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ABSTRACT

Numerical Modelling of The Sedimentation and Consolidation of Tailings

Nilo Cesar Consoli, Ph. D.
Concordia University, 1991

The byproduct of processing rocks for the purpose of extraction of minerals is a
waste which is generally referred to as tailings. These byproducts are impounded
behind dams specially designed for this objective and are known as tailings
deposits.

The objective of this study is to investigate the true capacity of a reservoir when
waste material is impounded. The process consists of dispersion, sedimentation
and consolidation, which take place simultaneously. It is the purpose of the
present study to analyze these coupled phenomena of soil formation to estimate
the volume of waste that can be impounded. This is an important factor from a
financial and ecological view point.

A theory is proposed which contains the sedimentation and consolidation
processes. In order to have a complete modelling of the problem an Implicit
Finite Difference Code was developed. The code is based on the use of the
Preissmann Scheme and the Double Sweep Method to solve the system of partial
differential equations that form the sedimentation part of the problem. A new
constitutive model for the characterization of the stress-strain behavior of the
solid skeleton, considering the changes in the state of the material is developed.
This forms an important part of the basic equation of the consolidation process
coupling pore-pressure dissipation and deformation of the soil mass. A Finite
Element Code is developed incorporating both nonlinearities, i.e. those arising
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from the material response (Elasto-Plastic Model) and those due to geometrical
(Eulerian System) nonlinearities.

To complement the study, the case of the disposal of a bauxite mine in a reservoir
located in Saramenha, district of Ouro Preto, Minas Gerais, Brazil is considered.

Comparison between numerical analysis and field measurements is made based
on total and effective stresses profiles, void ratio profile and vertical
displacements through the soil formation profile. The numerical analysis
successfully predicts the filling of the reservoir, which helps build confidence in
the numerical procedure developed in this study.



“ Is mathematical analysis...only a vain play of
the mind? It can give to the physicist only a
convenient language; is this not a mediocre
service, which, strictly speaking, could be done
without; and even is it not to be feared that this
artificial language may be a veil interpose
between reality and the eye of the physicist? Far
from it; without this language most of the
intimate analogies of things would have
remained forever unknown to us; and we should
forever have been ignorant of the internal
harmony of the world, which is...the only true
objective reality. ”

Henri Poincaré
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CHAPTER 1

INTRODUCTION

1.1. Motivation for the Study

The increasing necessity of mineral resources for the maintenance of
technological development poses an environmental problem: the demand for

storage space for its waste.

The waste, a fine grained cohesionless assembly of particles generally known as
tailings, is a complicated material to deal with in view of the lack of
understanding of its mechanical behavior and the fact that often it carries toxic
matter with it.

To start with, the mode of deformation of the waste material (tailings) is not well -
understood. Hence the volume required for its impounding, generally disposed
in valleys or reservoirs behind dams, can not be evaluated with ease. The process
is further complicated by the fact that the deposition is originally in a state of
suspension and after sedimentation undergoes a process of consolidation. These
factors are mainly responsible for making the situation extremely complex from
an engineering and analytical viewpoint.

1.2. Purpose of Study
The objectives of the present study are:

* To develop and calibrate an appropriate constitutive law to describe the flow of
the material.



* To study the processes of transportation of sediments, sedimentation and
consolidation of the material, which take place simultaneously.

* To outline the needs for further research in this field.

1.3. Methodology

The solution of the nonlinear partial differential equations (the governing
equations of the problem) will be solved through the following special

techniques :

1 - It is demonstrated that the problem of elasto-plastic finite deformation is
governed by a quasi-linear model irrespective of deformation magnitude. This
follows from the adoption of a rate viewpoint towards finite deformation finite
element method based in the Eulerian Coordinate System and Kirchoff Stresses,
which is developed by application of the Gauss Theorem and Galerkin Method to
the instantaneously linear governing differential equations, where the
constitutive model is introduced.

2 - In the study of the sedimentation process, in order to have a complete
modelling of the problem an Implicit Finite Difference Code is developed
employing the Preissmann Scheme and the Double Sweep Method.

3 - A study is made to establish a level of confidence in the analysis through a
case study of the situation prevailing in Saramenha, Brazil.

1.4. Thesis Outline

In Chapter 2, a review is made of the work previously completed linking the
processes of sedimentation and consolidation.



In Chapter 3, a description of the case history, with geotechnical characteristics of
the bauxite tailings, special laboratory tests and field instrumentation are
presented.

Chapter 4 discusses the sedimentation model developed, where the system of
partial differential equations that are the foundation of the physical problem, are
codified in an Implicit Finite Difference Code.

In Chapter 5, a new constitutive model is developed, based on State Parameters
(Poorooshasb, 1961). The stress-strain relation are described, by calibrating the
model using test results performed on samples of a cohesionless soil. The stress-
strain curves and stress paths are analytically reconstituted for monotonic and
cyclic loading.

In Chapter 6, the development of a finite deformation finite element method to
deal with the Coupled Consolidation Theory is presented. The code employs the
Eulerian System of Coordinates.

In Chapter 7 numerical solutions are compared with the exact solutions to
examine the accuracy of the model proposed.

A study of Saramenha’s Case History is presented in Chapter 8, and comparisons
are made between the field data measurements and the numerical results.

Finally, in Chapter 9, conclusions are presented and suggestions for further
research proposed.



CHAPTER 2

REVIEW OF PREVIOUS WORK

2.1. Introduction

Since the research on the motion of a solid particle in a fluid was started in the
middle of the nineteenth century by Stokes, relative flow of the fluid and solid
phases have been studied in several fields as sedimentology, chemical
engineering, hydraulic engineering, geotechnical engineering and environmental
engineering.

Almost all the work on the behavior of solid-liquid mixtures is divided into a
theoretical basis between sedimentation of dispersions and consolidation of
sediments. Consequently this review will concentrate on the themes of
sedimentation, consolidation and the link between the two.

2.2. Sedimentation

Sedimentation processes have been used for centuries. However, it was Stokes, in
1851, who first proposed a law to explain the relative flow established between a
continuous fluid phase and a discontinuous solid phase. This law is known as
Stokes Law, and states that the settling velocity of a dispersion was considered to
be a material property of the mixture, which, in turn, depends on the velocity of a
single particle and the porosity of the mixture.

Lewis et al. (1949) studied the fluidazation of glass spheres and found that their
results could best be correlated by an expression where the fluidazation velocity
of the liquid phase was directly related to the Stokes velocity of a single particle
and the porosity.



This was followed by Kinch (1952), who realized that the settling process of
uniform dispersions is a transient process. This theory, however, ignores the
continuity of the mixture and focuses its attention on the continuity of the solid
phase. The effective stresses in the sediment which is formed at the bottom of the
dispersion are ignored so that the velocity of the solid particles is a function of
the porosity only.

Experimental studies of sedimentation are reported by McRoberts and Nixon
(1976), Been (1980), Imai (1980), Schiffman et al (1984) and Abreu (1989).

Tan et al., (1990) have studied the behavior of clay slurry and concluded that it is
sensitive to the environment the slurry is in. For a dilute slurry, viscometric study
indicates that it has zero strength, but as soon the void ratio is reduced below
certain value, there is a dramatic gain in strength.

2.2.1. Considerations of Sediment Transport

The study of a real life sedimentation problem is not restricted to the
understanding of the deposition of the sediments, but also to its transportation:
both are parts of the natural process which occurs simultaneously.

Most of the work done in this area was basically in the development of methods
for the prediction of the amount of sediments carried into a reservoir as a
function of watershed characteristics. This is a stochastic problem and thus a
model to predict the amount of sediment storage in reservoirs should involve the

theory of probability.

Iwagaki (1956) explained the process of sedimentation in a reservoir using the
equation of motion and continuity for clear water flowing in a channel, together
with a sediment load equation.

A review of the literature shows that in the beginning empirical methods were
introduced to obtain the distribution of storage sediment in reservoirs. As an
example there is the case of the Empirical Area-Reduction Method developed by
Borland and Miller (1960), but the use of their method is limited because the



effects of the flow characteristics are not considered. After that, deterministic
methods were developed to predict the amount of sediments carried into a
reservoir as a function of watershed characteristics, e.g. the studies of Paulet
(1971). Chang and Richards (1971) developed a numerical method based on the
method of characteristics for the solution of the process of sedimentation. Soares
(1975) discusses a deterministic model to evaluate sediment deposition in a
reservoir, and the results of this analysis are then given as inputs to the stochastic
model in order to obtain the mean value and the variance of the sediment storage
as a function of time. Lyn (1987) has studied standard one-dimensional equations
of unsteady sediment transport. Rahuel et al. (1989) introduced a methodology
for simulation of water and sediment movement in mobile-bed alluvial rivers,
treating bedload transport of nonuniform sediment mixtures.

2.3. Consolidation

A rapid application of load to a saturated mass of soil generates a pore-pressure
distribution which triggers a field of relative velocities between soil particles and
the surrounding liquid. At this moment, a transitory process of flow begins,
during which variation of the displacement, stress and deformation occur. This
process induces a volume change, linked to a transference of pressure from the
liquid to the soil skeleton: the process is referred to as consolidation.

This physical phenomena is modelled by a complex mathematical formulation,
which is solved in its most general form by time and spatial integration of a
system of non-linear partial differential equations, with appropriate initial and

boundary conditions.

The first coherent theoretical formulation of the consolidation phenomena was
developed by Terzaghi in 1923. Even though his theory was only in
unidimensional terms it founded the mathematical basis of many theories which
followed. The main hypotheses of the unidimensional theory of Terzaghi are:

- Complete saturation of the soil;

- Incompressibility of the soil grains and interstitial liquid;



- Validity of Darcy’s Law;

- Liquid flowing only in one (vertical) direction;

- Validity of hypothesis of infinitesimal strain;

- Strains in the same direction as drainage;

- Permeability coefficient independent of void ratio;

- Void ratio dependent only on effective stress and through a linear relation;
- Total stresses constant with time;

The above simplified assumptions restricted the use of this theory considerably.
For this reason, new formulations have appeared since then. Davis and Raymond
(1965), extended the pioneer theory, considering the effects of non-linearity in the
relation between void ratio and effective stress. Mikasa (1965) and Poskitt (1969),
went further and developed a theory in which permeability and compressibility
coefficients were non-linear functions of the void ratio. However, still
considering a unidimensional theory, Gibson, England and Hussey (1967), added
to the previous theories the consideration of finite strain in the Lagrangean
System. In reality, as shown by Schiffman (1980) all unidimensional theories of
consolidation are particular cases of the theory developed by Gibson, England
and Hussey (1967).

In 1936, Rendulic created a theory which considered multidimensional
consolidation and was an extension of the Terzaghi’s theory and due to this was
named Terzaghi-Rendulic or Pseudo-Multidimentional Theory. The name
Pseudo-Multidimensional Theory is due to the fact that this theory was still
based in the hypotheses that the total stresses remain constant during the
complete process of consolidation in the case where loading remain unchanged.
Following the previous hypotheses it is possible to formulate the problems of
multidimensional consolidation from a diffusion type equation where the only
unknown is the excess pore-pressure. In this way, the dissipation of the excess



pore-pressure is studied separately from the phenomena of the deformation of
the soil skeleton.

Biot (1941) formulated the first general and coherent multidimentional
consolidation theory, taking into consideration the interdependency between the
deformation of the soil skeleton and the flow of the interstitial fluid.

One of the most interesting characteristics of the Biot’s Theory is that in some
regions of the porous media submitted to a process of consolidation with external
loading constant, the pore-pressure can rise to higher values than the initial ones,
without any volume change in the region. This phenomena was studied in some
detail by Mandel (1953) and Cryer (1963), and is referred to as the Mandel-Cryer
Effect.

Unfortunately, due to mathematical complexity, only simple problems have been
solved analytically using Biot’s Theory. These include the consolidation of a
sphere subjected to hydrostatic pressure (Cryer, 1963) and an infinite strip
uniformly loaded in a semi-infinite media (Schiffman et al, 1969). It is
emphasized again that all these solutions are for a homogeneous, linear elastic
and isotropic media. Real life problems have to be analyzed removing as many of
the above restrictive assumptions as possible.

2.3.1. Finite Element Analysis of Consolidation

With the development of the Finite Element Method the solution of more realistic ™

boundary problems with the Biot’s Coupled Consolidation Theory became
possible.

Sandhu and Wilson (1969) were the first to obtain a solution of the Biot’s Theory
using the Variational Principles. The numerical solution of Terzaghi’s
unidimensional consolidation and the consolidation of a linear elastic semi-space
medium due to a distributed load were verified against exact solutions with good
agreement.



Osaimi and Clough (1979) extended the work of Sandhu and Wilson considering
the material non-linearity through the use of the Hyperbolic Model (Duncan and
Chang, 1970), as well as, introducing incremental construction.

Sandhu and Liu (1979) studied the consolidation of soils which exhibit secondary
compression considering visco-elastic material behavior.

Adachi et al. (1982) studied the consolidation behavior of saturated clay using a
visco-elasto-plastic model combining the Cam-Clay concept and Perzyna’s
description.

Chang and Duncan (1983) developed the formulation of the consolidation theory
in finite elements in partially saturated soil.

Lately, several analyses obtained with the use of finite element method in the
study of case histories have been documented. As an example, the case analyzed
by Magnan et al. (1982) , where an experimental embankment built by the
Laboratory Des Ponts et Chaussees in Cubzak-les-Ponts, France, showed good
agreement in comparison between the numerical analyzis and the field data.

Almeida and Ortigao (1982), using the Modified Cam-Clay Model implemented
in the coupled consolidation finite element code analyzed successfully the
behavior of an experimental embankment laying over a thick layer of soft clay in
Sarapui, Rio de Janeiro, Brazil.

Another case history was analyzed by Zeng and Gong (1985), where material
non-linearity and anisotropy were considered in the Biot’s theory finite element
code. In this case the behavior of a soft clay deposit, over which two oil tanks
where built, was successfully predicted.

Consoli (1987) using the Modified CamClay Model, as well as, the Hyperbolic
Model analyzed successfully the behavior of an experimental excavation in a soft
clay deposit situated in a river shore near Sarapui, Rio de Janeiro, Brazil. The
analytical and field data comparisons include horizontal displacements, surficial
displacements, pore-pressure and vertical displacements at several depths.



Yang (1990) using a model capable of simulating monotonic and cyclic loading
succesfully predicted the susceptibility of liquefaction of the seafloor under storm
waves at the Ekofisk tank site in the North Sea.

Emir (1991) studied the effect of vibration in the consolidation of very soft clays
using an elasto-viscoplastic constitutive equation.

2.3.1.1 Finite Deformation Finite Element Analysis

Investigation of problems involving geometrical nonlinear behavior has been a
subject of study for some time.

Much of the earlier work (Kirchoff, 1883) was developed due to the difficulty in
the analysis of many practical problems, as the deformation of the spiral spring,
where the displacements are not small. Since that time, many investigators have
developed the general theory of elasticity which incorporates the possibility of
finite displacements, strains and rotations. An historical account of large elastic
deformation theory and applications has been given by Truesdell (1952).

The problem of finite deformation of an elasto-plastic continuum has received
much attention. Initially, attempts were made to examine the conditions
necessary for a rigorous solution (Hill, 1962).

Several researchers considered various ways of decomposing the strain rate into
elastic and plastic parts, among them were Green and Naghdi (1965) and Lee
(1969).

The invention of the digital computer has given rise to a great amount of activity
in this area. Many incremental formulations have been put forward to make use
of the numerical capabilities of computers. Most have utilized finite element
schemes and these include diverse formulations of both Lagrangian (material)
and Eulerian (spatial) type. Further details of the Lagrangian and Eulerian
approaches are given in Chapter 6.

