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Centred Bimodules over Prime Rings: 
Closed submodules and applications 

to ring extensions* 

Miguel Ferrero t 

Abstract. Let M be a bimodule over a prime ring R. In this paper we 
define and study a very useful class of sub-bimodules of M: the class of 
closed sub-bimodules. There is a canonical torsion-free extension of M to a. 

Q-bimodule M• which is always free over Q, where Q is the complete ring 
of right quotients of R. We prove tha.t dosed sub-bimodules of M are in 
one-to-one correspondence with closed sub-bimodules of M•. The results are 
applied to study the torsion-free rank of a sub-bimodule of M and to study 
non-singula.r and strongly closed sub-bimodules. Also, the results are a.pplied 
to study prime ideais in centred extensions and intermediate extensions. In 
particular, we complete and extend the results obtained in [5]. 

O. Introduction. 

Prime ideais in ring extensions R Ç S have extensively been studied in 
the last years. For example, when the extension is finite and generated by 
a set of R-centralizing elements, S is called a liberal extension [20,21]. A 
normalizing extension is again a finite extension which is generated by a. 
set of R-normalizing generators [10,11,12,16]. Also, prime ideais in more 
general types of extensions ( not necessarily finite) ha.ve been considered ( e.g. 
[1,2,3, 7,9, 14,17 ,18, 19]). 

*1991 Mathematics Subject Classification: 16D20- 16D30- 16N60- 16S20. 
tThls :research was partially supported by Conselho Nacional de Deaenvolvimento Ci

entífico e Tecno16gico (CNPq), Brazil. 
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In particular, the author in (4,5] studied prime ideais in polynomial rings 
a.nd in free centred extensions. The method developed in these papers allows 
us to obtain precise information in infinite dimensionalsituations. Actually, 
a more general class of ideais called the closed ideais are studied a.nd the 
results on prime ideais are obtained as applications of the general results. 
Closed ideais have also been used to study prime ideais in Ore extensions 
[3,7,14). 

It turns out that the method developed in (5] ca.n be extended to study 
submodules of {not necessarily free) centred bimodules over prime rings. The 
purpose of this paper is just to study closed submodules in this kind of 
bimodules. By this way we obtain results which ca.n be applied to the theory 
of modules as well as to ring extensions. In particular, we extend ali the 
resulta in [5]. 

Let R be a prime ring and let M be an R-bimodule. Following [20], we 
say that M is a centred bimodule over R if there exista a generating set 
of R-centralizing elements, i.e., there exista X = (zi)ien ~ M such tha.t 
M = Lien &, a.nd az, = z,a, for every a E R, i E n. Throughout this 
paper, submodule of M means sub-bimodule, unless otherwise stated. 

In section 1, we define the closure [N]p of N in P, where N ~ P are 
submodules of M. We say that N is closed in P if [N)p = P. Then we 
study closed submodules a.nd we obtain some useful cha.ra.cterization of this 
kind of submodules. This characterization is given via a free submodule L 
of M which is "dense" in M. Thus the description of closed submodules can 
always be reduced to the free case. The introduction of this "dense" free 
submodule of M and the characterization of [N]p are the main resulta of this 
section. 

In Section 2 we study the extension of closed submodules from M toM*, 
a ca.nonical extension of M to a centred bimodule over Q, where Q is the 
maximal ring of right quotients of R. Corresponding to M• we have also a C
vector spa.ce V, where C is the extended centroid of R. The main result here 
is a one-to-one correspondence between the closed submodules of M, M*, 
and the subspa.ces of V. There is another interesting result in this section; 
the Q-module M• is always free. This result says, loosely speaking, that a 
torsion-free bimodule M over a prime ring R is always free when considered 
as a Q-bimodule. 
- In Section 3 we obiain the-f.rst applications. ·cWe show that the torsion
free rank of a. submodule N of M introduced in [20] reduces to the dimension 
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of a 0-vector spa.ce. As a consequence this notion becomes more tractable. 
In Section 4 we study non-singular and strongly closed submodules of 

M. It follows that Ris a prime non-singular ring if and only if every closed 
submodule N of P is non-singular in P (i.e., Z(P/N) = 0). A similar result 
is obtained concerning strongly prime rings and strongly closed submodules. 

In Section 5 we study centred extenaions of prime rings R and intermedi
ate extensions, i.e., subrings W of S conta.ining R. In this case we show that 
s- is an extension of Q and the restriction v of s· to a 0-vector spa.ce is an 
algebra over C. Also, if W is an intermediate extension, W* and W* n V are 
also rings and the one-to-one correspondence between closed submodules of 
them preserves closed idea.ls and closed prime ideais. Every R-disjoint prime 
ideal of S is closed, but we do not know whether the same is true for a.n 
intermediate extension. 

In Section 6 we apply the former results to study strongly prime, non
singular prime, and primitive ideals. We prove that if Ris a strongly prime 
(resp. non-singular prime, primitive) ring and W is an intermediate exten
sion, then every ideal P of W which is maximal with respect to P n R = O is 
strongly prime (resp. non-singular, primitive). Also, under the same a.ssump
tion we prove tha.t every closed prime ideal P of W is strongly prime (resp. 
non-singular), provided that W Ç V5 (X), where V5 (X) is the centralizei of 
X in S. 

In Section 7 we study prime ideais and radicais, under some finiteness 
conditiona. In particular, we obtain that if W is an intermedia.te extension 
of finite rank, then every R-disjoint prime ideal P of W is closed and maximal 
with respect to the condition P n R = O. Also, if W is torsion-free the prime 
radical of W is nilpotent and a finite intersection of minimal prime ideals. 
We have a similar result for the prime radical of a, so called, almost finite 
extension. 

Finally, in Section 8 we a.pply the former results to an arbitrary centred 
extension of a ( not necessarily prime) ring R. 

The paper is reasonably self contained. It is clearly a natural sequei of 
[5], but except some facts which are based on that paper no heavy machinery 
is needed. Throughout, R is always a prime ring, except in Section 8, and 
M is a centred bimodule over R with X = (x,),en as a set of R-centralizing 
generators. As we have already said, submodule means sub-bimodule. The 
notations C and :> will mean strict inclusions. 
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§1. Closed submodules 

Following [5], for submodules N Ç P we define the closure of N in P by 

[N)p = [N] = {x E P: there exists O =fi H <l R such that xH Ç N}. 

We will omit the subscript P when there is no possibility of misunders
tanding. 

It is clear that the closure [ N]p of N in P is a submodule of M with 
N Ç [N)p Ç P. A submodule N of P is said to be closed in P if [N]P = N. 

As in [5], the first thing we will dois to obtain a good characterization 
of [N]. We begin with the case of a free centred bimodule which is similar 
to the one developed in [5]. 

Assume that M is free over R with the centralizing basis E = ( eí)íen· 
Any x E M can be uniquely written as a finite sum x = Ei=1 aiei, where 
a; E R. The e-coefficient of x will be sometimes denoted by x(e), i.e., for 
x given above x(ei) = ai, for i = 1, 2, ... , n. The support of x is defined as 
usual by supp(x) ={e E E: x(e) :f 0}. 

Let N be a submodule of M . A non-zero element x E N is said to be of 
minimal support in N if for every y E N with supp(y) C supp(x) we have 
y = O. We denote by m( N) the set of ali the elements of minimal support 
in N. The minimality of N is defined by Min(N) = {supp(x): x E m(N)}. 
For r E Min(N) ande E r we denote by er,e(N) the ideal of R defined by 
er,e(N) ={a E R : there exists X E N with supp(x) =r and x(e) =a}. 

The following results can be proved in a similar way as in ([5], Sect. 1). 

Lemma 1.1. Let M be a free centred bimodule over R and N Ç P 
submodules of M . We have 

i) Min([N]p ) = Min(N). 

ü) For any x E [N]p there exists a non-zero ideal H of R such that for 
every y E (N]p with supp(y) Ç supp(x) we have yH Ç N. 

Theorem 1.2. Let M be a free centred bimodule over R and N Ç P 
submodules of M. Then .[N]p is the largest submodule K of P which contains 
N and satisfies Min(K) = Min(N). Also, [N] is closed and, moreover, it 
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is the smallest closed submodule of P which contains N. In particular, 
[N] is the unique dosed submodule of P which contains N a.nd satisfies 
Min([N]) = Min(N). 

Now we retmn to the general case. An element z E M is said to be a 
torsion element if there e:xists a non-zero ideal H of R with zH = O. Thus 
the torsion elements of M are the elements of the submodule [O]M of M. We 
will see soon that this defin.ition agrees with the one given in ([20], Sect. 1). 

The submodule N of M is said to be torsion-free (resp. torsion), if (O]N = 
O (resp. [O]N = N). 

H every generator z1 of M, i E n, is a torsion element, then M is a torsion 
bimodule. Thus [O]p :;::: P, for every submodule P of M. It follows that P 
is the unique closed submodule of P. Consequently, it is natural to assume 
that there e:xist generators of M which are not torsion elements. It is easy 
to see that a.ny such a generator is an element of M which is free over R. 

Hereafter, we assume that M is nota torsion bimodule. Consequently, by 
the Zorn's Lemma there exists a subset E:;::: (xj)jeA of X which is a maximal 
R-independent subset of X. Denote by L the (free) submodule of M which 
has E as a centralizing basis. There is a nice relation between M and L. 

Lemma 1.3. Take any y EM. Then there exists a non-zero ideal H of R 
such that yH Ç L and Hy Ç L. Moreover, if we choose a representation of 
y as L:f=1 b1z 1, b, E R, we may choose the ideal H depending only on the set 
{x1, Z2 1 ... , Xn}• 

fi.QQ!. Suppose that z E X and z ~ E. By the maxi.mality of E there 
e:xist z 1, ••• , Zt in E such that { z 1, ... , Zt, x} is linearly dependent over R. 
Then there e:xist a1, ... , ah a in R with a1 z1 + ... + atZt + az :;::: O, a # O. Thus 
zRaR Ç E~=l x,Ra;R Ç L, where RaR is a non-zero ideal of R. 

Now, take y = Ef::1 b;z;, b; E R. We may assume Zt, ... , z, are in E and 
x,+1 , ... , Zn are not in E. As above we find non-zero ideais Hj of R such 
that XjHj Ç L, j = s + 1, ... , n. Hence the ideal H= nJ=•+lHi satisfies the 
required conditions. 

