantumspaceindicesandwrite them only
whenevernecessary)

M~”T,3
13”(v’)—~(a”,/3”, a,

= T~”(v’)~’ -~(a”, /3”, a, p)~”f”(v’). (4.2)

Here the sign function ~ is given by

.~(a”, 1~”, a, /3) = ~ (4.3)

Furthermore, taking v’ —* cc we get

Ma”Mf —~(a” /3” a

=M~”~”—~(a”,f3”, a, ~ (4.4)

This relation represents the commutation and anti-commutation rules of the
spl(2,i) superalgebra [11]. The generators M~’, M,~(a * 3) arefermionic, whereas
the M~and M~(a, /3 ~ 3) are bosonic. The sign factors .~ take into account the
statistics,i.e. .~ = — 1 (1) if we are dealing with odd (even) generators. Eq. (4.4)
canbe written in the compactform

[‘~:“~ ‘~q’1±= M~”~” ±&~“M~”. (4.5)

In addition, from eq. (4.2) it is easyto see that the transfermatrix T (2.8) is
invariantwith respectto the spl(2,1)superalgebra,i.e.

=0. (4.6)

Notice that the results (4.2), (4.4), (4.5) and (4.6) are also valid if we changethe
convention (1 = B, 2 = B, 3 = F). The position of the fermion simply determine
whichare the odd generators.
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Let usnow considerthe matrix M,

Wi A~A~

M= ~ w2 ia;. (4.7)

~ W3

The diagonal elements Wa (a = 1, 2, 3) generate the Cartan subalgebra with
weights Wa (a = 1, 2, 3),

(4.8)

In terms of the t—J model the weights are related to the z-componentof the
SU(2)-spin S~= ~(w1— w2) and the number of electrons Q = w1 + w2. In order to
calculatetheseweights for Bethe ansatzstateswe substitute(2.5) in eqs. (3.14),
(3.15), (3.29), (3.30) and (3.31) and obtain with eq. (4.1) and (4.7) for v —* cc

(i_ ~w1)~+0(v
2) = (i — —(L _N))~P+0(v2),

2 \ 2
1—_W

2)111+0(v
2) = 1——(N—M) ~l~+0(v2),

2 1 2
—1——W

3 IP+0(v
2) = ~—1 — —M ~I1+0(v2). (4.9)

Therefore,theweightscanbe expressedin termsof thequantitiesL (= number of
sites), N (= numberof first-level roots)and M (= numberof second-levelroots),

w
1 =n.1 =L —N, w2=n1 =N—M, w3 =nh=M, (4.10)

where n ‘~~ are the numbers of up-spins, down-spinsandholes,respectively.
At the end of this section we will derive inequalities between these weights and
give a physical interpretation.

Next we show that the Bethe vectors arehighest-weightvectorswith respectto
the spl(2,l) superalgebra, i.e.

M~1P”O, /3>a. (4.11)

For a = 1, /3 = 2 or 3 we have, after using eqs. (3.8) and (4.2),

M1~I’= ~~/3(a, a,_i)Bai(Vl)Ba2(V2) ... Ba (v1_~)

X [Mr, Ba(Vj)] ~Baj+,’j+t) ... Ba(VN)cI~W~•f~}, (4.12)
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where

[Mr, Ba(V)] ±=M~Ba(V)~ifpaBa(V)M~=&~A(V) ~ffpaT~(V). (4.13)

In order to commute A(V
3) and T,~(L’1)through the Ba’S toward cP we use the

commutationrules (3.11), (3.12) and the property (2.13). Although many terms
appear,it is possibleto arrangethem as follows:

= ~(v1, (L’j})Ba,( Vi)Ba2(V2) .. . Ba (V1_~)

XBaj+,(Vj±i) ... Ba(VN)tD1P~{~}, (4.14)

with yet unknown coefficients Y~.The first coefficient, Y~,,canbe obtainedby
using the first term in (3.11) and (3.12) when commuting A(V1) and T,~(v1)with
Ba~(V2)Ba(V3)...Ba~(LN)~since otherwise the argument ~ re-appears in the Ba~

The contribution of the A(v~)term to Y1~is straightforward,whereasfor the
term we shall use the relation

