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A NOTE ON COMPACT SURFACES WITH NON ZERO
CONSTANT MEAN CURVATURE

Jaime B, Ripall

In a classical work on minimal surfaces, Shiffmann studies the

' . o . " y T .
uniguenass of the soldizne of Platsau’s preblem for convex curves lyin

E g
in paralizl- nismes of RKY {{Ehj). Considering the same problem for

non-zero constart mesn acvalure surfanss, we prove here the followin

ng
result:
THEOQREN. There existsz = censtant K- {oprox. = 0.757...), given oz a
limit of elliptic integrals, which saiisfies ds roliowing. Let my and mp be

: NP I ST R S FEU o SRS SO 4 WU S 25 U K S ...1‘
WO paralizt planes I iKY Suin pi20L Lhe dislanoe G\, 7T 2) bE‘fﬂ‘fEQ them

iz less thon o equal to K. Let . and 0. be disks of radius 1/2 with

W

common axiz of symmetry, contaired in w, and 23 r&sﬂsper*;zvﬂiv,r. Given
“any two curves Y: and yp in 04 and D;, respectively, let M be a
compact, connected,” embedded surface.with constant mean curvatiye !
“and boundary M = v, U Yoo I M iz contaired in e ball of radius 1, then
M is conteined in'a f:y:.'mc! ™ of rodiug },’2.- Furthermore, zf dim 1,;?:} =
Ky then yy = 804, yo = mDn and M i5 a Ly nder of radius 1. -
1. Idea of fnﬂ proot. , c

. The pmc- rests on a..n:- follow! ng construction. We will cansider now
just the cese d(?rl, g = K, which is the most difficult. Let S bs the
ephere of radius | ‘centergd on the origin of R% “et C? be the part of a
cylinﬂer determined by the bonditions:

a) C’ is contained in the boundad can 1ected Component say V, of

R%/S5% |

" b) the axis of symmetry ‘;_:»f (? is the x-axis,

\

\



e} the boundary of C7 de the union of the circles Ty, C; orthogone! to

the x-axis, nedéred on polnts py, pp on the s-axis whose distence to the

P Li bhe digks tn boundaries C, and Cs.

We vl oconstruct s one parameter family of comipact embedded
rotetion: avfaces of oonstant mean curvature | contained in V, with
boumizris oo ave in I and which do net intersect the disks D Dy, Da, with

the maoe o, o one unioes ei*“wr" Di’ the fam Iy which is C? = C 1V,

wheen s e oyiinoas with radic s 1 /2 centered cn the x-axis {C° C
g“".., o '

Tre sl of Tivs femily g the whoie sphers 5% and,

furtheoyaoos, whe dmercesiions belween the members of the family with
Ctha yzenioc avs nirclse cenlered an the origing whoss redil assume all
. ;’E"z{e:ﬁé;era if M is 2 compsct embedded
“ane Wi oo etan, masn cuf*vature { contained in V and whoss
bowndary s conteined in Dy U Dy, we can find an element of the above
Farpily =which is 't.ézﬂ.:-g’:e:-‘:f: to M: It will be possible then to apply the

tengenoy toineiple {sse Lemmse | of [Bc]) to conclude thet M i= an

For corstructing the sbove family, it will be necesszvry to stidy in
datail sorie properties of the rotationsl surfaces of constant mean
' i

crrvaturs. - t

2. Rotationei aL;‘:“"I'QCQS' of constant me pan curvature. |
Such surfeces were first studied by C. Deiaunay, who discovered an
interesting .m}; to obtain them: take a curve in 2 half plane obtained by

the cut loous of the focus of a conie by rolling this conic through the



boundary. of the half plane. A rotstiorsl surface of .constant mean

r

curvature is therefore obtained by rotating this curve arcund the

boundary of the half plane.

L7

- We. will use this msb hod. of construction in obr proof. In his paper
([D}), Delaunay makes this construction when the canic is a hyrerbola.
‘We will nzed the case that the conic is an ellipse. This case has been.
described in datail in Medeiro’s Master Dissertation ((M1).

Lat Ce be the eihpee in the xy-plene, with eccentricity e, whoss foed

F= lo, (I4+e1/2,0). Let oc_ be thy
Te

cut locus of F9 when C_ rolls r ght ard |

Y

are the points f; = {D.: (1-2)/2,0] amn
=t until f meets the semi mr‘\_la

x2y? = {, » = 0. Wﬁ chearve that.or, is the sémi circle x¥y? = 1 and

=
oy is the lme f—:-egmmt y = 0.5 with - \_f3_.r"'2 xS V2. Let B be the
cut locus of f ﬁbualf‘c’j in the same way. Clearly, £y = oo When
e —+ 1, f tends to two pieces of cireles or thogonal to the x-axis at
the origin. . ' |

Given t e [0,1}, fe R, be the rotstional sur! .ces obtained by

i
l‘l .
r‘otating around the x-axis the curve {2 FO st s / 2or f8 Jt-1 if
R, is a one Daramr—ttwr Farni v of rotational surfapes of constant mean

cn.xr*vature {, depending ”cnntma.c:u sly on {. Furtherncre, ‘for‘an_y t, the
boundary of Rt is contained in the sphere 5%, that i;s, the sphere centersd
on the origin with radius {. We alsc have thst- the intarsaction
between R, and the yz-plans is a circle whose Fadius is exéchly {(1-t).

