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ABSTRACT. Consider T'(xz) = dx (mod 1) acting on S!, a Lipschitz potential
A: 8 5 R, 0 < X< 1and the unique function by : S? — R satisfying
ba(z) = maxp(yy— {Aba(y) + A(y)}.

We will show that, when A — 1, the function by — T(_‘i)
to the calibrated subaction V(z) = max,ecam [ S(y,x) du(y), where S is the
Mane potential, M is the set of invariant probabilities with support on the
Aubry set and m(A) = sup,erq [ Adp.

For 8> 0 and A € (0,1), there exists a unique fixed point uy g : ST — R
for the equation e%*.8(¥) = ZT(y):z ePAW AN 5 Tt is known that as

converges uniformly

A — 1 the family elun,p—supux gl converges uniformly to the main eigenfuntion
¢p for the Ruelle operator associated to BA. We consider X = X(3), B(1 —

A(B)) — +oo and A(B) — 1, as 8 — oo. Under these hypotheses we will
P(BA)
11—\
The parameter 8 represents the inverse of temperature in Statistical Mechanics
and 8 — oo means that we are considering that the temperature goes to zero.

Under these conditions we get selection of subaction when 5 — oo.

show that %(’U,/\wg — ) converges uniformly to the above V, as 8 — oo.

1. Introduction. Consider T(z) = dx (mod 1) acting on S' and a Lipschitz
potential A : S' — R. We denote by

m(A) = sup {/Adu, where pis invariant for T} . (1)
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Any invariant p which attains this supremum is called an A-maximizing proba-
bility.
A subaction for A4 is a continuous function D : S' — R such that for all x € S*,
D(T(z)) > A(z) + D(z) — m(A).
It is called a calibrated subaction if for all y € S*,
D(y) = s {Alz) + Dla) ~ m(4)}.
x)=y

We refer the reader to [2, 13, 6, 19, 15, 21] for general results on Ergodic Opti-
mization and Thermodynamic Formalism.

Maximizing probabilities and calibrated subactions are dual objects in Ergodic
Optimization. On the one hand m(A) satisfies (1), but on the other hand

ma) =, it sup (AG0) + HG) - H(T(@)) )
— sup (A(x) + Dla) ~ D(T(2)

for any calibrated subaction D. Furthermore, it is known that a calibrated subaction
can help to identify the support of the maximizing probabilities for A (see [6] or
[2])-

A natural problem is: how to find subactions? Note that we need to have at
hand the exact value m(A) in order to verify if a specific candidate D is indeed
a calibrated subaction. The discounted method, which is described below, can be
quite useful in order to get a good approximation (via iteration of a contraction) of
a calibrated subaction without the knowledge of the value m(A).

For each fixed A € (0,1), consider the function b = by : S' — R satisfying the
equation

b(z) = T‘@?i{z{A b(y) + Ay)}- (2)

This function is unique and we call by the A-calibrated subaction for A (see for
instance Theorem 1 in [4], [3] or [17]).

The solution by can be obtained in the following way: consider 7;, j = 1,...,d
the inverse branches of T'. For A < 1, consider

oo

Saa(@,a) = N A((ay © Tay_, © - 07a,) (),

k=0
where a € {1,2,...,d}"V (see expression (6) in [17] or [22]). Then, the solution of (2)
is given by bA(¥) = Sup,eq1 2. ayv Sa(7,a) (see section 3 in [17].). For fixed x, as
the function Sy a(z,.) is continuous in the second coordinate, there exists some a
realizing the supremum, which is called a by (z) realizer. Denoting a = agay ...
we have that for any k:
ba(Tay, © . 0 Tag®) = ADA(Tayyy © oo © Tao @) + A(Tay,y © .o O Ty ) (3)
and
ba(x) = N0y (Tay © 0o 0 Tag @) + A(Tag &) + .. + \FA(T4, 0. 0 Tgy ),
while for a general a € {1,2,...,d}" we have that
ba(x) > N0y (Ta, © 0o 0 Tay @) + A(Tag @) + o + AFA(T4, 0. 0 Toy ).
The above family by, 0 < A < 1, is equicontinuous. It is known that any con-

