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1\ I I~ i'J 'H/\ C'l' 

'l 'he ' s u r fac e o f c o ns t ant a!::lsoc iat i on ' was int roduced by Pearson 

(1 913) and t, ,~ rrncd ' Co nti ngcncy -ty j)(: di.s tr ·i bu t .i.on ' , o r br Lcl'l,y 'C-ty pc ' 

l l lid•·r· i,y i111: tli::t. r · i illtl.ior l :~ I"< H' l >i l t:Lr'Y d :t l.:t 1111 d r·• · ln. l. l'd 11:onl. i iii'.' ' I W.Y-L.Y I " ' 

idea Lo JlO"" t.omou:; variub.Lc:; and <lt:r·l V<~ t.lt(' maxiruurn I i IH! I Uwod 

e:; t. :i. rr~li:.Ot' nr t.lw J>.:li ' !Un<!t.cr or a:;:;oci.aLion or l, llc C - t.ypr di. ::Lr· i.IHII.ion 

J'o r d tt l.: t L~lVt>ll i. n :t il HxC t.,abl«' , rrom whi •: IJ l:onl.i.II/-';I~III:,Y - L.YJH' ('()l'l '••l:tl.inn 

cocfficll:! nt ::; wil.l be ob l.uincd . 

La t c nt varl a blc rnndel :~ wi.t.,h 1.111~ 1L: ;:;111npl.i.o n of' : ur undt!rl,y ir~ 

1ogi s tic d i s t.,riuut ion fo r t he man ifes t a nd / or latent variables huve 

been propu:->cd l>y fu rt.holornc w ( l9ÜO) . ll' ~/ <..! con:>.i.de r· l,l11 ) C- t,y jJ<; 

logi stic dis t.,ri but ion we ha ve a u i va r iate d ist r ibut ion with mar~inal 

l.Ot·~i:;t ie d i.:: l.r· i. IJt r l. i on:: an el wi. Lh cor n !la l. i o n co<! f'l'i r:i •·n l. in 1. 11< ' r ·: u1 1~r· 

J- 1,11. w,. :: I.JJ<i.Y 1.111' CIJ I' I'<' i 't l.i on i r1 l.l it' t:- l •. YJH ' lo,; i: ; l. i t: il i: :l. r· ii t~l l.i nrt 

nnd al.::o corup:u·•· Lili.:: di.:;l.r·lllll l. i.•m wil. il l . l ~t • C-L.YJH ' I II H' II~ I I :t rl< l l • i v: u · i. : tl.•· 

no rmal d i.:-;LribuLion:..; . OLI\er mcmbers o i' tl1c C- LYlJP. J'arnily rtce 

con~idered ::11d1 a:; Ll11~ C -typ!~ :;1uu- o 1'- LV!O Lu1~ i:;Li <: ~; di :;L r· UJ< II.i.<Jil . 

c.;ate!Sorical data wc con~ider u ractor anaJs:;i.s rnodel noL rc~ tri.ctcd t o 

til e t r ad i t ionn.l a:;!-lurnpt.ion o f norrru-üi ty . Con tinl_';cncy - ty pe <:o r r<! lal.. ion 

rna tr.ices f o r IJ i nar y and polytornous data are used as input to factor 

a naly:::;i s rne t hods . 'l'his appr oach leads to an alternative rnethod of 

facto r a nalys i s f or c ategorical data with t he practical advantage of a 

~reat r cdue t i on i n co rnpllti n0 Li 1nc , allow:i.ng thc modnl Lo bc appl i.•• •l to 
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Nnme r· i eal appl ic;ü.ion: ; ar·e p r c :;c nl.cd 'LIId n·:; ll ll.!; 

<:umpll!'t:d wit. ll IIH I'I. Ittlllllllt ' W 1 :1 l'ltt:l. <ll ' lllllll,y:ri:: 1'11 1' c•:tl.•'/','ll'i< ' ll l dal.ll 

rnodr~l:; . 

Finally , the imv r oper solutions in facto r a nalys is a re considered 

!llld W•· :;l.lld,)' l,llt• I H ' CI IITt 'III ' C qJ' Jl< •ywood l':t::<':; ll!; !l J'llll f: l. lllll nJ' : ;:l lll!' ]t • 

:; i:~ .• · , 11111111>•'1' ,,r va r· i :d> l••:; Hlld lllllf ',IIÍ l.1rd •· •>I ' l.lto· J•l ll':un• ·l.•·r ·:: i 11 l.lt•· lfl<lllt· l. 
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CHAPTER 1 INTRODIX: TI ON 

1 .1 Bas i c Ideas 

Mo:-;t man i ('cnL (oh:;erve tl) va 1·in.h.Le:; in Lhe :;oc i.al ::(: i•"! n~,~~; an· 

Jnea:.;un!ulent. '['h c catct.:;o r ical varlable:; rna.Y lJc either d ichotornir::;, ~ti Lh 

only Lwo c::d.t•l•.ori.c•:; •>I' re::pon ::t•:: (yt• :: /Jt c> , r· il~h L /•.i i' OIIJ~ . c· l.c;) t> r· 

pol,y l.oruit ::; , wi.l.lt 1no r·•: L1utr r l.\.JU cal.t!J':tH'ic·: ; (:q.~r·t·t-/IIO opirrioll/d i::a/':l'l :t· , 

t:l.c·) . '1'11<' hill:li'.Y (tll ' dit: 11 0 l.OIIII HJ: :) Vl ll 'i :Lll lo •;: ll.l'c • /';<'lll ' r·a 11,y t 'oH ic ·d ' (J ,,,. 

l ' a nd the po l.,y Lo u\Otl:3 varial>le:; are 1~cnc rall_y 1alH:llt: d a:: ' 1, ~ ,'3, ••. ,c: ' 

wllere C l:; L he~ IIUIIJ1H.: I' ot' Clll<:gurle:; . 

'.lh e r ecogniti.on thaL catcgorical vari.alJic~; are l'r•.:qU<'IIL ln l'i.cld :; 

o l' :t va r i. •: L.Y ol' ::p• •t: i:ll. mod •: l:; arrd mc:l.IJod:; l't) l' l.ll1: all:tly:;i :: o i' l.l~t · ::•· 

vari.able:> . 1\ ela~ :; o i' Ll •e:..;e wo de Ls i nco r·poral.e:5 Llrt: Ld c a o.t' a l.at.c rr L 

variable , Hliiclt is not dit·ectl,y ohscrvcd . 'l'his cl<'ts5 o f mo<lel:; i:; 

011e o l' l.lw h•::: I, lotOWII modc·l :: w1wn· l.lw pn·::t'IJCc' c>( ' 1 :d.c'J tl. 

v:u· i.ab.le:; (L IIt: i'ac l. tJ I' :;) i. :; ul' l.'und:t.lllt:II La1 .impo 1·L: t.nc•: i.:; l•hcl.or· 

/\n a l,y~; l ::.; . For th i :> r cason , r ecen t l ite rature o n latcnt varJablc modcl:: 

i ncludes fact o r a nalysis as a spec i al case (::;ec !!.'ver i t t. , 19U4 and 

Bartholomew , forthcoming) . 

Ua r· t. holorne w (1 YU3) p r esen t s variow.: latcnt variabl t! model:; 

accord i ng to the cross cla!:>s i ficat i o n o f the mani r est and l aten t 

v ariabl es , each bei ng classified as either categorical or metrical 

variables . Metrical variaules are measur e cl in an interval o r ratio 

lev el and may b e d i.screte or continuous . According to Bar tholornew , 

C XC J\ 1\ ,J 
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ructor una.Js~;l:; i:; dcfined l'or lltt:l..rü:nl lal..•: nl.. v:u·iull l•·:; :utd Ju•~L rical 

llilllt L J'r·:: l. v:tt ' i n l tl<:::. l•'nc: l.o t• IUtH 1,y:; i :; J'tlr c · a\. • 'l~() t' i c' lt. l diLI.a 11.11 d I a l.t •tt L 

tnüt analy:;.i:; are ttppropri.a\..e ror rn<: l..ri<:;ll l.a\..c:rtl. va r·iabLc•:; :Lnd 

catcgorical manifest variables . Latent struc-Lurc ana l.y:üs rnoclels may 

al:;o i.nv0 lvl' latl•nt. and rnani fl'~;t c:a L C'f~O r ·i cal var i :...tbl c:: :. OLiwr· rnn d 1•L:·; 

llt:LY \)(' (') l t.:::;il'it :d I I!! Í il/~ l. lti:; l.,y pult>!'.Y , l tt tl. Wt · /~ÍVt' <llll .Y •· x: tiiiJ • lc·: : . 

'J'ltt• mctdc:l:; n11d mcl.ltotl:; l'o t· t'w:l.or· a1111l,Y::i: : \11' ca\.•·/ ~Cl t'Ít' l t) d iL I.a a11tl 

laLent tnlit :uru.l,y:.;j:; urc p r c::c11l.ed .i n ll:t f'l.ltolulltc:w ( J'or· Lilcllrlli llt-d l'r·o111 a 

n ew po:Ln L of vi•~w. l lc con~>i.rlC'r:; two tnain appro:tc:lte:: l.n l.ttC' 

CUII:; \.rue L.iull ur L li•: taodc l :; : 

origi ns in thc theo ry o f educational testing and the ' Undcr lying 

Vll t·i.all l c ~ (lJ V) 1\ppr·oac lt ', i n l.ll c: (';u:L<H' a n a l,y :;i:; l. r·:t.d il, i ()ll, Hltt• r·c· l .Jw 

tilldt•r· I,Y Í. II/', t:CJIIl, ÍtHII!ll! i Vlti'Í.ablt•:; . 

:tp pt·o:Lcl ll ~ :; at·c· ··qt t i valt' II L l'o r lt ir tar.v v :u ·i :tlt l t·:; l 11 1l. :u·t · ; ' t'lll ' r·all ,y 1111 1, 

~ ~qlli. va l• ·rtL l't>r' polyl.tli!IOII : : v:lr·i:dJic·:; . 

\-lc ::;hal1 consider tllc undc rlying vari.able a pproa...:h i n thi :. s tudy 

CXC/1./I.J 
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rl'h e Unu c r l,y ing Va r iable Mode.l for CatCtSOrical IJuLa 

Conside r the linear factor anal,ysi:> l!lOdel givcn by 

X. 
.l 

q 

l À • . :;, • 
l,;l .lJ J 

+ e . 
l 

"i.=l, ••• , p 

is the lat.ent. vari.able ( fac to r) , À . • i:.; tlt e fac ·t.or 
.lJ 

the c rror tcrm. ~/e :;11pposc E(z . )=O , l•:(e. ) =O and 
J L 

Var(X . ) =1. 
l 

( l . l ) 

l l. i:: :t:;: ;t lll l <~d Llt:tl. LlH' p mani 1'1::·.\, v:Lri:tl•l•·:; , x 
1

, ••• , x d··l•''llll ,. 
ll[lüll q<]• l: LI. <~ltL v :u· i: t blt•:; '1. 11.11d t, llaL Lltt : ::t;l. u i' ' I i ':tcl.•,r·:; :;11(1111 <I 

j 

explain the whole pattern of dependence among the x ' s , so t-hu t-

jl 

= 11 /~ . (X. I :;, ) 
L= .l .L t " 

( I • ; ') 

'l'hü; is thc assumption of conditi.onal (or local) inct<.![lf~rHlcnce Lha\. 

i:; ba~;ic r o r all lat..~ttl. vari.ahlc rnoclel:; . /\:.; 1v1: can only <)IJ:a•t· vl : Ll t<: 

X ' · · .. ' 11. II,Y i ll l't ' l'<' t l\'<' :d >< Htl. l.ltt? p :l t':tfltc'l.t·r·: : nl' l.hc · 111<111•·1 1111 1::1. IH· !J:1 ::o •tl 1111 

Llt<; joi11L di ::\..r·i. IH t l.io rt l~ l Vt' l l by 

( 1 . 3) 

lL i:; , also , u:.;ua.lly suppo:>ed that t h e 'L. ' :.; ar<: .indepenrlenL c:onL i ntH)W; 

variuble:; wiLit ~ero mean and wti.L v:Lri:ut<:•~ , ::r1<:l1 Ll1aL 

h( l'. ) = 
q 
'1 h. ( :~..) 

j=l J J 
( 1 • ) I ) 

and that en.ch c . is i.nctepcndent of all th•:! oLhcr· c ' :~ ;uJd o i.· all 7.' ~.; . 
l 

WH.II thc :.;pecif'icat.i.un:; t~iV<!Il abovc.! , t.ttc d':pcndcltC'! :;Lcm:tu r c of 

t llc Hto<h!.l i:; t'. L v er1 l.>.Y 

E 
- x 

.'\l\ ' + t ( 1. 5) 

whe r e E Ls tlte dispe r:.;ion matrix or the x ' s , A is tite .P~~l matrix o f 
~x 