Most of the work done has been devoted to formulating analysis for plate and
shell problems including large displacement but small strains. These
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formulations are inappropriate for applications to bulky geometries encountered
in most problems in soil mechanics.

Hibbit et al. (1970) used a Lagrangian scheme to derive finite element rate
equilibrium equations from the principle of virtual work for large deformations.

Zienkiewicz and Nayak (1971) presented a unified formulation for large
deformation and plasticity problems. A Lagrangian system was used in
conjunction with an isoparametric finite element code to solve a thick cantilever
problem.

An Eulerian system was developed by Osias and Swedlow (1974), where
derivation of the finite element equations was made by the use of the Galerkin
Method. A rate viewpoint was adopted and objectivity of formulation was
preserved by the introduction of the Jaumann stress rate.

Meeking and Rice (1975) adopted an Eulerian formulation and derived
governing equations based on variational principles. The analysis of a bar in
plane strain tension is presented as a numerical example.

In the field of soil mechanics a few attempts have been made at the application of
a finite deformation analysis to soil behavior, even though it is well known that
large deformations occur when very soft soils are loaded and during the process

of soil formation.

One of the first attempts in this area was made by Fernandez and Christian
(1971) who performed an analytical study of a strip footing on undrained clay
with both material and geometric nonlinearities included in the formulation.

The study of one-dimensional elastic finite consolidation and bidimensional
elastic finite deformation consolidation of a rigid footing was made by Carter et
al., (1976), showing the importance of geometrical non-linearity compared to
infinitesimal theory. In this work an Eulerian rate viewpoint was adopted, as it
was previously used by Osias and Swedlow (1974). The same authors presented
a paper in 1977 in which the loading surface of an initially stressed free elastic-
perfectly plastic cohesive soil is studied.

11



Yamada and Wifi (1977) have studied the behavior of shallow foundations of
homogeneous and multilayer soils through a rational approach to the finite strain
analysis based on a variational principle. The influence of different footing size is
shown.

An Eulerian formulation of the finite element method for predicting the stresses
and pore water pressure around a driven pile was developed by Banerjee and
Fathallah (1979). The analysis had been applied reasonably to the problem of
expanding a cylindrical cavity to twenty times its original radius.

Meijer (1984) studied the comparison of elastic finite and infinitesimal strain
consolidation by numerical experiments. The field equations were formulated on
a Lagrangian coordinate system. The conclusions of Meijer’s work were that for
the case of a vertically loaded half plane, despite the assumption of a weak |
material the differences of the results were not spectacular.

Burd et al. (1986) using an Eulerian Scheme with an elastic-perfectly plastic
constitutive model have studied the behavior of reinforcement of a layer of
granular fill on a soft clay subgrade. Model tests were analytically reproduced
with accuracy.

Kiousis et al. (1986), presented an incremental finite element formulation for
elastic-perfectly plastic bodies subjected to large deformation. The formulation is
in Lagrangian coordinates and the plasticity model employed is the extended
Von Mises.

Dluzewski (1988) developed a total Eulerian finite element formulation with the
hyperbolic (non-linear elastic) model as the stress-strain model where the
solution of the boundary value problems can be sought via an iterating process.
The main shortcoming is that no history of the process can be taken into
consideration and the analysis is limited to monotonic loadings only.

The above mentioned theories of finite deformation finite element analysis of

consolidation assume that the soil skeleton is elastic, non-linear elastic or elastic-
perfectly plastic. Furthermore only monotonic behavior is considered.

12



2.3.1.2 Simulation of Incremental Construction

Incremental construction procedures must be modeled in order to simulate the
performance of typical geotechnical engineering problems. Sequential
construction was first analytically modeled by King (1965) who employed the
finite element method to simulate the incremental construction of concrete
gravity dams. In his procedure the building layer is assumed to be placed in a
liquid state where the material has weight but is unable of carry shear stresses.
When the next layer is placed, in the same way that the previous layer was, the
first layer is assumed to be able to resist shear stresses. This process continues
until all layers are constructed.

2.3.2. Stress-Strain Behavior of Soils

The stress-strain behavior of soils is dependent on several factors such as
drainage conditions, stress history, loading conditions and is highly nonlinear
and inelastic. The history of soil modelling started with the linear elastic model,
followed by nonlinear elastic models and finally models based on the plasticity
theory.

2.3.2.1 Elastic Linear Relation
The first stress-strain relation to be proposed for materials in general was the
linear elastic relation developed by Hooke, and known nowadays as Hooke’s

Law. This relation presumes a unique relation between stress tensor (ojj) and
strain tensor (gjj) and may be expressed by the equation

Gij = Cijia €xi (2.1)

where Cjji is a forth order tensor representing the elastic constants.

13



2.3.2.2 Pseudo-Elastic Non-Linear Relation

The development of non-linear elastic relations started in 1963 with the work of
Kondner and Zelasko, which proposed that stress-strain curves for soils could be
determined by hyperbolas. Duncan and Chang (1970) developed the Hyperbolic
Model, which was based on the suggestions of Kondner and Zelasko (1963) and
on the relation proposed by Janbu (1963) in which Young's Modulus is related to
the confining pressure through a logarithmic relation. The shear strength of the
soil is characterized by the Mohr-Coulomb criterion.

Zienkiewicz and Naylor (1971) and Consoli (1987) approached non-linear
elasticity by directly relating Young’s Modulus to the mean stresses of the soil.

The main shortcomings of this kind of approach are that no history of loading
can be taken into consideration, its inability to represent dilatancy and the
impossibility of considering the influence of the void ratio and its variation in the
formulation.

2.3.2.3 Models Based on the Plasticity Theory

The first attempts to analyze the behavior of plastic materials were made by
Coulomb in 1773 and Rankine in 1857, in earth pressure calculations.

The scientific study of plasticity of metals began with the work of Tresca (1864),
followed by Saint-Vénant (1870), Levy (1870), Von Mises (1913), Prandtl (1924)
and Hencky (1924). During this early period there seemed to be little
appreciation of the necessity of considering the strain rate behavior of plastic
materials.

After 1950, there was a period of fast advances when Drucker and Prager (1951)
developed the fundamental theorems of limit analysis for perfect plastic
materials and Drucker(1951) launched the definition of work-hardening material
and the concept of associated flow rule.

14



Drucker, Gibson and Henkel (1957) introduced the concept of work hardening
into soil mechanics.

Roscoe et al (1958, 1963 and 1968) introduced isotropic hardening plasticity into
soil mechanics through the development of the strain hardening CamClay Model
and Modified CamClay Model, where in both models normality was ensured.

The concepts of State and State Parameters were introduced by Poorooshasb
(1961) and it was in this work that the concept of Critical State Line as the locus
where shear deformations continue, without further volume change was
introduced.

Poorooshasb et al. (1966, 1967) extended the plasticity ideas for cohesionless soil
to a non-associated form in which the yield surface and the plastic potential were
defined separately.

Lade and Duncan (1975) and Lade (1977) developed and later modified a work
hardening model able to describe the behavior of the cohesionless media. The
latest version of the model has two yield surfaces, a cone and a cap, both
hardening isotropically. A non associated flow rule was used in the conical yield
surface and an associated flow rule was used for the cap yield surface.

Mroz (1967) and Prevost (1978) have proposed a kinematic hardening type of
model known as nested yield surface or multisurface plasticity, where instead of
using a single yield surface in stress space, it postulates the existence of a family
of yield surfaces with each surface translating independently, obeying a linear
work hardening model.

Linking the Bounding Surface concept (Dafalias and Popov, 1975) to a yield
surface, Mroz (1979) proposed the two surface model, where the yield surface
was allowed to translate within the domain enclosed by the bounding surface,
hardening isotropically.

Poorooshasb and Pietruszczak (1985, 1986) developed a two surface model for

sand which is based on the bounding surface concept incorporating a non -
associated flow rule and the idea of reflected plastic potential.

15



Yang (1990) developed a simple constitutive model in terms of effective stress
and based on the concepts of generalized plasticity and bounding surface
formulation with the ability to deal with monotonic and cyclic loading,

2.4 Link Between Sedimentation and Consolidation Processes

Almost all of the literature cited above recognizes the simultaneous presence of
sedimentation and consolidation in the deposition phenomena, both inland and
offshore. These processes are coupled with mass transport and erosion.

However, little work has been done towards linking sedimentation and

consolidation in a single framework.

Been (1980) pointed out the relation which existed between the theories of Kinch
(1952) and Gibson, England and Hussey (1967).

Somasundaran (1981) studied the process of sedimentation and consolidation
from an experimental viewpoint.

Schiffman et al., (1984) presented a single theoretical basis for sedimentation and
consolidation processes of solid-water mixtures. The behavior of the mixture as a
whole is governed by the same material properties during both processes and the
link is provided by a modified effective stress principle.

It is important to point out that all the work done this far has been restricted to
the solution of unidimensional problems. The theory presented in this thesis,
however, provides an extension of the concept to deal with multidimensional
problems as they occur in practice.
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CHAPTER 3

SARAMENHA'S CASE HISTORY DESCRIPTION

3.1. Introduction

The field problem consists of the sedimentation and consolidation characteristics
of bauxite tailings impounded behind Marzagao Dam located in Saramenha,
district of Ouro Preto, province of Minas Gerais, Brazil.

The Dam is located at a distance of 3000 meters from the production area of the
ALCAN DO BRASIL bauxite plant, a subsidiary of the ALCAN ALUMINUM
LIMITED, a Canadian Enterprise which operates in Brazil. A plan view of the
region can be seen in Figure 3.1. The length of reservoir is approximately 1000
meters, with an average inclination of 1%. The cross sections of the reservoir are
variable. The annual rainfall causes an average inflow into the reservoir of 9.5
m3/s. The predominant flow patterns are presented in Figure 3.2.

The utilization of the Marzagao Dam for storage of residuals started in 1974. In
the beginning there was a concrete dam which later was incorporated in the core
of the earth dam that is under construction at present. When completed this dam
will have a section as shown in Figure 3.3. The present crest is at altitude level
1182 meters above the sea level, with its spillway at the level 1177.5. This level is
the first of four stages forecasted to the completion of the dam.

In Figure 3.2 are shown the three inlet points at which the waste was disposed in
accordance with the following scheme:

- First Disposal Point (1974 to 1979), with a yearly average of 125000 tons of solid

waste;

- Second Disposal Point (1979 to August/1988), with a yearly average of 175000
tons of solid waste;
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THIRD DISPOSAL POINT (1988 AND ON)

SECOND DISPOSAL POINT (1979 TO 1988)
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'Figure 3.2 - Flow Direction and Waste Disposal Points

FIRST DISPOSAL POINT (1974 TO 1979)
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- Third Disposal Point (August/1988 to present), with a yearly average of 189000
tons of solid waste.

The water level has also changed during this period of time. It was at level 1173,
from 1974 to November/1984. Then it rose to the level 1175. This level was
maintained until October/1987, when it was once again raised, now to the level
1176. Since June /1988 it has been raised to the level 1177.5, its current level.

The transportation of the waste from the production unit to the disposal place is
made by pumping of the material through metal pipes each 15 centimeters in
diameter.

3.2. Previous Studies

In the development of a research plan at the Catholic University of Rio de
Janeiro, the study of behavior of the bauxite waste from the ALCAN plant in
Brazil started with the experimental study made by Abreu (1989) of vertical
sedimentation of the material. The laboratory data thus obtained was compared
with analytical data obtained using the model developed by Pane (1984). After
that, Villar (1990) obtained field data recording the filling of the reservoir with
time. This data consists of several cross section profiles of deposition and void
ratio profiles and stresses developed in several depths at pre-specified locations.
Further research at Catholic University of Rio de Janeiro consists of laboratory
instrumentation of columns of sediments, with the objective of measuring the
degree of sedimentation at several depths, as well as stress controlled
unidimensional consolidation tests.

3.3. Geotechnical Characteristics

The bauxite waste, usually called “red slime”, is a subproduct derived from the
bauxite processing by the Bayer Method, in which by lixiviation of the mineral
with a solution of sulfur acid the aluminum oxide is removed. By the chemical
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analysis made by ALCAN technicians the main components are iron oxide
(49.5%) and aluminum (17.5%). In Table 3.1 all the chemical components are
presented with their percentage in weight.

Components Fez03 AlbO3 TiO3 CaO NayO SiO
% in Weight 49.5 17.5 5.0 3.0 2.7 9.5

Table 3.1 - Chemical Components of the Bauxite Waste
The mineral analysis does not detect any clay minerals.

The bauxite tailings have a unit weight of the solid particles (ys) in the range
between 28.0 and 32.0 kN/m3.

The initial concentration of solids (C) in the water at the point of disposal in the
reservoir is approximately C=0.000396 for the First Disposal Point, C=0.00056 for
the Second Disposal Point and C=0.00060 for the Third Disposal Point, according
to data obtained from ALCAN DO BRASIL LIMITED (1989).

The grain size distribution is shown in Figure 3.4. The uniformity of the material
and the relative absence of clay size particles are noteworthy.
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Figure 3.4 - Tailings Grain Size Distribution
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The void ratio (e) separating the two distinct phases of the process
(sedimentation and consolidation) is approximately e=5.0, according to field
measurements (Villar, 1990). Within the context of this thesis, this void ratio
(e=5.0) will be used to separate the two processes (Tan et al., 1990).

3.4. Special Laboratory Tests

Azevedo (1990) has reported unidimensional consolidation tests (Appendix F)
with constant rate of deformation in which the permeability coefficient (k) is
related to the void ratio (e) throughout the test (figure 3.5), as well as the relation
between the vertical effective stress (oy’) and the void ratio (figure 3.6). The
exponential relation between the permeability coefficient (k) and void ratio (e) is
given by

k (m/s) = Exp[-26.54 + 2.99 d 3.1)

PERMEABILITY (m/s)

2.75 3.188 3.625 4,062 45
VOID RATIO

Figure 3.5 - Permeability Coefficient (k) Versus Void Ratio (e) for Special
Consolidation Test

23



The average value of the fall velocity () taken in this study is ®=0.00009 m/s,
following conclusions reported by Abreu (1989), who experimented on the
Saramenha Bauxite Tailings and obtained a relation between the fall velocity of
the particles and the void ratio.
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Figure 3.6 - Vertical Effective Stress (oy) Versus Void Ratio (e) for Special
Consolidation Test

3.5. Field Instrumentation

Before the end of 1984, only sporadic measurements of the elevation of the “red
slime” had been made. After 1984, periodical measurements were made in detail
in two cross sections of the reservoir, whose positions are shown in Figure 3.7, as
well as, at the longitudinal section of the reservoir. In Figures 3.8, 3.9 and 3.10,
are shown respectively the first and the second cross sections and the
longitudinal section (Villar, 1990), with profiles of deposition in 1974, 1979, 1984
and 1988.
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CROSS SECTION 2

CROSS SECTION 1

Figure 3.7 - Positions of Cross Sections of the Reservoir where Deposition Profiles were Measured Function of Time
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Figure 3.9 - Second Cross Section and Profiles of Deposited Material
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Figure 3.10 - Field Longitudinal Profile of Deposited Material with Time

At the center line of the second cross section, samples were taken at several
depths to obtain in the laboratory, the values of the void ratio with depth. A
profile of variation of void ratio with depth is shown in Figure 3.11.
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Figure 3.11 - Profile of Variation of Void Ratio (e) with Depth
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At the same points the values of total stresses and effective stresses were
obtained at various depths. These results are presented in Figure 3.12.
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Figure 3.12 - Profiles of Total Stress and Effective Stress versus Depth

All the longitudinal distances (Figure 3.10) are measured between points in the

middle of the cross sections.
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CHAPTER 4

SEDIMENTATION MODELLING

4.1. Introduction

For a given fluid inflow at the disposal point of waste in the reservoir, and a
given amount of tailings sediment dispersed in it, a model is proposed to give the
pattern of sediment deposition along the length of the reservoir, for defined
initial and boundary conditions. A set of three equations, which are the
continuity equation of the mixture, the unsteady gradually varied flow equation
and the equation for continuity of the sediments, form the system of governing
equations which describe mathematically the behavior of the sediments and
sediment-laden fluid flow.