Let N Ç P be submodules of M. We say that N is adense submodule 
. of P if [ N]p = P. Equi valently, for. every z ·E _p there e:xists a. non-zero ideal 
H of R with xH Ç P. 
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From the above it is clear that for every centred bimodule M over R there 
exists a dense submodule L w hich is free over R. We will refer to it as a free 
dense submodule of M. 

In [20], an element :z: E M is said to be a torsion element if there are 
non-zero ideais A and B of R such that A:z:B =O. As a first application of 
the existence of a free dense submodule we show a result which implies, in 
particular, that our definition is equivalent to this one. For liberal bimodules 
this equivalence was proved in {[20], Lemma 1.4). We have 

Corollary 1.4. Let N be a submodule of M and :z: E M. Then the 
following conditions are equivalent 

i) There exists a non-zero ideal H of R such that :z:H Ç N. 

ü) There exists a non-zero ideal F of R such that Fx Ç N. 

iü) There are non-zero ideals A and B of R such that A:z:B Ç N. 

Proof. If the factor bimodule M IN is a torsion bimodule, then the three 
conditions above are automatically satisfied. So we may assume there exista 
a free dense sub module L of M IN. Also, by factoring out N we may assume 
N=O. 

Let AxB =O, where A and B are non-zero ideais of R. By Lemma 1.3 
there exists O =f. H <l R with zH Ç L. Then AzH B = O and since L is free 
and Ris prime we obtain xH =O. Thus iii)-+i). The converseis clear and 
the proof of the equivalence ü)+-+iü) is similar. 

Remark 1.5. As in (5] we can define [N] in a dual way. In fact, by 
Corollary 1.4 we have 

[N)p = { :z: E P : there exists O =f. H <l R such that H x Ç N} = 

= {x E P: there are non-zero ideais A and B of R with A:z:B Ç N}. 

Lemma 1.6. Assume that N Ç Pare submodules of M such that N is 
dense in P. Then for any submodule K of P we have [K]p = [K n N)p. 

fmcl. It is clear that [K n N)p ç (K)p. Take X E (K)p. Then X E p 
and xH Ç K for a non-zero ideal H .of R. Also, there exista a non-zero ideal . 
F of R such that xF ç; N. Then x(H n F) Ç (K n N) and so x E [K n N)p. 
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Now we can obtain the following interesting result. 

Theorem 1.7. Assume that N Ç Pare submodules of M such that N is 
dense in P. Then there is a one-to-one correspondence between the set of aJl 
the closed submodules of P and the set of ali the closed submodules of N. 
Moreover, this correspondence associates the closed submodule K of P with 
the closed submodule I of N if K n N = I ( equivalently K = [l]p ). 

Proof. If K is a closed submodule of P, then K n N is clearly a closed 
submodule of N and by the former lemma. we have [K n N]p = [K]p = K. 
Conversely, assume that I is a closed submodule of N and put K = [l)p. 
Then K n N =I a.nd [K]P = [K n N]p = [I]P = K, i.e., K is closed in P. 

The following is clear 

Corollary 1.8. Assume that P is a submodule of M and L is a free dense 
submodule of M. Then 

ü) There is a one-to-one correspondence via contra.ction between the set of 
ali the closed submodules of P a.nd the set of ali the closed submodules 
of PnL. 

iü) P g [O]M if and only if P n L =fi O. 

Now we can give a description of the closure [N)p of a submodule N 
of P, combining the resulta of Theorems 1.2 a.nd 1.7. Choose a free dense 
submodule L of M with the basis E. For a. submodule N of P we define the 
E-minimality of N as the minimality of the submodule N n L of L. That 
is, MinE(N) = Min(N n L). We have MinE([N]p) = MinE([N]p n L)= 
MinE([N n L]p n L)= Min([N n L]PnL) = Min(N n L) = MinE(N). 

The following is now clear 

Theorem 1.9. Assume that N Ç Pare submodules of M and let L be 
a free dense submodule of M with the centralizing basis E. Then [N]p is 
the .largest submodule K of P which con:tains N ·and satisfies" M in.É{K) -= 
MínE(N). Also, [N]p ís closed in P and, moreover, ít is the smallest closed 
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submodule of P which contains N. In particular, [N] is the unique submodule 
of P containing N and satisfying MinE([N]) = MinE(N). 

In the proof of Theorem 1.2 we show that if K is a submodule of P such 
that K 2 N and Min(K) = Min(N) we have K Ç [N). Actually, as it was 
pointed out in [5], we need only that K be a right (or left) submodule (see 
the remark preceding Corollary 1.6 in [5]). Thus we have 

Corollary 1.10. Assume K Ç N Ç Pare submodules of M, I is a right (or 
left) submodule of P containing N and E is a basis of a free dense submodule 
of M. Then 

i) [K)p Ç [N)p. In addition, if MinE(K) = MinB(N), then [K)p -
[N]p. 

ü) If N is closed in P and MinE(!)= MinB(N), then I= N. 

The following corollary is very useful. First, suppose that a free dense 
submodule L of M has been chosen. For an element :z: E L we denote by 
supp(x) the support of x with respect to the basis E. Let N be a submodule 
of M. An element x E L is said to be a remainder modulo N if for every 
y E N with supp(y) Ç supp(z) we necessarily ha.ve y =O. 

Corollary 1.11. Let N be a submodule of M which is closed in P. If 
K is a right ( or left) submodule of P such that K :> N, then there e:xists 
x E m(L n K) which is a remainder modulo N. 

Proof. Note that if N = O, then K i= O ( so K n L i= O) and every element 
O # x E K n L is a remainder modulo N. So we may assume N # O. 

By the way of contradiction, if for every x E m(L n K) there exista O=/= 
y E N with supp(y) Ç supp(z), it follows tha.t supp(y) = supp(z), because 
N Ç K, and hence y E m(N n L). Consequently, MinB(K) = MinB(N) 
and we obtain K = N, by Corollary 1.10, (ü). 

Now we compare our definition with the one given in ([8], p.18). Let C 
be a right R-module and let A be a submodule of C. We say that A is a 
closed submodule of C in the sense of [8] ( G-closed, for short) if A has no 
proper essential extensions inside of C. We have 
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Corolla.ry 1.12. Let N Ç P be submodules of M. 

i) If N is closed in P, then N is G-closed in P. 

ü) If P is torsion-free and N is G-closed in P, then N is closed in P. 

Proof. (i) Assume that N is a closed submodule of P but is not G-closed in 
P. Then there exists a. right submodule K of P which is a.n essentia.l extension 
of N. By Corolla.ry 1.11, there exista x E m(K n L) which ia a. rema.inder 
modulo N, where Lisa. free dense submodule of M. Then xR :f; O a.nd so 
xR n N #O. Take a E R such tha.t O :f; xa E N. Since supp(za) Ç supp(z) 
it follows tha.t x is not a. rema.inder modulo N, a. contra.diction. 

(ü) If K ia a. non-zero right submodule of [N]p, we choose a.ny O :f; x E K. 
Then there exists a non-zero ideal H of R with zH Ç K n N. Since P is 
torsion-free we have K n N #O. Thus [N]p is an essentia.l extension o{ N 
and so N = [N)p. 

The proof of the following Lemma. is stra.ightforwa.rd . 

Lemma. 1.13. Let M and M' be two centred bimodules a.nd cp: M--+ M' 
an epimorphism of R-bim.odules. If N' Ç P' a.re submodules of M', N = 
cp-1(N') and P = cp-1(P'), we have [N)P = cp-1([N1P')· In particular, N is 
closed in P if a.nd only if N' is closed in P'. 

Rema.rk 1.14. The above Lemma allows us to make a. reduction when 
we wa.nt to study the la.ttice of closed submodules of P Ç M. In fa.ct, since 
[O]p Ç [N)p, for every submodule N Ç P, we may fa.ctor out [O]M and assume 
that M is torsion-free. With this reduction, the lattice of closed submodules 
of any submodule P of M is just the lattice of G-closed submodules. 

Rema.rk 1.15. Another consequence of the Lemma 1.13 is to give a.n 

a.lterna.tive way for the description of the closure [N]p of a. submodule of 
P. In fact, choose a. free bimodule S over R with the basis E = (e;);en 
and consider the canonica.l epimorphism cp : S --+ M given by cp(ea) = x,, 
i E Q. Since there is a one-to-one correspondence between the set of ali the 
closed s.ubmodules of P Ç M a.nd the set of ali the closed submodules of 
cp-1(P) Ç S whlch contain K ercp, the description of the closure in the free 
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case gives a description for the general case. For example, the minimality of 
N may be de:fined as Min(<p- 1(N)), and so on. 

2. Enlarging and Contracting Closed 
Submodules 

Let Q be the maximal (complete) right quotient ring of R ([22], Chap IX, 
(13], Sect. 4.3). We say that Tis a ring of right quotients of R ii Tis a 
subring of Q contai.ning R. The extended centroid of R ia the center of Q. 
We denote it here by C. For the basic properties we will use here the rea.der 
can see ([4], Lemmas 2.1 and 2.2). 

Following ([5], Sect. 2), the purpose of this section is to extend the 
bimodule M to a Q-bimodule M* and then to contract M* to a vector space 
V over C. We will show that there is a one-to-one correspondence between 
the closed submodules of M, M* and V. 

We point out that we could r~uce this study to the Martindale ring of 
right quotients of R, but we prefere to work with Q. We begin this section 
with the following particular case. 

2.1. Free case. Let L be a free centred bimodule with the centralizing 
basis E= (ei)ien· Denote by L* the free Q-bimodule Eien ffiQe,, where E= 
(e;);en is acentralizing basis of L*. For any subset S of Q, put L~= Lien Se;. 
In particular, Lê is a vector space over C with the basis E = (ei)íen· We 
denote Lé by V. Also, if Tis any ring of right quotients of R, L;, is a free 
T-bimodule with the same basis E and L Ç L;, Ç L*. Finally, LR = L. 

The proofs of the following resulta are similar to the proofs given in {[5), 
Lemmas 2.1, 2.2, 2.3, Corollary 2.4 and Theorem 2.5). We will include only 
the proof of Theorem 2.5 because this case is more general than that one and 
also because something seems to be wrong in the proof of {[5], Theorem 2.5). 

Lemma 2.1. Let N be a submodule of L, r E Min(N) ande E r. Then 
there exists a unique element mr,e E V such that for every x E N with 
supp(x) =r we have X= mr,ex(e) = x(e)mr,e· Moreover, supp(mr,e) =r 
and mr,e(e) = 1. 