C XC Afi.,J 
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fat:Lor luaclirtt :: ; arte!!)! i:; L h c di::pt•r·::i o rr r ua t.l"i :~ n l" L l w •· ' :·. wlti l"!t i: ; a 

t:l.ellll!ll\.,:.: u i" Ll1t: rnaL r· lx 1111', 11.2 , ar·t· lu10WII : t:: t'<>flllllllflaljt,i, ·: ; an el 
j 

h.2=L- t''·• l yl 

t~on L i lll lOU:; v ar i_: dJles , tlte u:;uuutpL i.<Hl o r x. a:; c:ttt•i:o r ica I var· i_:tl•l•· 
. I 

W<Jul.d b tJ i. lleon::i: : Lt•rtl. wil.l1 t.ll• : mnd•·l . ' l 'tl :(1/ tl i cl LI\ i:: Wt' :: tt j• i•tl::t• l.llal. 

wlmL ü; actually o l>:;<'rvcd ili 11ot x. ll11L u,,~ <;; t!. c·1:1l t 'i c:t.l v: • r·i: li •l •· x .* 
L I 

with ci cate~;o ric::; 1abc11cd 1 , 2 , • • • ,c i (any otiH~r ' lahel:: ' C<Ju] d lw 

ll :;cd , a :: ro r· <: xamplc: O, l , 2 , • • • , c .-l); ldlf('ll t: . =~', i = l , ;! , . .• , p vil' lHtV<' 
I I 

Lll<' l>i11:u·y vnr·i:tltlt•:: t'a: :•· · 'de• :tl::o :: tlp J•t>::•· t.l ta l. Ll t< : tli::t. r· ilu tl.Í IIII <> f';.: 

i s under lyine; that of x* a nd that the tnultinomia1 dü;tribut i o n ror the 

cate gorical vc cto r x* can b e deduccd by inter;rn.tion over x . ( 'l'h i:; 

I 
1'o r rmüat i on i:: :; i mi la r to Ll1at o L' t·1u Lllt' t t :tnd 1\apl:lfl ( l <;11 )) , h 11 t. IH• r<· v/1' 

:Ll'l' ! 'olll'l'll!!ÍII/', l.i t:t l. 11 11 l l.t'Íl.illll!' l. Ít : t l i ll 'l 'ltl.Í t ill t' l l.ll I H· l"' t' f'tll ' lat ·d viil.it i.lt•· 

lalJ•: l: : oi' t.lw c:tl.•·r ~ot'lt•:: , l.lwt·•· l't> t' •• t.l r• ·r·· · i:: 111> 1'1•·:'"'"1'. l '•11 · ' \l ':tlll.it. i• ·:·. 

::t:ch :t:: l.l1•· tii<':Lil :111d v;u·i.a11cc: o J' c:d.•·t:ur·i c :tl v:u·i:d>l• •:: •11 · t·u v:u· i :ll tc• ·:: 

b e twecn thcm ) . 

i'Juw i.l' Lll•· x ' :; :u·• : t ! :tcll t'o·laL•·d 1.11 u tw 111· llltJt ' <· u J' 1.1 11' :'. 1
:: l>.'i 1.111' 

factor analysis model ( 1 . 1), Lllerc will lJc con·elut ion:.; a.rno ng the v '·· .--~ ..., . 
( 

-l(· ·Y.·) 'l'llcrei'ore , c;ivcn a pair of Obf;crved categ o r ical vari.:thle~; x :i · , x j · , we 

l1av c a Lwo-wu.y curtt inecncy LaiJl e t ltat we :;uppo::c ha:; becn l'ormcú l'ro m 

the underly ing bi varia te continuous di s tribution . 1\ mea !;ure or 

al:>sociation fo r the t wo - way tab1e , a s fo r example the tet r achoric 

c ocfflcie n t., o r o ther similar mcasu r e will bc an cst i tnat e or tl1 e 

t.;ur r elaLion coe1Tl cic11l o i' Lll< : I> i varlaLt; t.;ont.j lllHHl:·. d i:: L r· i l n1 l..iurr . 

'l'hu~ we will :-;ay t hut thc n~ :j oc iuLlon ::L r ucLurc 1~ivcn by 

c xc AAJ 
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ltu ld:: J' ,,,. :< * · 

l~orm;.J.l V a r labl<::.; 

li" i 11 1.11 · · l ' :u · t.t~ J ' :t l lltly:: i:; mlldt·l (I . I) ~,, . ::11ppo::•· l.l1:tl. ;·. :t11d ,. 111 '•· 

v ;u ·i : Lldt •:: wil.l t l tU I'IIJ:LI d i ::LI'ÍIJIII.ÍtliJ:: , X will 1,.. lllll'll~tl :t111l Wt· f':llt J'il. 

Lht• ll lllt!t • l i,. Wt• c::l. i utal.t• l.lll• t:()J'r'l'lal.ion t' llf'l'l'it·i··rJL:: II::ÍIIf ~ 1.11!' 

L(' LJ':t(:lt() I' Ú: OI' j lu lycllo r· lc <:ut ·n·l:d. i<lll ('C)t •l'l'ici•·rd.:: r,,,. 1.11!' ('lt::t• .,r 

lli nn r·y o r p o lyt.omo11:: va r· ial>l<!:: n:::p<·cLivPly . 

'1 '11~: L<...!Lntt:ltor· ic cor r elaLion t;O\ ~ l'l'ici<•nL i:: a Wt•ll known mc·:t::tll'<' '>l' 

a::::uc i.:1Lion int.r·cHhlc:t:d by l'(·:u·::<>JI ir1 t.lw l~t· 1 ~i.nnilt;~ lll' l.l1i:: t: •·nl.tii',Y , 

Labl~ . 

exarnple (::.; ce al:;o , Divg i , 1~)'(9) . 

l'u1· pulyl.nlllllll:: V:tl'iablt•:: 1-1111'11 Wt' ::ll('(•tl::t· 1111 ll lldt · I· I.Y illf'. l . iv.u· i:ll.t• lllll'l:nl 

dl:;LribuLiun witl1 J•<tr·auJcLc r· p . 

inLroduced by l_.ancuste r· and llarnclan (1~1)1) a~.; a ce r11!ral i.:t.aLlon oi' LI H· 

L et racltur l<.: . 

estimate p . 

Ol!.>:.;on (197~) propo:_:e:; a Praxirnura likl!llltood lli<:Ll!od to 

A compute r rout i ne is availab le in thc Ll!JHI~L l>acka~.;e . 

Given thc correlation matrix with tcLra cho ri.c or pol_ychor'Le 

co rrclation coe1'1'ici~nL~ , the~:l~ cntl bc u:;1~d a~ in pu L L<) a ::La11dar·d 

factor anal_y sis pro~ram. 

Bar tholomcw (forthcomin~ ) points out that the 111ethod of J.':tctor 

analysis for categorical variable::; usint~ t c trachor lc o r pc) lyc:llor i. c 

coefficient.s lias the disadvantage tllat Llt c corrclaL.iort rna\,r·.ix 111ay rtuL 

bê lJO:ilt.ive definlt.~ , buLa:; IJO t'd & Novi.c:l; (L'J{,l\ )l • .)ltl)) clllill:ll·IIL , \.l t i:; 

CXCMJ 
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i :; an r.rnpir"icn.l. rii.Criculty r aLher tiHLn a tlleon~t ical obJ,~r:tion Lo t.IH' 

u se o !' LeLracllori c ( l >oly<..:I Jo r ic.: ) co t-r,..:lul. .Lon :..; . 1\.L L<~ t·nul. ivc and mor·e 

t: fi'.i.<.:i.l•tJL llll'l.ltud:; l"ur Lhe ~ l"acl.u r· u.na ly :; i:: o r c ai,I:{~Or· i.CIL ] y;, r· i :dl l c: :; lt:lVc; 

been SU(;t;c:; tcd in the litc ratu r e both f'ol' b i tl é!. r y <.lrld poly L<JIIIOU:.; 

v :tr· i:tl t lc·:; :utd Hc · :;Jt:r. ll rc·vi• ~ v/ ::otll<" c1 1· 1.111' lnc · I.II!H I:; ir1 CI J: I.]d.t·r· lr . 

Non-non:nl var iabl<•:; 

'l'IH! a:;:;wnption ut' a nor ma l di:;Lr· iluJLion ror z :utd c• attd IJ• •nt:t: J'cn· 

.~ .in LIH! tlttdc'l ' l;int: vari:tblf' mocl•·l / ',ivc ·11 i11 :;c~l'l,i on I . 'I i:; lllul.ival.t•d h,y 

LIH~ dc~;i t·e Lo Hl:tl\t! 1-llc modc1 <.:o ll:;i:;L<·nL Hit.IJ Lhe• :;Landanl l.lll''"'/ J'ur· 

continuou ::; v a t· iables , as lhrt l•olomcw (ror·Litcom.i.ttg) point:.; ou L . /\:; vil' 

are observing cate~.;o r ical var .iaLles i t may bc arbrued whether tlti:-; 

as::.;umption can bc c xpccted t o hold Hith any ~.;ene rality . 

) )(• l.c•('llW 1 ~ {, : t) { J:_)i\3 ) ) Hl llll, C)\1{, l. h:t.l. HtiiJ I.iV:I. r i:t.l.o• II Ori:Hlil..Y i:; 

l.l tc• c·>.c'c•]d.i c>ll r·:1l.1 11 T l.l t:111 l.lw t'llic· i tt : ;,,. ·j ;, ] : :i 'l•'l ll' t ' ;: ii.II:JI.i c,tJ:: :t l ll l 

tll:r.L in t.l ~< • l Í l tc':tl" :;l. t"lll:\..llt'a l liHH I•·I c:olll.c· x l. Llli:: lt;1.:: ] , · <1 l. c1 l, l ll' 

cun:;L nu;L i o11 o J' a: ;y tupl. o Lica1 Jy d i.:; Lr·llnll, .iun l."rt'(' lil<>d< ·.l :; (: ; •:t• lln nmr : , 

l ; tl,c:nl. v a r· i ab I,, modc• l :; J"or c;tl.q~uJ · i t":t l da l.: t 1-1 i l. l t l. lw ;r.::::llii1J •L i cJJ J (J t' 

an under ly.inc, 1oL.i:~Lic di:;Lr.ibuL .iurt for· l..hc: lllü.lllfe:;lJ <tnd/o t· l•tLe11L 

variable:; havc becn propo:;ed in LllC lil.r.rrtturr. . /\:; r.x:unp1 c:; we lmvr: 

Birbautn ' ::: loeü;tic tcst model ( Lord and Novick , 1~68) , Lhe Lot_;i.L Hlü(kl 

( Ua rtholOJnew , 1980) , the rau1tivariate logistic latent trait model 

( l.lock , 19'( 2 ) . H is known that there i!; no bivariate logi.stlc 

distribution with lo~.;ist ic margins and unconstraineci cor r clation 

coeiTicienL:; , a :; l•lllLI I~ll (.L~ 1)j ) po.i. n L:; ou L '11tereron· Lhe :~_.;:;lllnpUon of 

a n undc r~·ing bivo. r iH.te lo~ü;tic dü;tribution ror t.,hc oh~;er·v<•d cro:;:j 

Cl.Cl'\.AJ 
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\. ltlJ Lc·:: Wutilcl 1,.. o J' 110 pntc:l. i (:/ll Hdv:utl. :ll~·· · 

IIHI'I,111Jlolnc•w (l"u t·Llt co tni iii-J l:cllt: :iclc· t· :: di l"l'c•t'r•fll, cli::LI· iloiiL i <JIII tl l'clf'lll:: 

r o r t hc lat.ent vnrla!Jle:; ( ~ ) a nd l"ur 1..11 •· c) r'!'Ol' Lc rrn (~) .i n l.II C 

II!!Cic ) J'l..Y i 111-~ v: t r· i :!le i r• rnoclc·l ( l. 1) . l l1 • c:<J II:: i dc·r·: : 1.111' I llJ'. i :: 1. i r: 

z and e a r e no n- normal a nd if the numbe r q of factors is not too small , 

~ :t:: a I Íllc•: t r· c:uurl>in:tl.ion o i' i nclc!pt'IHll·rd. r':tlldc>rn v ;u· i alc l c•:: wi l i !11 • 

•tpp l ·o:\ irnal.c ·l,y IIU I'III: tl II.Y l.l 1e· ! '<'11t.r·:1 I I i rui l. t.lwcJ r'c•ru . 

