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A NOTE ON COMPACT SURFACES WJTH NON ZERO 

CONSTANT i'vlEAN CURVATURE 

In a classicsl \;,;or·k on JTÜn~msl sur-face;:., Shiffmann studies the 

Ulnl'q·,.-;np . ~"~ 1":,:::. ~~,)~.,~:~p-- ~~ Dj ... ~ ... -~,, r-... rL.l-· fr,_r· ~onv~v CL~ve~ ',y·,·n·' .uc:.,_ss ·~·1 l-1-~ ..:- .... • . ...._.~--~·-',,:::.. u..: 1 -c:.~ç_·,_~..-~ s t.Jj ,_nJ ... t::ffi ·-- ..... ~::::..-,. h! .::l- •6 

([Sh]J. Com::ic~ering the same probiern for 

result: 

TH't.cn K"' C:f, ,; . , __ ,__.., ........ ,. 

'- !e- 'h -·r- e-ur-.7 :--- v ~~ ~·s !.. !G:.t""): v' ·\...' '..J.~ L'.:''' 
' 

{cw:cx. 
' 

given as a 

I I'\ --, b "k _t?t. '-··J. an:1 (.,..,-~~ ~~ m.s 'S of .radius 1/2 with 

cornmqn a.'<is cf s ... vmrnetry, 'cc.:'lta.it:eçi t:. 7Tt and H2; respeCtivel:y. Giver. 

· any two curves Yi ond y2 in DJ and D2, respectivHly, let t\1/ be a 

compact, -conilect"ed, · ernbedded ·sur·f'ace. \-Vith constant rnean curvu.türe 1 

and boundo.ry. 3!\A =. y 1 U rz~ Jf ,~d i.s contained in a ball of ro.dtus 1, then 

M · ' · ' .. I· d ' " J '7 ç th · 'f d. l 1.s con.:..o.Inea rn a cy 1n er ot ram.us /...., ... ur. en11ore, ~ \iibir2 
' K, then y 1 = BD1o h= i3D2 and M i.'J a ,cyíinder of radius J. 

J • I de a of the proof. 
I 

The proof ~-ests on the followiJog construction. We will consider now 

júst the case d(?rt~ "•) \ K, which is the most difficulL Let S be the 

sphere of nodius i center~d on th2 origin of R3• Let C• be the part of a 

oylinder deterrnin~d by the' bonàitions: 

a) C' is CDntained in the bounckld cormected éomponent, say V, of 

R3jS2, 
' 

. b) the BXiS of symmatry of C' is -the X-Eoxis, 
. \ . ' 
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c) th·-~ I:·C!U!"\cÍMry of C' i e. t.he uníon of -t.he círcles cl, c2 orthogonsl to 

'th8 -x~o;:ov,c.: ·,-·;xJo?';:;.d 0"' "(!ÍJ•t"' r p on th::'l ., "'~Xl's whoc:e d1'sten to th ·'<.,.o._,,, •• • oL·-< ~ ), .(-'•• o-~ t_)1' 2 o !::• ,>;-.... ~ ce e 

:"·- -,.-- . - .. .. . -,._ ·-

' i-.. 
'~ '-·. 

i- .. 

' r ' ' .. i t' d' V -~--,-_,,,.-,:'.:><.; n,.. r'''f1'='.r""n' n1Pan ~'"'l 1,....VatL'~"' cnn B'f18 Jn 
---·- --·-- ~. --· ~ .... .::::...... •• ..• ~ . ..iJ. '.u ~ ' - .- - ' with 

with -·'.:::~----~~ i r-.. ~->: t.'1~d which do not intersect the disks Db 0 2, 

,. ' 

-_,~ 'v/~cth r:::r-:hus 1/2 csntered on the x-axis (C' C , ...... ., ., . -~ 
••'.; ·- -· 

sphere S2 and, 

rnembers of the fami!y wit..h 

who;e.r, redii e8SL'lll8 alí 

i·-.. i.=:~.- ---.:~.-~ {:--'! ~ ') Th-~·r::,fc.~e ;r tA !'" a' romo6ct omhPd'ri:::.d ____ -~ ,._.~..:.;~ ,., .... e. J ~ .l.l ;vJ ..... ....· •• ,''--' ~. _ _, ;.•~ 

t ' i ' v ' h con Blnea 1n ana w .ose 

Di U D2 ~ ws can find an Ble.rnent. of the above 

to lvL I\. wi!l be possible then to appíy the 

?'dp.l<o ("''''~ Lemma .\ of [Se]) to conclude thBt M is an 
, r . ',. 