—~ResS~(V—L”)=6~ô~ (4.15)

to get the eigenvalueproblem for the transfer matrix 1-(I)(VI, (v1}) (3.17). Once
again, we just take the first term in eqs. (3.23) and (3.24) when commuting A(1)

and D(1) with the B(1)’s. Then, after some manipulationswe have

N a(L’.—L~ ) N a(L~~—v.) M a(y —v1)

~ a’~’~)JJ ‘ —b’~1)fl ‘ III ‘~
1=2 b( L’~— v1) i=2 b( t’1 — v~)~= i b(y13 — v1)

(4.16)

Analogous expressions follow for the other coefficients }~ (j ~ 2),

N a(v. — N a(L’. — V.) M a(y —

a ~. a’~(V1) fl ‘ — b’( v1) 1~l ,~ 1—I ~ ,~

~ b(L1 — V1) ~ b(~1— i~) /3=i b(y13 —

j=1,...,N. (4.17)

We observethat the requirementY~= 0 (j = 1 ... N, /3 = 2, 3) is equivalentto the
Bethe ansatzequations(3.34), therefore Bethe states fulfill the highest-weight
condition M~1’ = 0 (/3 = 2 or 3).
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To calculateM~~P’we usethe relation

M~I’= ~
3ta~1Ba~(Vi)Ba~(v2) ... Ba( VN)~M(I);

1W~), (4.18)

which follows from (4.2). M(
1) is defined by asymptotic expansion of the mono-

dromy ‘ii)’ in analogy with M given by eq. (4.1). From (3.22) and commutation
relationsfor M(1) and T(1) analogousto eq.(4.2) we get

M(l)2~(l) = /3=1 ~ 1)
13’B(l)(y

1, {L’J) . .. B(1)(y/31, {v1))

X [M~~’ B(1)(y/3, { vJ )J B(1)(y/3+l, { t’1}) ... B(i)(YM, {v1) ~ (4.19)

where [M(i)2’ B(l)(y)] + =A(1)(y) + ~i)3(Y) (4.20)

Analogously,by commuting A(1)+ I~i)~throughthe B(1)’s we have

M(i)2~l) = ~ ~1),/3(Y/3’ {ya}’ {V~))B(l)(yl, (v~})

XB(i)(y/3_i, { vJ)B(l)( Yp+i’ { VJ) . .. B(l)(YM, { v1))~(1). (4.21)

The coefficients ~ can be derived in a straightforwardway by taking the first
termsof the commutationrelations(3.23)and(3.24). Weget

N M I —

a~ya ‘Ip
Y~)/3=fla(y13—V,) ~ b’ —

1=1 a*/3 CIa Yp

N Mw! —

+(_1)Mflb(y/3_V1) ~ kY~3 Yaf
i1 a*$ b(Yp~Ya)

(4.22)

The requirement ~‘~1)$ = 0 (p = 1,. .., M) is equivalent to the Bethe ansatzequa-
tions (3.35),which implies M2

3~W= 0. Westress that the property(4.11) canalso be
provedfor the other two choicesof pseudovacuumin a similar way.

At the end of this sectionwe derive some inequalitiesbetweenthe weights Wa

(a = 1, 2, 3). From eq.(4.5) we have

/3>a. (4.23)
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Using (i~~13)t= andthe highest-weightpropertyof the Bethevectors(4.11)we
obtain

w
1~w2~ —w3. (4.24)

Combining (4.10) with w, ~ 0 (i = 1, 2, 3) and (4.24) we find conditions for the
numbersN and M of roots in the first- and second-levelBethe ansatz,respec-
tively,

L+M
M<N< 2 O©M~L. (4.25)

This means in terms of physical quantities that themagnetizationS~= ~(n — n
= ~(L — 2N+ M) and the number of electrons Q = n + n = L — M are re-
strictedto 0 s~S. e~Q/2 ~©L/2.

5. Results for small and large lattices

In this section we illustrate the algebraicpropertiesof the Bethe states.We
begin with a lattice of two sitesand then discussthe caseof latticeswith a large
numberof sites.

The simplecaseof onelattice point correspondsto the fundamentalrepresenta-

tion of spl(2,l) which is givenby thefollowing weight diagramin the (Sr, Q) plane,
where Q is the numberof electronsand S~the total magnetizationof the system:

1-.