~ are no n- nor mal a nd q=l , we ~;hould c lc~:.t rl,y con:..;idcr othe r 

Jl:>Lributi.orHL.l l'o ru~: a:; und c~ r·1ying rnar·1 ~i11:t l di::l.r·i!Jtt l. ioll l'u r· ~ · 

As we have ~;ecn in s cc tion l. 2 we :;llould concent r'ate on proc edu r e:: 

wlllch w ;e t!H~ rnaq).nah; u p t o th<! :.;t :colld o rd c.: r , thal. t:; , whi.ch 11: ;e a11 

c t·u ::: :-l.alcl c•:: . ' l 'lt c• c•lc' IIII ' II L:: ol ' l.lw d i :: l"'l ': ·. iofl lil:t.l. t·i x Ítl l.lw l':ll'l.cn · 

t.tmt mull..i.nur'rtiitli L,Y l:..; a :n tJ'I'l cic: nl. cortd i.Lion r o r· co rn~ l at. lon:: 

(tetrachorics and po lychoric s ) to In<:t.ke sen~>e as u~; ~ociation mea::;ures . 

ls there any othcr correl a t ion cocf'fi cient or a s :>oc i at.ion tnc.>u.:Jure tllat 

wouJd be u:;cd in :;il.ttal.iOII!: wltc t·• : Llt•· L•! Lr·aeltot' i.<::; •utd p•,Jy(' lll>t' ic :·. :t r·c· 

l11 I.IH! rwx l. ::c·cLion wc· wiJ I con::id• ·r· l.lw J•r'l>lol•·m l'ur· 

h inary uu.La ;utd .i nLr·uduct~ l.l te tnai. ll l.op.ic oJ.' 1, ltc Lhc::.i.:; l.lt•LL i: . l.l tl' 

C- tYIJe dis t r ibution as a n un derl_y i ng rnoJcl r o r cateGorical variubles . 
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l. 3 '['hc C- ·Lype li i :;t.ribut.io n u:; n.n u n<lc'l 'ly i. n1~ modr.l ror cal.<'i 'OI' ic:al 
Vlll' i.nll.l <!: : 

b<!CJI l'ü l'rlr<'d rr·o111 an underlying continuou:; l>ivariat.c dü;trlbut.ion and 

i r1 ::ume poinL or diellol.uuw (Lill ·<~::llnld) . 

property that whe n it is cut anywhere by lin es parallel t.o the a xcs Xi 

and X. , L ll<' Jli 'Ol>abil.i.Li.<':; in Lli<: fottt· qwulJ'IJJJI.: ; vic·wc·cl :1.:: :1. :•v;> 
J 

t:O IJ l.jnt~<:rJcy Lal>]c w<.J\ Jld lrnply a con:;L:tltl. a::::oc.i:tLion . 

\o/llf•J'c• l.llc• 1• .. 1
:: :u·•· I.IJ•' pl'lli >:J hi li l.it·:: i 11 t.l1 • ' 1'<>111' <jll:llii':JIII.:: . 

1,1 

J',.;, l·::"ll :111d Jt,.,.,,ll (ltJl )) ::luM•·.t l.lt.ll. Íl . i:: :JI\o/:J.'í.i l" ': :: :r l •l•· L•• 

con :; Lunl. for· e v<~ ry 1\)Jtr·fold d :i.vL::io n. '!~ti:; di.::l.ciiHJl.i.on •m:; c::Lll· ·d t.ht! 

::Jtl'l'ac•~ o t' <:on:;l,anl. a: ;:;o<:iaLioiJ . l ' l: wl··.<•l.l. ( l iJ(l';) l't•ÍJil.l'<>dllc<·d l.lt•· :::o.~n•· 

d istr.i.hut.ion a:3 a onC- lJó..l. r arncLer ela:..;:; of blvariaL<: d.i:;LI'.ibttLi.<)Jl:; !'ru111 

tSiv en marci n:; . !•!ardia (1967 , l~J'(O) c;avc the di:;tribut.ional propert.ic~:; 

of Lhi:.; elas:; :tnd terrnc<l it tlle Contineency- typc di:.;LriiJliLion o r.· 

IJr .it.: 1' 1y , " C - Ly lJl.: " . i"or· r·~.:u:::u11~ Lllu.L \4 i.ll u<! clear laLt: r, vil~ t:ltvo:H: 

11ar dia's nomenclature , as the b est way to refer to this distribution . 

In ChapLe r ~ wc nhall pre~.>ent thc C- typc d istributions in dct.ai l , 

estimated , j_n a 2x2 contingency tablc, b.Y t.he cro::;::; product r at.io (odds 

C XC J\J.\ I< 
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ratio) . F'o r any mc~nber o f tlle C- type cti:;t r ibuti.on rami ly , the 

corrcla t :ion c ocfl'icient .L :> u l'tl it <.: L.ion o l' ;jJ on 1_y . 

Ch l t.lll l )( ' r·: ; (l. <;IL)) pc>in l.:; o t.ll . Lhat. LIIC' C-L.YtH : d i:;l,r·i iHII. i o n ((I r' , a :: lt c' 

ca ll.:: .iL , cor t:; La rtL ocld:; - di::Lt·il ll t \.ion) IJ!id<·l'l Í t •: : :t ll 1.11!' t: <H'l'<· l : ll.ion 

U,y an an:ti.DI'Y '"i L11 Ll tt ' n:u:l< ' o I' 

Lltc u i. :; l.r.i.IHlt .ion , W<~ :; l lall caL L aLL corT <:'JaLion t:()t:! 'l'i c ic·nL ~ : l.lta L ar·c: 

funetion~; ol' t lh~ <:. ruG:.J-lJr o due t rat i o a :; "Cun L int;en~y-ty JH! corT e: la L i.un 

coci'l'i c i c ntG ". 

IV!: tnl i a ( l<J(>'() pn:::c nL:: Llie rnomt• nL l 'o nrnll :tt: l't>r Lltc• t:-t.Y JH' ll rt i l'o r·m 

ILtlcl Lht· C -l..YJ>c ' IIUI'I!llll d.i:: t .r·il>~ll . i c•ll:: , lt:IVÍ !I f-'. l i!IÍ I"u t '!ll : t!ld ll<l l 'i!!al l!l:t. I ';',Íii :: 

r e!3pec·tivcly . 

in sect ion 1.1.1 that the logi.!J Lic dü;t ri iJntion 

play:.; an i m1;ort.an l. r ole in L:tL c r•L Va r i all.lc: ~~lodcl~,;. 

COIIIJ •a r e tl1c C-type logi.stic cti :; Lr i bu t.ion \.Jith Lhe C- type no rrnal and 

l •i.v:u· i:l.l,c· n o r·rn:tl d i: :L r·.iiH JLÍtHl: ; . vlc· :LI::() :; \, t icl,y l.llt' c:C) t'l'•·l :tL i o l l Í!l 1 .. 11<' 

C-Lypc logi:;LLc d i. :; Lf'il>utiun . \·Jc! p n •:.;cnL L l1t: di. :;Lr·i.lHlL .i o i t u r· Llic : ~;11111 

of two l ot::;i s tic r an dom vari abl es and use tll .i.s distribution a!; tlw 

rnarc;:i ns for thc C- type , getting onc: mo r e rnember o f thr f arnj. ly : the 

C- t ype sum- of- t wo lo~istics distribution . Using nwnerical rnethods w<' 

obtain t lic di:; Lril!ut ion of tt 10 :;llln o r Ltn·e~ ~ l o ,; i. :: tü: r:-t.ndcnn va r-ül.hl.c!:; 

:tlld Ll tt : ! õiiJll tl l' a I !O I 'IIi:t l pl t t:: a lllJ', Í ::I. ic: J'IL!ltlu r:l v:lr · i;LI,Jc•:: . 'l' l ll · l' - L.Y l •'' 

d i. :~ t..r·i. IJU L.ic ll l: : \4 l\.lt Liti:; mi XLlil 't ' <Jl' d i:: t.r · i. IHI L Í <>ll:: i11 l.l tc· rtt: t.l'J', Íila l : ; : u ·c· 

ChalJte r j . 

'l'he aslnunption of an u nderlyi ng C- type d ü;t ribution fo r data c; i ven 

in 2 x2 continuency tablcs lead us not only to t~st.itntes of the 

corr elation coeff i c i e nt s tlla.t a r e muc h e a::;ier tu ealculntc tban thc 

CXCAAK 



tljljli 'OX.i. IIULI.i. t>ll \. () l.Jt•• llU I"III:L i lll<ld< · J . 

HxC conLin,~em;y tabJ.es ca~e 

l:un:; i dt·r· l.ltt' l ~ ''llt 'l ':tl 1::1.:;;• wil!' l l L ire· dal.:t :,,.,. / ', i vc· r1 i 11 :•11 J·::.ct : 

con tinge 11cy l.able , Ira v in~ rr•;.rgi11a.L v:u· i.alll e :; wi Ll1 H and C o t'llt.:n:d 

cal.cc;u r ie:; n:: ;p.~cl.i.vel_y , l.hal. i.:; , "llwn l.lu : rnan.i l't•:;L v:u·ial>l•·:; an: 

pt> lY l. t>lll<ltl:: r"al.lu•r· LIIILII d iclruL<))flUII:; . 11()\-/ :;IH>r l ld Wt' c•:;Li rrn Lt· l.lw 

::t•t•Jl irr \.111' !:1:;!, :;•·t·l.iull l.li:tl. 1j1 i:; •·:;l.im:il.r·d I1.Y t.lio ' !! l illlj •l •· ,.,.,,;;:; 

lrt l : J,: q d,c·r· j Wt• JH'c•:;c• lll. 1 .. 111 : rrn r. i 1111 1111 I i 1"< ·1 i l r<>iJol rnr·I.I1•H I ,,,. 

estilnal.ing tl1e parameter tjJ for data Liven in an HxC t able . 'l11e 

I ikt·liltood t'IJII:tl.ion:; :u·c• dt·r·ivr·d arrd Jo'i :;J,,.,· ' :; ::t ' tii 'Í IIJ'. rr t• · l.llclol i:; 11: :•·<1 l. c1 

enclo::>etl . 

'l'hc maxirnuHJ likelihood c:.>tima Lc or 1j1 i~ thcn u:.;ed 'Lo obtai 1 

contingency-type eorrclation cocfficicnl.s for l'olytomous variable:; . 

Numerical <~xa"'l'le:> a r e given and r ela.tcd Hrethocb: compared . 

CXCAAK 
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L l1 'l'h c Undcr t,y i.n1; Var iablc t~odt'l l> a: : r:d o n C- L,Y p<' ti .i:: Lt· i l>•ll. i o n:: 

A::;t;wni nu, t. he C- t y pe d i ::;tribut i on a::; a n u nd(;! r lying rnodel for the 

* * man i fes t va r i a l>les x. and x . , introduced i n t>cct i on 1. 2 , we obtain 
~ J 

:.:; imple mctlrods for e:;t i mati ng thc par :.unete r or a::;soci.ati.on of Llt n 

llltder·~ i. rrt: di::L r·i iHrLi.o n ror· va r·iou:: I" <.H "tu:; ul" Llt t.: 111a r ·1~ ir r:tl 

d i ::;l..ri butions . 

COI I L i l l( ~l : ll <..:y -Ly J ><! I:O I't"l' l :t Ll o rr Cl !t! ITi c i l: riL :; r o r· IJill:lt ".Y IH ' J'llly l.<lrlltlll!: 

vu r .iable:; a:.; i llllU L r o r· a :.;l..alldan.l r acl..or anal,y:;i:; p r·ocr·aur . 

'L'hi:.; Hj)J>r oa<..:h lcad:; t o a n all..ernative lll<~tlrod of" l'nctor a nal ,\::i.: : 

i n comput i11g t i me c:o trtl Jared with o t her rnctho d ::; of i"acto r anu ly c i :.; f or· 

In Chaptcr l1 we give a br ief account of the models and rnethod~ 

th~ v c~lüj l('d ror racl..or analy:;is of' ( ' irtr~l :o ri.c:al c!at:t . 

lrr Cll:t)'l.• · r· •, \-1<· an:t l Y : :1 : ::t · v• · r·a I d:tL: t. :: .·1. :: w i 1.11 I> i 11a r·.v r11: 1.11 i l'r: :: l, 

v:t. r· i;d,l •· :: t r:: i 11;~ Ll 1•· t:u r·• ·• : l : r.L Í III I lll<"l.l ' ''d :: l ;:t::• · tl 1111 l.lt •· t: - L.Y i" ' 

ror c u t.ct;or icul data model s . 