4.2. Development of the Governing Equations

Considering a free surface flow of sediment-laden fluid problem, a stream is
treated as a wide channel with mean flow in one main-direction. Generally
speaking this is a three-dimensional problem, whose unknowns are functions of
space and time (Iwagaki, 1956). The solution of this set of coupled partial
differential equations is difficult to achieve and simplifications are needed. The
main simplification for the solution of the equations for the flow of sediment-
water mixture concerns the assumption of homogeneity of conditions in the
stream cross-section. This allows a one-dimensional mathematical formulation of
the problem. The stream is also idealized as a wide channel having rectangular
cross section and an expression is introduced for the concentration of suspended
sediments as a function of other physical variables. Thus an extra relationship
among the variables may be established which allows the incorporation of the
bottom boundary condition into the continuity equations. Other assumptions are
still necessary, such as uniformity of velocity of flow over the cross section, and



homogeneity of the sediment-laden mixture so that the concentration of
suspended sediment over a cross section can be expressed as the average
concentration of the equivalent uniform flow.

The governing equations are formulated with respect to a finite control volume
taken as a vertical slice of the stream (Figure 4.1).

Control Volume

Concentration of Mixture (C)

A
|
|
|
|
1
|
|
|
!

Figure 4.1 - Schematization of Stream

The total flow of mass out of the control volume is given by the net contribution

d(pVA)
ax 0% (4.1)

from the flow through the vertical section, where A is the cross sectional area of

the sediment-fluid mixture (Figure 4.2) and p is the density of this mixture. The

contribution
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I(A)
Py Ax 42)

is the mass deposited on the bottom, where A is the cross sectional area of the
sediment deposited layer (Figure 4.2) and pc is the density of the top of this layer.
Finally the time rate of increase of mass within the control volume is

aPA) 4
at (4.3)

The continuity is therefore expressed as

IpVA) d(A) . I(pA) _
x Pa a0 (4.4)

X

Figure 4.2 - Cross Sectional Area of Sediment-Fluid Mixture (A) and Cross
Section Area of the Sediment Deposited (Ac)

The density of the sediment-laden fluid p and the density of the deposited matter
pc in the top, may be expressed as

p =psC+ (1-C)py (4.5)
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and

pc=psCe + (1-Co)pw (4.6)
with ps and pyw the density of sediment and fluid and C and Cc are the material
concentration in the fluid and in the top layer of the deposited sediments,

respectively.

Substituting into Equation 4.4 the relations 4.5 and 4.6 one obtains

9(CA) B(CVA) dA; d(1-CJA) d(1-C]VA) d
Ps< ot x ax °6l w< at ¥ ax +(1-Cc}_%>:0 4.7)

If no lateral inflow of sediments and fluid are included, the equation of
continuity of fluid and the equation of continuity of solid sediment written for
the control volume under consideration, based on Equation 4.7 are respectively

a(1-Cla) , a1 C]VA)
< at HbE )_} (4.8)
and
3(CA)  9(CVA) . dA\ _
< T e at>'0 (4.9)

as previously suggested by Iwagaki (1956) and Chang and Richards (1971).

The physical problem here studied deals with unsteady gradually varied flow
which is characterized by slow changes of fluid level and flow rate with time.

By the energy principle and considering the change in the total head through a
distance dx of the control volume accounting for the effects of friction (S¢ dx),

where S¢ (friction slope) is given by (Chow, 1959):

Sf._.__ﬂ'i

(L+A2Y ]

4
2 (4.10)
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and acceleration , (1/g)(aV/at)dx, the following may be written

d(z+Y+uV—2)=-sfdx-lﬂdx
2g g at (4.11)

where a is the Energy coefficient or Coriolis coefficient. This constant coefficient
is used due to experimental findings that the true velocity head of an open
channel flow is generally greater than the value computed according to the
expression V2/2g. The value of the coefficient a varies between 1.0 and 1.3,
respectively for large streams and small channels.

Dividing Equation 4.11 by dx and utilizing partial differentials, the general
dynamic equation for gradually varied unsteady flow is given by
O L LS

—+S5¢=0
ax Box B oat 6x+r (4.12)

as previously shown by Chen (1959).

The continuity and motion equations contain four unknowns, which are the
depth of the flow Y(x,t), the mean cross-sectional velocity V(x,t), the coordinate at
the bottom of the channel Z(x,t) and the average concentration of sediments in
the water over a cross section C(x,t).

The rate of sediment transport is a function of variables such as discharge,
average flow velocity, depth of flow, particle size, etc.

There are different theories to represent the concentration of sediment in flow as
a function of the above mentioned variables. Following the approach given by
Lane and Kalinske (1942), the average concentration of suspended sediment (ST)
is a direct function of the mean velocity (V), the depth of the flow (Y), the
sediment fall velocity (w), the slope of the channel bed (Ic=0Z/0x), the
concentration of solids at the top level bed (C), the Manning Coefficient (n), the
acceleration of gravity (g), the Von Karman Constant (x) and x = h/Y, where h
varies between zero and Y, as stated in Equation (4.13) below
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KnV glfz o

(4.13)

There is, however, the necessity to account for the concentration of the
suspended sediments at the disposal point of the waste (C). This is a function of
external factors, and probably has a different value from that of the average
concentration expressed by Lane and Kalinske (1942).

To deal with this problem, first assume that the concentration of the suspended
sediments at the disposal point is higher than the concentration that the flow is
capable of transporting. Considering the variation of the sediment concentration
in a control volume (Figure 4.3),

o 1(C)

Ax
Figure 4.3 - Variation of Sediment Concentration in a Control Volume
the balance of sediments is expressed as
oC

—Ax = LA
la Ax = (-fx) L Ax 4.19)
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where | is the inflow, fy is the deposition flux and L is the width of the control
volume.

As the flow is able to carry the concentration ST, the rate of deposition is given by
fy = (C-ST) (4.15)

which upon substitution in Equation 4.14, results in

E. 3 M =0
ax VY (4.16)

The solution of this linear differential equation between sections j and j+1 of the
control volume, is given by Kaplan (1959);

Cis1 = STj41 +(G -STj+1)0('w_v"%) 4.17)

To summarize, the governing equations for the sedimentation process are
Equations 4.8, 4.9 and 4.12.

4.3. Numerical Method for the Solution of the Sedimentation Problem

The amount of sediment trapped in a reservoir during a certain period of time is
the difference between the sediment released at the disposal point and the

sediment released with the outflow.

4.3.1. Preissmann Implicit Finite Difference Scheme

In order to obtain a numerical solution to the problem, the partial derivative in
time (dAc/dt) is eliminated from Equations 4.8 and 4.9 through the combination

of the continuity equation of the sediments (Equation 4.9) and the continuity
equation of the fluid (Equation 4.8), yielding
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dA A _9C 9dVA Av _619_0

o (Ce-C) ot ox [Cc-C)ox (4.18)

Assuming dC/adt ~ 0 in Equation 4.18 and linking it with the general dynamic
equation for gradually varied unsteady flow given by Equation 4.12, a system of
equations is formed, where the Preissmann Implicit Four Point Finite Difference
Scheme is applied to obtain the values of Y and V at the time t "+1. The scheme
replaces the continuous function f, its time derivative and its space derivative by
the difference formulae

=y +(1-Qg]+(1-e)[@f +(1-Q)f] (419

af + *
o el )+ a5 -5 (4.20)

of . +
o~ oo ol -6+ (1- 05,y - ) (421)

where fj" is the value of f at the point (x,t), At and Ax being the time step and
mesh size of the grid (constant). The weighting factors, Q for space and 6 for
time, range in value from zero to unity, and define the point about which the
discretization is made. These may significantly affect the stability and
convergence of the scheme. It has become standard to choose a scheme centered
in space, 2 = 0.5, since it yields second-order accuracy in time (Lyn, 1987). Lyn
(1987) also studied the stability of the Preissmann Scheme and concluded that the
stability is unconditional for 6 = 1.0, the value adopted in this work. All the other
values in the development of the formulation are taken as the average value

between two sections.
Applying the Preissmann Scheme, Equations 4.19, 4.20 and 4.21 to the System of
equations formed by Equations 4.12 and 4.18 and rearranging them, the

following finite difference equations are obtained

aj AYJ-+ 6j ﬁvj+3j QY]‘H + gj ﬁVj” +@j =0 (422)
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C'jAY;+D’jAV;+ A'jAYj4; +B'jAV},; +G'j =0 (4.23)

where
1
Afj =" -ff (4.24)
E‘:J=<E-VE—L+(- L 5 m>
Ax |\ Cc-Coxjj (4.25)
Dy = -z;_u(-EA_ﬂ‘l_m)
Ax ¢t oX/] (4.26)

x \ Cc-Coxjjy (4.27)
B - <z Aty (A8 m>
Ax c i+l (4.28)
;= (VE(¥Ra- ) AL AR - V) A o AV T e[ AV
(4.29)
Cral-ghlyf-dgsl-. 2 m>
) < AX ( 3 [Y 2Y+L )_I (430)
SJ=<I—VQ-+( gSf Al>
Ax L (4.31)
A =(ghty(dgs >
‘ <g AX F5esly2v5 L)] (4.32)
B =(1+VAL(2 gy Al>
’ < ( Vhit (4.33)
-~ At [, (.92 .9z
&= (s 03er-) 20+ V(a2 el B 5, e o 555 )
(4.34)
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and where the updating of Z is made step by step and the bar on the top of the
variables means the average value of this variable between two sections j and j+1.

4.3.2. Double Sweep System Solver Method

Equations 4.22 and 4.23 may be written for any pair of computational points (j,
j+1). They are not sufficient to find the values of AVj, AYj, AVj+1 and AYj+1
because for these four unknowns only two equations are available. But if there
are N computational points in the model (j=1,2,......,N-1,N), one can write 2(N-1)
of such equations for 2N unknowns (AVj, AYj). As two boundary conditions must
be available there are actually a system of 2N algebraic equations for 2N
unknowns. Now this system may be solved for any time step At.

The solution of the system of Equations 4.22 and 4.23 must be solved for all
computational points for every time step At. They form a system of linear
algebraic equations and linearizing the boundary conditions in terms of AV and
AY, the Double Sweep Solution Method applies. Assuming a linear relationship
of the type

AVj=E;AYj+F; (4.35)

for a point j, substituting Equation 4.35 into Equations 4.22 and 4.23 and equating
the function of AYj , as follows

i < (ET%—DM” +< (¢ +§Dﬁ;)>w < ((CE%%)D (4.36)

and

AYj=(- i— AYj4 +< TL>6VJ+1 +<' (§#]FJ§})>
"\ (4D D'E) (c;+ D) c;+D'E) (4.37)
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Then elimininating AYj between Equations 4.36 and 4.37 and expressing AVj+1 as
a function of AYj+1 there results

_ L ><A ’:{ > ﬁﬂ*‘i) _<(13ij+@)>‘
&Vj“ =f (C"j - D"J'Ej) (C:J-TDJEJ) 5 AYjﬂ + -z (C“j i ijEj) (Cj+DjEj) =
ﬁj - Bh] < ﬁj >‘ Ej
) Esm) ek 5o/
(4.38)

which is a linear relationship of the same format as that of Equation 4.35 and
consequently

-_—

A“J _< Rj >
" (C"j’fB:an‘) (Cj+Djg})

— 1

{< B > Bj
\C+DE)/ \(C)+Dig)/| (4.39)
and
[DF;+G’) _<(61Fi+aj)>
B < (c,+D'g) (CijEj] f

\C+BE)/ \(Cj+Dig)/. (4.40)
Thus, if the linearized boundary condition (E1,F1) are known at the first point, a
forward sweep can be carried on and all coefficients (Ej Fj), j= 2, 3,......., N may be
computed. At the last point j=N, the second boundary condition is used and then
AYN is explicitly expressed. Next a return sweep is made using Equation 4.38,
where AVN is obtained, then substituting both values in Equation 4.36 or 4.37
AYN-1is obtained. The procedure is successively applied to all grid points.
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The coefficients Aj, B, etc, can then be updated and the linear system can be
solved again, furnishing the second iteration. The significant feature of this
system is that in most cases the first iteration is good enough and there is no need
for further iterations (Cunge et al, 1980).

4.3.3. Initial and Boundary Conditions for the Preissmann Scheme

The initial conditions for this problem are first the initial values of the slope of
the bottom of the reservoir, obtained from direct consideration of topography.
After that the values of V and Y, for all sections are needed and for this purpose
the energy principle is recalled again, as it was for Equation 4.11. Thus for a
steady state where gV /dt = 0, Equation 4.11 reduces to

d

Z+Y+a!3) = -Sgdx
2g (4.41)

Now the computation is carried out by steps from station to station where the
hydraulic characteristics have been determined. Such a procedure is usually
carried backward and by trial and error. This procedure has already been
introduced in the code developed and the initial values of Y and V are
automatically calculated. Some other important data like initial concentration of
sediments in the mixture are initially calculated as the values that the flow can
transport by Equation 4.13 and then the waste sediment concentration is imposed

in the disposal area.

As noted before, a linearized boundary condition is needed to furnish (E1,F1) at
the first point. In this case Inflow (I) is given as function of time, then for the time
step n to n+1 the linearized boundary condition (Cunge and Liggett, 1975) is

v (In+l o In)
v =[S avy ()
o T S W (4.42)

where

(4.43)
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and

Y; (4.44)

In the case of a reservoir with a constant maximum fluid level at the dam site due
to the level of the spillway and constant inflow of fluid, the boundary condition
at the dam position is given considering AYN (variation of depth of the flow)
equal to the thickness of the sediments deposited during the previous time step
in section N. This is explained in more detail in Section 4.3.4 .

4.3.4. Sediment Deposited During Time Step

The procedure outlined in Sections 4.3.1, 4.3.2 and 4.3.3, yields the values of V™!

and Y;™*!. These values are required for the computation of Cj™*!

4.13 and 4.17. Knowing these values, the Preissmann Implicit Difference Scheme

using Equations
is used once again, now to solve Equation 4.10, which is the equation of
continuity of sediments. At this time a backward configuration with sections j-1

and j is used, starting with j=2, where ©=0.0 and 6=1.0.

The variation of sedimented area is then given by

-l (v )-nia) 4]
(aad - 3 - (4.45)

Considering the same thickness of sediments over all of the cross section, the
value of the thickness of sediment increment is given by

(AA)
T} ol
(Te) (L) (4.46)
and AYy =- (Ts)y is used as the boundary condition for the next step, as proposed
in Section 4.3.3.
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4.4. Convergence Analysis Of The Developed Theory

A program named CONSED was developed, to codify the procedure developed
above. In order to verify the convergence of the numerical scheme, a fixed grid
was defined with Ax=100 meters and several computations with increasing
values of At, from 15 minutes to 10 days were compared (Figure 4.4). From this
test it was concluded that adopting At=1 hour is an appropriate approximation.
The parameters used to characterize the problem were w=0.00009, C.=0.50,
C=0.00112, initial slope of the bottom equal to 0.5%, constant width equal to 100
meters, fluid inflow of 10 m3/s, n=0.015 and a=1.0.