• Q
~.1 Z

— I I

1 o 12 2

By diagonalizationof the t—J hamiltonian(2.17) (or of the transfermatrix T) on
a latticewith two siteswe obtain

E=2,

1
E=2,

E=2,
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1
E=2,

1
E=2, (5.1)

1
E=—2,

1
E=—2,

1
E=—2,

~1’9~ 100), E= —2, (5.1’)

where 0 denotes a hole. This result can be visualized in terms of the following
spl(2,l) weight diagramsin the Clebsch—Gordanseries3 ® 3 = 5 ~ 4:

• •~ •2 ~1 *6

= •5 •4 + •8

•~

The numbers in the weight diagramsspecify the eigenvectorsaccordingto eqs.

(5.1) and (5.1’). The symbol * denotesthe highest-weightvectorsaccordingto eq.
(5.2) below.Notice that the groundstateis degenerateandgiven by a quartet.All
statesof an irreduciblerepresentationcanbe generatedby repeatedapplicationof
the shift operatorsM~(j3 � a) to any oneof the states.Graphically, the effect of
the shift operatorson a generalstateof a representationof spl(2,l) is given by

]cI~\ /~
A~ ____

<~I~/• \~>
On theotherhand,if we solve the Betheansatz equations (3.36)and(3.37)for two

sites we obtain only two eigenvectors,~1’~= 1 and ~‘~6=Ba~VI= O)IuI~,with
energyeigenvalues2 and —2, respectively(see eq. (3.49)). In the languageof the
nested Bethe ansatzcP and ‘1(1) are the first- and second-levelpseudoground
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states,respectively.We caneasilycheckthat theseeigenvectorsarehighest-weight
vectorsof the spl(2,l) superalgebra,in agreementwith our generalproof in sect.4.

M~1M,~!’6”~0, f3>a. (5.2)

Furthermore, the seven missing eigenvectorscanbe obtainedby successiveappli-
cationsof the shift operators,

~2 ~2~1’

1ff = (p,~1)~~

1f’4 ‘~3~i’

If’ ‘~‘~‘~‘

1f’7 —M3If’6,

If’ = il’I’

If’9_M3M31116. (5.3)

Therefore,the Betheansatztogetherwith the supersymmetryof themodel provide
all 9 eigenvectorsfor the two-sitesmodel.

We remark that by solving all threedifferent forms of the BAE we get all
highest-weightvectorsof the SU(2) algebra.Solving eqs. (3.38) and (3.39) we get
the eigenvectors If’4 and ~I1~and from eqs. (3.40) and (3.41) we obtain the

eigenvectors~ and 11t7.
In the case of lattices with a large numberof sites the Bethe ansatzmethod

turns out to be crucial, since the effort of an exact diagonalizationgrowths
exponentiallywith thenumberof sitesL. As alreadypointedout in sects.3 and4,
by this method, the problem of finding the spectrumof the t—J hamiltonian
reducesto the solution of the BAE’s (3.36) and(3.37) for the parameterst”s and

‘I’s. Adopting thestring-conjecture,which hasan accuracyof 0(e~’),thesolutions
of the BAE’s are parametrizedin termsof the numbers1 and J13. Moreover,each
set {J,~,J13} where the I’s and f’s are pairwise different specify a Bethe vector,
which is the leadingvectorof an spl(2,1)multiplet.

Now we illustrate our results for the ground state and some elementary
excitations at “half-filling” F = Q/L = 1. The following holds true for any lattice
size, especiallyin the thermodynamiclimit L —* cc• The groundstateinvolves only
real roots. This can be provedas usual by minimizing the free energyfor finite
temperatureT andtaking T—~0 [18]. For example,for a lattice of size L = 40 we
find N= 20 first-level real roots andno BA-holes. There areno second-levelreal
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roots (M = 0), but 19 BA-holes. Therefore,we havethe following distribution of
I’s and f’s:

*

xxxxxxxxxxxxxxxxxxxx Il
• •

000000000000000000-O J
I

where the numbers corresponding to roots are denotedby X and thosecorre-

spondingto BA-holesby 0. On the r.h.s.the associatedspl(2,l) representationis
shown. The quantum numbersof the ground state are S~= 0 and Q = L = 40,
which meansvanishing magnetizationand half-filling F = 1. The Bethe vector

specifiedby this set of numbers(I,~)is the highest-weightvectorof the irreducible
representafion of dimension4, depictedby *. Notice that the groundstate is not a
singlet but a memberof an spl(2,l) quartet.Of course,the state is a singlet with
respectto the SU(2) subgroup.