vergent subsequence by, — supby,, A, — 1, determines in the limit a calibrated

n?
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subaction for A (see Theorem 1 in [4], [1] or [22]). This procedure, known as the
discounted method, is borrowed from Control Theory. The function by is obtained
as a fixed point of a contraction (see [17]), which is, of course, computationally

convenient (note that m(A) does not appear on expression (2)).
m(A)
(e

Our first aim is to
describe a certain calibrated subaction as the limit of by — T(f;\), as A — 1. In this
way the limit will not depend of the convergent subsequence. Later we will consider
eigenfunctions of the Ruelle operator and selection of subaction via the limit when
temperature goes to zero (see [6] and [2]).

A point z in S! is called A-non-wandering, if for any € > 0, there exists z € 5!
and n > 1, such that, d(z,z) < ¢,T"(2) = z, and |Z;Z01(A —m(A)) (T7(2))| < e
The Aubry set for A is the set of A-non-wandering points in S' and is denoted by
Q(A). Any invariant probability with support inside the Aubry set is A-maximizing
(see [6], [7] or section 3 in [8]). We denote by M the set of A-maximizing probabil-
ities.

Consider the function S given by Definition 22 in [6] (see also [12] and [13]):

S(y, x) = lim sup{ Sy (A —m(A)(y) [n = L, d(y',y) <€, T"(y)) ==},

where

In this work the constant supb, will be replaced by

n—1
Sn(A=m(A)(y') = > (A= m(A))T(y)). (4)
§=0
This function is called the Mane potential.
Remark 1. For y € Q(A) fixed, the function S(y,.) is a calibrated subaction
(see [6], Proposition 5.2 in [13] or [12]) with the same Lipschitz constant as A. As
S(y,y) =0 for y € Q(A), we get that for fixed y € Q(A), the function x — S(y, )
is bounded.

The function S(z,y) is not continuous as a function of (z,y) (see Proposition 3.5
in [7])
We define, for each z € S', the subaction

Vo) = max [ S(y,)duty).

HnEM
Our first goal is to prove the following theorem.

Theorem 1.1. If A is Lipchitz, when X — 1, the function Uy := (bA — %)

converges uniformly to V.

The above theorem assures that the subaction V is very special among the pos-
sible ones. We will prove that V is calibrated (see corollary 1).

This first part of the paper follows the ideas in [10] and [11] and obtains analogous
results in the framework of ergodic optimization.

From now on we describe the second part of our paper which considers a limit
when temperature goes to zero - this result has a quite different nature when com-
pared with [10] and [11].

It is known (see for instance section 7 in [4], [19] or [18]) that, for fixed 8 > 0
and X € (0,1), there exists a unique fixed point uy g : S — R for the equation

e 8(@) — Z ePAW)+HAux5(y)

T(y)==
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For fixed f, the family u, g is equicontinuous in A € (0,1). Moreover, e"» 8~ SU"PUr.5
converges as A — 1. The limit function ¢z is an eigenfunction associated to the main
eigenvalue (spectral radius) of the Ruelle operator Lgy associated to the potential
BA (see Lemma 3.2).

A general reference for the Ruelle operator, eigenfunctions and equilibrium states
is [21].

The parameter [ represents the inverse of temperature in Statistical Mechanics

From [6] we get that %log ¢p is equicontinuous and any limit of a convergent
subsequence of [%nlog @8,,, Bn — 00, is a calibrated subaction. The limit when
B — oo is known as the limit when temperature goes to zero (see [2]).

In the case the limit limg_, o %log ¢p exists (not via subsequence) we say that
there exists selection of subaction when temperature goes to zero..

For the case of locally constant potentials a precise description is presented in
[5] or [16]. The most comprehensive result of this kind of convergence for Lipschitz
potentials is Theorem 16 in [14].

In the standard terminology we say that there exists selection of subaction at
zero temperature if the limit of the function %log @3 exists, when 8 — oo (see [2]
for general results).