- ~·. 

Given a submodule N of L we denote by Mc(N) the set of ali the elements 
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mr,e constructed in Lemma 2.1, where r E Min(N) ande E r. So Mc(N) Ç 
V and for every m E Me ( N) there exista a non-zero ideal H of R with 
mH = Hm Ç N. Also, for every x E m(N) we have x = am, for some 
mE Mc(N) a.nd a E R. 

Let T be a.ny ring of right quotients of R a.nd let N be a T-submodule of 
L;,. Generalizing a former definition, we say that a.n element O #- x E L• is 
a remainder modulo N if for every y E N with supp(y) Ç supp(x) we have 
y =0. 

Now, consider N Ç P submodules of L;.. We denote by [N]T,P the closure 
of N in P a.nd we put N0 = NnL Ç P0 = PnL. If N =O, then [N)T,p =O. 
Thus we assume N f; O. So No is clearly a non-zero R-submodule of L a.nd 
Min(No) = Min(N). Also, Mc(No) is defined as above. Under this notation 
we have 

Lemma 2.2. Let x E L*. Then there exist elements q; E Q, m; E Mc(N0 ), 

i = 1, 2, ... , n, and y E L• such that x = :L?=1 q;m; + y, where either y =O or 
y is a remainder modulo N . 

Lemma 2.3. Let N be a T-submodule of L;, a.nd x E L*. Then the 
following conditions are equivalent 

i) x E QMc(No)· 

ü) There exists adense right ideal J of R with xJ Ç N0 • 

In addition, if x E L;, the above conditions are also equivalent to 

iü) There exists a non-zero ideal H of T with xH Ç N. 

Corollary 2.4. Assume N Ç P are T -submodules of L;., No = N n L a.nd 
P0 = P n L. Then we have [N]T,P = QMc(No) n P and this submodule is 
also equal to the set of ali the elements x E P such that there exists a dense 
right ideal J of R with xJ Ç N0 • 

Note that if Ris a simple ring, every submodule of M is closed in M. 
Then the set of ali the C-subspa.ces of V coincides with the set of all the 
closed subspa.ces of V. 
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Now we can obtain one of the main results of this section. In the proof 
we will use freely the former results. 

Theorem 2.5. Let T be a ring of right quotients of R, let L be a free 
centred bimodule over R and suppose that P is a submodule of L;,. Then 
there is a one-to-one correspondence between the following 

i) The set of all the submodules of L which are closed submodules of 
PnL. 

ii) The set of all the submodules of L;, which are closed submodules of P. 

iii) The set of all the C-subspaces of CMc(P0 ). 

Moreover, this correspondence associates the closed submodule N of P0 = 
P n L with the closed submodule N* of P and the subspa.ce K of CMc(P0 ) 

if N* n L = N and N* = Q K n P. 

Proof. If N Ç P is a submodule of L;, which is closed in P and N0 = 
NnL Ç Po = PnL, we have N = [N]T,P = QMc(No)nP. Then [No]R,fb = 
QMc(N0 ) n P0 = N n P0 = N n L= N0• So N0 is closed in P0 • If N' is 
another closed submodule of P with N' n L= N0 we have N' = [N1T,P = 
QMc(No) n P = N. 

On the other hand, let I be a submodule of L which is closed in P0 • 

Then N = QMc(I) n P is a submodule of L;, which is contained in P and 
N0 = N n L = QMc(I) n P0 = [l]R,Po = I. Thus N = QMc(N0) n P 
and so N is a closed submodule of P with N n L= I. This establishes the 
correspondence between (i) and (ii). 

To complete the proof it is enough to show the one-to-one correspondence 
between (ü) and (iü) for T = Q and under the assumption that P is closed in 
L*. In fa.ct, we may assume P is closed in L;, by Theorem 1.7. Thus, by the 
first part already proved P n L is a closed submodule of L and there exists 
a unique closed submodule P* of L* with P* n L= P n L. It is clear that 
p• n L;, = P. Applying again twice the first part we obtain a one-to-one 
correspodence between the set of all the closed submodules of P and the set 
of ali the closed submodules of P*. 

So assume that T = Q and P is closed in L*. First we show that P n V = 
CMc(P0 ). If m E Mc(P0 ), there exista O # H <l R with mH Ç P0 Ç P. 
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-·· 

Thus m E P a.nd we have CM0 (P0 ) Ç P n V. Take a ba.sis { v;};ee of 
CMc(Po) over C . If P n V :::> CMc(Po) there exista v E P n V such that 
A = {v; hee U {v} is a linearly independent set over C. Since L* ~ Q ®c V 
we have that A is also Q-independent. However, P = QM0 (P0 ) and so 
v ;;:::: Ei=I q;u; , for some elements q; E Q a.nd tl.í E Mc(P0 ). Writing each tl.í 
as a linear combination of the elements v; we obtain v as a linear combination 
of {v;};ee· This contradiction shows that CM0 (P0 ) = Pn V. 

Now, let N be a submodule of P which is closed in P. Then N is closed 
in L*, since P is closed. So by the same argument as above CM0 (N0 ) = 
N n V Ç P n V= CM0 (P0 ). Then N n Vis a subspace of CM0 (P0 ) and 
Q(N n V) = QMc(N0 ) = N. 

Conversely, let K be a subspace of CM0 (P0 ) a.nd put N = QK. Then 
N ç QM0 (P0 ) = P. We show that N is closed in P a.nd K = N n V. 

First, assume Mc(No) ~ K. Ta.ke a basis {v;};eB of K over C and an 
element v E M0 (N0 ) such that A= {v;} U {v} is C-independent. Hence A 
is also a Q-independent subset of L"'. Since vH Ç N0 Ç N = QK, for O# 

.- H <1 R, we obtain a. contra.diction arguing a.s a.bove. Therefore M0 (N0 ) Ç K 
and so QMc(No) Ç N Ç [N]q = QMc(No). Consequently, N is closed. 
Now, applying the former part we obtain N n V= CM0 (N0 ) Ç K Ç N íl V. 
Thus N n V = K and the proof is complete. 

The following consequence of Corollary 2.4 will be used next. 

Corollary 2.6. Let M be a centred bimodule over R. Then M is torsion
free if and only if the following condition holds: if z E M and J is a dense 
right ideal of R such that z J = O, then z = O. 

Proof. If M is free over R, clearly the above condition holds. In general, 
assume tha.t M is torsion-free a.nd take a. free centred bimodule L a.nd a.n 
epimorphism cp : L- M , as in Remark 1.15. Then K ercp is a closed submo
dule of L. Suppose z EM and zJ =O, J adense right ideal of R, a.nd ta.ke 
y E L with cp(y) = z. Then yJ Ç Kercp an so y E Kercp, by Corollary 2.4. 
Hence x = O. The converse is clear. 

2.2. The canonical extension of M. Now we come back to the general 
··r· case. Let M be a centred bimodule over R with X= (z,);en a set ofcentra

lizing generators. 
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There always ex:ists an extension of M to a Q-bimodule M* ([22], Chap. 
IX). But we will present here a direct way to obtain M*, independent of the 
resulta in the literature. 

First, let P be a right R-module. We say that P is torsion-free if the 
following condition holds: x E P and xJ =O, for adense right ideal J of R, 
imply x = O. By Corollary 2.6 this definition agrees with the one given in 
Section 1 for centred bimodules. 

Definition 2.7. A pair (M*,j) of a centred bimodule M* over Q such that 
M"' is torsion-free as a right R-module and an R-bimodule homomorphism 
j : M - M* is said to be a canonical torsion-free extension of M if for 
every right Q-module P which is torsion-free as right R-module and for 
every homomorphism of right R-modules f: M-P, there exists a unique 
homomorphism of right Q-modules f*: M*- P such that f* o j =f. 

We have the following 

Theorem 2.8. For every centred bimodule M over R there exists a cano
nical torsion-free extension (M*,j). 

f.mm. Let L be a free R-bimodule with the basis E= (e;);en and {{): 
L- M the R-bimodule homomorphismdefined by<P(e,) = x,, i E Q. Denote 
by L* the extension of L to a free Q-bimodule with the same basis E and 
consider the canonical inclusion L - L* as an identification. So assume 
L Ç L*. 

The submodule I = <p-1([0]M) is a closed submodule of L and so there 
exists a closed submodule I* of L* such that I*nL =I, by Theorem 2.5. Put 
M* = L*/ I* and denote by 1r: L* - M* the canonical projection. Thus M* 
is a centred Q-bimodule with (7r(e,)),en as a generating set of centralizing 
elements and 1r is a Q-bimodule homomorphism. Also, since 7r-1 (0) =I* is 
closed we have that M* is torsion-free as an R-module. We can easily see 
that j(xi) = 1r(ei), i E n, induces a well-defined R-bimodule homomorphism 
j:M-M*. 

Suppose that P is a right Q-module which is torsion-free as right R
module and f : M - P is an homomorphism of right R-modules. Every 
x E M* can be written as x = 2::::?=1 ?r(e,)qi = 2::::?=1 j(x,)q,, for some Xi E X, 

. -qi E Q, i = 1, ;.:, n. Assume x = O. Then Ef=1 eiqí E I* and take ,.a .dense 
right ideal J of R with qJ Ç R, i = 1, ... , n. We have Ef=1 eiqJ Ç I and so 

14 



. •. ')\J.; 

Ef=t xiqJ C [O]M· Hence, for every a E J there exists a non-zero ideal Hc. 
of R with Ef=1 x;q;aHc. =O. It follows that 2:?=1 f(x,)q,aH4 =O. Since P is 
torsion-free as right R-module we obtain Ef=1 f(x,)q, =O. 

Consequently, the mapping /"' : M"' -+ P defined by /"'(Ei:1 j(x;)q,) = 
Ef=I f(x;)q; is a well-defined right Q-homomorphism such that f* o j = f. 
The unicity o{ /"' is evident. 

Remark 2.9. From the proof of Theorem 2.8 is clear that (j(x,)),en is a 
set of Q-centralizing generators of M*. We can easily see that K er j = [O]M· 
So we may consider M Ç M* if a.nd only if M is torsion-free. Finally, if M 
is free over R, then M"' is free over Q. 

Lemma 2.10. Under the above notation, if P is a Q-bimodule and f : 
M-+ Pisa homomorphism of R-bimodules, then r: M*-+ Pisa homo
morphism of Q-bimodules. 

