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O Introduction 

Scatt.ering from fractal ohject.s has received growing int.erest in recent ye­
a.rs in a. wid~ range of t.heoretíca.l aJld ~.xp~rím~nt.al üwest.iga.tíons invoh.1ng 
acoustic> eletromagnet.íc> neutron scaHering etc. At least t.wo excellent re­
view articles have been publish.ed [12], [38] and one recent book by Olgilvy, 
deals in some way with this topic w file a variety of experimental results are 
reviewed in the papers by Courtens and Vacher [7] and Teixeira [:34], and 
more classical t.echniques on rongh surfaces may be seen in [9]. In [12] there 
is reviewed a good deal of the work of Jaggard and his associates, published 
ín papers by Jaggard and Kím [L3], [14L [15]; Jaggard a.nd Sun [16], [17], 
(181, [19] and Grebel and Jaggard [11]. Earlier aud semina.l cont.ri.butions 
were gíven by Berry a:nd Blackwell (3J and Berry [2]. In hís pa.pers (20). [21] 
Jakemann has proposed a classifi.cation of surfaces in t.hree t.ypes: 

(I) Fractal surfaces which are contümous but. non-different..iable wít.l1 po­
wer law spectrum. 

(li) Smoothly varying surfac.es differentíable to all orders wíth Gaus8Ían­
like spedral properties. 

Type (l) generate only diffraction and interference effects. Type (II) 
genera.te geomet.ric opt.ic effect.s associated t.o rays or normals t.o scattered 
•Nave fronts. He proposed as well an intermediate class of random surfaces 
of t.yp~ (III). where t.he surfa.ce height . .is cont.inuons d.ifferent.ia.ble but the 
slope a fractal. The concept o{ ray is valid for t.his model but. in the absence 
of hígher order surface derivatives no geomet.rical cat.ast.rophes occur in the 
propaga.t.ing wa.ve front.s. A mod.ification to (I) has been propo.sed wit.h the 
notion of band limited "fractal'~ surfaces (see [12]. Bot.h the type I ri case and 
band limíted fractal case caJl be given an integral equa.tions formula.tíon. A 
type III case \Vas analísed by Macaskell in [26] in an attempt. to establísh the 
exist.ence o f enhaJlced backsca.tter. however. that. a:naJysis ís not com1ncing. 

In the present papers we try to deal with some type III ca'les and the 
band limit.ed fractal situat.ion in the same null field appromximaüon (see 
Colt.on and Kres8 [4] Thorem :3.44 p 104), \Vaterman [36],[:J7] a.nd Jvlartin 
[29]. The only reasonably rigorous t;reatment. of such problems of which one 
ha.s knowledge is tha.t gíven in the pa.pers by Jaggard and Sun [19]. although 
some periodic cases are dealt wit.h in [23]. Our discussion is limited to very 
large incident frequency and examines mean scatt.ering cross-sedion at. large 
dist.aJlces from t.he scatt.erer. 



1 The existence of scattered waves 

\Ve consider the scattering of a plane inc.iedeuf. wave u.; = exp ik(~ sinw­
y cos .v) by an cylinder D given by t he equation R( cf) = 1 + Ó F( cf. r), O ~ 
·l/J < '2n, under soft acoustical condítíons, that is ~ay under a Dirichlet con­
dition. F(<P~ ·) is a random va.riable and we work under the condition t.hat 
F( if;, ·) ís locally Lípschit.z., v,rh.ich guaratees t.he existence of F' (<i>, ·) almo8t 
everywhere. \<Ve also work under t.he hypotheses that. F' is a. band lirníted 
random Weierstrass functíon F: 

m-1 

F(r.p) = O L a-'~ cos(ki3'l cp + Ón)1 < a· < 1, 
"=O 

k/3" int.egers, n = 01 ... ~ ,~.{ - 1 and where t.he </>11 are independent uniformly 
distribul.ed random va.riables. 

2(1- o 2 ) 

1 _ (l!2M ~ 

which sets t.he standard deviat.ion equal t.o unity /\d = 1 + LY is the so-called 
ronghness dimension and 6 is chosen to saf.ísfy R(ó) 2:: R0 > 01 wit.h some 
constant ~. Obviously, for t he band limited fractal, F ~<; infinitely smoot.b, 
but. as M ~ cc, it. will be seen that all the differentiability is lost .. 

vVe assume tlH\.t the t.otal was'e takes the form 

u=ll;+ u.~, (1) 

so t.hat. u, satisfies 

us = - v.;, on âQ 1 toget.her wit.h the Sommerfeld radiat.ion condit.ion at infi­
nlty. Then the free space fundam~nt.al so]ution for the Helmholi.z equa.t.iou 
1s given by 

<I>(x,y) = ~H~1\k I x- y 1). 