Profile of 100 Days of Sedimentation

& :

E 1 y

g 08 j
.l

b2 1

E 06 L|——0at=1/4nour ]

= [ | =8 -dt=1hour o ]

o 4 i ]

& 04 f-e-dt=6hours A ]

¢ ==X dt=24 hours - ]

.g 0.2 [l .-+ dt=240 hours

:'E i "

= O L N | Tl i L | i i | N L o e

0 200 400 600 800 1000

Distance From the Disposal Point (m)

Figure 4.4 - Convergence Test for Several At and 100 Days of Sedimentation
A second convergence test was run, now with a constant At=1 hour with

increasing values of Ax, from 50 to 450 meters (Figure 4.5). It was concluded that
adopting an average value Ax=100 meters was an adequate approximation.
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Profile of 100 Days of sedimentation
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Figure 4.5 - Convergence Test for Several Ax and 100 Days of Sedimentation

Finally to test the efficiency of the numerical method in modelling the influence
of the concentration of the sediments at the disposal point, a test was run with
the same field characteristics of the previous examples, (Ax=100 meters, At=1
hour) and three different concentrations(C=0.00056, C=0.0112 and C=0.0028). The
divergence of the sedimentation profiles shown in Figure 4.6, demonstrates the
importance of the modelling of the sediments concentration at the disposal point.
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Figure 4.6 - Influence of the Concentration of Sediments at the Disposal Point
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CHAPTER 5

CONSTITUTIVE MODELLING FOR SOIL FORMATION BASED ON STATE
PARAMETERS

5.1. Introduction

To simulate the behavior of soil during the process of its formation, it is
necessary to account for several changes of characteristics which occur during the
process.

[t is one the objectives of the work presented here to provide a new constitutive
model that is able to take into consideration the changes that take place in the soil
characteristics. This is required in order to better characterize its behavior
throughout all phases, from the occurrence of the contact among grains and
consequently appearance of effective stresses, through changes in stresses, void
ratio and so on. To reach this point, concepts of state of a sample and changes of
state of a sample (Poorooshasb, 1961) are introduced and a model able to satisfy
most of the characteristics of soil formation as well as the normal behavior of soil
under monotonic and cyclic loading is proposed. Thus not only the process of
soil formation can be accounted for, but also once formed, its response to external

loadings may be evaluated.

5.2. General Description

Making use of the concepts of “State” and “State Parameters”, presented by
Poorooshasb (1961) and Consoli and Poorooshasb (1991), and the idea of non-
associated flow rule to explain the plastic flow of cohesionless granular media
(Poorooshasb et al., 1966 and 1967), a new constitutive model is developed.
Postulating the existence of the State Boundary Surface and an Ultimate State
Surface, a number of experimental observations (e.g. curvature of the yield



surfaces) can be accounted for. This model is applicable to virgin loading, as well
as other more complicated types of loading, e.g. elasto-plastic behavior during
stress reversal. Here the concept of generalized plasticity is introduced and
extended to the State Space.

5.2.1 Basic Definitions

Before discussing the constitutive modelling itself, some definitions and
concepts must be stated.

The state of a sample is defined by the complete set of the pertinent state
parameters. A state parameter is a quantity that is associated with the sample
and can directly be measured at the moment of examination.

A pertinent state parameter is a state parameter that is judged to influence, in
some way, the behavior of the sample during the particular process to which it is
subjected.

Assuming homogeneity and isotropy of the sample, the void ratio (e) is
considered a pertinent state parameter, as well as the effective state of stress (¢jj).
Then the state of the sample in terms of the mechanical behavior is defined by the

set of quantities (0jj, €).

Recalling the symmetrical form of the effective stress tensor, the state of the
sample can be represented by a point in a seven dimensional space. Representing
the stress tensor by its invariants (three) or variables derived from it, the space
can be reduced to only four dimensions. This space is called the state space.

From the first invariant of the stress tensor I and the second and third invariants
of the stress deviation tensor J2 and J3, the quantities p, q and 6 may be defined
as follows :

I
P=r (5.1)



q=vYZ V] (5.2)

and
0 = Lsint 2 {3-]3)
3 2 91, (5.3)
where
I) = g; (5.4)
‘]2 e (SI] SIJ) (5 5)
and
I3 = ‘BL(Skj Sik Sjj) (5.6)
Sij is the stress deviation tensor expressed as
ol
-y (o "

In Figure 5.1 the meaning of variables p (hydrostatic component) and q (deviator
component) are shown, as well as variable 6, which has a similar meaning to the
Lode’s angle and its range is from -x/6 to /6.

. 4 RS State Point (p,q, 0,¢) s
Gy
Space Diagonal
0, =0, = 0y
.
o

Figure 5.1 - State Point in the State Space
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5.2.1.1. The Concept of State Boundary Surface

It is postulated that there exists a surface, in the state space, which encloses all
the possible states a sample of a cohesionless medium may assume. This surface
is called State Boundary Surface (Poorooshasb, 1961). It may be represented by
the equation:

q-pgle)[u-e8)=0 (5.12)

The function g(0) defines the cross sectional shape of the State Boundary Surface
in the x -Plane. The soil parameters p and 6 define respectively the slope of the
Ultimate State Surface in the p - q subspace under the triaxial compression
testing condition and the angle of the dilatation of the medium. The formulation
proposed by William and Warnke (1975) is used to quantify the function g(6) and
its value is chosen to be unity under the stress conditions of the triaxial
compression test and equal to a value satisfying the Mohr-Coulomb Failure
criterion under the triaxial extension test

g(ﬁ:cxlcnsion triaxiaﬂ = [B—smi]
[3 + sin ¢] (5.13)
and ¢ is the Mohr-Coulomb angle of friction.

Function g(8) can be expressed by [William and Warnke (1975)]:

go)= HZ (w2 - l)cos(ﬂ -% +<(2 - Wy (4(w2 g 1),;032(9 _%]+ (5-4 W)DIQ]
| (v xlesle- G wiz- W (5.14)

where

_ g(compression triaxial)

g(extension triaxia) (5.15)

and in the nt - Plane it is seen as

47



g compression) = é- p

Figure 5.2 - Function g(6) in the = - Plane

Figure 5.3 shows the State Boundary Surface for two different void ratios

Figure 5.3 - State Boundary Surface for Two Different Void Ratios
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5.2.1.2 The Concept of the Ultimate State

It is postulated that there exists a surface in the state space for which

dp 99 _20 _de_,

de de de Ot (5.8)
where € is a measure of sample distortion and is derived from the second
invariant of the strain deviator tensor. This set of points defines a surface in the
state space that is known as the Ultimate State Surface. For this condition, the
shear deformation continues, without further volume change and the void ratio
at this stage is independent of the initial void ratio. It is important to mention
that the Ultimate State Surface is an extension of the concept of Critical State Line
(Poorooshasb, 1961), which was an extension of the concept of the Critical Void
Ratio Line (same that Casagrande’s Line). It is also considered to be equivalent to
the Steady State Line concept developed by Castro and Poulos (1977), as
referenced by Poorooshasb and Consoli (1991).

Postulating a unique relation between two of the state parameters at the Ultimate
State, a three dimensional space may be used to represent the surface. Through
the use of the equation of Casagrande’s Line

€Casagrande = €0 - L lr{%‘) (5.9)

a relation between state parameters p and e is obtained, where egand L are soil

parameters.

In the context of the Casagrande’s Line a new state parameter e’ is created to
define the effective density of the granular material. This new variable is named
effective void ratio and is defined by the equation

e'=¢- €Casagrande (5.10)

which after substitution of Equation 5.9 in Equation 5.10 yields
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c'=c-e.0+Lln(%I) (5.11)

Figure 5.4 shows a three-dimensional view of the Ultimate State Surface in the
Space (q, 6, e).

Scale fore
s 1.6 U | L8 19

Figure 5.4 - Ultimate State Surface in the Space (q, 6, e)

5.2.2 Formulation of the Model

The complete modelling of the elasto plastic behavior of a soil begins with the
definition of the surface which is able to define the point where plastic
deformation due to virgin loading starts. This response is given by the yield
surface, the form of which is usually established experimentally.

The Yield Surface must be enclosed by the State Boundary Surface, hence it must
also conform to the same curvature of this surface. One way of achieving this is
to postulate that the yield surfaces are similar in shape to the State Boundary
Surface except that their relative position is controlled by the current state of the
sample assuming the loading to be in its virgin phase.
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Representing the Yield Function by F and following the similarity in shape, the
Yield Surface may be expressed by

F=q-pWer)g6)[n-c8]=0 (5.16)

The soil parameters u and o are the same previously defined and represent
respectively the slope of the Ultimate State Surface in the p-q space under the
triaxial compression condition and the angle of the dilatation of the medium.

The function W(er) records the history of the plastic flow, it has a range between
zero (no plastic flow) and unity (continuous plastic flow) and is given by the
following hyperbolic format

Y(ep .
=g (5.17)
where
eP = J depr
(5.18)
_ —p|l/2
dep = [de} def (5.19)
and
deP. 8.
P = geP . 3 O
dej = dejj - —3 (5.20)

The variable K is function of the state parameters p and e and of three parameters
of the soil R, S and T. p, is the atmospheric pressure (constant used for obtaining
a dimensionless parameter K) and er is the plastic distortion.

Kaiiad °)(bp§)T (5.21)
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Adopting the idea of non-associated flow rule to explain the plastic flow of
cohesionless granular media (Poorooshasb et al., 1966 and 1967), the increments
of the plastic strain (derjj) are given by the following equation

deﬂ =drI’ -%—
90; (5.22)

where dI is a scalar value which is responsible for the magnitude of the plastic

strain increment and dA/do’jj is responsible for the direction of the strain
increment and A is the Plastic Potential Function. In terms of the state parameters
p, q and 6 the function A has the form;

A=p.Exp

<-E:@ = Constant
n

(5.23)

The non-associated flow rule comes from the fact that A is not the same function
as the yield function (F). This has been proven experimentally (Poorooshasb et
al., 1966 and 1967).

5.2.2.1 Virgin Loading
Making use of the consistency condition, which states that during loading each

stress increment leading from one plastic state to another, the condition F=0 must
hold, it may be shown that;

68 = (75 ) o + (o + (25| 22aer o
de v dep

90;; (5.24)
where
9F _9F dp . 9F 3(VTz)  9F 93
oc; P ooy VT2) gy 93 4o (5.25)
. di
de =dc+L(—l)
¢ I (5.26)
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de =-(1 +¢)dg; (5.27)

dEij = Cijkl U‘ltl +dI’ —a-/—.\“
aoij

} (5.28)
deij is the sum of elastic and plastic incremental deformations.

Cijkl is the elastic constitutive matrix. For linear isotropic elastic material there are
only two constants, Young’s Modulus (E) and Poisson” s Ratio (v). As non-linear

isotropic elasticity is considered, the parameter E changes and is calculated by
the following equation (Consoli, 1987)

E=E0+%(1 -2v)(1 +¢)

(5.29)
where Epand A are soil parameters.
1/2
der = dr[dc{i{: def 22
do;;)  \dg; (5.30)
der is the plastic distortion increment.
2A oA dp oA a(VT3) A s
Y
ooy AM2) agy ¥4 (5.32)
A _3A 3p
a0, 9P aoy; (5.33)

Substituting the appropriate terms in the consistency equation (5.24) and
rearranging in terms of dI"
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[ﬁdoij '£(1 +¢€) iy doy + ‘BEL%I'I‘}

dr=. d0; de’ de 1
aF dA  OF oW A aA 2
-—((l+e)—+— dev dev
de d0ii gy deP d0;j; d0;j; (5.34)

where the denominator is commonly called plastic hardening (Hp) , i.e.

1/2
Hp={_6‘_F‘(1 +e) e +£ Lnd (dcv oh dev BA)
de d0i; gy oeP d0j; d0j; (5.35)

Then the elasto-plastic relation for virgin loading between the increment of strain
tensor and the increment of the stress tensor is

de;; = dsclasl:c + dsplasl:c " [Cukl ¥ ();_l ) dA ):l dU]d
9o (5.36)
where
;\'kl = -[i-i(l + )C“k] + Q—F-:; LakI
00k  gde de I (5.37)

and 6y is the Kronecker Delta.

The inverse of the constitutive relation previously obtained is the relation
between the increment of the stress tensor and the increment of the strain tensor.

It is obtained as follows :

Multiplying both sides of Equation 5.36 by Djjki, which is the inverse of the elastic
matrix Cjji, yields

dF dA OF dA i) JdA
Dij —— — - - (1 +¢)Djju Conia ——+ _L Ikl Dijig — 1
GOH 60 ac 3011 a 1 80,1 '
Dijk.l deij = |- a Jdok]
p
(5.38)
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Thus the inverse of Equation 5.38 is obtained in the following form

. dF @A 9F &

[ [ oo S0 2 2k 20
: a0 do, de do de 1 90,
doy; = | Djjki - pq_ s i

d0pg dog oe dog ¢ 11 30

|

F

(5.39)

This completes the incremental elasto-plastic stress-strain relation for virgin
loading.

5.2.2.2 Unloading-Reloading Stress-Strain Relations

So far, the concepts have been applied only to virgin loading. In the classical
theory of plasticity, cases of unloading/reloading conditions were treated as if
the material were elastic. This is an unreasonable assumption for granular media
such as soils.

To model the incremental stress-strain relations of elasto-plastic materials under
unloading/reloading conditions realistically, the concept of generalized plasticity
(Zienkiewicz and Mroz, 1984) is introduced. Generalized plasticity concept states
that the plastic material behavior is fully described anywhere inside the virgin
yield surface after characterization of a unit tensor normal to the yield function
passing through the actual stress point. The definition of a unit tensor to
characterize the direction of the plastic deformation is also needed, as well as the
obtainance of the hardening parameter scalar, which is defined after an
interpolation rule in the n - Plane from the corresponding values on the virgin
yield surface.

Extending the above mentioned concepts from the Stress Space to the State Space,

the behavior of the material may be formulated with the aid of a yield surface f
and a unit tensor normal to this surface (vfy)).
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The consistency condition is f=0, and consequently df=0 leads to

o, o¢ g I (5.40)

where Qy is similar to Ay (Equation 5.37), except that all values in the present
configuration are obtained with reference to the current yield surface f.

The unit tensor (vfy), normal to this internal yield function f has the form

T
|9 Q" (5.41)

Vv
To formulate the flow law, recent studies by Yang (1990) were extended. This
author, proposed that the directions of the plastic deformation could be obtained
in a simplified way if numerical studies based on the two-surface model with
reflecting plastic potential, were analyzed.

The conclusions of Yang (1990), now extended for the State Space are that for the
case of reloading, the direction of the plastic deformation is the same as that for
loading, except that the plastic potential surface (Af) passes through the actual
stress point, located inside the virgin yield surface. For unloading, two cases are
distinguished, where the hydrostatic component of the direction (same direction
of space diagonal shown in Figure 5.1, represented by p) of the plastic
deformation has opposite sign that the reloading case when the state point is
positioned below the Ultimate State Surface and the same sign when it is above
that surface. The deviator component (direction in the n - plane, represented by J2
and J3) keeps the same direction as of the reloading.