- Leat Xt G be the'x—coordinatm of the point of intefsection between

the CUTVE Ofy 5, and th-J stralght fine y=1/21f0 =t {1/2 end the x-

coordmata of the intersection point b;L_v.-;;;n the curve ’SZt—i and the

same line if {/2 <t < L.



It follows by the rolling method of CZCi}"IS.t.'.("UCtiOr'I of the curves o )
and ;.‘3’{) see [CH] p.283 $ 42), that the function t —* xt is strictly

decreasing. FLII‘U')D'”WD*“Q, we' Have

2“‘f§ éndg__"_q
Clim x, = — = M2

f—t 1 t

We nead tb know the Jimit of X when the curves oo 0 tend to the

straight line.y = {/Z, that is, x = hmtm‘% e For a gwen eccentricity

z

2, the coordinates of the ourve o, afe given by::

- dA
porA (e ém }\) é}

x(p) = 0.5 { sing + tangg {eé'.; sin?q&)'ﬁL + ({ - 2%
S S o
v} = 0.5 {cosgb‘ + {=% - sinz‘q)‘)%}'

Ceometrically, 2gb is the angle be tween the foci rays at the contact
point of the ellipse with the x-axis {5&5 D], or Lemma { P- 18 of (M].

Since we wart to estimate the point of intersection betwaen o, and
the line y = {/2, we pit y{o) = 0.5, and we obtain:

| "t“ccos{i 0.5=2%), N

We  can ‘therefors computﬂ the po*cltlve x—cocxrdmate Xy of the
mter*ser‘tmn point when 0y tends to the line y = =1/2:

= lim x(arccos{{-0.52%))

.' - S a—0
and, from the expressio_n for x{g),



ﬂrr“coa ({-0. q@“}

. AN
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%—Oﬁhm L::U.SK,
e-+g :osz}\{e - sin®h) " -
S
where
rarceos{l-J.5=%)
A
K=1lim = .
. E L TR
a-b : IR -

s mma ] et Fesan = -
Dy compuiacional BeLMELES, Wa oD

Wz oan nowe conalude the Dror_xr of the. thecrem.

3 Procr o"' t‘w theorem. )

Let M be es stated in the theorem. We can sssume  that M is
contained in a2 ball whese boundery is the sphere. 3% with radivs |
centered on the origin. We use the notstions introduced in the previous

qer_'tl oL

Since X! % IR/"" for 1/2 { ¢ < i 'the boundaries of the rotationa 1.
surface K, dn not- mtbr‘sect M. Alsg, -=since the. y—mmrdmate of the
CUrVes @, are greater than {/2 for £/2 {t £ {, the boundary of M does
not intersect any R, for these values of t. Furthermare, since R, is the
" sphere 5%, which does nat intersect M, it follows from the tangency
| principle that ReNM=g, {/2 2t <1, and this impl.ie's that M is
containad in'the cylmc?ev‘ Wlth radius {/2 centﬂrﬁd on the x-axis, proving

the fqut part of thn thnorem \

\
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Assume now that d{mg,m) = K. By aort racuctmn, sssume  that
M=t Cr. IF GM N 80 = @, since C7 C R = £, there exists € 0 such
that Rt NM=gfar 1/2-¢ (t £ {72, ;—:ﬂd will be possible to a—mlv
the tangency mrinciple to conclude that M = RL for same 0 <t € 1/2,

]

contradiction. If anM 1 alr == @&, then ithe Langenr__ty principle in the

_’Dmmda; 1m?. 25 that therg exists @ ") 0 s_.uch that the angle betwean tha

tangent piaﬂes of O ard M st & commoen point of their boundery is

greater then &, We ohiose 'c'ﬁ { § /2 such that if (‘ /2, then the

angle between R, and ZF mn RL 1 C* iz less then /2. Theraefore, M does

not  interssct R g ne ig}‘hom‘m@:{ of. M, and, by the tangenoy

principie, M N Rt = 3, Y £t 5 /7, and this Ia ds, asz shava, to =2
{

contradiction. Therefors M = {* and the theorem is proved.
4. Remarks. '

Y .

a) A similar'result can be proved in the sphere 5%, using the rotational

[y
i

b

fam

minimal surfeces of 3% end applying a similar reasoning. It is poss

™

then to give sa characterization of the Clif :cn"d torus (se2 Theorem 2 o
[R] ) - o

o VoL L | e :
b)) If dimy, my) > K b{:xr,h assertions 'of the Theorem are false and if

-
i
3

0]

d{my, ) # K the second one i= falss. The counter-eéxamples ars also

L4

given by the otatlcma; Surf'aﬂeq af CGﬂ:tﬁﬂt msan ourvature, as it can
gasily be geen. il‘ ' |
o)  Lucio Rodmﬂunz, fmm gﬂcnmet**lcai reEsons, con JEG’U red that the constent
K is. equal to /2. Howevar‘, we couldn’t get a pmvw of this.

I wart to thank Nubem Medeiros and Lucm Rodmgu-&z for their aid

on the r‘eahzatzon of this WDI“k
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