For a fixed value 3, the function u) g is obtained as a fixed point of a contraction.
In this way, one can get a computable method (via iteration of the contraction) for
getting good approximations of the main eigenfunction ¢z (taking A close to 1).

We denote by a(8) the main eigenvalue which is associated to ¢g. The pressure
P(BA) =log(a(B)) is equal to

swp ([ hGw+5 [ Adp)
w invariant for T'
where h(u) is the Kolmogorov entropy of u (see [21]).
Our second goal is to show:

Theorem 1.2. Suppose A is Lipchitz and there exists a relation between 3 and

A so that B(1 — A\(B)) = +oo and A(B) — 1, as B — oco. Then, when 8 — oo,

%(uA’g — Pl(ff)) converges uniformly to V.

The above result requires a control of the velocity such that (1 — A(8)) goes to
zero, vis-a-vis, the growth of £ to infinity. We will show on the end of the paper a
counterexample proving that %1og ¢ does not always converge to V. This shows
that is really necessary some kind of joint control of the parameters § and A\ (as
considered in the above theorem).

The last theorem shows the existence of selection of subaction when temperature
goes to zero (but in a sense which is not the standard form).

In the next section we will prove Theorem 1.1 and in the last section we will
prove Theorem 1.2.

The results that we get here are also true if one considers T'(x) = o(z) acting on
Bernoulli space {1, ..., d}.

2. The limit of the A-calibrated subaction, when \ — 1. We start with the
following result:

Lemma 2.1. V is a subaction for A and also satisfies:
1. [Vdu >0, for any p € M.
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2. If w is a calibrated subaction, such that, fwdu > 0, for any p € M, then
w > V.

Proof. From Remark 1 we get that, for each y € Q(A), the function S(y,-) is
Lipschitz continuous and the Lipschitz constant does not depend of y. Therefore V'
is Lipschitz. For any z,y € S we have S(y, T(z)) > A(z) — m(A) + S(y,z). Then,
for any p € M we get [ S(y,T(z))du(y) > A(x) — m(A) + [ S(y, ) du(y) which
proves that V(T'(x)) > A(x) + V(z) — m(A).

Proof of 1. It is known (Prop. 23 page 1395 [6]) that S(y,z) + S(z,y) < 0. We
say that x and y in Q(A) are in the same static class if S(y,z) + S(z,y) = 0.

For an ergodic maximizing measure p we claim that for p-almost every pair z
and y these two points are in the same static class.

First note that as A is Lipschitz the function S can be also written as

S(y,z) =
lim sup{S,, (A —m(A))(y") [n > L, d(y',y) < e dT"(y), ) < €}

Now we will show the claim: given an ergodic probability u, an integrable func-
tion F' and a Borel set B, such that pu(B) > 0, denote by B the set of points p in
B, such that, for all €, there exists an integer N > 0, with the properties:

N-1
TN(p) € B and | Y F(TY)(p) —N/qu| <e
7=0
It is known that p(B) = u(B) (see [20]). This results is known as Atkinson’s
Theorem.

Let z,y € supp(u) where x is a Birkhoff point for A and fix p > 0. As
w(B(y,p)) > 0, for some n we have T"(x) € B(y,p). Let p’ < p be such that
for any 2’ € B(z,p') we have d(T7(z), T’ (z')) < p, for all j € {0,...,n}. Consider
the set B = B(x,p'). There exists p € B(x, p), such that, for all €, there exists an
integer N > 0, satisfying TV (p) € B(x, p’) and |Z;V:_Ol A(T7)(p) — N [ Adu| < e.
As this is true for a. e. p € B(z,p’) we can suppose that N > n, replacing p by
TN (p) in the case it is necessary. It follows that S(z,y) + S(y,z) = 0 which proves
the claim.

As S(z,y) = —S(y, z) for any x,y € supp(u), it follows from item 1 of Proposition
3.1 in [7] that there exists @ > 0, such that, —Q < S(z,y) < Q, for any z,y €

supp(p)-
We have [ [ S(z,y) + S(y,z) du(z) du(y) = 0, for any € M which is ergodic,

then
//Sxydu )du(y) =

using Fubini’s Theorem (S(x,y) is integrable by last paragraph). It follows that

[v@du) = [ ([ Styx)dut)) duta) =0,

for any ergodic probability u € M. The same inequality for a general p € M
follows from the ergodic decomposition theorem.