Proof. It is enough to show that qf(x,) = f(x,)q, for every q E Q, 
i E Q. Let J be a dense right ideal of R with qJ Ç R and take a.ny a E J. 
We have (qf(x,) - f(x,)q)a = qf(x,a) - f(x,)qa = qf(x,a) - f(x,qa) -
qaf(xi) - qaf(x,) = O. Since P is torsion-free the result follows. 

Remark 2.11. From Lemma 2.10 we ca.n easily see that the extension 
(M*, j) is unique up to isomorphism, where isomorphism means isomorphism 
of pairs as usual. 

Corollary 2.12. Let M and M' be two centred bimodules over R and 
f : M --+ M' an R-bimodule homomorphism. Then there exists a unique 
homomorphism of Q-bimodules r : M* --+ M'* such that j' o f = f* o j, 
where j and j' are canonical. 

In addition, if f is surjective (resp. injective) sois f*. 

Proof. The first part is straightforward. Also, it is not hard to show 
that r is onto when f is onto. Assume that f is injective and take X = 
E?=t j(x;)q; E M* such that f*(x) = E?=1 j' o f(x;)q; =O. Let J be adense 
right ideal of R such that qJ Ç R, for i= 1, ... , n. Thus Ef=1 j' f(x,q,a) =O, 
for .~very a E J, and so f(Ef=1 x;q;a) E (o)M', by Remark 2.9. Let H be a non
zero ideal of R with f(E?= 1 x;q;a)H = O. It follows that E?=1 x;q;aH = O, 
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then l:f=1 x;q;a E [O}M a.nd so xJ = l:f=d(xi)q;J = O. Therefore x = O 
because M* is torsion-free. 

Now we show the following main result. 

Theorem 2.13. For every centred bimodule M over R, the canonical 
torsion-free extension M* of M is free over Q. Moreover, if Eis a basis of 
a free dense submodule L of M, then (j(e))eeE is a centralizing basis of M* 
over Q. 

Proof. By Corollary 2.12, the canonical inclusion L Ç M induces an 
inclusion L* Ç M*, where L* is free over Q with the basis E. We show that 
L* = M•. It is enough to prove that for any i E n we have j(x;) E L*. If 
x; is in E there is nothing to prove. So assume x; (/. E and denote it by x. 
Then, by the maximality of E there exist x 1 , ••• , Xn in E such that x 1 , ••• , Xn, x 
are linearly dependent over R. Thus there exist a1, ••• , an, a =f O, in R such 
that y = a1x1 + ... + CinXn + ax = O. For any r E R we have ary- yra =O so 
ara;= a;ra and hence there are c; E C with c;a =a;, for i= 1, ... , n. Then 
(cú(xi) + ... +enj(xn) + j(x))a =O, so cú(xi) + ... + enj(xn)+ j(x))RaR =O 
and we obtain j(x) =- l:f=1 câ(x;) E L*. The proof is complete. 

As an immediate consequence of Corollary 2.12 and Theorem 2.13 we 
h ave 

Corollary 2.14. Let M and M' be two centred bimodules over R and f, 
g two R-bimodule homomorphisms of M in to M 1

• If f I L = g I L for a free 
dense submodule of M, then f= g. 

2.3. General case. Now we will show that the correspondence of Theorem 
2.5 also holds when M is not necessarily free over R. 

We know that M* is a free Q-bimodule with the centralizing basis E= 
(e; )ieA. As in the fust part of the section we denote by M;. the free T
bimodule with the basis E, where T is any ring of right quotients of R, and 
V= M~ = E;eA Ce;. It is clear that MR. = Lisa free dense submodule of 
M. We denote again here by j : M --+ M* the ca.nonical mapping. 

Theorem 2.15. Let T be any. ring o f right quotients of R, M a centred 
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bimodule over R and P a submodule of MT. Then there is a one-to-one 
correspondence between the following 

i) The set of ali the submodules of M which are closed in j-1 (P). 

ii) The set of ali the submodules of M;. which are closed in P. 

iii) The set of ali the C-subspaces of CMc(P n L). 

Moreover, this correspondence associates the closed submodule N of 
J-1(P) with the closed submodule N* of P and the subspace K of CMc(Pn 
L) if j-1(N*) = N and N* = QK n P. 

Proof. lt follows easily from Theorems 1. 7 and 2.5. 

We finish this section with some additional remarks. 
First, Theorem 2.15 gives, in particular, a one-to-one correspondence bet

ween the set of ali the closed submodules of M, the set of ali the closed 
submodules of M* and the set of ali the subspaces of V. On the other hand, 
if we factor out [O]M and, consequently, we assume that M is torsion-free, 
then the correspondence is given by intersection, i.e., N corresponds to N* 
and K if N* n M = N and N* n V = K. 

Another interesting fact we point out is that for every z EM there exists 
a unique representation of j(z) as j(z) = Ef=1 qiei, O -::/; qi E Q, ei E E, 
i= 1, ... , n. Then we can define the E-support of z as supp(z) = {e1, ... , en}, 
and the E-minimality of a submodule N of M by the usual way and also 
give a description of [N]M using this concept. 

Finally, the following is not hard to prove. 

Corollary 2.16. Let P be a closed submodule of M and let L be a free 
dense submodule of M. Denote by P* the closed submodule of MT with 
j-1(P*) = P. Then we have P* = (Pn L)*= {z EM;,: there exista adense 
right ideal J of R with zJ Ç P} = {x EM;.: there exists adense right ideal 
J of R with zJ Ç P n L}= QMc(P n L) n M;.. 

3. The torsion-free rank of a bimodule 

Before considering ring extensions we give some applications. 
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Let N be a submodule of a centred bimodule M over a prime ring R. 
Following ([20], Definition 1.5), we define the rank of N as the length of the 
longest possible direct sum of non-zero torsion-free sub-bimodules of N, if 
such a bound e:xists, or oo in the contrary case. We denote the rank of N by 
rank (N). 

In order to give an equivalent definition of rank (N) we begin with the 
following. 

Lemma 3.1. Let N be any submodule of M. Then rank(N) =rank([N]) = 
rank([N]/[0]), where [N]/[0] is a submodule of M /[O]M· 

~ Since [[ N]] = [ N] it is enough to show that rank( N) = rank 
([N]/[0]) . 

Let E 1er $N, Ç N, where N, is a torsion-free submodule of M, for a.ll 
i E r . Then we have N1 n [O] = O and so each N1 can be regarded as a 
torsion-free submodule of M /[0] and E 1er $N; Ç [N)/[0). 

Conversely, assume that (~);er is a family of submodules of M properly 
containing [O] such that Eier(P./[0]) = Í:ier EB(P./[0]) Ç [N]/[0] (note that 
every ~/[0] is automatica.lly torsion-free). Let L be a dense submodule of 
M. Then P, n Lisa. non-zero torsion-free submodule of M with Í:ãer(.F't n 
L) = Í:ier EB(P; n L) Ç [N]. (Corollary 1.8). For every i E r take a non
zero element Yi E P n L. So there exists a non-zero ideal H; of R with 
O =f; y1H, Ç N . Choose a, E H, such that z, = a,y, =f; O. We can easily see 
that L:;er Rz,R = L:;er $Rz,R Ç N, where Rz,R is a non-zero torsion-free 
submodule of M. The proof is complete. 

The above Lemma shows that to compute rank( N) we may always assume 
that M is torsion-free and N is closed in M. 

Now, denote by (M*,j) the canonical torsion-free extension of M and by 
V the C-vector space Mê. We have 

Theorem 3.2. Let N be a closed submodule of M, N* the closed submo
dule of M* with j-1 (N*) = N and K = N* n V. Then ra.nk(N)=diiilç(K), 
where dimc(K) denotes the dimension of K as a C-vector space. In parti
cular, rank(N) =rank(N*). 

Proof. We may assumeM is torsion-free, i.e., M Ç M* and N = N*nM. 

18 



Suppose LiEr tJJN; Ç N, where N; is a non-zero (necessarily torsion-free) 
submodule of M, for ali i E r. Let N;* denote the extension of [ N,] to 
a closed submodule of M* and put K, = N; n V, i E r. We easily see 
that L,;Er[N;] = Lier EB[N,] Ç N and also l:;er N; = Lier EBN; ç N*. 
Hence LiEr K, = LiEr EBKi Ç K, where K, is non-zero. It follows that 
dirnc(K) >rank(N). 

Conversely, suppose that { v;her is a linearly independent subset of K. 
Since M* ~ Q ®c V as Q-bimodules, we have that { v;};Er is a set of Q
centralizing elements of N• which are linearly independent over Q. Thus 
Eier Qv, = Eier $Qv, Ç N•. Consequently, Í:ier( Qv, n M) = Í:ier $( Qv, n 
M) C N and it follows that rank(N) ~ dimc(K). 

Since rank(N) equals the dimension of a vector space, properties of rank 
will follow ea.sily from well-known properties of vector spaces. In fact, many of 
the properties obtained in ([20], Sect. 1) can be reproved using this method. 
We give two examples. 

Corollary 3.3. Let N Ç P be closed submodules of M such that rank(N) 
=rank(P) .< c:x::>. Then N = P. 

Proof. If K and K' are the subspaces of V corresponding to N and P, 
respectively, we have K Ç K' and dimc(K) = dimc(K'). Consequently, 
K = K 1 and so N = P. 

As a second example we will reprove Proposition 1.8 of [20]. First we 
need the following. 

Lemma 3.4. Let M be a centred bimodule over R and let N be a submo
dule of M. Then MINis a centred bimodule whose canonical torsion-free 
extension is ( M IN). ~ M* In·' w here M* is the canonical torsion-free ex
tension of M and N* is the closed submodule of M* which corresponds to 
[N]. 

Proof. The canonical mapping j : M-+ M* induces a homomorphism 
g : M IN -+ M* IN*. If Pisa right Q-module which is torsion-free as right 
R-module and f: MIN-+ Pisa homomorphism-of right R-modules, then 
there exista a Q-homomorphism f' : M* -+ P such that f o 1r = f' o j, 
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where 1r : M - M IN is canonical. Since N* Ç K e r f' we obtain a Q
homomorphism r : M* IN* - p with r o g = f. The result follows from 
the unicity of ( M IN)*. 

Corollary 3.5 (c.f. (20], Proposition 1.8.). Assume that N Ç P are 
submodules of a centred bimodule M. Then rank( P) =rank( N)+rank( P IN). 