In Chaptc r 6 nwne r i.cal application:j are presl:llLcd i"or po~y tornou~ 

dal.:t . \-ic' ,· urn(•:tr<· Llrl: fat: l.u r· a rtaly:: i.:: n ·: :~rll.:; l'c1 r· l.l~t• <"<t il L i 11 1 ',<' 11".',' - I..Yi"" 

corT cla l. .ion cl><..:l'l'.i<..: LC ilL ~; v e n ;u :.; J":tcLo r· :tr taly:; i. :; r<:~ • rl L:; 11 : ; i. ll /~ :t:; ir q11rl. 

t hc Pearson v roduct rnome nt correlutio n coef f i cicnts . 

l k: fo n~ t l11 ~ :td v . ~ nt o C rnet lloch; Co r jJU l.y tornou~ dal..:t l.ltt-:;e 

var i a bles were handled by t ransfo r nint; then into binary variabl e::; a.nd 

then usint.; one of the r.~ethoàs for binary data . 'lliis may lead to a loss 
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'1.4 

of i nfor mation that can be serious i f thc nwnbc r o f' cat01.:ori.eG ·j : ; 

n•l a l.ivt • l.Y l:u·;·.•· · l):; ·j 111~ \.11!' <:01 1l.Í ll;~t'I I I:,Y-I..YJH' t :o r'J't• l :l.l.Ít>tl t' t >r ·I ' J'i t · i<•rJI.:; , 

IJu l.lr fo r fJ I).l.Y LOI110 1l! l da\,lt llltd ror· LI H! ,, i IJII.I',Y v··r·:; i I )fi ui' 1.11<: : :11.1111' d:tl.a 

:; t: \, , wc t:I)IIJj>:tr'< ' !.Ir• • n :::1rl L:: i 11 Cliii.J>I.•·r· 1
) . 

011 11 ::i111 ', Lh•· ::l.:urd:u·d rrt•·l.hqd:; oi' l•'ac·l.nr· /\11:1l,','::i:: 1'•11· :1rt:tly::ir1 ; ~ l.lt • · 

data vle nol.ice a high rrequcncy of lteyHoou ca:;cs , no L only for 

conl..i ll t~<' IICj - \,yJw cor r clal,ion coc1'1'ici!'IIL:; l>uL at::<> l'or· ol.lr<T 

cu iTt·lnl.i<tll:: ll~tl.l · jc·t·:: . '1'1 11: ot:t ' lll'l't'llt'l' <JI' LIH· ÍIII)' I'<IJH'I' ::.,Jr t l.Í<>It:: Ílt 

t'acLor· a11aly::i:: .i:; 11oL a r·a1·c cvc11L, rrot o llly Ln 011r t•x:urrJ>I.t•:: l ll ll. i11 

111arry oL itt·r racl.ur :tna}S::i:; <:XHIII)'I••: : in l.ltt· tit., ·r·al.l rl't·. l11 l.ltt • I : t:: I. 

ehapt e r o f the the:.; is we r e vieH Hhat is knoHn abou t llcy VJood ca:3e:.; in 

t.,lle literatu r c anrl VJe :;tudy the prol>abil.lLy oi' an i rr1p ro1H~ r pararneL0.r 

c: :;Limat.c 1\H' d.i.lTt•n : nL va.luc: :; oi' tllt • :: a iHJ• Lc :ltl'.e , nnrrr\,,:r !11' ntllllil'c::l, 

v:u·i:dtlc·:: l ll ll l llttlldt~·r· <>l ' t':u : l. t !l':: . ll::ilt;'. :: iuutl :tl.c ·d d:tl.:t ~c~c· 1.1','/ 1,., 

id•• fll.il"y l.lw ::il.n:JI.ioll:: wlt•·r·c· l.lr•· ,,..,.,tl'l'<'ll< ' t• , ,(' irrtJH '•tt•·r· ::• • IIII.Í••II:: 111 

facto r analy::;i::; is rnorc probable antl ltow Llley can bc a vo idcd . 
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Cl ll\1' '1'10:1{ ;> '1'111•: C-'l'YI ' I•: Ul:i'I'IU lllJ'J' WN 

~! . 1 lJel'.i rr i Lio 11 

prt::.;t~IILcd a ela~;: ; of b.ivar.iaLt: di:;L t'ÍllltLi.c>rl:; L'o r· ci v•:ll IH:tl ' t:i. ll:; :tlld ju::L 

d i :: L 1·i lll tL Ítlll U I ' t:-l·.'i l "' di: :l.t 'Í lllii. ÍtJit . 

lllt >llt•' ll L-I'u t·llu l l a •· 'LI •Jli'UJll'ial.•· l.o L l 1i:: t· l :t:::: : tt ld l,ltt ' di::Lr·illlrl.i •ll.:tl 

v r ope r tief} . 

'J'I1e o r·i t•;.i.n:> o J' tlw C-l.ypc di:;Lrlbtr t..i.on cart lw l.r·:Lccd l>:u:l-. Lo l.lw 

l.>ct~inning o i' the cent.ury i n a study about tlwor i e:; of :t:;:;oc;iat .. i.o n by 

l'o•:ll ' ! !ttll {1' >1 ', } 

a n d con~turrt Yulean coeff i cient o f a:.;sociation . Phot oe r a]>hs of the 

l'o·:t.r·:;u rt (L •.J l j) . 

: ;' 'I'JH>::t · Wt ! l ta vt· l. wo •·a rtdorn var·i :d•l•·:: X :utd Y wiLir di::l.r· iiHri.Í•Hr 

runction Hx) a nd G(y) r· ~:;pectively , Hit.. lt ,juinL d.i:.;Lril>utiun l'urt<.;Liurt 

l i (X ,y) • 1\n y lJ"i.varLatc di.:;tri.but.i.on wit.h d . t' . ll and rn:u·, ~i na l d . r ' :; l•' :l!ld 

C <.:<L n uc d i c l H..Jl.omi.ze(\ at.. u n tL rbi.Ln.t.r,y pu int.. (x , y) , L~ivi.r1c :~_ i J • ) , x,_ 

cuntin~ency Lu blc . 

Le 't J> .. , i. , ,j =L , r2 , be thc l H'o bau'i.lity Lhat. an ob:;r:rvat.ion f"alls 
lJ 

irtl,o ct:l.L (i , .i ) a:; d t: LenÚ JIC~ d l;y Lhe d iclto LuHtÍ.•; :; :tL !,tJ i ril. ( i. , y) . 
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data swnmarized in a 2x2 tablc a~ ::;hown be lo1-1 : 

y 

l i Jo'- 11 I•' 

X 

-~·-1_-_,_··--(-i +_l_l _ , 
1-1" 

( i l - li 

'11\C <: l'" ü!~:; J' r·odu c l. ra l. i o , til , f o r \.11 i:; l.ahlc i_ •. .. /~lVI'I\ l>y 

w = I! ( 1- 1•'- C+l l ) 
( 1•'- ll) (G - Il) ( ~! . l) 

a.nd f r om ( 2 . 1 ) \4(' h a ve thc equat i on : 

(~J - 1) ](2 - {1 + ( 1•'-G ) ( ~~-1 ) 1 11 + I)J l•'(j - o , •v>O ( • J ' I ) L • f . 

P lu. c I< c L t (l~G)) ltu.:J :; Jt o lm LI taL Wl11~ 11 I•' and (i ; L r· (' ~~ j VC'rl , ,,, t: : 

H. rno notoni<.; inc r easinc funct i on of 11 , taking thc valuc zc~ro wlter~ 

ll = rn:•.:<(l: , l•·t li-1) :tnd t.ll•: valtJ•· .... , ~dwt1 Ir"" uti.n(l•' , C:) . II• ·J it ' t' J'cu· 1·. iv••rr 

rnax ( ú ,io'+li-1) < 11 < rnin ( l•' , c;) 

pu:;:;ihl•· r·uol. c>J' l.lt<' qt t:td r·:d.i. c: •••ptal. i•>l l (:• . ;•) i:: ;~i V<'I t l>.Y 

{ 

:: - I:::> - l,,,, ( ,,,_ I }lo'!; li I .. I I ; ·( ,,,_ l) I 
11 = 

l'li 

Hlte r·c ~>= 1+( !•'+li) (w-1) . 

( •I• I I ) 

( w=l) 

(:.! . j) 

'l'he e xpression g iven by (2 . 4) defines the C- type distribution.Hhen 

X and Y. are no rmal vuria bles , thc dü; t~ ribution given hy t.hi:] cxprcr;~~ion 

i s a C-ty pe nornlfLl cl ist r i butio n and whcn F'( x) = x u nd U(y ) = y we lla v e 

Llle C - t.yp' : lllli.L'ol'ln di :; l.ri iJtJti.ort . 

i·:o . :l.••J 1• '1' (1•)1 >11) al:;o l'•>llowi.ll(', l'l:u ·k<'l.l. ( l'lf1'; ) lt:1: ; do ·r·iv•·d :1 
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:: irni l.1 t r· c•xpr·c·:::: ior r l'or· 1-thztl. Ire • c:•. llc ·d l. lr •· i rrv:u·i:url. c! i : : I. r· i l 11 11. ic>JI , 

IH!CiliJ::c· l.lral. di::t. r· il ll rl.i~>rr Ira:: l.lrc · toJ'"I"' J'I..Y 1.1 1: 11. wl w r·c· v • ·r· l.lw 

dlc..;lrol,uruit·:; ar·c· lllltdc·, l, lw Jll'll lHi lcilil.ic·:: Íll l.lw l'curr· •tll : cril': llrL. : , vi c· l-tc·ol 

a~_; a c..;on\,j ll f ',c' llC,Y l.ab I,. , ilavr: l, l w j n v;rr i ; r.ncc l >l'opr:r·t..Y . 

1: r·c >:::: J>l'tldc rt·l. J' l rl. i c•:: : r.r·c· l.lr c· ::: rr rr•· , irrd<'l"'lldc·rrl.l,y •• i ' l.l11· p••irrl. ,, ,. 

d.i.ciii >Lorcy . 

Usinc thi!> i.den we can supJ)O!:>e an HxC contint~(.:ncy t.able wilich w.~ 

lur•tt~i ne l, o lt: ~ vc : lwvrr L'o r·uiC'd l'n111r a C-L,ypt: di::Lr·i. l !lrl.itJII w i l.lt p:u ·:um:Lt ·r· 

ol' a:.: :Jol:laLi.on 'V · 

Hxt: l't>ll l. i 11/ '.c'IIC,Y l.:t.h I c•'í l 11 l.ltc• llt'XL <' lHqll.c · r· wc• :;ltltll pr·c ·::c ·rt l. l.lw 

rrrax .Lmum .lLkcl.illood rneLilod of c:;Lirnal..i.urt of Lhe par·:unel.c; r· cjJ l'or l<xC 

l.aiJle:; . 'l'lrt: r<:: :ul L:; ar·e Llren u:;c:d \.o ob Lairr :; i rupl c• rrr<·l.lrod:: o( ' 

estirna tion of Lhe C<> rrelation l:OeCI'.ici.<: nl. ror· p ol_y t o mo tr:: data . 

lrr l. l ri: : c'IJ:qrl.c· r· wc• pt·c•:;c• IJI. : u 1 :t c:ctllllll. t>l' 1.111• c· ;u· l ic·r· n •::c·:u·,·l t 

lrt : :c ' I ; I, i () r1 : > • ~ \~C ' 

r·ev i.c•w f'hnlia ' :: n ::;u LL:.; al>or rL tlw t:or'l't:I:Ll • .ion L'u r Ll11: C - Ly pt• rut.il'u n rr 

; ul d C- L,ypc• ll t> l'll~tl cli::tr·illiiLion:;, c>l.lwr· c:or'l't ! l l tl.iorr co•·l'l'ic ·ic•rrl. :: f'qr · 

daLa r;ivc n ill a ;~x;~ cont. i nt~ency tal.>le :u ·c al:.;u cc viewed . I\ ' ' c~w fii(: IIIIH~ r· 

ui' l. l11: C-L.y p•· !':uni l,y i.: ; :; Lt rd j c:d :l tlil Llrt ) •: •>tTt: I :LI, i 0 11 i 11 L I re· C-L.Y J>t ' 

'1'1 11 ' di::t. r· iiHrLion ui' l.lw ::11111 • 11 ' t.w11 lot~i::l.i<' r·a 11dnrn v:l r· i:dd< ·:: i:: 

obL~ÜrH:d a11d tr :; ine t lt.i.:; n~:;u.LL we OtJL:tir r l.l 1<• C - Lypc : : :11111- t> l'-l,wll ln1•, i :: L.ic: 

distribution in ~ection 2 . 5 . Comprt r i son of the C- type dü;tr ibutions 

with the bivariate normal J .L:; Lr·.Lbu l.ion a t·e pr<..: :;enl, t~ d in ~:<~cl.iorr : ; C' . (> 

anel ;,? . 7. 
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2 . 2 llirlicr Hcscarclt 

Ur r runt l,y::i. rw. •:<!lrLLnrJ,t·rH:y Llll1l•·:: W•· rnzr .. Y di::l.irw:rri: : ll LH<> l·.ir rtl:: •>r 

problerns . l•'irti L; we may be intere:;tcd in anu)S:.;in~.; t.,lt e Lablc::; u<.:curdirr r; 

to tiH~ p:tl.l.C'I'Il Oi' a:.;:;oc i.ation IJc l.Wt:C'Il Lllf' I.Wo :: c l. :; OI' c :r. tc•t~nrie:: . 

ln an 1\xC eonti nt,;ency tab.L e Cite a:;:;oc .ialiun pararn<~l, cr· eou Ld bc 

c:;L.irnal- <~d lly a11y ol' Lhe (r - 1). (c; -.l) c:r·o:::; prudue\, ntLic>:: l' tH'IIII'd hy 

LI' t.lt< : rtndc·r·Jyinr; dL::t. r l l>UI, iurr 

is the C-tyve distribution vle :.; l rould expcct approxim;.J.tely ClJUal valuc:.; . 