t .· .-.·.l'.::l T~·jT\1 ,·,; \, ... ~.· .o!,~- •• Since C' is the only e!ement having boundary 
" 

de:t2íÍ ~:.D!~· ,. ... DrDDEC'(Íes 
' ' 

8bove family, it will be necesséi'Y to study in 

of the rotational surfaces of constant mean · 

2. RotaUcnci surfaces of çonstan{: mecm 'curvature. 
. . I . 

. Such- slirJceoes were first studied by C. Delaunay, who discovered an 

interesting y;ay to obtain them: take a curve- in a half plane_ obtained by 

the cut lo-cuS! of the focus of a conic by rolling tfiis conic through the 

\ 
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boundary ot the half piam .. A rotatiOI·i.3l surfc)Ce of · consl.ant. mean 

curvatura is th2refore obtaind by rotat\ng this curve around the 

boundm-y of th2 half plane. 
. . 
'" ·11 'h' ,. ' " ' t' · f I h' · vve.. WL use ~.- .1~- !TIS,.J1DO. or cons ... ruc lDll 1n our proo . n 1s paper 

{[D]), Delaunay nlakes thís construction :.vhen the conic is ·a hypel~bola. 

We will need the case that lhe con!c is. an ·ailipse. This case has been. 

described in detail in Medeiro's lVIasler Dissertation· ([M]). 

Let C h= the ellipse in the xJv--cde.ns~ \-\'ith eccentricíty e~ v..1hoss foci e - , ' , 
ar-e the points f 1 ::: (0, (J-e]/2,0) and f 2= (o, (i+e]/2,0). Let cc, be the 

. ~ 

cut locus of f, when C rolk dght c:nd lúl until f 2 meets the sEmi círcb 
~ e . . . . 

x2+y2 ::: i, x ?: O. We observe that. o:: 1 is the 2-Bmi cirde x2+y2 ::: i and 

cc0 is the line segment y::: 0.5 with- '/3/2 :-> x :-> V?/2. Let {3 be the . ~ -. - e 
out locus of f 1 obtained in the sarna v.·ey. Clearly, {3 0 ::: o:0. When 

e . Í, f3 é tends to tv/O píece::::_o.f círcl"c,s_ orthogonàl tci the' >~-axis ·at 

the origin. 

Given t E [O,i), let R, be tiíe r·:·t.stional sur' :ces o~tair.ed by 
' . 

rotating arour.d the x-axis the curve cci-2t if O ,;; t "·· i/2 or {32t-i if 

i/2 s t < L 
Rt is a one parame.t.e.r f2rnilt of l~otat.ional surfaces of const.ant mean 

c~ature i, dependfr.g ·~oritinuously Oll t. J-urthemore, .for any t, t.he 

boundary of Rt is contained in the sphere S2, that is, the sphere oer.tered 

on . the origin with radius í. We also have thst · the intersaction 

betweán Rt and tha yz;-plane. is a oir'cle whme i·adius is exaotly (i-t) . 

. Let xt ) O be the x-coordinate of the point of interseotion between .. , 

the curve o:i-2t and the s.traight line y == i/2 if O ,;; t < 1/2 anel the x

ooordinata of the. intersaction point be.lween the curve P'2t-i and the 

same line if i/2 < t < i .. 

3· 



It follows by the rolling met.flod of constructíon of 

and fJ(.) (see [CH] p.283 $ 42), that the.function t 

decreasir.g. Furthernore, .we hav8: 

the curves ac (.) 

xt is strictl y 

2- \{3 
lim x = ·--~-~~--

t--1-Í t . L.. 

and Xo = 
\{3 

2 

We need to know the limít of xt .when ·the curves. ac. (.) tend to rhe 

straight line. y = i/2, that is, \\ ::= 1ímt_
4
,:\;xt. For a given eccentríci.ty 

a, the cooniínates of the curve cce at"a gíven by:: . 

x(!f) = 0.5 { sinrp + tangtjl (é- sin\t) :1- + (i ~ e2) r$ 
)o 

Geornetdcally, 2rp is the angl8 b8twe8n the foci rays at the contact 

poínt of the ellipse with the x-axis (see [D],. m- Lernma i p. i B of [M] . 

. Since we want. tci estírriaté the point àf íntere.ectípn between oc
8 

and 

the line y = i/2, we put y(!f) = 0.5, and we obtain: . 

!f= ar-ccos(Í - 0.5e2). 