Proof. Let N*, p• be the closed submodules of M* corresponding to 
N and P, respectively, and put K = N* n V, I = P* n V. By Lemma 
3.1, rank(PIN) =rank([P]I[N]). Also, the closed submodule of (MI[N])• ~ 
M* IN* corresponding to [P]I[N] is P* IN*. Therefore rank(N) = dimc(K), 
rank(P) = dimc(I) and rank(PIN) = dimc(IIK). The result follows from 
the relation dimc (I) = dimc { K) + dimc{ I I K). 

4. Non-singular and Strongly Closed 
Submodules 

Recall that the singular submodule Z(P) of a right R-module P is defined 
as the set of ali the elements x E P such that the annihilator r{ x) of x in 
Ris an essential right ideal of R. The module P is said to be non-singular 
if Z(P) = O. We say that a submodule N of P is non-singular in P if 
Z(PIN) =O {(8], p.30-36). 

When M is a bimodule over R and Pisa submodule of M, we consider 
P as a right R-module. So Z(P) is the right singular submodule of P anis, 
in fact, a sub-bimodule of M. We will say simply "singular submodule" and 
"non-singular", omitting ''right". Also, r( x) will denote the right annihilator 
of x in R. 

For a ring R, the singular ideal of R is the ideal Z(R), which is the 
singular submodule of R when considered as right R-module. We say that 
Ris non-singular if Z(R) =O. 

Lemma 4.1. Let P be a submodule of a centred bimodule M and let N 
be a submodule of P. If N is non-singular in P, then N is dosed in P. 

· .. Proof. Take x E [N]p. Then x E P and xH Ç N 1 for O =fi H <1 R. Hence 
r(x+N) 2 H, where x+N E PIN. Since Ris prime, r(x+N) is an essential 
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right ideal of R and so x + N E Z(P/ N) =O. It follows tha.t x E N. 

One of the purposes of this section is to study when the converse of 
Lemma 4.1 holds. We begin with the following 

Lemma 4.2. Assume that R is a prime non-singular ring and N Ç P are 
submodules of M. Then Z(P/N) = [NJpfN. 

Proof. By factoring out the submodule N we may assume N = O. 
If x E [O)p, then there exists a non-zero ideal H of R with xH = O. Then 

x E Z(P) and so [O]p Ç Z(P). Assume that Z(P) ~ [O]p and let L be a free 
dense submodule of M. By Corollary 1.11 there exists y = a!e1 + ... + anen E 
m(Z(P) n L) which is a remainder modulo [O)p n L, where O# a; E R a.nd 
ei E E (Eis a basis of L), i= 1, 2, ... , n. We easily see that r(y) = r(a1) is 
an essential right ideal of R and so a1 E Z(R) =O, a contradiction. 

The following is clear 

Corollary 4.3. Assume that R is a prime non-singular ring and N Ç P 
are submodules of M. Then N is closed in P if and only if N is non-singula.r 
in P. In particular, P is torsion-free if and only if P is non-singular. 

Combining Lemma 4.2 with ([4], Corolla.ry 2.5) we have 

Corollary 4.4 Let R be a prime non-singula.r ring and let I be an R-disjoint 
ideal of R[X]. Then there exista a unique monic polynomial fo E C[X] such 
that Z(R[X]/I) = (f0Q[X] n R[X])fl, where R[X]/1 is considered a right 
R-module. 

Now we obtain a converse of Corollary 4.3. 

Lemma 4.5. Let N be a submodule of M which is not a torsion module. 
If Z(N/[O]M) =O, then Ris non-singular. 

fi.QQf. By factoring out [O]M we may assumeM is torsion-free, Z(N) =O 
and N =f. O. Let L be a free dense submodule of M and take O :j:. x E N n L, 
say x = a1e1 + ... +anen, O# ai E R, i = 1, ... , n. If a E Z(R), then r(a) is an 
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essential right ideal of R. Then r(xa) is also essential, thus xa E Z(N) =O. 
Therefore a1Z(R) =O and so Z(R) =O. 

We summarize the former results in the following 

Theorem 4.6. Let M be a centred bimodule over the prime ring R and 
P a submodule of M which is not a torsion submodule. Then the following 
conditions are equivalent 

i) Ris non-singular. 

ü) Z(P/[O]p) =O. 

iü) Every closed submodule of P is non-singular in P. 

iv) Z( P IN) = [ N]p IN, for every submodule N of P. 

Corollary 4.7. A prime ring Ris non-singular if and only if there exists a 
non-singular centred bimodule over R. 

Now we turn for strongly prime rings. Recall that a ring Ris said to be 
(right) strongly prime if every non-zero ideal I of R contains an insulator, 
i.e., there exists a finite set F Ç I such that Fa = O, a E R, implies a= O. 
An ideal P of R is said to be strongly prime if R/ P is a strongly prime ring. 
For more details on strongly prime rings and ideals see [15]. 

By the resulta in ([5], Sect. 3), we may expect that there exista some 
result concerning strongly prime rings similar to Theorem 4.6. To obtain 
this result we give the following definition. 

Let P be a submodule of M. A submodule N of P is said to be right 
strongly closed in P if for any submodule I of M with N C I Ç P there 
exists a finite set F Ç I such that Fa Ç N, a E R, implies a= O. Such a set 
F will be called an insulator. The submodule P is said to be strongly closed 
if the ideal (O) of P is strongly closed in P. 

Every strongly closed submodule of P is closed in P. Moreover, we have 

Lemma 4.8. Assume that N Ç P are submodules of M and N is strongly 
closed in P. Then N is non-singular in P. 
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l. 

Proof. Assume Z(P/N) = I/N, where I :> N is a submodule of P. 
Then there exists a finite set F Ç I which is an insulator. For every x E F, 
A, = r( x + N) is an essential right ideal of R, where x + N E I/ N. Also, 
F(n~FAz) Ç N . Then nzeFAz =O, a contradiction. 

It is easy to see that an intersection of strongly closed submodules of P 
is also a strongly closed submodule of P. Then the intersection of ali the 
strongly closed submodules of P is the smallest strongly closed submodule 
of P. This submodule will be called the strongly closed radical of P and 
denoted by s(P). 

Lemma 4.9. Assume that Ris a strongly prime ring. Then for submodules 
N Ç P of M we have s(P/N) = [N]pfN. 

Proof. Assume that I is a submodule of M with N C I Ç P and that I 
is atrongly closed in P. If [N]p !l I, there exista a finite set F Ç [N)p +I 
such that Fa Ç I, a .E R, implies a = O. Clearly we may assume F Ç 
[N]p. Then for every x E F there exists a non-zero ideal Hz of R such that 
xH2 Ç N. Then F(nseFH,) Ç N Ç I and so n,eFHs =O, a contradiction. 
Consequently ( N)p Ç I. 

Now we show that [N)p is atrongly closed in P, provided Ris strongly 
prime. Assume that I is a submodule of P with I:> (N)p and let L be a free 
dense submodule of M. Then there exista y E m(InL) which is a remainder 
module [N]p n L. Write y = a 1e1 + ... + llnen, O # a, E R, for i = 1, ... , n. 
We define an ideal of R by H = {a E R : there exista y E I n L with 
supp(y) = {e11 .. . ,en} and y(e1 ) =a}. Since Ris strongly prime, there exists 
F= {b11 ••• , bt} Ç H such that Fb =O, b E R, implies b =O. Now, for every 
b, E F there exista Yi E In L with supp(y,) = { e11 ••• , en} and y,(e1) = b,, 
i = 1, 2, ... , t. Then we have that {y1 , ..• , yt} is an insulator modulo [N]P 
which is contained in I. For if b E R and y;b E [N]p, i = 1, ... , t, we have 
y,b = O, thus Fb = O and so b = O. The proof is complete. 

Corollary 4.10. Assume that Ris a strongly prime ring and N Ç Pare 
submodules of M. Then N is strongly dosed in P if and only if N is closed 
in P. 

In particular, putting together Lemma 4.1, Lemma 4.8 and Corollary 4.10 
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we have 

Corollary 4.11. Assume that R is a strongly prime ring and P is a sub
module of M. Then the following conditions are equivalent 

i) P is torsion-free 

ii) P is non-singular 

iii) P is strongly closed. 

Now we prove the following converse of Corollary 4.10. 

Lemma 4.11. Let N be a submodule of M which is nota torsion submo
dule. If [O]N is strongly closed in N, then R is a strongly prime ring. 

Proof. By factoring out [O]M we may assume M is torsion-free and N 
is strongly closed. Let L be a free dense submodule of M and take any 
O =/= z E N ()L, say z = a1 e1 + ... + anen, O =/= a, E R, i = 1, ... , n. Let H be a 
non-zero ideal of R and consider H zH, a non-zero submodule of N. By the 
assumption there exists an insulator F Ç H zH. Also, for every z, E F we 
have Z i = Í:jCijZCÍtj, Cij, CÍtj E H. Then we easily see that {dij} Ç H is an 
insulator in R. Thus R is strongly prime. 

As a direct consequence of the former results we have 

Theorem 4.12. Let M be a centred bimodule over a prime ring R and P 
a submodule of M. Then the following conditions are equivalent. 

i) Ris strongly prime. 

ii) [O)p is a strongly closed submodule of P. 

iii) Every closed submodule of P is strongly closed in P. 

iv) s(P/N);:::: [N)pfN, for every submodule N of P. 

Corollary 4.13. A ring Ris strongly prime if and only if there exists a 
strongly closed centred bimodule over R. 
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5. Centred and intermediate extensions 

Throughout this section Ris again a prime ring and S is an extension of R. 
We say that S is a centred extension of R if S is a centred bimodule over R. 
That is, there exists a set of R-centralizing elements X = ( x; )ien of S such 
tha.t S = Í:ien Rxi. Clea.rly we ma.y assume tha.t 1 E X. Closed a.nd prime 
ideais in free centred extensions have been considered in [5]. 

Let S be a centred extension of R and let W denote a subring of S with 
R Ç W. Then we say that W is an intermediate extension of R. 

An ideal I of an intermediate extension W of R is said to be R-disjoint 
if In R= O. The closure [I]w of an ideal I of W is defined as the closure of 
I a.s a submodule of W. Using Corollary 1.4 we easily see that the closure 
[I]w of an R-disjoint ideal I of W is also an R-disjoint ideal of W. Also, if 
In R=/= O, then [I]w = W. 