\-lalln:nLiur r ( l~BU) Jcr ivirrt,; l.lr c a::yurp\,u l-.i.c d.i:;l, r· i h11l, iorr l'u t' 

(r·-l.}(c-1) c: r o:: :; JH'odrrcl. nr.tio: : , r ~Lvc :: a ::l,:J.l,i.::l.ic: l'•>t· I.< : ::Lirrt ~ Llr•· 

equality of the estimates of the pararnctcr of association in a n HxC 

ta.blr? . 'lhi::; \, est i s also userul to deterrnine whcther thc hypo t.,he:;i.:; or 

ur~t : j >:u·:un••Lt· r· cur r::l.arr L •t::::ociat.iu rr rnotl •·l i:: J'l:ur::i l> l• · · 1-i:tl rr··· rrdor ·l· :~ l:;r, 

pn >ptt::• ::: a 11Wt·ir~lrl.•·d ztvr• rat•.•· •·::l.iural.<tt' 11 o i' l.lr•• p: r r·:urr•·l.•·r· I J:t::•·d <ll r Lh•· 

(r·- I) (c - I) •·::L i m:tl.l) r·: : . 

l:oudu~t r r ( l'f(')) J>l't; ::crrl..: ; :t t·la:::; oi' •t:::;Cicia t. ic>ll llll/d>·l:: . \lrr•· 11l' 

these models , namely the uniform association model was subsequcntly 

<.:H.l.Led t ile d l:> tribrttion with " con:;l.arr t. l.oeal n.:;:;oc Lal. iorr" (CuoduHrt , 

l~Ul) a:.; Lo d.i:;Vi.neui:;lr il.. fr·u ru l.lrt~ curr::l.artl.. a :;:;oc:ial.ioll rnodc•l. 

introduced by Pear son (1 913). Goodman (19tH) shows l..ha t thc constant 

local a:3sot:iiltion rnod~l éll.j r·ee:; c Lm;ely wi tlr 1-lle bivariaL<~ nor·ma L 

di:3tributiorr and h e propose:.; a pol,ychori.t: correlati.c)n coei'rici.cnl.. ba:;<!d 

on his constant local association rnodel. Uoodman ' s rnodels forrn a cln.ss 

of log linear rnodels . 

Ogborn (1~Ul1) COI!ll)a r e :..; Uool..lnan ' :; Local a:.;:;ociat.,.i.nn rnodcl wiLll t.. hc 
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curnulativc octd:j - ro.tio rnodcl o(' ttllifor·mi.ty o f a~;~;oc iat. iqn prc•::c'tttc'cl by 

vlaltr 'Citdü t'f (I 1)1\U ). I ti lt i:; J •ILJH'I' , Ut ~ hcll 'l l :; lllJVJ :; l. lt:tl. l.l t•· <:1 111111 I :1.1, i v· · 

model can b e adapt e d to the deletion o f ceJ.ls , in o rdcr to lrnpro v c the 

fit or the model irr :.;omc :;pcclal ca:;t~:: , a:; l'o 1· cxtunplt· , l'ot· :;oci•LI 

ll t() ll i. I i L,Y d: l.l.a . ( >r.IHtt'll :tl: :() l '''<l l"t::•·: ; ·· • •I IIJll ll.a l. i <l ltal :'lt•.c, ·it.lu":·. I' • >~· IHd.J, 

model:; . 

Dal e ( l ~134 ) al:;o co rnpar es L Ire local VC! r· :..;tt:; ~lobal o r ctuntJ L•Ll. i v c 

ruod el:..; f or b i. var· ü.1.Lt~ o n!e rcd r·e: ;po rr:;c:; Hi.Lir c·utplr:L:: i:; Cl ll l.lrc <I i 1' 1\: r·c· rll:t·:: 

bctwcen tlte Ly pe:..; oi' a:.;:;ociut i.on~; r aLitcr t.han Lhe pararnr:terir.al. ion:; . 

/\:..; Dale poi.nt:j uut., .Local u:::oociat.ion par·a rnetcr:..; are cro :~:.; r·al.io :~ o r 

cx i~ :..; uiJtal>lc!:; o i' ad ,)acc~nt; ccll prohabiliL i• •:; , wltil.c : 1~ l ol1:tl a: ::: Cic:L<~l, i< >ll 

i n ,LJ<:w :.;ine , tl te g.lolml a nd l ocal IIIOdel:; ~ti Llt llnivar· l:tL•~ r·c•:q Hl ll ::c::; 

rnodel:..; :..;n<.:lt a:; Lhe t.CrH:ntliz.eLI loci.:;tic rnc>d<'l de:;cr ilwd lJJ l·kCttll a,:l• 

( l ~.HJO ) >d tlc: h rnay b e cons idcn~d u: : an un.i.varial.r: :;pcc .L:tlizaLlon or Lltc: 

clohal a:..;:;oc i.at.iun lllüdc;l:.; . /kconling Lo Ih l.e (1~BI1) , l. l ll' l.oca I 

/\:; we oh:;c!rve , :;ev<• rul narnc~:; ror Llrc~ :;;un<' model llaV•.! l11'<'n u:;c d in 

t.lt e li LCl':tl.ll t'e : c; ur'l'a<.:c ol' c o n :;L.anL a:; :;o<:laLion (l 't!:Lr·: ;orr , l~JJ) ; ela:; :; 

of b ivariatc distribuLions with par arnetc r of association tjJ ( Plu<:ke t;t , 

l~b)) ; ConLingency - Lypc (or C- typc) d i:;Lributiun (l·iHnlia , lyú'r) ; 

)nvar.i.anL di:,; l.r·i buti.oll (Mo : :tc ~ ll c ! r·, 'I SJ (tl\ ); •: o rr::Lan\.-o dd:: di:;Lr· illlll.i rHt 

(Cilarnber:; , l~Ü~) ; curnulctLi ve uud:; - r·aL i u modcl ol' ttnil'onnlLy oi' 

a:..;:.:;ociation (ügborn, .l.yiJ4) ; global o.ssoci.ation rnodcl ( Do.l0. , J~l~lr) . 

vle sllall p r efer 1·1ard ia ' s no rne nclature a:-; it lla ~; tlte u.dvant.ace of 

:.; lH.!C i fy l rr~ <.: ornp L etc J_y l-Ire lll t:!lltiJc; r· :_; o t' L h c• J'arnl l_y o I' d i :; L r· i IJ11 L i u rr:; i 11 
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this ela:;:; , a:; for c xamplc wll<~n wc 11::r: l,ilo' nanu:.: C- Ly p•· n •> nna 1 

d i :11. r·ll11 1 L i. 1111 , l; -l.y f H· 1111 i I' o nu d i :; L r· i I li 1 I. i o 11 , c •I. •: • 

Mo:;\., ul' l,lit' allovc t.:.i. l.ed wu r·k 1-;.Lv o..: :; t :lliplla :..; i. :: Lu t.ltc• :u1a l,y:; i:; o i ' Lll t: 

puLtern ui' a:;:;oclut.iun in Lhe t.:unLint;t~ncy Lablc: . ln Ll1 i.:: Lhe;:; i:; W< : 

shall u se the C-t.YlH.! úü~ tribution a~~ an IHHierl_yinc; nlodc:l l'or 

cate~orical cin t a and e mpha::; is wi l l b e c; i ven to t h c e~;ti rnation o f 

eurr·c1 n t-Lon o r· a: :: ;oc: i.al..ion pHr·:um·tc•r·:: l'n>rrl LI I<' t·nril. i rrt~t·rt<:y l.nltl •·:: . 

Ll11 : C- L.YJlt: d i :iL I' i.IHI \,i.oll , Hld.c il \o/c ' ::l c:t. l l •·.:1.1 1 c:t~IILi i i i'.' ' I W.Y-L.Y t •·· 

correlution coefficients , Hill Lllen he u:;•:d as i npu L r o r 1'ac1.o r 

ana~si:; mc1.hod:j . 

If Lhe l>iva riu t. c notrnal cl'i. s tribution i:.; uuppo!>Cd a:.; an untkr·ly ing 

rnoclcl l'or caLCt_';ori<:al data, earlier rc~;carch conccrrd.nt; tl1<~ c!;tirrnLir>n 

oi' Lhe laLent. co rr·clation 1nay bt~ s•uu1nariz.~d ;uj l'oilow:: . 

l•'o1' IJi.ttar·y daL: t , Lhe t et. r·ac.;IJO l"i c <:t>r· r·o· l.aL i.<JJ I c.;<t(• i' l 'icit ·I IL , 

introduced by Pearson (1 901) as a measure of bivari ate normal l atent 

correlation i:.; a wcll- known mca:..;urc or correlat.ion . 1\n algorithrn for 

l\.. :j cal<:11l al.i.o11 ll: L:; l>•!t! ll dt•:;cr·illt'd ll.Y llit•. vi. (1 '1'(1)) :t lld :u1 •·a::ii .Y 

acce::;sible compute r rout ine is a vailablc on thc Bt,lUP statis t.ical 

analysis system bascd on the mcthoct discribed by Brown and Bencdctti 

A ! ;encr;tli7.at i.o n of the ar·1 ~~tril<'fll.:; b· ~ I , 'Lnd t.ltr: l.•'L r·:Lclio r·i c 

coc t'l'.i. ci~~~~l. l.o pt>Lyl.omtHI:..; var·iahl••:: lia:; IH'<'Il t~~'• ':!< 'l ll.<·d i>.Y l ; uw:t::l.t·r· :u11l 

llumda111 (1~ .. )()1) . Un u:;i11e; 1..111~ l.l11~o ry uJ' <> r· LIH>nor·H~Ll l'llnt:l.i<)JI :; , Ll1• · 

co rrcla t..i.on hct.Hecn lal<~nt. var·iabl< ::: und·· r Ll lt ' 11ur·rn:1l. i L.Y ;L:;: :umpl. Úlll i.:; 

c:;L ima:t.ed l'rürn a general l<xC continccncy t.ablc . 
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lJ I ::::1111 (I 'Y('J) lia:: 11::c•d l.lw 11111. :~ i 1111 1111 I i l\r • l i lu •ll rl 111• · l.lu •d I'• H' 

c:; L.ill ll l.l.ill /'. 1.11\' t•ulyt:I10 l'il; I:!J I'I'r•IILl.i u ll 1' 1.<1111 d;1l.n l~ iV<'II i11 11.11 1\xt: l.ld> l•·, 

Ul:;::t>l1 1
: . 111r · l.l11111 i:: a l',< 'l1<'1 ':ll i·t.:tl.i•>ll ,,1· l.l1r· 111<'t.IIIHI Jrt'r• :;•·IIL•·d J,y ' l~tll i: : 

OL::::o11 l1a:; dt :r· i.v1·d l1 i: : polyr;hori.c corr·c•lal.i<HI c:;Lirrr:tl.f~:; 11::in1~ l.wr> 

lll• : l.ltud:; : l.l11· 1' 1111 IIIIU\i 11111111 I ilu·l il11 1<> d c ·:~l.i 1na l.i u 11 lll•·l.li<HI, Will'll l.lw 

corr elu.tion coe1'1' i cient and tlt~ tltre!.lhold:.; arr~ t::.; Limat· ~d 

simultaneously, a nd the " two- step maxirnum likclihood" est i mation , whe n 

Lhl' l.h t' t'::ltold:; :LI'( ' C:OIIIjllll.t•d I'I'<JIII l.lll' nh::t'I'Vr•d 1'1111'/',illal Jrl'< l f><ll'l.i< lll!! . 