Proof of 2. We know (see Theorem 10 in [12]) that, for any calibrated subaction
w and any ,

w(z) = sup {w(y)+ S(y,r)}.
yEQ(A)
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Therefore, for u € M, such that, [w(y)du(y) >0, we get

wle) 2 w@) [ wly)dut) = [ S.2)dutw)
If [w(y)du(y) >0 for any u € M we obtain w > V. O

Given \, y and a by (y) realizer a = apay..., consider the probability

== 0 D0 A 0 (r, o 0mg ) )
n=0

From (6) in [17] we get that ba(y) = Sx a(y,a(y)), where a(y) is a realizer of y,
then for any y we have that

) = g [ A

We will show that any limit probability of 4, as A — 1, belongs to M.

Lemma 2.2. For any continuous function w : S' — R, and probability py as above,
we get

Jwordut~ [want@) = 1= N(w) - [wdd). (6)
Proof. Indeed,
Jtwor —w)du

_ (1—A>[§A”w<ﬂ<ran o 0 a0 )J)) - ivw«ran 0 o )W)
- <1—A>[w<y>+2vw<<ram o o 7)) —iovw((m o 0 7))
— (1- [ul) +§%>\"+1w((m o o7 )9) iOA"w«ran o o 7 )0))]

— (1= N[wy) + O - 1>iom<<fan 0 0 7))

— (= Nwl) - [wdu)
O

Lemma 2.3. Given y € S*, any accumulation probability pie, in the weak™ topol-
ogy, of a convergent subsequence /ﬁj\i, Ai — 1, belongs to M.

Proof. Tt follows from above lemma that e is invariant. Moreover, by (3) and
definition of 4§ we have that

/ ba, (T()) — Aiba, () — A() dpid () = 0.
Then,

/ ba, (T(x)) — by, () du, (z) + / (1= A)by, (2) — Ax) dyed(z) = 0.
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When, ¢ — oo the left integral converges to zero. Therefore,

lim [ (1= X)by,(x) — A(z) dpl (z) = 0.
1—>00 N

It is known (see for instance end of Theorem 11 in [3] or [19]) that (1 — X)infby —

m(A), uniformly with A — 1. Therefore,

/ (m(A) — A)dpio = lim [ [(1 = N;)infby, — Ax)] dpl (x) <

Jim [ [(1= A)ba, () — A() | duf, () =0,

proving the claim. O

Lemma 2.4. The family of functions

m(A)
Uy:=by— ——=
A AT TN
18 equicontinuous and uniformly bounded. Furthermore, for any maximizing proba-
bility p € M we have

/deu >0, VYAe(0,1),

and for any subaction w we have
Us0) < wly) ~ [wdnd, VA€ 0.1, vy e S

Proof. As bx(T'(2)) — Abx(z) — A(z) > 0, for any maximizing probability u € M we
have that

/UAdu:/bA_T(_AA)du:1iA/(1—A)bA—m(A)duzo. (7)

In particular this proves that there exists x) € S*, such that, Uy(zy) > 0.
On the other hand, if w is a subaction we have that

A—m(A) <woT —w,

therefore, using (6), for any A and y we have
1

m(A 1
Ux(y) = - Adﬂ?\*l(f)? < 1 [/ondﬂg/U’dﬂg]

= w(y)—/wduﬁ-

Therefore, the functions Uy, (x) are uniformly bounded above.

As the functions by are equicontinuous in A < 1 (see [17]), the family of functions
U, is equicontinuous. As U, are uniformly bounded above and Uj(z)) > 0 we
conclude that this family is also uniformly bounded. O

Lemma 2.5. Any limit of Uy := by — "f(f}\), as A — 1, is a calibrated subaction.

Proof. Let U be the limit of the subsequence Uy, = by, — ﬁ(fj, when n — oo.