The ideal I of W is said to be closed in W if [I]w = I. It is clear that 
a proper closed ideal is always R-disjoint. Ali the results we have proved in 
Section 1 applies to R-disjoint ideais a.nd closed ideais. . 

To choose a free dense submodule L of S we consider a maximal R
independent subset E = ( e;);eA of X containing 1. Thus such a free dense 
submodule contains R, the canonica.l torsion-free extension s• of S has a 
basis containing 1, and Q Ç S*. As in the former sections we denote by V 
the 0-vector space Sé= EieA Ce;. 

Since S* is free over Q with the basis E, the multiplication in S induces 
a multiplication in s•. We can easily see that s• is a ring and the canonical 
mapping j : S -t S"" is a ring homomorphism. For every i, k E A we 
have e;e1. E V5 .(Q) = V, where V5 .(Q) denotes the centralizer of s• in Q. 
Consequently V is a C-a.lgebra with the same basis E. 

We have some problems to obtain a theorem of the type of Theorem 2.15 
for closed and R-disjoint prime ideais of W. First, if T is any ring of right 
quotients of R, the T-submodule ST = EieA Te; of S* need not be a. subring, 
in general. So we have to restrict our attention to subrings T of Q with the 
following additional property: for every e, e' E E we have ee' E ST. We 
certainly can proceed with any ring of right quotients containing the central 
closure RC of R. 

Hereafter we modify our notation for simplicity. We denote by Q any ring 
, · - "" .of right quotients of R containing RC and by S* the ring SQ = E;eJI.'·Qe;. It 

is clear that V ç S*, S* ~ Q ®c V, and s• is free over Q with the basis E. 
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There is another problem concerning R-disjoint ideais of an intermediate 
extension W. If W = S is easy to see that every R-disjoint prime ideal of W 
is closed. But we do not know if the same result holds for any intermediate 
extension. Moreover, we think the result is not true. We will consider the 
question afterwards. Meanwhile, an R-disjoint prime ideal which is closed 
will be called a closed prime ideal. 

We begin the section with the following. 

Lemma 5.1. Let W Ç U be subrings of S such that W is dense in U. 
Then the correspondence of Theorem 1. 7 preserves closed and closed prime 
ideais. 

~. Let P be a closed submodule of U and put P0 = P n W. If P0 is 
an ideal of W, ~ E P and y E W we ha.ve non-zero ideais H and F of R with 
~H Ç P0 a.nd Fy Ç W. Then Fy~H Ç P0 Ç P and so y~ E P, beca.use P 
is closed. Similarly, ~y E P. Thus P is a.n ideal of U if a.nd only if P0 is a.n 
ideal of W. 

Now, assume tha.t P0 is prime and let A, B be ideais of U with AB Ç P. 
If ~E [A]u, y E [B]u then xH Ç A a.nd Fy Ç B, for non-zero ideais H a.nd 
F of R. Hence as above we obtain yx E P. Therefore we may assume that 
A and B are closed. Thus (A n W)(B n W) Ç P0 and so either A n W Ç P0 

or B n W Ç P0 • It follows that either A = [A n W]u Ç P or B Ç P. 
Conversely, assume tha.t P is prime a.nd A a.nd B a.re idea.ls of W with 

AB Ç P0 • As above we show that [A]u[B]u Ç P a.nd we have either A Ç 
p n w = Po OI B ç Po. 

Let W be a.n intermediate extension of R. Then it is easy to see that 
[W]s is also a. subring of S containing R. By Lemma. 5.1, in the proof of 
some results we may assume that W is closed. In this case we say tha.t W is 
a dosed intermediate extension. 

We can do a.nother simplification. Every closed ideal of W conta.ins (O]w = 
[O)s n W. Thus, by factoring out the ideal [O]s we may assume that S is 
torsion-free. Henceforth we may consider S Ç S" a.nd the correspondece of 
Theorem 2.15 is given by intersection. 

Let W be an intermediate extension of R. Then there exists a. closed 
submodule W* of S* _with W* n S = [W] a.nd put W0 = W* n R. We have 
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Lemma 5.2. If W is an intermediate extension of R, then [W), W* and 
W0 are subrings of S, S* and V, respectively. 

Proof. We aheady know that [W] is a ring. If X I y E Wo ç w· there 
exist non-zero ideais H and F of R with xH Ç W and yF Ç W. Then 
xyHF = xHyF Ç W Ç W*, hence xy E W* n V= W0 • Thus W0 is a 
subalgebra of V. The rest is clear because W* = QW0 • 

N ow we can prove the following 

Theorem 5.3. Let W be an intermediate extension of R. Then the cor
respondence of Theorem 2.15 is a on~to-one correspondence between the 
following 

i) The set of all the closed ( resp. closed prime) ideais of W. 

ü) The set of ali the closed (resp. closed prime) ideais of W*. 

iü) The set of ali the (resp. prime) ideais of Wo. 

Proof. We may assume W is closed. Let P denote a closed submodule 
of W, P* the e:xtension of P to W* and P0 ;;; P* n W0 • Using a similar 
argument to that in Lemma 5.2 we see that when one of the submodules P, 
P* and P0 is an ideal so are the others. 

Assume that P is a closed prime ideal and A, B are ideais of W0 with 
AB Ç P0 • Thus (QA n W)(QB n W) Ç Q(AB) n W Ç P* n W = P. Then 
either QA n W Ç Por QB n W Ç P and it follows that either A Ç P0 or 
B Ç P0 • Consequently P0 is prime. 

Now, assume that P0 is prime and suppose that AB Ç P*, where A and 
B are ideals of W*. Then (A n W0 )(B n W0 ) Ç P0 and it follows easily that 
either A Ç P* or B Ç P*. 

Finally, assume that P* is prime and AB Ç P, where A and B are ideais 
of W. Suppose that there exists x E A \P. As above we may assume that B 
is closed in W and let B* denote the extension o f B to W*. For every y E B* 
there exists adense right ideal J of R with yJ Ç B. Then xyJ Ç P Ç P* and 
it follows that xy E P*. Therefore xB* Ç P*, where x E P*. Consequently 
B = B* n S Ç P* n S = P. The proof is complete. 
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Remark 5.4. i) The above Theorem generalizes ([5], Theorems 2.5 and 
2.7). 

ü) Changing B by A we see that the above correspondence is also a one
to-one correspondence between closed semiprime ideais. 

iü) It is clear that the correspondence preserves intersections too. 

Now we give some easy examples of R-disjoint prime ideais which are 
automatically closed. 

Exemple 5.5. Let W be an intermediate extension and let P be an ideal 
of W which is maximal with respect to P n R = O. Then it is easy to show 
that P is a closed prime ideal. 

Example 5.6. Assume that the ring R satisfies the following condition: 
Every non-zero ideal of R contains a central element (for e~ample, this con
dition holds if R is a P I ring). Then every R-disjoint prime ideal of W is 
closed. For, if xH Ç P for x E W, O ::j H <l R, where P is an R-disjoint 
prime ideal of W, we obtain xWcW Ç P for a central elementO ::j c E H. 
Then x E P. 

Example 5.7. Let R be a subdirectly irreducible prime ring and let W be 
an intermediate extension. Then every R-disjoint prime ideal of W is closed. 
In fact, if xH Ç P, for x E W, O ::j H <l R, take any element y E Wo and let 
F be the minimal ideal of R. Then yF Ç W. Also, for every z = yq, q E Q, 
we have xzFHF = xyqFHF = xqFHyF Ç xHyF Ç P, since qF Ç R. It 
follows easily that x W F H F Ç P and consequently x E P. 

In Section 7 we will conBider another case in which every R-diBjoint prime 
ideal is closed. 

6. Special types of prime ideais 

The purpose of this section is to study strongly prime and non-singular prime 
. ideais. At the end, we also include a Theorem concerning primitive ideais. 
These results are generalizations of the results in ([5], Sections 3 and 4). 
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Throughout this section W is an intermediate exten.sion of a prime ring 
R. In [5], we proved that if R is a. prime ring of some special type ( e.g., 
strongly prime, non-singular, primitive), S is a free centred extension of R 
and P is an ideal of S which is maximal with respect to P n R= O, then 
S/ P is also a ring of the considered type ([5], Theorems 3.1, 3.2, 4.1). One 
of the purpoaes of thia aection isto extend this resulta. We have 

Theorem 6.1. Let R be a strongly prime ring and let P be an ideal of W 
which is maximal with respect to P n R= O. Then P is a strongly prime 
ideal of W. 

Proof. Suppose that I is an ideal of W with I:::> P. Then In R# O and 
so there exists a. finite set F Ç In R such that F a = O, a E R, implies a = O. 
We show that F is an insulator in W I P. Put K = {y E W : Fy Ç P}. Then 
K is a right ideal of W containing P. Assume, by contradiction, that K :::> P 
and take a free dense submodule L of S with the basis E= (e;)ieA· Then 
since P is closed, there exists an element x E m(K n L) which a remainder 
modulo P n L, by Corollary 1.11. Write x = Ef=1 Cliei, O# Cli E R, e, E E, 
i= 1, ... , n. Since Fx Ç PnL we have Fx = O and so F a,= O, i= 1, ... , n. It 
follows that x = O, a contradiction. Consequently K = P and P is strongly 
pnme. 

Now we consider non-singular prime ideais. A prime ideal P of W is 
said to be non-singular if W f P is a { right) non-singular prime ring. Right 
annihilators of an element x = x + P E W I P, x E W, will be denoted by 
rwtP(x). 

Theorem 6.2. Let R be a non-singular prime ring and let P an ideal of 
W which is maximal with respect to P () R = O. Then P is a non-singular 
prime ideal. 

~. Assume, by contradiction, that Z(W / P) = I/ P # O, where I is 
an ideal of W. Then In R # O and we may choose any O # a E In R. We 
will reach a contradiction by showing that a E Z (R) = O. 