One kind of elementaryexcitationover the groundstate is the “spinon”. It is
obtainedby removinga root from the I’-axis or introducinga first-level BA-hole,
which correspondsto a spin flip. For a lattice of size L = 41 * we haveN = 20
first-level roots andone BA-hole, M = 0 second-levelroots and 19 BA-holes. The
distribution of l’s and f’s and the correspondingirreducible representation
generatedby the Bethe vector (*) determinedby this set of I’s and f’s are for
example illustrated by

• *

xxxxxxxxoxxxxxxxxxxxx
• IS •

0000000000000000000 J
• •

The quantumnumbersof this stateare S~= 1/2 and Q = L = 41, which meansa
spinonis a particle-like excitationwith spin 1/2 and charge0.

Another excitation is given by the presenceof a two-string in the complex
v-plane.For L =40 we haveN1 = 18, N2= land M=O,

x 12 *

xxx xx ox xxx xx ox xx xxx

x 12 •

00000000000000000 J I

* Note that a one-spinonstate existsonly on latticeswith an odd numberof lattice sites, otherwise

spinonsappearpairwise.
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(To support the visual perceptionwe havedrawn the 12-axis twice in order to
obtain a picture similar to the correspondingone in the complex v-plane).The
quantumnumbersare S~= 0 and Q = L = 40, which meansvanishingmagnetiza-
tion and half-filling F = 1. The interpretationof this state is that we havethe
spin-O contributionof a two-spinonstate.

By filling a vacancyin the f-axis we get anotherexcitation called“holon”, i.e.
we are removing an electron from the systemor introducing a physical hole. For
L = 41 we haveN’ = 21 first-level roots, M = 1 second-levelroot and 19 holes,

*

~x_x~xxxxxxxxxxxxxxxx)(xx 11

o ~ p ~ p p p o~ a p x o ~ gppCCO J
S

The quantum numbers of this state are S~= 0 and Q = 40 = L — 1, which means a
holon is a particle-like excitationwith spin 0 andcharge— 1.

At arbitrary filling F < 1, for the ground state the distribution of the roots in
the v-planealsoinvolves only real roots. In contrastto the half-filling casethereis
now in addition a “sea” of real roots in the y-plane, such that thereappearsa
nontrivial Fermi level. For example,for a lattice of L = 40 siteswe find a Bethe
ansatzstatewith N = 25 first-level real roots and M = 10 second-levelreal roots
and 14 BA-holes,

*

xxxxxxxxxxxxxxxxxxxxxxxxx 11
• I

oooooooxxxXxxxxxx0000000 J
I

Also here the ground state is memberof a quartet. The quantumnumbersare
= 0 and Q = 30, which meansspin 0 andfilling F = 1 — 10/40= 0.75. Due to

the nontrivial Fermi level thereexist “holon—antiholon” excitationsin this case.

6. Completenessof the Bethevectors

In this sectionwe show how to constructa completeset of eigenvectorsof the
t—J hamiltonian for arbitrary chain of length L. This is obtainedby combiningthe
Bethe ansatz with the supersymmetryof the model.

From the sect. 3 we know that all collections{1, J
13} where the I’s and f’s are

pairwise different specify all the Bethe vectors (I ~‘Be1he)N.M). The number of

admissiblevaluesfor the 1 and the .1~(for fixed (N~}and M) is (2I~ax+ 1) and
(2fmax + 1), respectively.‘~ax and ~max are given by eqs. (3.47) and(3.48). Taking
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into accountthat many different stringconfigurationsN~give the samenumberof
roots N (see eq. (3.43)),the numberof possibleBethe vectorsfor fixed N, M is
given by

2f +1 2P +1
Z(N,M)= ~ max fl max , (6.1)

(N,,) “

where the sum over {N~,} is constrainedto ~,, nN~= N. It is convenient to
introducethequantity q = ~,, N~.Usingeqs.(3.47) and(3.48)we write this sumas

Z(N, M)+ ~ (~_l) ~ ~(L~m nmAlm+M) (6.2)
q=O (N,,)

where the inner sum is constrainedto fixed valuesof N and q. This expression
resemblesthe onecalculatedby Bethein the isotropic Heisenbergmodel [1,2] and
canbe simplified to