The above discussions may be formulated as follows
Reloading and Unloading (Above Ultimate State Surface)

oA" _on" ap  oA" a(vTz) | A" al;
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Unloading (Below Ultimate State Surface)

ON" _ 0N  3p A" a(YT3) oA’ ol

9 ' o ' dJ .
Pag; V12 a0; 93 40 (5.43)

d0;;

The unit tensor v normal to the plastic potential surface Af may be expressed as

'
ac; !-

' 12
an’ oA’

ao}j ao}j

vP
1

(5.44)

Finally the magnitude of the Hardening Parameter for reloading/unloading
(Hr/u) is assumed to depend of the position of the actual stress point within the
virgin yield surface. For this purpose it is convenient to define an Associate State
Point (ojj,e)2 in the n-plane. This is defined by the intersection of a straight line

passing through the present state point and the origin of the n - Plane, and the
virgin yield surface. The same angle 6 of the actual state point is used in the case
of reloading and 6=0+1800 in the case of unloading. A Datum State Point (oij,e)d

is also defined in the intersection of the same straight line of the Associate State
Point, in the intersection with the virgin yield surface, but 1800 apart in the x-
plane. If the spatial angle between the actual state point and its associate is ¢ and
the corresponding angle between the datum and associate is ¥, then
(Poorooshasb and Pietruszczak, 1986);

© = cos! { (0% %) }

[l o) (o5 o3l (5.45)
P— { (of of) }
[(O‘sju oﬁ])(o"pq Oapq]]m (5.46)

and
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. () ()] l(:a%) (ﬁ)lm ( s )e

Hyw (Hp)‘ o (5.47)

where (*) signifies quantities evaluated in the Associated State Point in the Virgin
Yield Surface of the State Space and & is a soil constant.

The incremental elasto-plastic strain tensor for reloading/unloading conditions
may now be stated as

doy

: f
de; = dsfj‘“'"” +d£'§“’"‘“c =[Cijk} +{ il

Bl ")

(5.48)
The similarity of this equation with that of 5.36 is noteworthy.

The inverse of the previous relation may be obtained following the same
procedure used for deriving Equation 5.39 for virgin loading, with the result:

f f
D;qu _6?___3_/}__[)‘,8” + ﬂ(l + c) Dlqu Cnnpq-& Drsk] - a—t:l—Diqu opq-—--Dmld
{bl . D k] Bopq 601.5 6‘!: aGT'S e acm
1 1] [ ;
l [H](Uu)-i- Dpgrs 22—+ 2L (1.4 ¢) Conpq Dpgrs 22 'a_fﬁb qurS“aA_.]
Opq d0rs d0g 30
(5.49)
where
f f\]1/2
12 || A || A
Hi(oa) = - .k]m (Hp)
o) ()] (ﬂ) (_61\__ } of
! ! L] [
: : 0oy /] \doy Vo (5.50)

Note again that all quantities are evaluated at the present state point , except
those with an asterisk (*), which are evaluated for the Associate State Point in the

Virgin Yield Surface of the State Space.
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5.3. Numerical Implementation

Two computer programs were developed to evaluate numerically the validity of
the constitutive model proposed.

In the first one, named CONDIR, the stress controlled development was
introduced, with equations 5.36 for virgin loading and 5.48 for the case of
reloading and unloading. This Code is able to determinate the strain increment
for a given effective stress increment with known initial state. After each step, the
state variables are updated.

It is worth mentioning that during numerical simulation of the drained tests
under monotonic loading, as soon as the stresses reach the State Boundary
Surface they are directed to follow the surface until the Ultimate State is reached
(Figure 5.5).

STATE SPACE

!
0 “tou,,..  STATE BOUNDARY SURFACI

08 “ Ny

0 6 THEORETICAL APPROACH

> m
% j \ ULTIMATE STATE TRACE
g 04-
3, E
) L]
02
00 LT PN _I_" T ¢+ 3 *T 3

6 =05 =04 =03 =2 0 00

e
Figure 5.5 - Behavior of a Sample Until Reaching Ultimate State

In the second program, named CONINYV, the strain controlled process was

codified, incorporating Equation 5.39 for virgin loading and Equation 5.49 for
strain paths inside the virgin yield surface. This Code is able to to determine the
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effective stress increment due to a strain increment with a known initial state of
strain and stress.

In the numerical method to be developed in Chapter 6 this strain controlled
elasto-plastic stress-strain matrix will be introduzed to characterize the material
behavior. This is considered to be one of the important factors for a reliable
analysis.

Here the information available is the state of the element at the beginning of the
loading step and the strain at the end of the step. What is required is to determine
the state of the element at the end of the step. To this end first a test is performed
using only the elastic matrix. Once the loading direction is determined, the
numerical evaluation may proceed using the appropriate elasto-plastic
formulation.

To correct any discrepancy in the consistency condition, (i. e., if F= 0) in the end
of the step, p and 6 are kept the same and the value of q which satisfies the

consistency condition is found.

After that the state variables are updated for the next step. Small step increments
are suggested for better results.

5.4. Evaluation of Parameters

As a check of this new model, reliable experimental data from monotonic and
cyclic triaxial tests reported by Seed and Lee (1966) and Lee and Seed (1967) on
Sacramento River Sand (Cohesionless Material) were used to calibrate the model
and to obtain the required parameters.

From drained compression triaxial tests shown in Figure 5.6, the parameters y, 6,
eo, L, R, S, T and W are evaluated, through calibration.
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Figure 5.6 - Drained Triaxial Compression Tests For the Sacramento River Sand

First of all, in the subspace p x q under triaxial compression, using the stress
obtained from points with more than 20% of deformation in the stress-strain
curves (considered reaching the Ultimate State) for different confining pressures,
the parameter p is obtained, as can be seen in Figure 5.7, p. = 0.65.
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Figure 5.7 - Parameter p for the Sacramento River Sand
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In Figure 5.8 the parameter 6 is obtained for several tests with different confining
pressures and it can be seen that its value is constant and equal to $=0.79

! i 53 L I L I T I ] T
0.8 -‘a\ o 0 =
6 L 8=0.79 1
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oy ]
02 2
]

0 " i " res G P | PR TR R (P i
0 I 2 3 - 5 6 7

p (MPa)

Figure 5.8 - Parameter d for the Sacramento River Sand

The parameters egand L of the Casagrande’s Line are obtained in Figure 5.9
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Figure 5.9 - Parameter eg and L for the Sacramento River Sand
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The parameters R, S and T are obtained through the calibration of two different
densities, a loose one (e=0.82) and a dense one (e=0.61) as can be seen in Figure

5.10,

0.1 F

T

K 001

u |

T™T7TTTIT

0.001

0.1 1 10 100
p/pa

Figure 5.10 - Determination of Parameter T

then using the intersection of the two parallel lines with a vertical line passing
through p/pa =1 the parameters which indicate the influence of the void ratio are

obtained in Figure 5.11.

0005 P‘TWI'[I‘II('[ITII’TI!ITIITII]-llllr!lr]Illf_
3 0.004 | ~
S - R =-0.0038 and S = 0.0080 i
§ 0003 [ -
£ 0002 | ~1

0.001 .

O A L I PO WA YO I T U | s

05 055 06 065 07 075 08 085 09

Figure 5.11 - Linear Influence of the Void Ratio (Parameters R and S)
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The parameter W is obtained through the use of Equation 5.13 where $=33°, then
W=1.44.

The parameter § is obtained by trial and error using undrained cyclic triaxial tests
during stress reversal as checking. The best value found was E=6.0.

The elastic parameters are Poisson’s Coefficient v=0.3, a typical value for sand,
Ep=15 MPa and A=2.0. These values yield results which agree well with the
laboratory findings.

The complete set of parameters for the Sacramento River Sand are shown in
Table 5.1.

Egp=15MPa A=20 v=0.3 u=0.65
6=0.79 eo = 0.78 L = 0.088 R =-0.0038
S = 0.008 T =0.69 W = 1.44 % 2ibD

Table 5.1 - Parameters of the Constitutive Relation for the Sacramento River Sand

5.5. Modelling of Laboratory Tests

Using the above mentioned two programs, Stress Controlled and Strain
Controlled tests were numerically reproduced and compared with the laboratory
tests conducted by Seed and Lee (1966) and Lee and Seed (1967).

First the analytical reproduction of the triaxial drained tests was attempted with
good results for several confining pressures (0.1 to 2.0 MPa) and different void
ratio. In Figures 5.12, 5.13, 5.14 and 5.15 the comparison between analytical and
laboratory stress controlled tests are shown.
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Figure 5.12 - Stress Control Analytical and Laboratory Tests for 0=0.1 MPa
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STRESS-STRAIN CURVE
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Figure 5.13 - Stress Control Analytical and Laboratory Tests for 0=0.3 MPa
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Figure 5.14 - Stress Control Analytical and Laboratory Tests for 0=1.27 MPa
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Figure 5.15 - Stress Control Analytical and Laboratory Tests for 0=2.0 MPa
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In Figures 5.16 and 5.17, the stress path of four strain control undrained tests are
shown, changing for each test the confining pressure and/or the void ratio. The
behavior of samples with the same void ratio and different confining pressure
shows that these samples reach the same final point, located on the Ultimate
State Surface, confirming facts analytically obtained in laboratory by Seed and
Lee (1966). In the case of higher void ratio (e=0.87) the stress path is completely
different in the two cases. For the smaller pressure a slight decrease of p in the
beginning is followed by a continuous increase until reaching the Ultimate State.
In contrast with the higher confining pressure, the mean stress p decreases
continually until reaching the same point as in the previous case. For the case of
void ratio equal to e=0.74, both confining pressures behave in the same way, with
a slight decrease of p in the beginning and then a continuous increase until
stabilizing at the Ultimate State.

STRESS PATH FOR UNDRAINED TESTS
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Figure 5.16 - Triaxial Undrained Tests for e=0.87 and Different Confining Stresses
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Figure 5.17 - Triaxial Undrained Tests for e=0.74 and Different Confining Stresses

In Figures 5.18 and 5.19 cyclic undrained strain control tests are numerically
simulated for two void ratios (e=0.87 and e=0.71) and the same confining stress.
The stress path and stress-strain relation are shown for both cases.

It is noted that many more cycles are required to approach liquefaction for the

originally dense sample (e=0.71) compared to the number of cycles required for

the loose sample.
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71



03

0.2

r_L_T.IIll-]

T[I

0.1

1

III[I

q(MPa) ¢

-0.1

|l|Illl!l|

02 [

-0.002 -0.0015 -0.001 -0.0005 0 0.0005 0.001 0.0015 0.002
AXIAL STRAIN

03 T T T T T T T I T T T T
VOIDS RATIO =0.71
0.2

0.1

q(MPa) 0

-0.1

il

02 [

ey, Lpgars ba ey Lo g P yoa} vig i)

L

-0.3

—

0 0.2 0.4 0.6 0.8
p(MPa)

Figure 5.19 - Cyclic Undrained Strain Control Test with e=0.71

72



CHAPTER 6

MATERIAL AND GEOMETRICAL NON-LINEARITY FINITE ELEMENT IN
THE SOLUTION OF COUPLED CONSOLIDATION PROBLEMS

6.1. Introduction

Most of the presently available formulations for analysis of inelastic finite
deformation are primarily intended for analysis of plates and shells problems
involving large displacements (rotation) but small strains (small strain large
displacement analysis). Consequently these formulations are inappropriate for
application to bulky geometries such as those encountered in soil mechanics.

The objective of this part of the study is to develop governing equations for the
coupled consolidation behavior of an elasto-plastic soil skeleton. The analysis
accounts for deformations of large magnitude, as well as nonlinearities due to
material response. A second objective is to establish a numerical procedure to
solve the governing equations.

The formulation is based upon equilibrium conditions, the continuity equation
and the elasto-plastic constitutive formulation generalized from the one
developed in Chapter 5 by the introduction of an Eulerian viewpoint of a frame
invariant (objective) stress rate.

The incremental or rate form of the constitutive equations suggests that a rate
approach be taken toward the entire problem so that flow is viewed as a history
dependent process rather than an event. A direct consequence of the consistent
adoption of the rate viewpoint in a spatial reference frame is that the problem is
found to be governed by quasi-linear differential equations in time and space,
hence the analysis requires solution of boundary value problems involving
instantaneously linear equations, as suggested by Osias and Swedlow (1974).



Equations for the piecewise linear incremental finite element analysis are
developed by the application of the Gauss Theorem to the instantaneously linear
governing differential equation of equilibrium and the Galerkin Method to the
continuity equation.

6.2. Basic Governing Equations for Elasto-Plastic Flow Without Restricting
Deformation Magnitude

For a cubic element of soil, composed of a solid skeleton and an incompressible
fluid, the basic equilibrium equations, containing the effective stress principle of

Terzaghi, may be written directly as

ao'l.,
-‘-_j--l-.‘l—-’r 6ij aﬁ_ﬁ + Fi =0
A Xj (6.1)

where

o'jj = the components of Cauchy’s Effective Stress Tensor

bjj = the Kronecker Delta

p = the pore pressure

F; = the components of the body force

Considering that the fluid has an actual velocity vif, then the apparent velocity of
the fluid relative to the skeleton is n(vif-v; ), where n is the material porosity and

vi is the velocity of the material skeleton.

Assuming first that the movement of fluid through the soil is governed by

Darcy’s Law, which states that the apparent velocity is proportional to the
hydraulic gradient, it follows that :
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Vox; 62)
where
Kjj = the components of the permeability matrix
yf = the unit weight of the pore fluid

Under the hypothesis of complete saturation, incompressibility of the pore fluid
and incompressibility of the solid grains, the continuity equation may be stated
as follows:

The rate of change of volume of a cubic element is equal to the rate of change of
the fluid volume and may be stated by the equation

)
91K 9X;

avi _dln(v-vi)] _
ax; 0x; ax; (63)

Special attention must be paid to the way the strain tensor is expressed. In the
infinitesimal theory of elasto-plastic deformations, it is possible to define strain in
a unique way. This is not true in finite deformation theory, since a variety of
coordinate systems may be used to describe the translation, straining and
rotation motions and these tend to give rise to different descriptions of the
movement.

Consider a body subjected to large displacements as shown in Figure 6.1.
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X1, x1
Figure 6.1 - Initial (Undeformed) and Current Configurations of a Body

Two separate approaches, termed Lagrangian and Eulerian, may be used to
describe the kinematics of deformation of the body.

When a continuum undergoes deformation (flow), the particles of the continuum
move along various paths in space. This motion may be expressed by equations
of the form

Xj = Xj(Xj la (64)

which give the present location x; of the particle that occupied the point Xj at time
to. Also, Equation 6.4 may be interpreted as a mapping of the initial configuration
into the current configuration. It is assumed that such a mapping is one-to-one
and continuous, with continuous partial derivatives to whatever order is
required. The description of motion expressed by Equation 6.4 is known as the
Lagrangian Formulation.

If, on the other hand, the motion is given through equations of the form

Xj = Xi(xj, 1 (6.5)
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in which the independent variables are the coordinates x;j and t, the description is
known as the Eulerian formulation. This description may be viewed as one
which provides a tracing to its original position of the particle that now occupies
the location x;.

Adopting the Eulerian coordinates system, the material strain rates are related to
the instantaneous configuration, the deformation mapping is given as

Xj = Xj + yj (6.6)

where Xj and x; are the coordinates of a specified material point of the material
skeleton at times t, and tn,1 respectively, and u; represents the displacement of
this solid particle during this time step, measured relative to the position of the
body at time tp,.