Wé can therefore compute the posítíve x-coordinate xÁ 

intersectíon point when cc(,) tends to the line y = i/2: 

x., = lim -+o x (arccos (i -0. 5e2)) 
. 1 e 

and, from the expresslon for x(tjl), 

~-
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. ~ rarcc~s(i-~;5e2). 
xl =·0.5 hm 1 ---"'-'---'--,-·. = O.SK, 

Z . e-+o J cos2A(e2 - sin2)\) •· 
o 

where 

K = lim 
·Ü u .. 

---·-·----·--T~-

-;-. . ~ '. "~ . ·J 
/ CCrS"t\ t2'"' - ~-.;n"",'\,: ·· 
;c 

~---··-r 

I ' 
li<_n ...... ,-..-. l l ~·- Lr.!O! ... ~~ 

'-'----·-.,..---' 

\Ale ·can no\v cDnslude t.hE! proof of lhe. t.hem~ern. 

3 P e r t' " . roçr o, l :e ~..-neorem. 

Let M .be as stated in the · t.heot-em. We can assume that M is 

contained in a bali whose boundary is tha sphere S2 with redius 1 

oantared on the origin. We use tha mtations introduced in t.ha previous 

seotion. 

Since xt > K/2 for 1/2 < t :;; i,' lha boundaries of the rotational · 

sLirface Rt do r.ot· inter~ed M. Also, · since the. y-coordinate of the 

CurVes at ·are greater tha~ 1/2 for i/2 .< t :;: i, the bounda;-y of M does 

not intersect any Rt for th~se values of t. Furthennore, since R
0 

is the 

sphere sz, which does not intersed M, i t follows from the tangenoy 

pdnoiple thàt Rt n M = 0, i/2 :;: t :;: i, and thls implies that M is 

contained in the cylinder with radius i/2 oentered on the x-axis, proving 
. I . 

the first part bf the theorem. \ · · 
' 
\ 
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Assume now thet d(lT1,lT2)' = K. By contmdict\on, ·assume that 

M =;t.· C'. !f éJM n oC' = 0, since C' C R
0 
= C", there exísts E ) O such 

that Rt n M = 0 for Í/2 - E < t ~ i/2, encl it wíll be possible to apply 

the tangency principie to condude that l\11 = Rt for some O ( t < i /2, 

conlradíction. If éliv'l n élC' =;!. 0~ then fhe lange:1cy principie. in t.h~

botmdary impli.es that therj3 exísts e > o such that the angle .bet.ween the 

t ' ' . F ,.,, cJ ' ,- t ' ' c t'h ' ' ' ' .angent planes c'. L. -~.L- 1V: .;:, , -~ com1non po1n .. D1 . ell"" om.m:::J.ary lS 
. ~ . v . 

';l'r;;:.at.:-~Y' th12!' ~-; •,: .:;:. r-:J ,,.,.n,:-.~~ ·c o·- .... ~ ..... ~ ... ·- ··~~--~ . . o 
.· f ·~ t '' t '' . \ _ / 1:.. sue :L t;J.a. __ .n_ t c> 

an;"le bst\I./2-Sfl R~ Bnd c~ 'jl'1 R~ n C' is iess than D/2. Therefore, !\.~ d:)e.s 
o L ~ 

_not intersect Rt ín a ;,sighbotn·hood . of. àM, and, by the t.angency 

· ·· ·· ' · n ~ (f, ·• + - ' ,., d · • · 1 d • t Pl"'lP.ClDlB~ l\IJ I Kt = lJ .. L \ .. .::., .J./ L-~ a.n tnlS 88.• s, 2~- 200V9~ O 2 • . ' ü . 

contrediclion~ There.forü lví = C' and t.he th~,orem is oroved. . . 
4. R.emarks. 
' A · · < • 't b d · ·. h "'' · t. · t· 1 a) s1m1iar resul can e prove 1n t.he sp .. ere .:Y', us1ng he. rm .. a. 1onEL 

minimal surf2ces of·S3 and appiying a similar reasoning .. It is poS'2,ibie 

then to give aa charact.erization of the Clifford t.orus (see Them~em 2 of 

(R] ). 
' b) ]f d(lT, 7r?) ) K both assertions ,of the Theorem are falsa and i f 

d(lTll 1r2) =F K lhe second one ís false. The counter-examoles are als.o 
I . ' L 

given by the l'otational st,~rfaces of constant mean curvatura, as it can 
' 

easily be ~ .. een. \ \ 
c) Lucia Rodríguez, fron:t geometrical 'reasons, .conjectured that the con~.tant 

. ' i . 
K ís. equal to lT/2. However, we couldn't gel a prove of this. 

I want. to thank Nubem Medeiros and Lucio Rodríguez for their aid 

on the realízation of this. work. 

\ . 
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