From (2) we get
m(A)

ba(w) — T\ TZ‘/J)F;IA [ba(y) — ﬁ} + A(y) — m(A),
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that is,
Ux(z) = sup AUx(y) + A(y) —m(A).
T(y)==
Then, as A,, — 1 we conclude that U is a subaction. Furthermore, for any point x €
S*, there is some point yo € T~ (z) attaining the supremum of supy(,)_, AU, (y)+
A(y) — m(A), for infinitely many values of n. In this way we get

U(x) = A(yo) + U(yo) — m(A).

This proves that U is calibrated. O
Proof of Theorem 1.1. We denote U any limit of Uy, := by, — ﬁ(f), when n — oo.
We know that U is a calibrated subaction and we want to show that U = V.

From lemma 2.4, for any maximizing probability u € M, we have that [ U du >
0. If follows from lemma 2.1 that U > V.

Now we will show that U < V. From lemma 2.1 the subaction V satisfies
JVdp > 0, for any p € M, and from lemma 2.4 we get, for any y and A, the
inequality

Us(y) < v<y>—/Vdu§.

If A\, is a subsequence of A, such that, u?\n‘ — ltoo, then, from lemma 2.3 we have
that g € M. Therefore, we finally get that

U(y) = lim Us, (4) < V(y) - / Vdjs < V(y).

An; =1
O
Corollary 1. V is a calibrated subaction.
Proof. 1t is a consequence of lemma 2.5 and Theorem 1.1. O

3. Selection for the zero temperature case. Now we will prove Theorem 1.2.
We consider for each 5 > 0 (the inverse of the temperature) and for A < 1 the
operator

S 5(u)(z) = log Z &P Aly)+Au(y)
T(y)==
It is known that &, g is a contraction map (see for instance sections 6 and 7 in [4],
[18] or [19]) with a unique fixed point uy g satisfying
etrs(T) — Z P AW+ ur5(Y)
T(y)==
For each fixed 3, the family uy g is equicontinuous on 0 < A < 1 with uniform

constant given by SLip(A). Therefore, for each f fixed the function uy g — PB4

Y
is Lipschitz continuous with Lipschitz constant SLip(A).

Lemma 3.1.

P(BA
infuy g < 1(€ )\) < supuy,g-
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Proof. By definition
e 8(@) — Z eBAW)FAux5(Y)

T(y)==

Then, it follows that

Z B AW s s(y)—unp(z) — 1.

T(y)==

Therefore,

P(ﬂA-i-)\u)\,g —uypoT)=0.
Let o be the equilibrium probability for 8 A + Aux g —uxgoT.

Then,

(1-2x) /UA,B dpo = (1= X) /UA,ﬁ dpo + /(514 +Auxg —uxpoT)duo + hipo)

_ /ﬁAduo + h(uo) < P(B A).

It follows that
P(BA)
1—=XA7
On the other hand, if p is the equilibrium probability of 8 A, then

(1_)‘)/U>\,Bd/~‘1 :(1_)‘)/UA,ﬁdﬂl+P<5A+)\UA,ﬂ_UA,,BOT)

infuy g <

>(1- )\)/U,\,ﬁ dpy + /(BA-F Aux g —uxpoT)duy + hip)

:/BAd,ul—Fh(/il):P(»BA)-

Therefore,
P(BA)
> .
Supux,g = TY
O
Lemma 3.2. For each fived 3, the functions u} 53 1= uxpg — Pl(ff) are Lipschitz

functions, with the same Lipschitz constant H = [ Lip(A), and, moreover, uni-
formly bounded by —H and H. They also satisfy

ehs(®) = g=PBA) §7 BAWTA5),
T(y)==

When A — 1, any accumulation function of €“>¢ will be an eigenfunction of the
Ruelle Operator Lg 5 associated to the mazimal eigenvalue eP(BA)

Proof. As uy g is equicontinuous the same is true for u} 5. Using the equicontinuity
(with constant H) we have that for any :

P(ﬂA) < U)\ﬁ(x) — inf’LL)\,g <H.