Z(N M)= ~ L+M_
2N+l(q1~(L+MN+l~(N1~ (63)

q=O L+M—N+1 \ M J\ q Jkq—1)

The total number of Bethe vectors is obtained by summing Z(N, M) overall N, M

restrictedto (4.25).However,this numberis less than3’~,so that the Betheansatz
doesnot yield all the statesof the model. In order to constructa completeset we
shall invoke the supersymmetryof the transfer matrix. First, from eq. (4.6) it
follows that the Bethe vectorsare classifiedby multiplets correspondingto irre-
ducible representationsof the superalgebraspl(2,l). Furthermore,from eq. (4.11)
follows that the Bethevectorsarehighest-weightvectors.Thenby actingwith the

spl(2,l) lowering operatorsM~(/3<a) on the Bethe stateswe obtain additional
states.EachBethestate(with fixed N, M in theinterval (4.25))is thehighest-weight
vectorin a multiplet of dimension[11]

J4S~+l=2L+1 ifN=M=0
d(N, M) — \8(S~+1/2) =4(L —2N+M+ 1) otherwise. (6.4)

With theseconsiderations,the total numberof eigenvectorsis

L (L+M)/2

Z= ~ ~ d(N,M)Z(N,M)=2L+1+Z
1—1+Z2

M=O

=2L+1+4~(L~2N+1)LN±l ~
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L (L+M)/2 L+M—2N+l
~ (L—2N+M+1)

L +M—N+ 1
M=1

~, (q_1)(L+M_N+l\IN_l\
q )~q—l)~ (6.5)

q=l

The first sumin eq.(6.5) canbe performed(see ref. [2]) to give

Z,=42’-—4(L+ 1). (6.6)

The secondsum Z2 deservesspecialattention. We presentthe main necessary
stepsfor its evaluation.First,performingthe sumoverq we get

L (L+M)/2
Z2=4~ ~ (L—2N+M+1)

M=i N=M

L +M—2N+ 1 (N_ l)(L)
x (6.7)

L+M—N+1 M N

Employing some combinatorics and making the substitutionN —* x = N — M we

obtain

L (L—M)/2

Z2=4 ~ ~ (L—2x—M+l)
M=i x=O

L \Ix+M—l~ 1 L ~
1L—x”

L\x+M)~ M ) - ~x- 1)~ M (6.8)

After somere-arrangementsthis expressioncanbe rewritten as

L (L—M)/2
Z

2=4 ~ ~ L1r(L—1)(x+M—1\ (L_1~(L_x\lLI x+M M )~~x—2,~M
M=1 x=O

L )(x+M_l~+( L )IL_x
~~x+M x—2 ) \x—1 ~M+l)]]~ (6.9)

Substitutingx —~ L — x — M + 1 in the secondandfourth termsof eq. (6.9) we get

L L~M+1r

Z2=4 ~ ~ lL(1~—1M~ [I L \Ix+M_1\ll
M=1 x=O L x+M)~ M )_(M+l)[~x+M)~ M+1 )jj•

(6.10)
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Using the binomial formula we obtain after some re-arrangements

Z
2=4L!~ M!(L —2—M)! flpM[(p+ l)L_M_2(l p)J dp. (6.11)

Interchanging the sumand the integralandperformingthe sum gives

Z2 (L2)! f(l —p)[(1 ~2p)L_2_ (1 +p)L_2} dp. (6.12)

This integralcanbe easily performed,resulting in

Z2=3’~~42’~+2L+3. (6.13)

Substitutingeqs.(6.6) and(6.13) into (6.5) we get

Z=3’~. (6.14)

Thuswe haveshownthat the numberof eigenvectorsof the t—f hamiltonianis 3’~,
which is preciselythe numberof statesin the Hilbert spaceof a chain of length L,
whereat eachsite theremay be eithera spin-upor a spin-downelectronor a hole.

7. Conclusions

In this paper we have shown that the Bethe ansatzstatesfor the one-dimen-
sionalsupersymmetrict—f model are highest-weightvectorsof an spl(2,l)superal-
gebra.Thenby actingwith the spl(2,l) lowering operatorson the Bethestateswe
haveobtaineda completeset of eigenvectorsof the t—f hamiltonian.

An interestingextensionof this work is an analysisof the splq(2,1)“quantum-
group” structureof a “q-deformed”versionof this model (seealso ref. [19]). This
is presentlyunderinvestigation.