Formally we define integral operators [( and S by 
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and 

(I{ {)(x) = 2 r -J-) <I>fx, y)'l/-·( y)da. 
· lan r.~v(y 

Under t.he hypothe::sis t.hat F is locally Lipschitz continuons one is up 
agajnst the naturaJ limit. for .integral opera.t.or methods. \\'e recaJl t.ha.t. such 
me.thods were extended in re.cent years to C1-boundaries by Fabes1 Jodeit 
and Rivi.ere in the paper [9] ro.l.d in a far-reaching and delicate ext.ension t.o 
Lipschitz. domains by Verchota in his paper [35]. Further interesting resuHs 
have been oftaíned by Cost.abel ín [6) whíle a. general díecuseíon of the C2

-

t.heory is given in t.he book by Colt.on and Kress (4]. 
Va.rious authors have suggest.ed that. solutions of t.he exterior Dirichlet. 

problem (2) sl10uld be soung]1t .in tl1e form of a combined doub]e and single 
layer potential, vi:~: 

( } i . ô<I> . J . A<-( . ( . l D. u, x = (-;----( )(x -y) - ~·17~ x,y})~· y)ca, x E \ 
. 8D vv .Y . . ' 

(3) 

with some 17 > O. 
It may be seen as in the paper by Verchota. and tJte book of Colt.on a.nd 

Iüess that (:3) provídes a solution of (2) provided that the density V' satisfies 
t.he boundary int.egral equat.ion 

con&idered in the spaces L2 (.8D) or H1(&D). 
If the houndary regulaxíty is relaxed to t.ha.t. of a Lipschit.z doma.in ít. mus1. 

be noted that K is not. a. compa.ct. operator anel a special argument. has to be 
givt-Jl as in Verchota. [35] aJ1d Colton aJJd lüess [4]. 

That (4} should hold is establíshed usíng t.he generalised relatíons gíven 
[35]. 

To be bríef the combined double and síngle layer potentíal method func­
t.ions as in the classicaJ C'l-case, avoiding the problem of eigenvalues of the 
dual interior Neumanu problem. \Ve conclude that (3) and (4) establísh the 
exist.ence and uniqueness of a scattered wave satisfying (2). 

Perhape. it ís relevant t.o observe t.hat the natural condit.íoníng nurnber 
associa.ted wit.h (4) ha.s been st.udied by Kress anel Spassov in (24] and for 
t.he cylinder t.he optirnal para.met.er to miuimise t.he condit.ioning number has 
been det.ermined for k E [0, 8]. The conclus.ion of these numerical 1:1tudjef:l ís 
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tha.t wíth ~ame local ftuct.uatíon the condiiíoning number 77( k) grows with k, 
k ~ 1/2. 

Finally, let us note that an elementary representation theorem gives: 

( ) ~ ( . ) âif! ôv. h . . . ô~ âu ) 
!J.s :r. = .u.(y -;-- -;---( .)~)dO'= (-u.;{y)-_;-- -;---( )q, d0'1 

. . &D . vV vt1 .Y 8D vi-' vtt .Y 

X E De:. (5) 
A numerical solution af (4) for large wave lengt.hs k is complicated (see 

for example [1] and for more recent. result.s on random surfa.ces [28]. [31]: [8]). 
In order t.o simplify! t.his problem we prefer to use asymptotie results and 
the null field method, sometimes refered t.o as (Oswald - Oseen) ex t.inction 
tbeorem (see for ex.ample [32] , section 3.3) 

2 The null field method 

\Ve are int.erested in t.he averaged sca.tt.ering cross-section a.t large dist.ance 
u(A:. {i) : 

o · (·· j?.t,(;e, ·) 1
2

) 
a(k,9) = hm E 21rrl ( . I" . 

,. .... oo u · x ·) ~ 
~ . ' 

Recalling t.he represent.a.tion 

O= f (u
1 
~q) - âu; <P)fJu, :r E De, 

lav âv fJv 

together wi f. h ( 5) we see that. 

u.s{:r.) =_i_ f (âtt)(y)H(l)(k !.r - JJ l)du(y). 
· 4 .léw âz.· · u · 

Also by the asympt.ot.ic beha.viour of t-he Ha.nkel function we obt.a.in 

where 

F{k, {J ) = - f (~u)(y) exp( -ikpc.os(8- <P))du(y). (6) lao OL' · · · · 



Then it follows t.ha.t. 