Let I be a non-zero right ideal of R and let L be a free dense submodule 
of S with the basis E = (e; )ieA. Since ( JW + P) / P is a non-zero right ideal 

· .. '·-· of WIP there exista x E IW \ P such tha.t ax E P. Put K = {y E JW: 
ay E P}. Then K is a right ideal of W and K :::> P. Thus me may choose 
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x E m(K n L) which is a remainder modulo P n L, by Corollary 1.11. Also, 
x = 2:?:1 a,w,, for a, E J, Wi E W, i= 1, ... , n. Take a non-zero ideal H of 
R with w,H Ç W n L, for every i, and choose b E H such that xb =f; O. It ia 
easy to see that xb = Ej!:1 bjej, for some bj E J, ej E E, j = 1, ... , m. Since 
suppE(xb) Ç suppE(x), xb E K is also a remainder modulo P n L. Further, 
axb E P and so axb = O. Consequently ab1 = O and hence rR(a) n J-:/; O. 
Therefore a E Z(R) =O, a contradiction. 

Now we consider arbitrary closed prime ideais. In ([5], Sect. 3) we proved 
that similar resulta hold for every R-disjoint prime ideal of a free centred 
extension S of R, provided that the basis is a either a finite ora com.m.uting 
set. We consider here any centred extension S of R with X = (xi)ien as a 
set of R-centralizing generators. Recall that Vs(X) denotes the centralizer 
of X in S. 

We can obtain the following generalization of the above mentioned result. 

Theorem 6.3. Let R be a strongly prime ring and let W be an intermediate 
extension with W Ç Vs(X). If P is closed prime ideal of W, then P is a 
strongly prime ideal of W. 

Proof. By factoring out the ideal [O]s we may assume S is torsion-free. 
Suppose that I is an ideal of W with I ::> P. If In R -:/; O, we obtain an 
insulator F Ç In R of W/P, by the same way as in Theorem 6.1. So we 
may assume In R = O. 

Let L be a free dense submodule of S with the basis E= ( ei)ieA· Since P 
is closed there exists x E m(I n L) which is a remainder modulo P n L, say 
X= E?=l a,e,, o i= a, E R , i= 1, ... , n. Then H= er,el (In L) is a non-zero 
ideal of R and so there exists an insulator F Ç H. Put F= {b1 , b2 , ... , bm}· 
For every 1 ~ i ~ m there exists Xi = Ej=1 b,jej E In L with bi1 = b,. Also, 
by Lemma 2.1, there exists z E Mc(InL) such that x; = zb;, for 1 ~i~ m, 
and z is a remainder modulo P*, the extension of P to w•. We show that 
G = {x;: 1 ~i< m} is an insulator in W modulo P. 

Put K = {y E W : Gy Ç P}. If K = P we are dane. Assume that 
K ::> P and take an element y E m( K n L) which is a remainder modulo 
P n L. Then zb1y E P Ç P*, for 1 ~ i s m. Since W Ç V5 (X) it follows 
that W* Ç V5 .(E). Hence zW*b,y = W~zb,y Ç P*, z ~ P*, and P* is prime. 
Therefore b;y E P* n L= Pn L and so b,y =O, 1 si s m. Since y E L and 
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F is an insulator we obtain y = O, a contradiction. The proof is complete. 

The corresponding result for non-singular prime ideais is the following. 

Theorema 6.4. Let R be a non-singular prime ring and let W be an 
intermediate extension of R with W Ç V5 (X). If P is a closed prime ideal 
of W, then Pisa non-singular prime ideal. 

Proof. By factoring out the ideal (O]s we may assume that S is torsion
free. Assume that Z(WI P) = I I P f; O, where I is an ideal of W. If 
In R f; O we arrive to a contradiction by the same way as in Theorem 6.2. 
So we consider the case I n R = O. 

Let L be a free dense submodule of S with the basis E= (e;);eA· Then 
there exista x = Ei=I a;e; E m(I n L) which is a remainder modulo P n L, 
where O f; a, E R, e, E E, 1 ::; i ::; n. We show that a1 E Z(R) = O, a 
contradiction. 

Let J be a non-zero ideal of R and consider the non-zero ideal ( JW + P) I P 
of W I P. Then there exista y E JW \ P such that xy E P. Thus K = { w E 
JW : xw E P} is a right ideal of W and K ::> P. Therefore there exista 
y E m(K n L) which is remainder modulo P n L. Also, as in the proof 
of Theorem 6.2 we show that we may choose y E J E. Finally, by Lemma 
2.1 there exists z E Mc(I n L) with za1 = x. We have za1 y E P Ç p• 
and so zW•a1y = W•za1y Ç ?-, since w• Ç V5 .(E). Con.sequently a1y E 
P* n L= P n L, thus a1y =O and so r(a1 ) n J f; O. We obtain a1 E Z(R), a 
contradiction. The proof is complete. 

It is not surprising that in Theorem 6.3 we proved that an R-disjoint 
prime ideal is strongly prime only for dosed ideais. In fact, we have 

Proposition 6.5. Assume that P is a strongly prime ideal of an interme
diate extension W of R such that P n R = O. Then R is a strongly prime 
ring and P is closed. 

fuQf. If H is a non-zero ideal of R, then W HW is a non-zero ideal of 
W which is not contained in P . Then there exists a finite set F Ç W HW 
such that Fx Ç P, x E W, implies x E P. Also, every Y; E F Ç WHW Ç S 
can be written as Yi = :Í:i x;a;;, for some elements a;; E H. Thus {a;;} Ç H 
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is an insulator in R. 
Now, assume that [P] :J P. Then there exists a finite set F C [P] such 

that Fx Ç P, x E W, implies x E P. However, since F is finite there exists 
O =i H <l R with F H Ç P and H C1 P. The contradiction shows that P is 
closed. 

The corresponding of Proposition 6.5 for non-singular ideais is the follo
wmg. 

Proposition 6.6. Assume that there exists a closed non-singular prime 
ideal P of W. Then R is a non-singular prime ring. 

~. Suppose that A and B are ideais of R with AB = O. Then 
AW BW Ç ABS = O, so either AW Ç Por BW Ç P a.nd it follows that 
either A = O or B = O. Thus R is prime. 

Take a E Z(R) and let J be a right ideal of W with J :J P. Choose 
an element x = a1e1 + ... + Onen E m(J n L) which is a remainder modulo 
P n L, where L is a free dense submodule of S with the basis E = (e1) 1e.tu 

O =i a, E R for 1 ~ i ~ n, a.nd consider the right ideal 9r,e1 ( J n L) of R. 
Then there exists O =fi c E 9r,e1 (J n L) such that ac =O. Also, there exists 
y = c1e1 + ... +cnen E JnL with c1 =c. Assume that ay = ac.e.+ ... +acnen, 
where acj =fi O for s ~ j ~ n. Since c.R =fi O there exista b E R such that 
c.b =/= O and ac.b = O. Thus O =/= yb = ac.+lbe•+l + ... + acnben. Repeating the 
argument we find an element z E J n L with supp(z) = supp(y) and az = O. 
Consequently, T(Wf P)( a + P) n ( J / P) = O and we have a E P n R = O. Then 
Z(R) =O and the proof is complete. 

As a direct consequence of the former results we have the following co
rollaries. 

Corollary 6. 7. Let W be an intermediate extension of R. Then R is 
strongly prime (resp. non-singular prime) if and only if every ideal P of 
W which is maximal with respect to P n R = Ois a strongly prime (resp. 
non-singular prime) ideal. 

Corollary 6.8. Let W be an intermediate extension of R with W Ç Vs(X). 
An R-disjoint prime ideal P of W is strongly prime if and only if Ris strongly 
prime and P is closed. 
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Corollary 6.9. Let W be an intermediate extension of R with W Ç Vs(X). 
Then R is non-singular prime Ü and only if every closed prime ideal of W is 
non-singular. 

Combining the above resulta with Examples 5.6 and 5. 7 we have 

Corollary 6.10. Let W be an intermediate extension of R with W Ç 
V5 (X). Assume that one of the following condition is fulfilled. 

i) W =S. 

ü) Every non-zero ideal of R contains a central element. 

iü) Ris subdirectly irreducible. 

Then R is strongly prime (resp.non-singular) if and only if every R
disjoint prime ideal of W is strongly prime (resp. non-singular). 

Remark 6.11. i) An example given in ([6], Example 2.6) shows that 
Theorem 6.3 is not true if the condition W Ç Vs(X) is not assumed. We 
could not find a similar example for Theorem 6.4. Thus the corresponding 
question for non-singular prime ideals is still open. 

ü) We do not know if every non-singular R-disjoint prime ideal is always 
closed. This is true for strongly prime ideais {see Propositions 5.5 and 
5.6). 

iü) We did not succeed in proving that if W Ç Vs(X), then every prime 
ideal P of W with P n R = o is closed. 

To finish the section we prove the result corresponding to Theorems 6.1 
and 6.2 on primitivity. This result is a partia! extension of ((5], Theorem 4.1). 
Recall that an ideal P of W is said to be ( right) primitive if there exists a 
maximal right ideal N of W such that (N: W) = {z E W: Wz Ç N} = P, 
where (N: W) is the largest ideal of W contained in N. 

Theorem 6.12. Let R be a primitive ring and let P be an ideal of W 
which is maximal with respect to P n R = O. Then P is a primitive ideal of 
w. 
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Proof. Let J be a maximal right ideal of R with (J: R) =O. We show 
that ( JW + P) n R = J. Assume, by contradiction, that ( JW + P) n R = R. 
Then there exist x E JW, y E P such that x + y = 1. Write x as a linear 
combination of the centralizing generators (xi)ieo of S with coefficients in R. 
We easily see that we may put x = Ei=o ai:z:i, where ~E J for O:$ i~ n and 
x0 denotes the identity of R. Consequently, there exists y = Ei=o C.Zi E P 
such that Co f!, J and c; E J for 1 ~ i ~ n. Let L be a free dense submodule 
of S with the basis E = ( e;);eA and let H be a non-zero ideal of R with 
yH Ç L. If eoH Ç J, using c0 R + J = R we easily obtain H Ç J. Therefore 
there exists b E H such that c0b f!, J. Hence, changing y by yb we see we may 
assume that y = bo + b1e1 + ... + btet E P n L, where bo fí. J and O=/= b, E J 
for i = 1, ... , t. Also we may assume that t is minimal with respect to. this 
conditions. Ta.ke r E MinE(P n L) such that r Ç { e0, e1, ... , et}. It follows 
that there exists some i, say 1, such that e1 E r and consider the ideal 
8r,e1 (P n L). Since (J: R)= O we have 8r,e1 (P n L) ~ J. So we can :find 
an element z E P n L with supp(z) =r and z1 = z(e1) fí. J. 