The instantaneous rate of deformation may be described by the velocity gradient
as follows

%_;(ﬁ+3Vj)+ 1 (ﬂ&.ﬁ)

axj 2\0xj 0xi) 2\9x; ox;

(6.7)
where the first and the second terms of the right side of the expression are

respectively the symmetric deformation rate tensor ( %ij ) and the skew symmetric
spin tensor, and

o[ ui(xy,t)]

VN m——

ot (6.8)
is the velocity of the material skeleton.
When considering finite deformations, it is necessary to employ a frame

indifferent stress rate. The Jaumann Stress Rate (Prager, 1961) is chosen and the
following expression is obtained



90;j _ _DP [L(avk avl] (3_Vg 3"1) L(?_‘_’E-_efi_}.g.bi-a_p
at ikl | 2 (9%, axk 2\0x; dxp 2\0x; 0xp ' at (6.9)

where Djjki°P is the special elasto-plastic matrix that relates the effective stress
rate tensor to the strain rate tensor derived in Chapter 5.

6.3. Materially and Geometrically Non-Linear Finite Element Formulation

The equilibrium equation relating the total stress (ojj) and the body forces (Fj) to
the boundary condition (T;) specified on the boundary S of the domain V (Figure
6.2)

X2

X3
Figure 6.2 - Boundary (S) and Domain(V) of a Body
is formulated using the Gauss Theorem in the following scheme:

If vjis the normal vector to dS and dF;b is a small boundary force in the small
surface boundary dS (Figure 6.2) then
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_dF}
Ti=3s (6.10)

and
Ti = 0y vj (6.11)
and if dvj is a fictitious incremental vector of the velocities of the material

skeleton, then multiplying these fictitious velocities by the traction Ti and
integrating over the whole surface, the following expression may be written

[ dVi Ti dS = ] dVi cij ‘Vj dS
s s (6.12)
and using the Gauss theorem, which express

[ Av,dS = ] %dv

s v (6.13)

where A is a field function, then

j dv; gj; v;dS = [ de
s v 3 (6.14)

After differentiation of the right hand side of Equation 6.14, this part of the
equation becomes

f dv; 0jj vj dS = f [a(d‘f*) ajj + aoy) dvi] dv

d dx;
g K (6.15)
substituting Equations 6.1 and 6.7 into Equation 6.15, follows
f dv; gjj v; dS = I [déjj gjj - dv; Fi] dv
s v (6.16)
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or

f dVi Ti dS = f [dE,j Uij - Fi dvi] dv
: v (6.17)

where
dei.i is the fictitious deformation rate.

Introducing Equation 6.9 in Equation 6.17 , one obtains

I_fl’f.-ﬂ
2 ax

ax;

n+l
. . a\r
Ismin£= dr.ijJ [ijﬁd;k,a,qp +0jp { ( )}+_Eo”]a+d:,jq] F dv; |dv
In

Vv
(6.18)

In connection with the solution of the case history problem, due to the geometry
of the case, plane strain conditions apply for the several cross sections to be
studied.

Under plane strain conditions, the domain is divided into a finite number of
elements, whose geometry is defined by the location of the nodal points. The
displacements and pore-pressures are described by their respective values at the
element nodes and defined inside each element in terms of the shape functions.
Representing the values of the nodal displacements and nodal pore-pressures by
uiN and pN respectively and approximating the continuous field in terms of the
nodal values , the following formulation is obtained:

8u
= N[ 28| = Ng(vN
d( 3] = Nalold (6.19)

and

p =N, (pN) (6.20)
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where Nd and Np are the shape functions for the displacement and pore-
pressure fields respectively, and these functions are dependent on the particular
type of the element used. In this work the triangle with six nodes (Figure 6.3) is
the chosen one.

Figure 6.3 - Triangle with Six Nodes for Displacement and Corner Nodes for
Pore-Pressure

Then in terms of the nodal quantities, Equation 6.18 can be approximated by

tn+l
d o f =dﬁ 3(Ng) pP, [2(Na) .__a(“IN) +[Rij] Jat dV+da—‘{l~ apN | (85 (289 Np | av
a (i) a ax; ikl | "% a J P ax, |'P
3y, k v j
v
(621)
where
fi =) [NgTdS] - FN—d 08 dV+ | NgF; dVv
S vi % v
(6.22)
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and

[0 ) L) )

oxp (6.23)

Rjj = GIP

where Rj; is the part of the equation which deals with the rotation.

i
au
For an arbitrary o, Equation 6.21 becomes,

0 ) o o 9] 2

¥ (6.24)

After time integration, the last equation yields

(1 )=al) J [ ] oo 6 j o 2o
Vv

(6.25)
where

Wy = oip 1 (a(Nd) 3(Nd))

|2 ax; axp 2

dxj  dxp

(6.26)

The Galerkin Method, which is a special case of the Weighted Residual Method,
states that if an approximate solution is substituted into some differential
equation, it does not satisfy the equation and an error term results. The integral
of the product of the error term and a weighting function (the shape function
itself) is required to be zero. (Segerlind, 1984).
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Applying this concept for the governing equation expressed by Equation 6.3 and
adding the prescribed flow boundary conditions, it follows that

N
(au ) f[bl](BNd)Np]dV s I ‘Z_NEKUEEP.W pN=-[aniKij-§-EdS
Xj Xi
S

(6:27)
where nj is a unit vector normal to the boundary surface.

Integrating with respect to the interval tn to tn41, Equation 6.27 yields the
following approximation:

I S P PRE S [ RES TR

(6.28)

where

.BEP_KU adiV (pN) dt = . pKu—EdV N[C‘P H1-a)p ]
ax; ax; axX; ! A
\ ) v
' (6.29)
and piN is the nodal pore-pressure at the beginning of the time step.
To ensure stability of the step by step process it is necessary to choose a 2 0.5
(Booker and Small, 1975). In this work the chosen value is a = 0.5, following the

recommendation of Zienkiewicz (1977).

It is important to mention that all the values are average values in the time step
and the numerical solution is made iteratively step by step.
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6.4. Numerical Implementation of the Incremental Material and Geometrical
Non-Linear Finite Element Formulation

The Eulerian formulation may be used in practical problems by dividing the
loading into a large number of equilibrium states of the body.

The analysis for obtaining the increments of displacements and pore pressure at
time tn,1 starting from the initial time state t, may be developed as follows:

1 - Solution of the system of equations formed by Equations 6.25 and 6.28 gives
as results the incremental nodal displacements and nodal pore-pressure. At the
first approximation all the basic values (stresses, shape functions) are obtained at
the beginning of the time step, in the other iterations average values of these
values are used, based in the moving mesh during the time increment. It is
important to mention that the original Newton-Raphson Method (Figure 6.4) is
used to deal with the nonlinearity, changing the stiffness matrices corresponding
to change of geometry and material properties within each iteration;

dF Residual Forces to be Corrected in each Iteration

Y -
DISPLACEMENTS

Figure 6.4 - Original Newton-Raphson Method

2 - Transform the Kirchoff stress (Sj) at time tq 1 to Cauchy stresses (ojj) by using
the relation
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[6X,| axi axj] S
10%m||0Xq 0Xg| ~P (6.30)

where Kirchoff stresses are the stresses based on the original mesh configuration
at time t, and the Cauchy stresses are based on the new mesh configuration.
These assignments are needed once that the constitutive law is expressed in
terms of stresses based on the current state of the sample;

3 - Go back to step 1 and repeat the the calculations so that average stress history
is obtained in evaluating the constitutive tensor Djjki®P;

4 - Check that the consistency condition is satisfied with the new Cauchy stresses
and correct it, if necessary;

5 - Update coordinates and stresses;
6 - Proceed to the next increment.

It is important to comment that the program incorporates an equilibrium check
to ensure that equilibrium is satisfied at the end of each increment. This check is
essential in any analysis using interactive methods. After reaching the
convergence tolerance the residual forces are added to the load increment of the
next time step.

A Finite Deformation Finite Element Code named CONFDEF was developed
incorporating all the procedures developed in this chapter.

A brief review of the basic relations among the several stress tensors which might
be used in analysis regarding finite deformation are presented in Appendix A.
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CHAPTER 7

DISCUSSION OF THE FINITE ELEMENT CODE INCORPORATING
MATERIAL AND GEOMETRICAL NON-LINEARITIES

7.1. Generalities

The analytical tool developed in Chapter 6 to deal with material behavior and
geometrically non-linear routine of the problem must be checked before its
application to simulate the problem under study, i.e. consolidation of tailings.
Some special features, such as a subroutine that was developed to deal with layer
construction and the dependence of the permeability coefficient on the void ratio
are worth of examination in some detail.

A number of tests were run using the program CONFDEF, which uses the theory
developed in Chapter 6. The results of the numerical solutions were compared
with those from known exact solutions of unidimensional and bidimensional
consolidation problems. Layer construction, as well as the implementation of the
constitutive model developed in Chapter 5 were also tested. As a final test to give
reliability to the developed program, a flexible shallow foundation loading was
analytically tested. The two soil types [loose (e=0.87) and dense (e=0.58)
cohesionless material] beneath the foundation were assumed to deform under
undrained, partially drained and drained conditions. These conditions
correspond, respectively, to rapid, relatively rapid and slow application of the
surface load. The stress paths followed by both materials and the importance of
the time of loading in final footing settlements are discussed.

7.2. One-Dimensional Finite and Infinitesimal Consolidation Analysis

Using the Linear Elastic Constitutive Relation, a comparison was made between
the exact solution obtained by Terzaghi (Lambe and Whitman, 1979) for the one-



dimensional consolidation of a soil layer and the solution obtained using the
program CONFDEF.

The finite element mesh used is presented in Figure 7.1

_ _Permeable Face

H=50m

- )Impcrmeablc Faces

Figure 7.1 - Finite Element Mesh for One-Dimensional Consolidation Tests
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The assumed high ratio for E/p (21000.0) made the geometrical non-linearity, in
this particular case, negligible. Thus the above comparison was rational.

Two other one-dimensional tests were run, both with low values of Young’s
Modulus/Pressure ratio (E/p) = 1.0. In one of the tests the permeability
coefficient was kept the same all the time and in the second an exponential
function was used to relate the permeability coefficient as a function of the void
ratio. This provided a check not only of the importance of the geometrical non-
linearity, but also of the influence of the variation of the permeability due to
changes in the void ratio, as experimentally demonstrated by Schiffman et al
(1984).

Comparison between pore-pressure dissipation due to an instantaneous loading
obtained by Terzaghi’s exact solution and the numerical solution obtained with

the approximate infinitesimal theory using a ratio E/p = 10000 are shown in
Figure 7.2. The agreement is satisfactory.

The soil parameters used in this test are:

Young’s Modulus = E = 20,000.0 kN /m?2
Poisson’s Ratio = v = 0.0

Permeability Coefficient = k = 0.00000015 m/s
Unit Weight of Water = yW= 10.0 kN/m3

Total Unit Weight = yt = 20.0 kN/m3
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Figure 7.2 - Comparison of Terzaghi’s Exact Solution and Numerical Solution

where po and py are respectively the pore pressure at the moment of
instantaneous load application and at time t, after dissipation has started.

To better understand the influence of geometrical non-linearity, exact one-
dimensional displacements and pore-pressure dissipation solutions of Terzaghi’s
Infinitesimal Strain Theory using E/p = 1.0 are compared to the solution of the
same problem, with the same parameters, but under the assumption of finite
deformation, considering in one case a constant permeability coefficient and also
its variation with the void ratio through the relation

k(m/s) = Exp[-26.54 + 2.99 d .1)

In Figures 7.3 and 7.4 the comparisons are shown and it can be seen that the
differences are substantial, proving the importance of incorporating the influence
of finite deformation and the variation of permeability in highly deformable
material.
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7.3. Bi-Dimensional Half-Plane Loading (Mandel-Cryer Effect) Analysis

To be able to test the efficiency of the program CONFDEF in relation to
bidimensional consolidation, the development of pore-pressure in the soil just
beneath a distributed load in a half plane is studied.

Any realistic three-dimensional theory of consolidation couples the equilibrium
of total stresses and the continuity of soil mass. Schiffman et al., (1969) have
studied some special characteristics of the coupled consolidation equations,
which manifest the variation of total stresses with time, resulting in an excess of
pore pressure before it starts to dissipate. Such an increase in pore pressure
during the early stages of consolidation (Mandel-Cryer Effect) has been noted in
experiments and in theoretical solutions for several multidimensional problems.
Such increases in pore pressure cannot be predicted by any solution that ignores
the change in total stress.

In Figure 7.5 the mesh used to analyze numerically the same problem as that
analytically studied by Schiffman et al., (1969) is presented.

In Figure 7.6 the result of the excess pore-pressure ratio (ratio between excess of
pore-pressure at time t and the excess of pore pressure after instantaneous
loading) versus time, at 0.5 meter below the center of the loaded area, obtained
by Schiffman et al., (1969), is shown. Also shown in the same figure is the
numerical solution obtained in this work. The same conditions (plane strain
problem) and parameters (elastic behavior) as those used by Schiffman et al
(1969) were employed in the present analysis.

Comparison of the two sets of results indicates the efficiency and accuracy of the
numerical method developed here.
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Figure 7.6 - Comparison Between Excess Pore-Pressure Obtained in this Work
and Results of Schiffman et al., (1969) Under the Same Conditions

7.4. Construction Analysis

A special subroutine was developed and implemented in the program to deal
with elements built in layers with time.

Following the principle established by King (1965), the finite element mesh is
arranged so that the mobilization occurs in layers, as it does in the field. The layer
being built is assumed to be placed in a liquid state where the material has
weight but is incapable of carrying shear stresses. It is then possible to model the
transition between the sedimentation and consolidation phases given that the
layer is assumed to stiffen upon completion. The loading proceeds with the
placement of the next layer.
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Initially a complete undeformed mesh with a defined initial configuration is
introduced as data in the Finite Deformation Finite Element Program,
characterizing the initial conditions of existing portions of soil, as well as layers
which would be raised in the future, but at that moment were inactive. Special
attention was given to the movement of the the elements which were still inactive
at certain point of time. In dealing with finite deformation, these elements must
translate due to the displacements occurring in the already active elements, as the
updating of the nodes was carried out. To deal with this problem, the mesh must
be built in such a way that all the inactive elements have their corner nodal
points located in vertical lines with the same X-coordinates as the top nodes of
the top active layer. The nodal points of the inactive elements have a rigid body
movement of the same magnitude as the displacements occurring in the top
nodes of the top active layer.

To demonstrate the correct implementation of this subroutine, the mesh shown in
Figure 7.1 were rebuilt in five steps. The vertical total stresses obtained were
equal to the geostatic stresses (total unit weight of the soil multiplied by the
depth), demonstrating the correct implementation of the theory.

7.5. Checking of the Constitutive Model Implemented in the CONFDEF Program

To test the correct implementation of the constitutive relation developed in
Chapter 5 in the program CONFDEF, a plane strain test was run numerically,
using the same parameters as the ones obtained in Section 5.4. The strains
obtained in the plane strain test were then used as entrance data for the program
CONINV and stresses were obtained. With these stresses as input data for
program CONDIR, strains were obtained. The results of the three runs, in terms
of stress-strain relation are compared in Figure 7.7. As may be noted, they are
almost identical. This builds a further level of confidence in the applicability and
the accuracy of the program CONFDEF.
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Figure 7.7 - Checking of Correct Implementation of Model in program CONFDEF

7.6. Influence of Time Loading and Drainage Conditions in a Shallow
Foundation Analysis

As a final test, the mode of settlement of a surface footing supported by a layer of
loose sand (e = 0.87) was examined. In particular the effect of the rate of the
loading of the footing and its performance are examined. The same test was
performed on a denser material (e = 0.58).