\Ve recall t.h.e Graf addition formula, valíd for r < p (aee [27] 8ectíou 3.9 
p 107): 

!'.J(J 

H~1 \k I X- y j) =L H.~1)(kp)Jn(b•)e1"10-~>. (8) 

Using t.he representat.ion formula for radiat.ive solution, we see that 

i o<P 8u.,(4) 
(u.(y) -

8 
- ô <I»)da(y) =o, x E D. 

8D V l' 
(9) 

From (8) and (9), we obtaiu the moment expression (aee \Vaterman [36), 
(3í]. t-.'larlin (29). Colton and Kress [4]). 

- f u1!_(.eXJ)(-i·ntF)Hl.1 l(kp)d.O'(y.) = JaD Ô1' . . n . . . 

= f 8
8
·u1 (y)H~,1 l(kp) exp( -íncp)dp. ( 10) 

l tw v 

From (G) we obtain 

F(A~, B) = + f : (exp -ikp cos(~ - w )) exp( -iÀ.~p cos(8 - <?)da(y) 
lav vl-' 

i Ôu5 ) ( . ( ) . ) - -, -{y t~xp - ·1.kp coa () - </> )da( y . 
{;;D QLI . . 

Now the normal derivative ~ is given by 

I t follmvs that 

l
2?!' 

F(lc. &) = (-ikR(c/.>) cos(if:'- w)- ikR'(.P) sin(.P- w)) exp -ikR(,P) . 
. o 

cos(6- w'_,)x. exp -ikR(íP), c08(B - íP)dcP 

- { ~Us (y) exp(-ihpCOS(fJ - <f>))da(y) 
J{JD (J}/ . . . 



= -i/.~ k'2-x-[R( 4•) sín ( 4• - "-') - R' ( 4•) c os( <f - w)] 

· exp -ikR(cp)(sin(cp- c..•) + cos(B- cp))dcp 

-f âôus(y)exp(-iÀ~pcos(O-tf))da(y). (11) 
j8D tt . · · · 

The Hankel approxímat.íon yíelds for n < < k 

· · expi(kR(0)- !.!2!:.- ~) 
H 0 l(kR(4>))=(n.O) . 2 4 {l+O(k- 1 )}. 

n . " . ' J~kR(c/J) . 
2 .. 

Where (n. O)= 4n2 - 1, since R(</1) ~ Ro >O. 
Let tf,.• = ~ aJ1d set. 

and 
1 (;:,-:rR ' ) ( . .. d . 

Cn = JEi lu I.'P. exp - mcj>) cp. 

Then ( 1 O) yields 

exp(-i(T' +f))- __ 1_12r. ·( )!_( (- . .. -)H(ll(kR( . .').)) 
Cu ft - ..j2; u., y ,:.., exp tncp n . . <P 

~~ 2-, o · · ov · · 
2ft. " 

X J R(1·F + R'(<Pfd<P + O(k- 1
). 

A short calculat.ion yield.s t.hat. 

Cn = + . ~ {'2"' exp( - -ikR( cf>) sin( cf> - "-'))X 
v 2;r lo 

· {n(l-i~) . ~(n+l,O)} _ ,. . _1 . 
x rr.;r:;:. +?kyR(<fo) ( . exp(-?n<p}+O(k} 

yR(if_•) _n,O) 
(12) 

It follows that a lower order spectral approximat.ion to R is given by 

R . _ L c,1 exp( ín exp( ín<f;.) ~'~: <"' k 
N- y'2; ,H<-.. , 

J ? . 
lni:SN N';l' 

(13) 

(' 



vd).ert- the Cn art- given by (12). 
Then the approxímat.íon to t.he F of (11) ia gíves by pN where 

FN = - i/r. fo270 

{R( 4') sín( 4'- .:..') - R'( 4') cos( 9- w)) 

exp-ikR(i>)(sin(l,b- w) + c.os(O -l,b)) 

- j'21r Rn(9.h/ Rfi-) exp(-ikR(i-)) exp(-i/r.R(if.') cos(B -4-)]di' + O(k-1
) (14) 

The lowest. order approximat.ion is given by 

So that 

l
2·x 

F 0 = - ik fR(q.;) sin(9- .:..') - R'( 9) cos(9 - .,;)) 
' o 

exp -íkR{ l,b )(sin( l,b- w) + c.os( 8 -l,b) )cll,b 

-'>
3ik (21( (1( j R( ti>) R(~) exp(-ikR(s&))) 

.. r'if lo lo 
exp( -ikR(~) sin(~- .,;)) exp( -ikR(9) cos(B- 4'))d9~. 
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