Appendix A

In this appendixwe show that the cancellationconditionsof the “unwanted
terms” u.t. = u.t.(A) + u.t.(D) and u.t.(,)= u.t.(A(1))+ u.t.(D(l)) are equivalentto
the Bethe ansatzequations(3.34) and (3.35).As alreadypointedout in sect. 3 all
termswhoseargumentsare exchangedwhen A(v) andTD(V) is commutedthrough
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n7, Ba(Vj) using eqs.(3.11) and (3.12) are called u.t.(A) and u.t.(D), respec-
tively. They canbe arrangedas follows [15]:

u.t.(A) = EK~(vi, {Vj})Ba(L’i)Ba
2(V2) ... Ba.i(Vj_i)Ba.(V)

XBa(Vj±l)...Ba(VN)~P~
1, (A.1)

u.t.(D) = ~KJ’~(v
1, (L’j})Ba,(Vi)Ba2(V2) .. . Bai(Vj_i)Baj(L’)

X Ba.+j(L’j+ I) ... Ba( VN)~’(

t1)~. (A.2)

Here KJ~4~and K5~)(I = 1,. .., N) are coefficientsto be determined.The first
coefficient of eq. (A.1) can be computedusing the secondterm in (3.11) when

commuting A(L’) with Ba~Vi)and then using the first term in eq. (3.11) when
commuting A(v~)with the remaining Ba’5~ since otherwise the argument v

1

reappearsin the Ba’5• Weget

c(v1—v) N a(v—v,)
K~= —a’~(v~) , fl ‘ . (A.3)

b(v1 — v) i�i b(t’1 — v1)

In order to calculateKJ~D)we rewrite the secondterm of eq.(3.12) as

— ~ ~es,(s;~’~’(v” — L”)Ba(V)T’(V’)), (A.4)

by meansof eqs. (2.5) and(4.15).Then, proceedingalong the samelines as in the
calculation of K~A)we get the eigenvalueproblem for the transfer matrix T(1)

(3.17). In addition, just taking the first term in eqs.(3.23) and(3.24)when passing
A(J) and T~throughthe B(,)’s we obtain, aftersome re-arrangements,

c(v—v1) N a(v1—v.) M a(y —v1)
K~’

3~=~b’~(v~) fl ‘ fl ~ (A.5)
b(v—v,)

1+1b(v1—v~)131b(y13—v1)

To get the other coefficients KJA) and KJ(D) (j = 2,. .., N) we usethe commuta-
tion rule for the Ba’5 (3.13) andput Baj(V) in the first place.Then, repeatingthe
same procedure we obtain analogousexpressionswith j in the place of 1.
Furthermore,the requirement KJ~A)+ KJ~D)= 0 (j = 1,.. ., N) togetherwith the
fact that c(v)/b(v) is an odd function (see eq. (2.5)) leadsto the Bethe ansatz
equation (3.34).
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The “unwanted terms” that appear in the second level of the Bethe ansatz
method can be arranged as follows:

u.t.(l) = /3=1 (K~w)+ K~’~)B(i)(yl,{ vJ )B(1)(y2, (v1})...

XB~(y13 _ ~, { vJ)B(i)( v, { v~})B(1)(y/3±1, { vJ) . . . B(i)(YM, { vJ)c1(i). (A.6)

By similar arguments as above, the coefficients K~&+ K~1) can be computed
using the second term in eqs. (3.23) and (3.24) when commuting A(1)(v, (v~})and

7~1)3(v,{v8ii}) through B(l)(YI, {v,}) and then using the first term in (3.23) and
(3.24) when commuting A(l)(yi, {v1}) and T(i)~(yi, {v1)) with the remaining B(1)’s.

K~’~+ K~1~= — fl a(y13 — v1) c(Y13— v) a(ya — Yp)
1=1 b(y13 — v) a*13 b(Ya — Yf3)

Mc(VY/3) N M W(Yp~Ya)
— ( —1) fl b( y,~— v~)1.1 . (A.7)

b(v — Yp) i1 a*13 b(713— ‘Ia)

Once again, the other coefficients can be obtained using the commutation rules
(3.25). The requirement K~’~+ K~’~w~= 0 (/3 = 1, . . . , M) togetherwith the fact
that c(v)/b(v) is an odd function yields the Bethe ansatz equation (3.35).
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