The finite element mesh used in both cases (Void Ratios = 0.58 and 0.87) is shown
in Figure 7.8.
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Figure 7.8 - Finite Element Mesh for Strip Loading Test

The material parameters used in this study are the same as those calibrated
previously in Section 5.4. The other material properties are:

yt =20 kN/m3

yf = 10 kKN/m3

k = 0.00000015 m/s
and

Ko = 0.65
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The rate of loading was zero for Drained solution and infinite for Undrained
solution. For the Partly Drained case the rate of loading was 0.002 kN/m2/s.

Figure 7.9 presents the surface displacement versus duration of loading for the
loose deposit. As may be seen the final settlement is somewhat sensitive to the

rate of loading of the footing.
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Figure 7.9 - Surface Displacements for Void Ratio=0.87
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In Figure 7.10, which presents the surface displacement versus duration of
loading for the dense material, almost no differences are found in the final

displacements.
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Figure 7.10 - Surface Displacements for Void Ratio=0.58

From Figures 7.9 and 7.10 it can be concluded that the final superficial settlement
of a strip foundation supported by a cohesionless granular medium is dependent
on the loading rate for loose material and independent for dense material.
However even in the case of loose material the discrepancy among the final
displacements is not large. This is of great practical significance as it clearly
demonstrates the relative lack of importance of the loading history of the
foundation; a view held generally in the past, but without any proof.
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Certain stress paths followed by specific elements are shown in Figures 7.11 and
7.12, respectively for undrained behavior of loose and dense material, starting in

both cases from Ko-Line.
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Figure 7.11 - Stress Paths for Undrained Behavior of Loose Material at Several

Depths
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Figure 7.12 - Stress Paths for Undrained Behavior of Dense Material at Several
Depths

From these figures, it can be concluded that, as expected, loose material generates
higher positive pore pressure than dense material.

Finally, Figures 7.13, 7.14, 7.15, 7.16, 7.17 and 7.18 shown comparison of stress
paths for drained, partly drained and undrained behavior for respectively loose
and dense cohesionless material, corresponding to rapid, relatively rapid and
slow loading of the footing. The elements represented here are located at several
depths, directly below the loading area, as well as laterally to the loaded area.
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Figure 7.13 - Influence of Rate of Loading of the Footing on the Stress Paths
(Element 12) for Slow (Drained), Relatively Fast (Partly Drained) and Fast
(Undrained) Loading of Loose (e = 0.87) Material
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Figure 7.14 - Influence of Rate of Loading of the Footing on the Stress Paths
(Element 12) for Slow (Drained), Relatively Fast (Partly Drained) and Fast
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Figure 7.15 - Influence of Rate of Loading of the Footing on the Stress Paths
(Element 17) for Slow (Drained), Relatively Fast (Partly Drained) and Fast
(Undrained) Loading of Loose (e = 0.87) Material
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Figure 7.16 - Influence of Rate of Loading of the Footing on the Stress Paths
(Element 17) for Slow (Drained), Relatively Fast (Partly Drained) and Fast
(Undrained) Loading of Dense (e = 0.58) Material
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Figure 7.17 - Influence of Rate of Loading of the Footing on the Stress Paths
(Element 43) for Slow (Drained), Relatively Fast (Partly Drained) and Fast
(Undrained) Loading of Loose (e = 0.87) Material

50 i L L T T I ¥ T T T I T T T T I T MI T l T T T T I T
g 5o ;
40 | :3 5 :
yox 3¢ 3 3 X m o
& 10 F % B b "
;E [ X g 4
2 x B a
v 20 );( B A o
i !;?]&’a ®x Undrained (Element 33)
10 k- & A Drained (Element 33) 4
i @ Partly Drained (Element 33)
O L; P R T PRI (TR 1A Y NN S AN N TN NN AT TN SOMIY SR N [ Sl SUGT MU R N N 1
45 55 65 75 85 95 105 115

p (kN/m2)

Figure 7.18 - Influence of Rate of Loading of the Footing on the Stress Paths
(Element 33) for Slow (Drained), Relatively Fast (Partly Drained) and Fast
(Undrained) Loading of Dense (e = 0.58) Material
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Due to the fact that during undrained loading the stress path of some elements
meet the State Boundary Surface and coincide with it for some distance, there is a
discrepancy between the end points of the undrained stress paths, after
consolidation, and drained and partly drained stress paths, whose final position
is practically the same. These differences are more pronounced near the surface
loading and decrease with depth, being more accentuated in loose material.

The differences occur because it is not possible for stress paths to be located
outside the State Boundary Surface. This restricts them to a certain region forcing
then redistribution of stresses to other elements near the ones affected.

The importance of these findings is that even though there is a difference in the
final stress path position, which is a function of the rate of loading of the footing,
this discrepancy is not so important to be considered in practical applications.

In Appendix B, the contours of the ratio {q/[p g(6)]}, which expresses the
proximity of a state of stress of reaching the State Boundary Surface, are
presented for Fast (Undrained), Relatively Fast (Partly Drained) and Slow
(Drained) rate of loading.
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CHAPTER 8

COMPARISON BETWEEN FIELD DATA AND NUMERICAL ANALYSIS FOR
THE SARAMENHA CASE HISTORY

8.1. Introduction

The complete soil formation process (transportation of sediments, sedimentation,
and consolidation) is numerically studied for the Saramenha Case History. The
site condition is described in Chapter 3. Comparisons between the analytical
solutions obtained by the coupled use of the developed programs CONSED and
CONFDEEF, and the field data, as reported by Villar (1990), are presented. Finally,
the results are discussed in detail.

8.2. Comparisons Between Field Data and Numerical Results

To verify and give credibility to the developed theory, the Saramenha Case
History is studied.

8.2.1. Geometry of the Problem and the Necessary Parameters for Its Solution

The study of the Saramenha Case History will be restricted to the Second
Disposal Point, for a 10 year period, from the beginning of 1979 until August of
1988. It was during this period that most of the field data was obtained. An
average of 175000 tons of solid waste was disposed yearly, with an average
concentration of C = 0.00056. The geometry of the region was described in
Chapter 3, with all the necessary technical data.



For convenience certain data are repeated below:

The Average Unit Weight of the Solids y$ = 30 kN/m3
The Total Unit Weight is 13.4 kN/m3

The Submerged Unit Weight is 3.4 kN/m3

The coefficient of lateral stress at rest adopted is Ko = 0.5.

The average fall velocity of the sediments in the sediment-water mixture being
transported is 0.00009 m/s, as reported by Abreu (1989).

The relation between the permeability coefficient and the void ratio is given by
Equation 3.1 in Section 3.3.

The parameters of the constitutive relation developed in Chapter 5 and
implemented in the Finite Deformation Theory developed in Chapter 6 are
obtained through the trial and error process of getting numerically (using the
same mesh presented in Figure 7.1) the best possible approximation for the
special laboratory tests run in the bauxite tailings material, reported by Azevedo
(1990) and detailed in Appendix F.

In Figure 8.1 the comparison between laboratory data of the unidimensional
consolidation test with constant rate of deformation (Appendix F) and the
numerical simulation of the same test are shown for the best fitted
approximation. The constitutive relation parameters for this simulation are:

Ep=10kN/m2 A=10 v=03 u=0.75
6=0.1 eg=13 L = 0.088 R =0.68
S =0.08 T = 0.45 W =133 E=20

Table 8.1 - Parameters of the Constitutive Relation for Saramenha’s Case
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Figure 8.1 - Comparison between Laboratory Data of the Unidimensional
Consolidation Test with Constant Rate of Deformation and its Numerical
Simulation

To begin the analysis, the reservoir, starting at the second disposal point, is
divided in seven sections, with intervals (Ax) of 80 meters between the sections,
as shown in Figure 8.2.

SECOND DISFOSAL POINT (1979 TO 1998)

CONTOUR AT LEVFL 11775

Figure 8.2 - Positions of Cross Sections Analyzed in the Reservoir
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A Topographical Plan View of the Reservoir in its 1979 condition is presented in
Figure 8.3.
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Figure 8.3 - Topographical Plan View of the Reservoir in 1979
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The seven cross-sections being studied, with the original profile (1974) and the
sedimented profile existing at the beginning of 1979, are presented in Figures 8.4
to 8.10.
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Figure 8.4 - Cross Section A (Disposal Point)
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Figure 8.5 - Cross Section B
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Figure 8.6 - Cross Section C (Equal to Cross Section 1 where Measurements
were made)
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Figure 8.7 - Cross Section D
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Figure 8.10 - Cross Section G (Equal to Cross Section 2 where Measurements
were made)

8.2.2. Numerical Coupling of Sedimentation and Consolidation Processes

After having defined the geometry of the problem, as well as the parameters for
the transportation of sediments, sedimentation and consolidation processes, the
coupling of this processes is made as follows:

The transportation of sediments and sedimentation processes are run (program
CONSED) for a predetermined period of time and a layer of sedimented material
is obtained as a result in each cross section. Layers with the determined thickness
are built in their respective sections in the finite deformation consolidation
process (program CONFDEF). All the sections are studied and as a result the
consolidation, a new geometry is obtained. This is used for updating and
proceeding to the next step of the program CONSED, which again provides the
input for the program CONFDEF. The process is repeated to obtain the history of
the build up of the deposit in the reservoir. The time interval of each step in the
program CONSED was At = 3600 seconds. It is important to mention that for each
step the boundary conditions change and that both programs are able, in the
sequence just mentioned above, to deal with these changes.
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8.2.3. Saramenha’s Sedimentation and Consolidation Analysis

The Initial Finite Element Mesh of each section of the reservoir was drawn
following the boundaries of the cross section. Note that the thickness of each built
layer might need to be modified in the entrance data of the Code CONFDEF,
according to the amount of material that sediments in the considered period of
time, once that in the initial mesh the inactive layers of elements were given an
initial thickness value, which not necessarily agrees with the one obtained for a
certain period of time by the program CONSED.

After the completion of the numerical analysis made for the Saramenha Case,
comparison between the field and numerical profiles of deposited material was
made. These are presented in Figures 8.11 and 8.12, for cross sections C and G.
Comparison is also made of the longitudinal section of the reservoir, as shown in

figure 8.13.
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Figure 8.11 - Comparison between field and Numerical Profiles of Deposited
Material for Cross Section C
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Figure 8.12 - Comparison between field and Numerical Profiles of Deposited
Material for Cross Section G
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The average rise of the red slime with time in each section,is shown in Figure
8.14. The relationship between time and level of sedimented material for all of the
seven sections is clearly shown.
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Figure 8.14 - Average Increase of Deposited Sediments with Time

The numerically simulated topographical plan view of the reservoir in 1983, 1985
and 1988 are shown respectively in Figures 8.15 to 8.17 inclusive.

Note that for the middle of section G, the field and numerical values of the

profiles of void ratio with depth and stresses (effective and total) with depth are
compared and presented in Figures 8.18 and 8.19, respectively.
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Figure 8.15 - Numerically Simulated Topographical Plan View of the Reservoir in
1983
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Figure 8.16 - Numerically Simulated Topographical Plan View of the Reservoir in
1985
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Figure 8.17 - Numerically Simulated Topographical Plan View of the Reservoir in
1988
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Figure 8.18 - Comparison Between Field and Numerical Values of Variation of
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Figure 8.19 - Comparison Between Field and Numerical Values of Variation of

Illl[l‘ll]rl
o O
) o)
b sa )
. Field Data——ay /o
! ‘0

- 0
o

Li
I

Jl'll'l'llll'lll

;  Numerical Simulation

hllll]]l]l']lllll]llllli

i B

P

ol by

0

I

4

S

3
VOID RATIO

Void Ratio with Depth

Field Effective Stress  ~

~
~
-~

& —Numerical Effective Stress

* . Numerical Total Stress—:

~

T R T RN I A, (Y TUSSE ST RS e TR [ J SR U [ T | !
50 100 150 200
VERTICAL STRESSES (kN /m2)

Total and Effective Stresses with Depth

119

250



In Figure 8.20 the numerically simulated profiles of the pore pressure is
presented for the center of section G.
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Figure 8.20 - Hydrostatic and Total Pore Pressure Profiles for Section G

Finally, in Figures 8.21 and 8.22 the stress paths of two elements located
respectively in the middle and near the lateral boundary of cross section G are
presented for the period of 1979 to 1988:
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Figure 8.21 - Stress Path of Element Located in the Middle of Cross Section G

80 100 120

120



-1t e s "I"-"i"’

50 |
Effective Stresses

Ll

40

PRES] G

q(kN/m2)
(9]
O
1

- Total Stresses
20 F

-
0 PSS N VU TR S (N SR VR VN T G WA S NN SN S S S

0 20 40 60 80 100 120
p (kN/m2)

Figure 8.22 - Stress Path of Element Located Near the Lateral Boundary of Cross
Section G

In Appendix C, the sequential changing of format (due to finite deformation
considerations and layers build up with time) of the Finite Element Mesh of
Cross Section G at several years is shown.

Laboratory test used for the calibration of soil parameters might have been
subject to disturbance and the results might not truly reflect the properties of the
material. For this reason it was decided to run a second set of analysis, changing
the soil parameters of the stress-strain relation, characterizing now a stiffer soil.
The new solution for the Saramenha Case History is obtained and comparisons
between the new numerical results and the field values are presented in
Appendix D.

8.3. Discussion of Results

The comparisons between the field and analytical cross sectional profiles of
deposited sediments up to 1988, presented in Figures 8.11 and 8.12, are

ESCOLA DI ENCENHARIA
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quantitatively, as well as qualitatively, reasonable, with some discrepancy at the
middle of cross section C.

The amount of material deposited up to 1988 in a longitudinal profile measured
in the middle of each cross section is also compared, as can be seen in Figure 8.13,
and the conclusions are that qualitatively a good agreement is obtained, but
quantitatively the prediction by numerical analysis of the amount of deposited
material is on the low side.

The increasing of elevation of the sediments deposited in the seven cross sections
analyzed are presented in Figure 8.14. It can be concluded that during the period
of 1979 to 1984, when the water level was kept at elevation 1173, the rate of
sedimentation was gradually reduced. The rate of deposition was kept constant
during 1984 and 1987, when the water level was increased to elevation 1175 and
then gradually decreased once again after that time. Another point to be raised
about Figure 8.14 is that the bed inclination is considerably reduced with time.

In Figures 8.15 to 8.17 the topographical plan view of the whole reservoir shows
the modifications of the reservoir due to the filling with time. It is important to
verify that the reduction of the rate of sedimentation with time is due to the
decrease of the area of sediment-laden fluid (A) and consequent increase of the
mean velocity (V) of the mixture.

In Figure 8.18, the comparison between the field measurements and the
numerical analysis for the variation of the void ratio with depth shows them to
be in reasonable agreement for practical purposes. It is important to emphasize
the necessity of the geometrical non-linearity considerations to obtain a good
agreement between field and numerical data in cases of very compressible
materials.

The curves from the numerical analysis match the measured effective and total
vertical stresses well, as can be seen in Figure 8.19, proofing once again the

effectiveness of the numerical simulation.

The stress path shown in Figure 8.21, for the middle of cross section G, is a
typical Ko-Path, usual in one-dimensional consolidation because it does not
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approach failure. The stress path presented in Figure 8.22, for an element near the
boundaries, the shear stress is higher and the curvature shows a tendency to
localized failure if the loading continues. This is probably due to the difference of
stiffness of the material that constitutes the boundary, and the sediments
deposited.