'1'1 11' C0111par· i::UII ui' l.IH~ t•:; l.illn l.v:; , 11! \ill/', l.l11• I.WIJ lll<'l.lind :: , l'tll' /',<'l lt 'l':tl.r·rl 

Lwu lllt) (,ltod: : ;tJ'r' J il':tcLi.~.:all,y r ~< JIILV:tl<: nt.. . llt: a I : :11 J••l i 11 !.: ; oll L Ll 1: r. l. l.l1< · 

('11Ll ma xim11111 likel i.hond e:;t..t1nat.1: may l l'ad l.o dif'l'•:l't!lll, t.l!n~:;l1 1) ld 

cstimates for variablc x when p i::; estirrk'l.tcd Lhun when p ü; 
xy xz 

t::;t. imaLr:d . 'J11e 11 LWo-:;tt~p lllllXillllllJI 1 ll\<•1 iltond 11 r•::l.itnal. i on I!II'Lll<id lia:; l.IIC ' 

lld V:t i J l. ;Lt~· · ,, ,. l't•di l! ' i 11/', LIIC ~ COIIIJ11IL1il. i< lllll. l \~() 1' 1~ . 

l ,: tllca~; Le r anti lléunciarn ' ,; wcthod and Ols :;on ' :: rnc ~ t.IIOU <tre cq u i.valcnl. 

for· ~x~ tal>lcs whc n thc Lclracl1oric corrclation cocf1'icicnt. is bt:in~ 

estimated. 'lhe nethod proposed by Olsnon (l9'T9) is utilized by 1·1uthÚn 

(1))83) in his three staGe estirnn.tion mcthod fot· structurul equa tion 

modelliniS wi.th catq~O I" leal variablcs . 1\ corOJHI'l.0. r ro1t t Ln e for· 

c valuating thc polychoric corrcl:~.U.on coci'ficLt: nt. i: ; av:t i. lahl.c~ i.n Lllc; 

C XCAJ\l>l 
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2. 3 Contincency- type corrclation coe f'f icierrL!; 

~;o lli.t;aLion t' <.Lre g ive n l >y 
y 

ll = ( ~~-1) I ( tJi+ 1) 

l't•:Lr':;otr ' :; t).~ ~1ili <: lr t: : ILII ll . pJrr'u>: i rr ~ri. Í tlll Lo 1.1 11' l. t·Lr ·: w l tt li ' Í t' 

curn:la L.i.un cue l'l'ü:icrtL .t:; 

Ma r dia (1967) studies the corrclaLiun cocfficient ro r Lh e C- ly i)(! 

uniform úi:.;Lriuution and obLain:; 

n (tJi) = (~ 2- 1 -~tjJluctJi)/ (tjJ- L ) 7 
11 

'l'l t•' <:tl l ' l 'o•I:LI .i n n in l.l!t : C - L.YJH' l l t) t' !tnl di::l.r· ilHtl.i nn i:: :rl::n ,. ,,11::idc• n·•l lr.Y 

I•1:Lrdiu (1SJU'{) a nd he prc:;cnt:; LI H.! valtH~ :; or Lhe coe iT.i.eienL pH(rp) L'or 

va r :io u !3 value:5 o f tjJ (:5 ee section 2 . l~) . 

Cha rnbcr·s (lSJt}2 ) also consider:; t l 11~ con ·e laU.on co,;l'fic i P.rrL or t iH; 

C- type uniforrn and C-ty]Je no rn1nl d i sL rihtrtio ns and OlJse rv e :; tlmt 

:;o•vt:l'•L l ul' l.l~t :: :•: Ult"a::r rn•:: t) l' :L::: :ocinl.i11 11 can IJ': t:l():a·I .Y ; u r•l 

c.:onven.i.enL ly appr·ox .i.rnal.<;d by a t~~~ ~~~ ~ r·al. L:t.aU o tl ul' YuJ 1:
1 
:; cu<.:J'I'ic.: i c nl.: ; 

~Si v en by 

r = (tjJV - 1)/(tjJV +1) 
v 

i\ceonli rrG to Chaml>c r :; for· v= :!/ .L H•' oiJL<lin ;ut appr·o x i. rmLI.i.t) ll o t' 

tlte corn:laLiun coe1'1'icienL of Lt1c C -Lyp<~ un.i.ro rrn di::;t.. r.i.buLion to 

within 2 pe r c c nt , 

C XC /\1\J'J 
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a!ld l'Ot' V= () . ()li , WC oh i,:ÜII <UI :tppt'<>XÍ.IIIai.Í.oll oJ' l.llt! o:o t" l' t• );li.L OII 

coerr:i.c:i c!ll L •>i' l,ll\' C-Lypc ! llOI'IIIH l. di.:>Lt•ibiiLi nn 

Cllit.lllh•· r·:; c·o<! l't'i.l:i<'t i L r· i·· Vl't',Y l t:><•l'ttl nol. o11 I .Y it t Jlt'IIVidittJ~ 
v 

r·•:a:;onai>L•• <!:; l,i.lltaLc:.> l'o r Llll~ L:d. e rt l. co r'l'• !LaL i.ort ct~•:l't'i c i• ·rt l. <>I' t.lt•· 

d i:j tri hut .ion . 

where ~~i:; Lhe oh:;crvcd cro:.H> -lH'Odllel n~Lio for· t,ll e ;>x~1 L:tbll' , j:; a 

r·ea:; orllt!Jl,y l t ll l lill:;ecl e :;l.i.tmlLC o i' (l ror· Llll' IJ ivar·L:d.o• IIOI'IIHI 

properties o r the cro:js-product ratio and also con:~i.der· rnl'a~_;un.·:; or 

u:5:;ocial.ion ba:;et.l un Ll1e ç r·o~:;-pr·ocluc L r·aliu , g i ven IJy Llrc r;• ·llc r·a I 

forrnulu ; 

/\:.; Cliiuul>cr·:..; (lyBê) poinl.:; OttL , Lllt; C - Lype d i.:;Lr·i.buL i.on untlt:r·l i.c::; 

alJ. "lhe:: coei'i'icient::; detertnincd by tlte Ftrarneter ·~ and by an anulogy 

\á th Lhe narue o f Lhe d Ls tribution we shall call all correlaLion 

coefficients t hat are function of thc pararneter of assoc i ation ~~ n~-> 

" continuency- typc corre lation coefficien·t " . 

C XCI\1\N 
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2 . 4 Correlation in the C-type logh;tic ui:;tribut :ion 

'lhe logistic curve was firs t u:;;ed a:;; a ucsc r iption o f J..!Opula t..ion 

g r owth in 1920 anct was callecl t..lte " logi:;Lic run<:Lion" (:d:< · /\:;ltl.on , 

1Y7<:') . 'l'he lo1.5istic di!;;l..ribution runct ion l.s g ivc n uy 

I•'( X) 1 

l 
- ( ct+(~x) 

+c 

Dii'1'c r cnLLation yicld:.; the forro 

r( x) = ~H x) ( 1 -H x) ) 

_ ,., < X < ·" 

< X < ... , 

H.iv:u·ial. t' LuJ:i:;Li.c di.:;l.r·ii>Ltl. i.ull:; IPLV< ' l ~t:t ·rr :;l. rrdit ·d I J.'/ t;lltiiiH · I 

(? . ) ) 

(;· . L) 

(1961) motiva tcd by the f act that the loôstic dis trihutio n çlosc]S 

b.i.vnr·.i.n l. t· lot•. i:;l.. i c d i:;L r· ih11Lion w•·r·•· Ctllt:;id<Tt:d h,y 1;111111,..1 , lrrrl. l'()t ' IH>I.It 

di:.;t..ribuL.ion:; Lhe cut-rclati on cucr r ici<!IIL i:; ciLIH;r· con:;Lanl. ur 

rc::l.r .i.ctcd Lo Lhr i.n L<: r val (- 0. · ~olr; O. ~O lr) . 

111 I. lt i : : : : •. I: I. i ()li w. . : : 11 a I I : : I. ti d,y t. 11<' I . I ) I' I ' r • 1 : ". i ( li I i r 1 t.ll r • t: - t. .Y I " • 

logL.;Lic Jü; Lc il>ut..ion , wllich i:-; a mcrnbcr· or Lhe C-Lypc fami!_y wiLir 

logistic mar ginal distributions . 

tvJar·dLa ( l~)'(O ) lla:; :; ltown Lhat fo r :ury çuntinuou:.: dl:;t-r LIJu l-io rr 

<;o rT (X , Y) = 
j 

whcre ~ 1 , u 2 are thc standa rd deviation , H is the joinL djsLribuLion 

funct..ion o t' x a11d y and V and G are tllc uHrgi.nal dü;tr·ib11ti.o11 

funct i ons . Cons i der t he standard logi stic d istributio n with a=O und 

3=1 in ( 2 . )) which has thc standuru ue viation l~iven i.Jy a//3 (:;(~ e 

Gumbel , 19(~ 1) . 'lhen 

~(x) = fl +e - xj - 1 and G{y) = fl+c - Yl - l 

Osing the fact that for the logistic di.st r ibution 

C XCA.AO 
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A =l nl•'- ln(l - 1•') u.nd y = l ní; - Ln(L-C) 

the inLq~ra.L (;..~ . ·() u·~cumc:; 

eun(X,Y) 

1 1 
j f I ( H- FU) 

= 717 o () 
dU 

H t-1·') c( l - í:) 

WIJC"I't' 11 i:: l.lto • l : - I..Y I"' di::l. t·il llll.Ítlll l' t ll lo'l. Í fl fl I'. ÍV t'fl l•.Y (.• . l t ) . 

( 2 . ti ) 

Nt~tu• .,. i,.: l l 

prut:jr:un u::c:; ;• l, n o dc:; in r~ac lt di rnen::ion. '11 te rttllnet·ic al valtH·:; ot' UtP 

Llt•'ll L.alHtlal.t·d l'•ll· v:u· io11:: valllt ':: o i' l.lw pn. I 'ILIII<'I.<·r· ,, 1· a::::<H:in.l. i nll •I' : t.ll d 

pre::;cnt.,ed in t.ablc ~ .1. 

In orde r to compa re the vulues of the correlatio n coefi'icl.ents o f 

the C- type logistic distribution p1(~) , obtained by numerical 

intCI_jration of (2 . !.1) Hith tho :;e of t.ln~ C- typc nor·rna l di:;Lr·ilml.ion , 

(l •H >(), w• · :t. l::tt l ' l'c •::o•JII. 

C XC MO 
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'f'ablc ~ . 1 - Co r rclutl on eoel'flc ic n l.~; n
1 

( •1,), pN( •I•) aml p (jJ_ 
I U 

•!I fi L ( •!1) Pr/ ·~) () ( •!t) u __ 

l. O 0 . 0000 0 . 0000 () . ()()()() 

I . I . o ;.'•Jt> . ()5()~ . o~1n 
I . I .. . 0))11 . (}~/\ !I . (J(olJ' { 

I • . ~ • IJ'(')b .<HH s • ()I\'( s 
l .li • to;.•o • LU(>'( • I I .I . ( 
1.} . 1 ~2'( • L~>B I, • l Jllll 
1.6 . 11 1 ~W . J.I,g(, . L))) 
l. '( . 1600 . L6'7 ) . 1'{)~ 

L I) . lHO . lH)~! . 1')3'( 
1. ~ . li)~') . ;! () L/3 • ; • L I L 

:, . () . : ' l)'(~ • ; ' I '( '.> . ; ·: ,. ( ,, 
; ' . I . ;);! ;:I . : • j;J ~ . : .,, ;·~ 
., ., , ~ . ,.,. . :!J'.><> . :~llhj . ;!~'( '.J 
;! • 3 . ~ 1 1 (3 1, . :!')<;)'( • i:! . ( J ,, 
2 . li . 2606 . 2'723 . 2~311 G 
2 . ) . 2'( 2~ . cül1t, . c<;Yf1 
~ . G . 2Üjj . 2')úü . J0)11 
r.! . ·r . 293') • 30'(0 . j20ú 
? . 1\ . JU liO . 3 1'( ) . 331 ') 
; >o I) . ) l w . s;·n • ~l i ; 'I) 

L tl • ·) :I ·; I . ·;r(ll • -~ I I : ' I 
i . :· . \ lltl•'l • •; I li/( . q l tl 
) . ,, . )') . (; ' • n:··r • 1/H \t, 
) . (, • J ·r: ''-> • )1111 ') • I, Olt 'J 

J . U • JUU'( .liU]2 . ti ;~o:-> 
14. o . 4001 . 4111'7 .li 3141t 
!I . ~! • 41:2'( . liJOO . lllt'ft) 
)i • )I .li 2ll6 . 1,1,2] . l16ül1 
)~ . 6 . 4J)U .li) 39 .li'{?:.! 
,, • t) . li ll65 . I1Gl,U . liü35 

) . 0 . 4)66 .11752 . lil)ll.l 
) . ) . 4 '()1'( . 4 9f39 • } 1Üli 
6 . 0 . 5004 . 5201 . )liüü 
6 . 5 . 51Ü9 • 5390 . )5<)2 
7 . 0 . 535 '( . ) ')6 L • '/r(>(> 
'( . ) . 5509 . )716 . )923 
ü.o • 56119 . 5858 .606'{ 
U. 5 . 5778 . 5989 . 6199 
9 . 0 . 5U97 .Gno . 6320 
') . 5 . 6008 . 6221 . 6433 
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lll . ( I . I , 1. 1 1 . () ~; ·~, · '• ', H 
I I • O . () ,'!)"( • h '.J I ~ . 1 .·r : · ~ 

I ; '. lJ . t , ll b ; • . I , !, · (I\ • I> 1\1\ I 
1 11 . 0 . (J"( IIU . ( J';~ ·r ."( l (,(, 