—H< U)\,g(l’) —supuyg < u)x,ﬁ(x) - 1-)\ —

Furthermore,
* P(B A
ehs (@) — gunp(@)— TR

— oun (@)= ATHEL —P(B A)
— PB4 Z B AW+ (ur 5 () -T2

T(y)==
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— o PBA) Z BAWN (u3 5W))
T(y)==
If ug is an accumulation function of the family (W) (when, A — 1), then, we have:
eus(@) — —P(BA) Z P Ay tus(y)

T(y)==

Remark 2. It is known (Proposition 29 in [6]) that
li P(BA) — A)) = h(w).
gim (P(BA) = Bm(A)) = max h(p)

Therefore,
. P(BA)
512130 5 m(A),
and moreover
P(BA)  m(4)

— 0
BA-N 1-A 0
when A — 1, § — oo and (1 — A) — oo.
This Remark will be used on the proof of Lemmas 11 and 12.

Lemma 3.3. Consider a fixed \. Then, when 8 — oo, the unique possible accu-
mulation point of the family %ukﬁ is the function by defined in (2). Moreover, we

m(A)
1-X -

get that the unique accumulation point of %ui’ﬁ is the function by —

Proof. As uj} z has Lipschitz constant 8 Lip(A) and is bounded by —3 Lip(A) and

B Lip(A), the family %ui 5 is equicontinuous and uniformly bounded by Lip(A).

From the limit g(lﬁj\)) — % (as B — o) we conclude that (for fixed A) the

family %u,\,g is equicontinuous (with a constant Lip(A)) and uniformly bounded.
As

1 1 1
s alz) = 1o (eux,m)) — 21 B AW A ur5(Y)
3 x8(2) 5log 58 T(gm

there is a unique accumulation point b of %u 3 Which satisfies
b(a) = sup [A(y) +Ab(y)],
T(y)=x
that is b = b,. O

In the previous section we study the limit of by — %. Now, we are interested

in the limit of %(u,\ﬂ — Pl(ff)), when 8 — oo and A — 1.

a-=»

Lemma 3.4. When 8 — oo and A — 1, Bu“a converges uniformly to m(A).

If U is a limit of some subsequence of the family %(uAﬂ — Pl(ff)), as B — oo and
A — 1, then U is a calibrated subaction.

Proof. As

Luns — 20D < rip(a)
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we get
U=Nuns _ POAN 1\ Lipa)
g B '
As 8 — 0o and A — 1, we obtain
(L= Musp 2)“”* - m(A)

uniformly, proving the first claim.
In order to prove the second claim we fix a point 2 € S*. Let

_ 1 P(fn A)
U= A —>}1%i—>oo ﬂn( AnBn 1-X, )

As
Z 6'8 A(Tb0$)+AuA,g(Tbow)—uxyg(ai) — 1’

bo
we get, for any by € {1,...,d},
0 S u>‘nvﬁn (.T) - Anu)\nyﬁn (Tbox) - ﬂnA(TbO'T)

= (rn, ~ T2 @) — (ur, 5, — 2 )

(]. — )\n)U)\mgn (Tboit) — BnA(Tb0$)~
Dividing the right side by 3, taking 3, — oo and A\, — 1, we get
0 <U(x) —U(rpyx) + m(A) — A(Tpyx).
This shows that U is a subaction.
In order to show that U is calibrated, we fix for each A and 8 a point a = a) g

maximizing SA(Tax) + Auy g(Tex) — un g(x). As

ZeﬂA(‘rbOw)+)\u,\75(7'bow)7u;,g(w) =1,

bo

we conclude that

O S ’U')\nyﬂn (.’I;) - )\nu)\nw@n (Ta ) ﬁn ( ) < log(d)

When §,, =+ co and A, — 1, some a = ay, g, Will be chosen infinitely many times.
When §,, — oo and A,, — 1, this a will satisfy

U(x) — U(rex) + m(A) — A(1,z) = 0.

In the last section we proved that the function
= max / Sy, z) du(y

( . In the present setting, in order to get
a similar result, we will assume a certaln condltlon B — oo faster than A — 1, in
the sense that B(l —A) = 0.

First we need a Lemma.