On the other hand, boR + J = R and so b0 Rz1 ~ J. Hence there exista 
r E R with b0 rz1 ~ J. Then the element v = yrz1 - b1rz E P n L and it 
can be easily seen that v0 = v(e0 ) fí. J, v1 = v(e1 ) = O and v(e,) E J for 
2 :$i~ t. This contradicts the minimality of t. 

Therefore ( JW + P) n R = J. Thus there exista a right ideal N of W 
which is maximal with respect to N 2 (JW + P) and N n R= J. Clearly 
N is a maximal right ideal of W. Also (N: W) n R Ç (J: R)= O and so 
{ N : W) = P. The proof is complete. 

7. Some finiteness assumptions 

In this section, we :first consider intermediate extension.s of finite rank. Note 
that if S is finitely generated over R (a liberal extension, according to [21]) 
and W is an intermediate extension, then rank (W) < oo. The study of this 
situation is contained in [20]. 

Now, let S be an arbitrary centred extension of R and let W be an 
intermediate extension. We say that W is of finite rank if rank (W) < oo. 

As usual, in this section we denote by S" the canonical torsion-free ex
ten.sion of S and by V the corresponding 0-vector .space. Also, W* denotes 
the extension of the closed subring W of S and we put W0 = W* n V. 
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The prime (resp. strongly prime, Jacobson) radical of a ring B will be 
denoted by P(B) (resp, s(B), J(B)). 

We begin this section with the following. 

Theorem 7.1. Let W be an intermediate extension of finite rank of R with 
[O]w = O. Then the prime radical of W is nilpotent and is a finite intersection 
of minimal prime ideais. The minimal prime ideais of W are precisely those 
ideais of W which are maximal with respect to having zero intersection with 
R. 

Proof. By factoring out from S the ideal [0]5 we may assume S is torsion
free. First we assume that W is closed in S. By the assumption, dimc(Wo) < 
oo. Then there exista a finite set of minimal prime ideais {K1 , ... , Kn} of W0 

such that the prime radical B = P(W0 ) equals to n?=1K, and Bm = O, for 
some integer number m > 1. Also, ~ = QKi n W is a closed prime ideal of 
W, i= 1, ... ,n, such that A= QBnW = n?=1~ andAm= O. Hence we can 
easily see that A is the prime radical of W and { P11 ... , Pn} is the set of ali 
the minimal prime ideais of W. 

Suppose there exists an ideal I of W with ~ Ç I and In R = O. We may 
assume that such an ideal I is maximal with respect to In R= O. Hence 
r n V 2 P;* n V= Ki and therefore r n V= Ki. It follows that I=~. 

In general, if W is any intermediate extension of finite rank we consider 
[W] 5 . Applying Lemma 5.1 it is easy to complete the proof using similar 
argumenta as above. 

Corollary 7.2. Let W be an intermediate extension of finite rank of R. 
Then every R-disjoint prime ideal of W is closed. 

Proof. Assume that P is any R-disjoint prime ideal o f W. If x E W and 
xH =O, for O=/- H <l R, we have x(HSnW) =O. Thus x E P since HSnW 
is an ideal of W which is not contained is P. Consequently, [O]w Ç P and, 
by factoring out from S the ideal [O]s we may assume [O]w =O. 

Using the same notation as in the proof ofTheorem 7.1 we have that there 
exists 1 =::; i=::; n such that P 2 ~. Hence P = ~ is closed, by Example 5.5. 

Since now we kwow that every R-disjoint prime ideal of W is closed, it 
is easy to repeat the arguments of the ·proof of Theorem 7.1 to obtain the 
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following. 

Corollary 7.3. Let W be an intermediate extension of finite rank of R 
and let I be a closed ideal of W. Then the prime radical of W I I is nilpotent 
and is a finite intersection of R-disjoint prime ideais of W I I. 

As an immediate consequence of Theorerns 6.1, 6.2 and 6.12 we have 

Corollary 7 .4. Let W be an intermediate extension of finite rank of a 
strongly prime (resp. non-singular prime, primitive) ring R. Then every R
disjoint prime ideal of W is strongly prime (resp. non-singular, primitive). 
In particular, in the first case s(W) = P(W) and in the latest case J(W) = 
P(W). 

Now we consider another finiteness assumption. Let S be a centred ex
tension of R with X = (z;);En as a set of R-centralizing generators. We 
say that S is an almost finite centred extension of R if there exists a finite 
commuting subset {z1 , ... ,zn} of X such that S0 = R[z11 ... ,zn] is adense 
subring of S, where R[x1 , ... , xn] denotes the submodule of S generated by 
all the elements of the type z~1 

... x!:', Íj ~ O. 

Theorem 7.5. Assume that S is an almost finite centred extension of R 
and let I be a closed ideal of S. Then the prime radical of SII is nilpotent 
and is a finite intersection of minimal prime ideais of SI I ali of which are 
R-disjoint. 

Proof. By factoring out the ideal I we may assume I = O and S is 
torsion-free. Let L be a free dense submodule of S0 = R[z 11 ... , zn] with a 
basis E cont<Üned in the set { z~1 

... x!:'} of generators of S0 • Then L is also 
a free dense submodule of S and we have s• = ~ = L• is free over Q with 
the basis E. Then s· is a homomorphic image Q[zl, ... , Zn] of a polynomial 
ring over Q in a finite number of indeterminates and also V ;::: C[x1 , ... , x,J 
Hence Vis a noetherian ring and so there exists a finite family {K1 , ... , Kt} of 
minimal prime ideais of V such that the prime radical B of V equals n!=I K; 
and Bm = O, for some integer number m ~ 1. Then F. = Q Ki n S is an 
R-disjoint prime ideal of S, 1 si s t, with P(S) = n!=1~ and P(S)m =O. 
The proof can easily be completed as in Theorem 7 .1. 
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Corollary 7.6. Assume that Ris a strongly prime (resp. primitive) ring 
and S is an almost finite centred extension of R. If I is a closed ideal of S, 
then s(S/I) = P(S/I) (resp. J(S/I) = P(S/I)). 

~. Using the same notation as in Theorem 7.5 we have that 
C[x1 , ... , xn] is a commutative Jacobson ring. Then every ideal Ki is an 
intersection of maximal ideaJs of V. It follows that Pi is an intersection of 
ideais of S which are maximal with respect to having zero intersection with 
R. So it is enough to apply Theorem 6.1 (resp. Theorem 6.12). 

Remark 7.7. Assume that S is an almost finite extension of R. If R 
is strongly prime (resp. non-singular prime), then every R-disjoint prime 
ideal of S is strongly prime (resp. non-singular). In fact, Theorem 6.3 (resp. 
Theorem 6.4) shows that this is true for the R-disjoint prime ideais of S0 • 

Now, it is not difficult to prove that if P is an R-disjoint prime ideal of S 
and P n S0 is strongly prime (resp. non-singular), then P is strongly prime 
( resp. non-singular). 

8. Some additional applications 

The purpose of this section is to give some applications of the former re
sulta. Throughout, Ris any ring (not necessarily prime) and S is a centred 
extension of R. 

If P is a prime ideal of S, then P n R is a prime ideal of R. Hence, to 
study S/ P we may factor out from R and S the ideaJs P n R and (P n R)S 
(or even P), respectively. So we may assume that Ris a prime ring and P 
is an ideal of S with P n R= O. Then, as a direct application of Corollaries 
6.8, 6.9 and 7.4 we obtain the following extension of ([5], Theorem 3.3). 

Theorem 8.1. Let R be any ring and let S be a centred extension of 
R with X as a set of R-centralizing generators. Assume that one of the 
following conditions is fulfilled. 

i) X is a commuting set 

ü) rank (S) < oo. 
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Then every prime ideal of R is strongly prime ( resp. non-singular) if and 
only if the same is true of S. 

We say that every prime ideal of R can be extended to S if for every 
prime ideal P of R there exista a prime ideal I of S with In R= P. Note 
that this is the case when S is a free centred extension of R. 

Another application is the following. 

Proposition 7.2. Let S be a centred extension of R. Then s(S) n R~ 
s(R). In addition, if every prime ideal of R can be extended to S, then 
s(S) n R= s(R) . 

f.mm. If P is a strongly prime ideal of S, by factoring out from R 
the ideal P n R and applying Proposition 6.5 we obtain s(R) Ç P. Thus 
s(R) Ç s(S) n R. 

Now, if P is a strongly prime ideal of R and P can be extended to S, 
we take an ideal I of S which is maximal with respect to In R= P. By 
Theorem 6.1, I is strongly prime. This completes the proof. 

Remark 7.3. i) Applying similar argumenta to those used in the proof of 
Proposition 6.6 we can prove that Z(R) Ç Z(S) n R. It is easy to see that 
Z(R) = Z(S) n R, provided that S is a free centred extension of R. 

ü) As in Proposition 7.2 we can prove that if every prime ideal of R can 
be extended toS, then J(S) n R Ç J(R). 

üi) Similarly we obtain that P(R) Ç P(S) n R and the equality holds 
provided that every prime ideal of R can be extended to S. 

It seems to be very difficult to study prime ideais of intermediate extension 
W. To apply our resulta it should be necessary to reduce to the R-disjoint 
case. If P is a prime ideal of W, we cannot factor out convenient ideais of 
R, W and S so that in the new situation the image of P be R-disjoint. This 
is possible, for example, if S is a liberal extension of R ([20], Theorem 3.2). 

To fi.nish the paper we include here a case in which this is possible. 

Theorem 7.4. Assume that R is a ring such that every "prime factor 
of R is subdirectly irreducible, S is a centred extension of R and W is an 
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intermediate extension. If P is a prime ideal of W, then P n R is prime ideal 
of R and there exists a prime ideal I of S such that I n R = P n R and 
InWÇ P. 

ftQQ!. With minor modifications, the proof is the same as in ([20], The
orem 3.2). We use the same notation as in [20] to indicate the changes. 
We cannot use rank. Anyway we have T X Ç f>t and this easily implies 
that (Pt ffi K) n T = Pt. Also, Pt ffi K is adense submodule of S and so 
SY Ç Pt ffi K, where Y is the smallest ideal of R. The result follows. 

From Corollary 6.10, the following is clear. 

Corollary 7.5. Assume that Ris a ring such that every prime factor of Ris 
subdirectly irreducible, S is a centred extension of R with X as a centralizing 
generator set and W is an intermediate extension with W Ç V5 (X). Then 
every prime ideal of Ris strongly prime {resp. non-singular) if and only if 
the same is true of W. 
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