J. ( '· u . 1 . ~ ()0 ."( J H3 ."( j~() 

11\ . () ."(l ~~ :r rr;· ."('./ ( (, 

:·u. () .. , ); ): ' .'( I j ~ ) ."U ~I 
; ~· J .u • "((111 j ."(Ul1 H . ;\() 11J 
J() . u ."( t)l)~l • B nBo . }L•(, ~ 
J~ . o . Bübl..\ . B~c.o . UI1 Y1 
I, O. O . tl:! L ~ . 1111011 . 11 ·)·r ~ 
~() . () • 1111111\ . I\(); o; I .1rre' 
·r ~ . u . BIIOL . 1\1)~ 1 1 • 'JOl\1 \ 

IUU . ll . •)()()"( . ' ) J ll ll .•):·t.:• 
1 ~.o . u • ' ); ! 1111 . ') ~ ( ) () . .,J, ~· r 

; 'U U . l} . ~ .)"( ') • I )l i/\: • · ' )') ( ''-' 
jOU. O . l)~ j l1 . l) (>l "( . •;(,1\11 
I1UU. O • 'J( ,; I I . lj/)1): I • ' I"( II 'J 

1>00. o . ')" ( l i) . '/{"{ '/ • •;H I'.J 
l c OO . U . ~1..\ jG . SJ t3"(0 • ')I..\~ I..\ 
2000. 0 .9894 . yy l 4 . yy34 

•-"' 1 . 0000 1 . 0000 1 . 0000 

cocf f i cie n t. ol" a~; :;oclution t.haL .i:; a :; impl<..: l" um:tio n or Lllc par;une Ler 

of a ssocia t i o n !• , a s we hu ve scen i n Section 2 . 3. Cha rnbc r:.; ' f o r mula .i ~; 

~:: i v en by 

r = ( 'V v - 1) I ( :v v +.L ) • 
v 

h> l l ow .i rl /~ C h :Lifl l l<!l "! i , \~ < : o l>: ; ( ~ r· v c.: l. l i:Ll. Li ll' l : n r-r(·l.aLi o rJ C(J( : i"l" ii : Í I 'TIL r o r· t.lw 

C -LY lJ'~ lot.:,l ::;Lic d i :.; Lrl bution c:un be conve: nlen tJ.y upp r·o x.i. rrnt.ed by r· 
v 

f o r v = O. Gl , t hut is p
1

(tJJ ) "' r
0

•6 1 t o \.; ithin 2 p e r c c nt o ve r t he whole 

range - 1 < p L ( ~~ ) < l. 

A bc t.tc r app r o xi rna t i on , howe v<H , i :.; o b t a incd l>y o bs c rv inl': 

tllat pL( tJJ ) , o bLa.ined by nwne r i c a.l i ntc~rat .i on y i e l d :.; vu l ues a rew pe r 

cent s mal lcr tha n p1(~) a nd that, fo r gi ve n ~. 

( 2 . SJ) 
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\:lr:unlw r·:; ( I')B:•) lu~d nll::c: r·vc•d l.llal. l.lli:; :;am• · appr·c,x iw~ti.ÍcHr J'q r·rur rl :t w:r.:: 

p N(tP) "'Pu (tP) [0. 951, + o. o4Gipu(tJ!)I3l 

On substituting ( 2 . 10 ) in ( 2 . 9) , vre obta in 

(2 . lO) 

pt. ( ,,, ) "' 0. ~)10 1 pll( ,,,)I +O. OU~ I P,,( c~) I 4+0. 0Lr(l r,,( til) I7+0. 00L I P, ,( ~, ) I lO 

( : ' . I I ) 

'l'lrl' appn>xinral.iu rr l·~ lVt'll l>y (;_> . Ll) l'; iv1 ·:: valr tc:: : 1\ lt ' l.lw cc> rTc·lll.t Í< I II 

c oefficient o r Lhe C- type lot;isL i.c to wi til in .!:0. 008 o f r~, ( l)J) l'or· al L 

'11t t: ~~xp r c.: :_;:; lun ( ~! . L L) I ra: ; Lllc aclv:urt.;q ~': t. lnl. i t. i .. : t c· lo::o·d l'cn·nr 

f o r pL(tjl) if we consider that 

!J!+ l - ctJ!~~~~~ 
= --•P-1 (tJ!-1)2 ( .) l ')) (_ . L. 

'lherefore , ::;ub:.;titutinG (2 . 12) i n ( 2 . 11) we obtaln u. very t;ood 

approximation to p
1 

(IV) wi thout, us ing nwneric al integ ration routines . 

In 'l'a l> l e ~ . ~ we p r·c s c n t t llc v alu e~:; o I' L.lr1; t:cH ' n : l:tl, i o n coe: r· t· i c i c:nl. 

for the C- typc l ogi :;tic d l::;tribut..ion obtaineu by tltc alJpr•>xinral..i.on 

fo r mulae rU . Gl anel o 1 (,~) giv cn by (2 . 11) for Geve r al values of ljl . 'i1H.: 

Lrue v aluc:,; of pL(,p) are <:llso v r e:.;ent.etl for compa ri:;on . 

CXC /\AO 
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To.ble 2 . 2 - Correlation cocfficients for the C- type l or;i stic 
di:;tribut ion o btainetl l>y ' Lpprox -Lun te f.'o rrnula c! 

~- -·- ---. 
C:xact. va1ue /\ppr o ximute v alue /\p proxj ma t-e v:t J IH.! 

o f Givcn by G ÍV Cll by 
cxp r es::.;ion r o . G1 

I~ pt.(ljl) ( 2 . 11) 
- --.. -··--

l • () () . () ()()() () , ()()()() o . ()()()() 

I ·• .. . U'/,11 • O') I, ~ • l }' J I) t' 
l • I, . t u: ~o • I ll I . ( . I () ; I ) 

.L . b . 1 11 ~:1) . l_l l lf> • 1 I,; I I, 

I . B . 1 no , 1 ' ( () )I . l '('(( 
;..: . () . ::u· r~ . ; ~()' ( ~· . , ·o; 1 ~ 
, ' . ) ,_ . 1 ,. . ~~j)() . ~! j lt'{ • ;' ~ 'Jf) 

::: .li • ;_>( ,()(> . : ')'J) • ; '(,I) f\ 

c.6 . :!U.n . ~~IJ~~l . :!BJit 
2 . U • JOI~ O . Joc·r . jUit1 

3 . 0 . :3 231 . :321'( . 3231 
1,, o .11001 . j~ Ü'} • !/)~ 3 
) . 0 , I, )66 . li )li() .li ~) i :; 
G.o . JOOit .lt ~t~ J • lt•)'( :J 
'( . () • ) j)'{ . )JitO . );;A 
B.u • )ult SI • )Új) . )bLU 
S) . O . )IJ:J'{ • ';BB() . 'J~h I 

10 . 0 . blll . blUJ . bUJH 
1 2 . 0 . últG2 . 6460 . 6JtyB 
1 4 . 0 , {)'( ltU • (>'(I , (, . I ,(,(,1\ 

l (, , () • (Jt)í>H • (>l)'(ty , I ,(\1\•j 

UI. O . '( I ';!) ,'( 1 '(() ,'(()'( :' 

:I ( ), () .'( ~: •; . ,'( ~1 , 1 , . · r ;':·~; 

JO . O , '(1\H;: ,'(•J ;_'j ,'('( b•j 

ltO. O . u~~1':1 .uc·r 1 .HU'JJ 
)0. 0 . Ult4U . tl)OU . bjlb 

100. 0 . <)00'( . y0'79 . oUG3 
200 . 0 . 'JJ79 . 'jlt!l ~ . ~:~lt O 

:300. 0 . :J531t • ') )<)'( . 'Ji t O:~ 

400 . 0 . y621 . 1)6'( ') . :;ltl)b 

600. 0 . :J'719 . yi61J . <)Gült 
1200 . 0 . ')1336 • <)1361) • :JI39 
2000. 0 •9 uy1, . :JI)J.) . ~uoa 

co 1 . 0000 1 . 0000 1 . 0000 
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2 . ) 'l'he C-'l'ypc i)urn- of- t wo Loe;ü; ti c,; lli:; t.ro i.llut i.on 

s ection 1. ;.2 1.
0 

o o 
· > t;.i ven by 

x = 1\z + e 
~ ~ 

(2.13) 

whcre x i:; the cont..inuow3 r espom;c varoiable und<:r.ly int; Lhe catego rical 

manire~; t varia\, l.1~ . 'lhü; model can be r Lttc J tt:.; 1ng only t llc cotT<:laL Lon 

cn•: t"fici.: n l.:t (uJt ·a: :tt ro• ·:: o t" a :; :;nci.:LI.i.on ) ot" L lw hiv:uoinL•· di :: L roilntl.i <l l t:: 

are ::;upposing ha ve becn formect by the underlying continuous bivur i.ate 

d i :; l. d h u L i u n • 

I f z and !:'! are both normal , t tlc joint cLi.:;tribution or (x o , x o) i:; 
l J 

bivariat e normal , which is not the same u::; the C- type distribution . 

:; t tl 0 1°ac•~ o i' <OOJt::l.: t.nl. a: ;:;<><: iat. i o tt, l1.Y 1\·:l ro:;<>l l ( 1' 11 :>) , IJ, · :u td lfi: tr t.Y <JL IH·ro 

:;irnila r . 

ln Lhe nexL :;ections we :..;hall r c: vieH Lll•~ Hay Utc L140 d i.:;Lr ilmLioll:; 

!Jetwcen t l H~ paramctet·:..; o i' bo t lt di.:;l,ribuLLon:.: :tnd cor!lp:tt'l' LlH• ll i.vn.r i:tl.•• 

normal wi th sorne other rneu1bers of thc C-ty pe farnily a::; , for example , 

the C- type logistic , the C- type swn-of- t wo logistic distribution . 1'he 

r eason for choo::;in~ SUCh distribution :> i~ expla.inerl lJ(~lO\ol . 

vle have s een , i n Chapt er 1 , that !3a rtholome\oi 1 S response function 

(tW) rnodel~.>, wll :i.c h include the lo~:i.t/ Lo1~iL rnode l. , LI!(: lot~i l:/JiroohiL IIIOd< : l 

and the lJrobit/ p r obit model are equiva. l e nt t o t he un<.lcr.)Sing variable 

( UV) model for the b i nar y variables case . ( Bart holo l:l.e\ol , forthcoming) . 
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Bartholome'W ' s models will be revie'Wed in Chapter l1 , but now we 

con:..;iuer, rur· :;impl i.cit..y, Llte b.inu.r-y c:t~w and Lltc une- l'ac l.u t· lll()d<· L. 

rrhe r esponse function version o f thc rnodel is t.;i ven by 

i =l, 2 , •• • , p 

wltcn ~ c;- I :wd 11 - J :t['t : inVl!)':;c cl i :;tr· i IJt l L.i Otl run<:Lion:; o f' ::,yi!UII<'Lr· i <::t.l 

r·andunt vari.:LIJ i t ~ :; wLLit l'.t:r·o trH ~ :tn :t t1d 1111iL v:tr·Lan<:c. JI.(,Y) = l 'r·f X. = L/.Y\ 
.L .L 

t.:; Lllt.! n : :;pun::<; l't ll ll: L i.o n n.r td .Y i :; 1111 i.l'()t'llt ott ((),I) . 

X ::: À. :r~ + <' .i .L • :i. 
i_ ;;:J , ;• , • •• , J> (: .• l ~) 

wltere z :trtd c. :tre i.ndep<.~ml e nL ..,.,iLlt Z<~ro tnt::ut, z lta:; 11 11iL v:u·i:tncr• :t.nd 
:t 

v ar (e . ) = ljl. • 'l'he binary rnani fest variable x *
1
. may be dei'ined as 

l l 

Hhe r e T . Ü> a tltrc:.>hold value . 
l 

othenlise 

'l'l t<· di.::l,t·il>lll, i<ln <lf ' t' i.n LIH ~ IJV mod··l <:<>t'n ·::p<>ll d :: 1." l . lt< · 
i 

di.::Lt·il>ttl.iurt \; in Ll tc• l\1>' mcHI<:I :utd Lltt' di: : tr· ll>ttl.i<lll IJI' '/. (l.l t< 1':u ·l.<lt ' ) 

corre:>pond~5 t.o t.hc cltoicP. o r 11 in the lU' mod~l. (lvc w i. l l pn:: ;e nt. 

l.x..trtltolornew 1 ::> l'orrna.L prooi' of' tlle equi valcncc oi' tlt e rnodch; in Chaptc r t,) . 