It finally can be concluded that the numerical tool developed in this work is
proven to be, without doubt, good for modelling the soil formation case in
reservoirs and can describe, with good precision, the behavior of the complete
process, from transportation of sediments, through sedimentation and
consolidation, simultaneously.
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CHAPTER 9

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

9.1. Conclusions

The main aim of this work was the creation of a model capable of studying the
complete process of soil formation in real life problems, without being restricted
to vertically oriented one-dimensional problems.

The study presented is thought to be fundamentally of value as well as
practically applicable. It is not only of interest in the field of Geotechnical
Engineering, but probably also in Environmental Engineering.

The complete soil formation process was mathematically modelled by combining
the three phases which were investigated. They are:

- The behavior of sediments in transportation and deposition. This is
accomplished through the development, study and solution of the partial
differential equations that control these phenomena, for specific boundary
conditions.

- The development of a material constitutive model capable of representing the
main characteristics of soil behavior during simple as well as complicated
loading processes, taking into consideration the change of the state of the soil.
Thus it can model the soil behavior from the first intergranular contact up to the
ultimate state. After evaluating the model parameters, numerical simulations of
laboratory tests carried out. These include modelling the behavior of samples
under several stress paths for drained, partly drained and undrained situations,
virgin and cyclic loading up to the point that ultimate state is achieved.

- The development of a coupled consolidation theory without restricting the
deformation magnitude. The Eulerian System of Coordinates is used.



The specific conclusions arrived at are :

Loading rate appears to influence the superficial displacements of loose material
in the case of shallow foundation lying over a soil layer, but the discrepancy of
the results is not large, demonstrating the relative lack of importance of the
loading history, a view held generally in the past, but without any proof.

The variation of the permeability coefficient with void ratio is shown to be an
important factor that must be considered during simulation of very soft material
behavior under loading conditions which cause large deformation. This confirms
the earlier findings by Schiffman et al., (1984).

The coupled phenomena of transportation of sediments, sedimentation and
consolidation developed in this work forms the foundation of soil formation in a
reservoir. The analytical procedure is applied to the case history of Saramenha’s
Reservoir. In this connection the results indicated :

The value of the void ratio versus depth is shown through numerical simulation
to approach a constant value at greater depths.

The rate of sedimentation is reduced with time due to the decrease of area of
sediment-laden fluid (A) and consequent increase of mean velocity (V) of the
mixture, which causes the reduction of the capacity of deposition of sediments.

In the center line of a cross section the K, Stress Path is well defined, but the
same cannot be said for that nearest to the boundaries of the cross section. Thus

the use of an adequate and proper modelling scheme, as the one developed in
this thesis, is mandatory, to be able to simulate accuratelly the field problem.

9.2. Suggestions for Further Study

It is suggested that special laboratory tests, such as plane strain and true triaxial
tests, as well as conventional axysimmetrical triaxials tests, should be conducted
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in the future. These tests are required for a better understanding of the
parameters of the constitutive model based on state parameters, and to enhance
calibration procedures.

Some more field measurements, like vertical and horizontal displacements at
several depths, as well as vertical and horizontal stresses near the boundaries of
the cross sections are essential for a better understanding of the field process.

Parametric studies are also suggested (variation of one or several parameters) to
check the influence of each parameter in the soil formation process.

The extension of the model from the use of one average size of particulate
sediment to several sizes may be necessary for cases where the grain distribution
is not as uniform as the case of the bauxite tailings studied in this thesis.

The consideration of anisotropy in the constitutive relation is another suggestion

for further study. The problem will become more complex, once that the state of a
sample will be represented by a point in a twelve dimensional state space.
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APPENDIX A

CAUCHY'S, LAGRANGE’S AND KIRCHOFF'S STRESS TENSORS

A brief review of the difference of the three kinds of stress {Cauchy(ojj),
Lagrange(Tj;) and Kirchoff(Sjj)} normally used in large deformation analysis, as
well as the connection to each other is presented as follows:

- Cauchy’s stress tensor is a tensor which is referred to the strained state
(deformed configuration), while Lagrangian and Kirchoff stress tensors are
always referred to the initial state (original configuration) in a way that is
physically artificial though mathematically consistent;

-The Cauchy stress tensor ojj is symmetric. The relation between the Lagrangian
and Cauchy stress tensors is given by:

aX;
T;j = det O%m [ ]

—— o-
aXy| |xy) (A1)

which is not symmetric. The Lagrangian tensor would be inconvenient to use in a
stress-strain law in which the strain tensor is always symmetric.

- The relation between the Kirchoff and Cauchy stress tensors is given by:

axj] S
Xy KW

[0Xm|

Sij = de!laxl'

axi]
90Xk (A.2)
which is symmetric. The Kirchoff stress tensor is more suitable for use in a stress-
strain law in which the strain tensor is always symmetric.



- Consequently the relation between Kirchoff and Lagrange stress tensors is
given by:

(A.3)
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APPENDIX B

CONTOURS OF RATIO OF STRESS {q/[p g(6)]} INA SHALLOW
FOUNDATION ANALYSIS

B.1. Introduction

The value of the ratio of stress {q/[p g(8)]} is intended to express the proximity of
the state of stress at some point in the stress field to the State Boundary Surface.

B.2. Undrained Loading and After Loading (Consolidation) Ratio of Stress
Contours

The contours of the ratio {q/[p g(6)]} during undrained loading of the shallow
foundation represented in Section 7.6, for the case of loose (e = 0.87) and dense
(e = 0.58) material is presented respectively in Figures B.1 and B.2. After
undrained loading behavior, the pore pressure in the region is allowed to
consolidate, and in Figures B.3 and B.4 the contours after full consolidation are
presented for void ratio=0.87 and 0.58 respectively.

If comparison is made between Figures B.1 (loose material) and B.2 (dense
material) for the undrained behavior at the end of loading it can be noticed that a
pronounced difference in the value of maximum ratio of stress exists. This occurs
because, as can be seen in Figure 5.3 of Section 5.2.1.1, the State Boundary
Surface, which encloses all the possible states a sample of a cohesionless medium
may assume, is bigger for denser materials.

ESCOLA p: If,-\'C—'“'H'\"“A
BIBL|C( FTECA h



REGION WHICH HAS ALREADY REACHED
p=100kNm2  THESTATE BOUNDARY SURFACE

B

¢ 0
UNDRAINED (END OF LOADING)

VOID RATIO = 0. 8?

oo oo o o L= o -

- - - - ]
o o 9 o 9

S5m

Figure B.1 - Contours of {q/[p g(6)]} for the End of Undrained Loading and Void
Ratio = 0.87
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Figure B.2 - Contours of {q/[p g(8)]} for the End of Undrained Loading and Void
Ratio = 0.58
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The region which have already reached the State Boundary Surface at the end of
undrained loading (shaded area) for the case of loose material (e=0.87) is larger
than for dense material (e=0.58).

After the consolidation of the pore pressure built during undrained loading, the
ratio of stress decreases for both loose (Figure B.3) and dense(Figure B.4)
materials.

B.3. Drained and Partly Drained Loading Ratio of Stress Contours

The contours of {q/[p g(8)]} value during drained loading of the shallow
foundation represented in Section 7.6, for the case of loose (e = 0.87) and dense
(e = 0.58) material is presented in Figures B.6 and B.7 respectively. After
undrained loading behavior, the pore pressure in the region is allowed to
consolidate, and in Figures B.3 and B.4 the contours after full consolidation are
presented for void ratio=0.87 and 0.58 respectively.

The difference in magnitude of the value of maximum ratio of stress for the
drained loading is apparent if comparison is made between Figures B.5 (loose
material) and B.6 (dense material), but it is of small value and it can be noticed
that neither loose nor dense drained loading reaches the State Boundary Surface
at any point of the stress field.

In Figures B.7 (e=0.87) and B.8 (e=0.58), the difference in magnitude of the value
of maximum ratio of stress for the partly drained loading, as in the case of
drained loading, is of small value and it can be noticed that neither loose nor
dense partly drained loading reaches the State Boundary Surface at any point of
the stress field.

If comparisons are made between drained and partly drained loading, it can be
noticed that for the same void ratio, the contours patterns are very similar.
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APPENDIX C

SEQUENTIAL CROSS SECTIONAL MESHES CHARACTERIZING THE
FILLING OF THE SARAMENHA RESERVOIR

Considering Section G of the Saramenha Reservoir, the mesh of the this cross
section is presented at several stages (1979, 1982, 1984 and 1988), with the
respective boundary conditions, for the complete understanding of the reservoir

filling with time.

All lateral boundary nodes are restrained in X and Y directions, except for nodes
indicated as “+”, which are free to move in the Y direction, as may be seen in
Figures C.3 and C.4.

The drainage always occurs through the top nodes of the elements located in the
top layer.

The results of the analysis show that during consolidation the deposit flows
towards the center of the reservoir. Note that in Figures C.2, C.3 and CJ4, the
alignment of successive nodes deviates from the vertical, especially close to the

edge of the reservoir.

All the meshes containing the active elements in the sequential years of 1979,
1982, 1984 and 1988 are shown in Figures C.1, C.2, C.3 and C.4 respectively, as
follows:
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Mesh in 1982

_.q|_|_|_|_._______-_—___~ﬂ_..___________
NN
NN,
B NN _
I NN
I RO
[ NN,
_______H____#_______ﬁ__h___________
o 9] o Tp) (e ] n o n
(0 0] I~ N~ (o] © N Tp) <

[(wr) uoneaaryg] sxy - X

149

1140

100 120 140

80
X - Axis (m)

40 60

20

Figure C.2 - Active Mesh in 1982



Mesh in 1984
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Mesh in 1988
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APPENDIX D

PARAMETRIC NUMERICAL ANALYSIS FOR THE SARAMENHA CASE
HISTORY

D.1. Introduction

A brief parametric analysis of the Saramenha Case History was made with soil
parameters of the stress-strain relation assumed stiffer than those used in the
laboratory tests. The sedimentation parameters were kept the same. This was
done to determine whether the variation between the numerical predictions and
the field observation could be caused by the fact that the laboratory test used for
the calibration of the soil parameters may have been subject to disturbance and
the results may not truly reflect the properties of the material.

D.2. New Saramenha Case History Analysis

The sedimentation and consolidation processes were run with the new
parameters in the same way described previously in Chapter 8, with the reservoir
divided in seven sections, with intervals of 80 meters between the sections,
starting at the second disposal point, as shown in Figure 8.2.

Except for parameters Eo, A, R, S and T, which were changed with the objective
of representing a stiffer material than the one represented by the parameters
based in the laboratory data presented by Azevedo (1990), all the other
parameters were the same as the ones used in the original simulation presented
in Table 8.1.

The constitutive relation parameters for this new simulation were:



E0=20kN/m2 A=04 v=03
6=0.1 ep=13 L = 0.088
S = 0.008 T=0.50 W =133

Table D.1 - New Parameters of the Constitutive Relation for Saramenha’s Case

considering a Stiffer Material

Comparisons between the numerical results and field measurements are

presented, as follows:

First, a comparison between the field and numerical profiles of deposited
material is presented in Figures D.1 and D.2 for cross sections C and G (Figure
8.2) . The longitudinal profile of deposition of the reservoir is shown in Figure

D.3.
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The average rise of the red slime with time in each section, is shown in Figure
D.4. The relationship between time and level of sedimented material for all of the
seven sections is clearly shown. Once again, the deposition of sediments is faster
in the initial stages, up to 1982, when the cross sectional area of the sediment-
fluid mixture is bigger and consequently the fluid velocity is smaller.
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Figure D.4 - Average Increase of Deposited Sediments with Time

Note that for the middle of section G, the field and numerical values of the
profiles of void ratio with depth and stresses (effective and total) with depth are
compared and presented in Figures D.5 and D.6, respectively.
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D.3. Conclusions

It can be concluded that the simulation using the new constitutive parameters,
characterizing stiffer material, gives a solution closer to the field results for the
longitudinal profile and cross sections, as well as the stress profile, than the
simulation executed in Chapter 8. However the new simulation does not give as
good a correlation for void ratio profile as the previous one. This is as expected
since the change in the void ratio with depth is smaller as the stiffness of the
material increases.

In Figure D.4 it can be noticed that if comparison is made between this
simulation, using constitutive relation parameters which characterize a stiffer
material, and the simulation represented in Figure 8.14, a faster rise of the slime
occurs in the new simulation,. The general characteristics however, are
practically the same.
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APPENDIX E

CODES DEVELOPED IN THIS THESIS

E.1. Code CONSED

The Code CONSED (Concordia Sedimentation) was developed incorporating the
theory presented in Chapter 4. The computer program, written in Fortran, was
run on the VAX2 (VAX6510) of Concordia University. The average execution
time for a typical problem of this work was around 400 CPU seconds for the
sedimentation part of the problem.

E.2. Code CONDIR

The Code CONDIR (Concordia Direct Stress-Strain Relation) was developed
incorporating the first part of the constitutive relation developed in Chapter 5,
which was: given the present state of a sample and a stress increment, the strain
increment is then obtained. The computer program, written in Fortran, was run
on the VAX2 (VAX6510) of Concordia University. The average execution time
for a typical problem of this work was around 10 minutes CPU time.

E.3. Code CONINV

The Code CONINV (Concordia Inverse Stress-Strain Relation) was developed
incorporating the second part of the constitutive relation developed in Chapter 5,
which was: given the present state of a sample and a strain increment, the stress
increment is then obtained. The computer program, written in Fortran, was run
on the VAX2 (VAX6510) of Concordia University. The average execution time
for a typical problem of this work was around 10 minutes CPU time.



E.4. Code CONFDEF

The Code CONFDEF (Concordia Finite Deformation) was developed
incorporating the Finite Deformation Theory, applied to the solution of Coupled
Consolidation problems, presented in Chapter 6. The computer program, written
in Fortran, was run on the VAX2 (VAX6510) of Concordia University. The
average execution time for a typical problem of this work was around 2 hours
CPU time for each cross section.

E.5. Conclusion

This Codes are available for consultation in an extra volume which will be kept
in the archives of the Geotechnical Computational Laboratory of the Civil
Engineering Department of Concordia University. Any further information can
be obtained from Dr. H. B. Poorooshasb or Dr. M. M. Douglass.
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APPENDIX F

UNIDIMENSIONAL CONSOLIDATION TESTS WITH CONSTANT RATE OF
DEFORMATION

F.1. Introduction

This Appendix shows the results of unidimensional tests with constant rate of
deformation performed in the waste residuals of the bauxite mine located in
Saramenha, Brazil, as reported by Azevedo in 1990. The tests were made to
predict the behavior as well as to obtain the properties of the bauxite waste
material when it is subjected to a K stress path, for a better understanding of the

consolidation process.

F.2. Laboratory Tests

In order to obtain the consolidation properties of the bauxite tailings, a serie of
samples were tested under unidimensional tests, with different initial void ratio
and water content and small rate of deformation (as seen in Table F.1).

Test Rate of Initial Void Ratio Initial
Deformation Water Content
(mm/s) (%)
1 0.0001 4.65 132.11
2 0.000075 5.01 142.35
3 0.000050 522 148.40

Table F.1 - Properties of Material of the Serie of Unidimensional Consolidation
Tests performed in Bauxite Tailings Samples



By using slow velocity testing, one acquire an uniform consolidation in the
whole sample, avoiding the variation of the void ratio on it.

The figures F.1 to F.3 show the variation of the void ratio with the vertical
effective stress, which is an essential factor in the calibration of the constitutive
relation for the soil. The variation of permeability with void ratio (figures F.4 and
F.5), also represents an important data for materials which have a significant
volumetric deformation as the case of the bauxite tailings studied in the present
work.
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