Lemma 3.5.
log(d)

1
b)\(x) < Bu/\’ﬂ < b)\(],‘) + m
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Proof. From Lemma 3.2 the function u} 5 = uxs — % satisfies

et () — o—P(BA) Z BAWHNUL 5(y)
T(y)==
Then, for any a = (agaiaz...) € {1,...,d}",
1 1 1

5U(0) 2 Alrag) = GP(3A) + A 505 (7]
> Arag) + AT, 7oy () = 52 P8 A) + X2 03,57 Ty 2).

By induction, as u} 4 is uniformly bounded and A < 1, we obtain

1, P(BA)
= > -
6u>\75($) = SA’A(.T, a’) (1 . )\)ﬁ
Taking the supremum in a we get
1 P(BA)

B“f\,ﬁ(x) > ba(z) — =R

that is, %u)\ﬁ > by(x).
On the other hand

%u}‘\ﬂ(x) < %bg(d) + sup[ A(To, ) — %P(ﬁ A)+ A %uf\’ﬁ(raox)]
< 12 100(d) + sup [A(Tay2) + AA(Ta, 7ag (2))
L+ A L.
— TP(ﬂ A) 4 22 BUA’B(TQITGOJ?)}.
Now, we get
1, log(d P(BA
| logd) L, P(3A)
(L-=X)p (1=Np’
that iS, %U)\ﬂ § b)\(l’) + ﬁl?fgdg) O
Proof of Theorem 1.2. It follows from the above lemma that
m(4) _ 1 P(BA) P(BA)  m(A)
W@ =Ty s gl - T30 gy — o)

~m(4)  log(d)
1-X  BA-=X)

< bx(z)

Assuming that A — 1, 8 — oo, (1 —)\) — oo, and applying Theorem 1.1 we obtain

that %(’u,)\,g - Pl(ff)) + (;((15_%\)) - T(_i‘\)) converges uniformly to V. As P(8A) =

Bm(A) + e, where eg > 0 decreases (see [9]), we get that li(lﬁ_‘i)) — ”fi‘i) = B(ff/\)

converges to zero. This concludes the proof.
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We finish this section introducing an example (on the symbolic space) where it
is studied the limit of %log(gzﬁg) in a particular case. This limit is not V' and this
shows that some joint control of 8 and A is really necessary.

Example. We consider X = {0, 1} with the shift map and a potential A depending
on two coordinates. More precisely we suppose A(1,1) = A(2,2) =0, A(1,2) = -5
and A(2,1) = —3.
Consider the matrix
eBALL)  oBA(L,2) 1 98
Lg = < eBARL) L BA(2,2) > = ( 38 1 )
that defines the Ruelle Operator associated to SA. We note that the main eigenvalue
is given by
ag = eP(BA — 1 4 ¢748,
Furthermore, the eigenfunction ¢ associated to the Ruelle operator of S A depends
on the first coordinate and satisfies

ps(1) =1+¢? and ¢p(2) =1+ 7

(it can be directly checked that ¢gLlg = aggs ). Any multiple of ¢z is also an
eigenfunction. When 8 — +o00, we get U = limg_, %log(qﬁﬁ) which satisfies

U(l)=1, U(2)=0.

Now we will prove that V # U. Indeed any maximizing measure for A is of the
form pi, := rd100 + (1 — r)d2. Consider the functions

S(y, ) = lim Sglp{Sn(A)(y’) d(y'y) <e, T"(y') = x}
and

Vi) = sup / S(y. ) dpr (4).

As A depends only on two coordinates we conclude that S(y,x) depends only on
the first coordinate of x. From the analysis of S(y,x) we get

S(2,1) = =3, S(1°,1) =0, S(1%°,2) = —5, §(2°,2) =0

(for instance, when considered S(2°°,1) the point y’ in (4) will contain the word
21, and each word 21 will decrease the value of S, (4)(y")).
Then,

sup [ $(0:1)dis () = s -0+ (1 = 1)(=3)] =0
and
sup [ 8(0,2)dus ) = suplr(~5) + (1= r)(0)] 0.

Hr

This shows that V' # U.
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