Jn Llt•: l•>t-~ i.L/ l ot:i.L motk l o t' IJar·Llto Lorn<.:! vi ( 1 1)1\U) , ( ;- 1 and 11 - I :u·• : 

botlt lot:;it i'unct..ions , so thi::.; is C<luivn.l ent.. to takinu; tilc di:.,l.ri buLion 

of '/, und ci i.n ( ~ . 1) ) ns logbtic di:;Lribut.i.on~;. In tlle lo[~i.t /probi.t. 

rnodel (c;-1 i :.; .Loc;it and Jl-1 i s probi t ), we have z norma l and tllc error 

(e . ) logistic. lf we use t he logi t / logit model or the logit/probit 
l 

model what distribution should be supposed for the variable x.? Given 
1 

Lha l, Wl! il:s :; UHH: t llat. l.lie di:;LrllHltion oi' X . . i.:; Ll tl' di:;Lr·L]JIIl.ion o r· Llw 
.1. 

sum-of -two lot~l:-.;t .i.c::.; or thc dl:.;Lr·ibution of the :;urn of a nor-mal p l u:; a 

logist.ic random variablc, how close is Lhe bivariate C- type :.;wn- o l'- tvlo 
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logistic, for e xample , to the biva riate normal distribution? 'lhe 

arwwcr to the~:e quc:;tiom; is thc rna.in purpo~e o f l..hü; ('ltapt.t'r . 

lle l'<>t'e <:omJ>ar·irw; l.l11· C-l, ,YJ><' di: :L r·il)ltl.Í <>I I \-1<' ::lt:LI I <J id.11itt l.lt•· 

di:;tribul..i o n or thc :;um or two lo~i:;ti<: random variahl<':; . 

'l'ltt~ di:..;t,r·ii>lii.ÍOII oi' l..Jte !illlll OJ' l..WO irtdt•JH'IIdcll\, 

l.ov. :i ::U.<: l':LIIciOIJI Vlll' Íllll:l t!:; 

'l1JCn 

Let X., i.=l , 2 be i. i . d . r . v':..; wiUJ };ta.ndar d lo•ri:.;tic di:;tribution . 
l t.:> 

= l Jt'( x.) -~--
.1. (l+e -xi) 

- w<x <co 
l 

-x. 
(! l 

d· ~ :;(:J ' ilJt ! d .i11 .l,>ltn:·.oll and l<lll.'l. (l •f(O, l:lt:qll.•· r· ;•;>) . 

'l'lt e di:: Cr·ibttt .ion o!' tiH~ ::um o i' l.wo i.ndt'JH:IIdt•nt. r· :tndom var· i n.I J it·:; 

carl ue l>l>tai11ed uy tllc dü;t.ribttLion func!.ion rneLitod , Llt<tt i:; : 

tllc n 

Jt'(y) 

!.lubstituting ., 

l•' (y) 

CXCAAP 

00 

f 
- C:O 

1 

1 

r 1 +e - ( y - X l ) l 

1 , we have 

-x l 
c 

(1 +e - x 1 )2 

f 1 dJ~. 
0 [1+e - yz/(1- z)] 

dx 1 



I 
1-z 

I•' ( .Y ) = f d :t. 

ü l+(c - y - lh 

1 
l 1 

f I 
h 

( c.: • .LG ) = dz - d'l.. 
ü l + (e - y- L) z o l+(c- y - l)z 

l-1axwt•Ll , 1~)11, Vu.l . L I) W•: I ta v c· 

1 f --- --d:z. = 1 

l+(<.: - y - L h. (c - y - 1 ) 

= 
-y 

( <~ • - I ) ( I • -.Y - I ) I J + ( (' -.Y - I. ) '/, l 

'I'herefore 

F(y) = ( -y) 1 1 
+ 

( -y) 

(c - y - 1) (c: -y -L) 

o I ' 

F(y) 
1 -·»<y <•n (;-~ . I'() 

( - y) l-e 

Wltit:ll i:; Llu' di:;Lt · ibul.i.on t"tttt t:Lion t>l" I. IH• ::ttllt o i' Lwo i~tdc·pc ! t lllc:rt l. 

standanl lot~ i.~; ti c randum v ar i. alJle~j . 

tllett 

'l'he corn~:..;pondintJ den:..;ity runcti.o n is obtained by dirren:nLiation , 

f(y) yc -y (l+e - y) 

(l-c - y) 3 

- y 
2c - ·o<y<co (? . lB) 

(l - c - y )2 

'l'h e charac teristic function o f the standa rd logistic distribution 

is tJiven by l~(eitx) = flt coGech flt . Thercfo t· e , thc c.;haractcristic 

func.;tion of the s wn of two independent logistic r . v . is given hy 

E( city ) = ( nt cosecll nt )2 
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'lhe m<'an and v a r iance o f y xl + x2 :..L r~ 

1·:( y) \) :u rd VIl,.( y) 
; ' 11 7 

-: 
~ 

'l'lte dl:;L r'iiHil,i.cnr •>I' Y i:; :;yrrniii:L r·i<" lll :tiHHil. Y := () :tllcl :ri I III<IIIIC 'III.:; oi' 

arder oJd ~re zero. 

'l'lrc• llll>llll'llL /·;• ·rwr·:d.i.ll t ': l'lln•:Li.on u i' Llw : ;1 1111 ol' Lvlll lot~i.:;L.i<::; i:; 

t.:, Í.V~Il l.Jy 

we obt a.i.n 

1·:( y '•) = 

arloe r.\( e) 
â8 e=o 

Lhcrel'o r·c the l'ir:.;t Lwo mo ulr)nt-r·ati.os ol' Lhe di.:;tribuLi.on o1' Lhe :;11111 ol' 

Lwo l ol•. i: : l.i c :: ar ·•· 

3 + 

r 'inalzy , on using retiul t.~; o f hype rbo lic function:; i L can be ::;lrown 

thal. thc dt..)llgi\.y function of Lhe f.;Ufíl uf t.wo ind<.!jJC!IdenL s t.andanl 

logistic random vuriables can be writLen as 

f(y) ::; ( l/2 )cosech2(y /2) ( (y /2)co::; h (y / 2kosech ( y /2)- l) -rx><y<oo 

The distribution of the su1n or thrce or 111ort: 
independcnt logi:.;t:ic random variable:..; 

Let Y
3 

::; x
1 

~ x
2 

+ x
3 

= Y~ + x
3 

whcre Y
2 

::; X
1 

+ X
2 

and X. i=l , ;-2 , 3 a r .. c :j tandard lot:, i.:;tic i.. i . d .r·.v':;. 
1. 
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I•' . (y ) 
) 

f ~"y (y-x 1 )1'x (x ,)dx 
_ ,., '} ,) 1 ' ~ 

1 
( ) 

-(y-x3) 
y - x 3 e e-x 3 , d x 3 

( 1 +e-x 3) 2 

U:.;int~ a ll11Jrl\'t 'i.eaL i nt t:c;na.Lion t'U11Li.rn' W• : c:ut oiJL•ti n 1.111' di :;t.r·iiHtl.i on 

liau ::;:.;- llc r mi Lc quu.draLur c w i Lh ltG node:;) . 

Llten 

'l~tc Hu.:an u.nd va r iancc oi' Y
3 

cu.n bc ea:;ily obLal ned : 

3 
J.:; (Y) = L E(\) = o 

i =l 

.s 
= ): Var( X. ) = 112 
i=l .l 

'l'lll: c la a r·: u:Lt' l' i:;Lic: l'ttll<: Lion o i' 1.11!' ::t un ol' l.lt r·•·•' •> I' rrH> t··· 

n 
Let Y = }. X. 

n . ·
1 

l 
.l= 

a nd the rnorne nt gene r ating function is g L vcn by 

J.:; ( cfly n) = fvly ( e ) = (ne co:.;ec rro) 11 = fr(o+l) r(l - o)l 11 • 
ll 

Compari son of the d ü ;tribution of thc ~>um of two lot.;.i~l.ic :_; and ~;urrt or 
three logistics with the univariate nor mal dis t r ibutlon 

In o r cler to compare the distri bution of sum o í' J oc;istic varütbles 

with the nor ral d i stribution function wc need to r cscale the variables 

such th1'1.t in each case we have mean zero and variance one . \·/c shall 
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u~;e Y/ o wh c n com.pr.trin~ t hc: d:iHtributi.on:..> . 
.Y 

IA~l. I•' (y) IH' tlw di:;l,l· iiHILioll l'illll'l,iclll oi' l.lw ::11111 <>I' _11 illdc•Jtt'lld<•IJL 
l i 

logi:;tic I 'U.IIdom variaiJlc~; . !..:o 1"1 (y) i:..; l-he d. r . or Lhe lo~i:; tic , 1•'
2

(y) 

In 'lhiJle ~ . :,) we pre:..;ent the va l u e :; ol' l,lu• di:; Lr·ibul.i.on J'llrtd.ion 

j 11 /-', v :t l.JH•: ; <J I' l.llc• llO I'liUt l di :i L r· i. l ll l l. i n 11. 

'1'1\BLE 2 . ::S 

0 . 0 
() . ;. 

o. I, 
O. G 
O. B 
1.0 
J.: • 
l. J, 
i. () 
L U 
~ . o 

~ . 2 
2 . 11 

c. 8 
3 . 0 
3. 2 
3.4 
3. 6 
3.8 
4. 0 

Comvar ü;on of tiuwc vaJ ue:; of the di:; L r· iiJution I'IHJcl. i on:; 

fo r normal , lo~istic nnd swn of lo~"i.sti.c!:; . 

LoGistic D. F . 

• ~,()1)()() 

. )li•/( l 

. h '( j.'\: ' 

• '(li /3U() 

. lllO.lb 

. B)~U~? 

. ll•JB i i' 

. ';:!bÜ) 

. <jl i '{<J) 

. <Jld2 0 
• ~ '7 1111 
. <;!HBl1 
. <JU'(JO 
. ~<Jll j 

. ~93Ül 

. ~9569 

.99699 

.99'791 

.99854 

.99899 

.99929 

Surn of two 
l.o~Ltic:.; U. l•' . 

:)()()()\) 

.) 1\l,. (I I 
(,()•,: •:· 
·r _rf/31, 
HOOjJ 
H)l'(<J 
B<J~")i' 

~;~jLIJ 

~1 1 ( >' () 
IJ()jl l l1 

~,./7)~1 , 

~.H3JIIJ 
<;U<;O:? 
<J<J~· r e 
S/9529 
99695 
998011 
99874 
99920 
99949 
99968 

Sum of thrce 
l.og i:; ti c:; D. I•' • 

'J ( )( Jl J( ) 

' i/\\()() 

!){,; •:,:,. 
. r )ltu l, 
. ( ')'( ()' ( 

Ul1<; L i! 
1\• Jl)'(:J 

<J ; •: •I\ I, 
') ltU( ) 
<J (,I, () /I 

<J'{(>l<J 
<;BI1)i! 

<J<JO L .I 
<J<J .. rr u 
996L) 
997G5 
99858 
99915 
99950 
999'( 1 
99983 

Normal D. F . 

' ,f I( )I )f) 

, . ·r· J: ., • 

() 'J'.>l l:' 
·r : "/f; 
'{ í\i\ i '; 
l'lt i ::) 
1 \)f I) ~ 

') l ' J: I, 
<j ll :,.: j ) 

:J ( .li t)'( 

<J '('( ;> •, 
<;Bt>l o 
1J'JLIIO 
'J<J)Jit 
')<j '(ll '; 

~913b) 
99931 
99966 
99984 
999<J3 
9999'7 

'l'hc loc;ü;tic clistri.bution has :t ~;ha.pc :,;im] lar Lo Lhal. o f' Lhe 

11orma l. 1\ccor dint..:; to Jolm~son & Kot.z (1<;'(0) , i f' tltt! ctunulaLive 
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d i :; I, l' i ( 111 I. i • H I (" 11 11 \" l, i c H I : ; 

-"" 
und 

n 
I•'( X) = T;· 

l 
l t •·xl'(-llx/1~) 

of the standa rdized normal and logistic di.stt'ibution respec t ivcl_y , a r e 

compared , we have 

IH ~ ) - cJ>(x) I < O.U ~22t3 

\..he ma xítmJ rn vulue or l.he differcncc attai.nect when x=0 . 7 . 1\.lso it. is 

: :ltOWll l.h:tl. l.iJ L:; IIIHX i llllJIII Ht:L,Y \)c ~ r·c•d tl<:c ~d Ln 11. v: c.l111 : i c•: ;:; I. IP lTl () . () I l >.Y 

IF[l5/16h/13 )xl - <j>(x) I < 0 . 01 

Comparint-~ now t.lte c tumllat 'ive d.i:.>t.r- i iltttLo n 1'un(:t.i.o n o i' t.llc: ::1 1111 o l' 

l, wu l111-:i ::1. i c··: ( I•' . .) w it.l1 l.lw n u t·m:rl \4o' 11h::c·r ·v• · t.l1al. 

thc llléiXÍffilllll di.ft'c r cnce , d = O. OL?.40I4 , attained al:;o when X = o.·r . 'l,ti.:; 

result.. s lw w:; Lllat the d .i. s tribul. ion oi' Lhe Hurn oi' two l.ot;istic is rnore 

~;imilar to t.hc no r mal ctist r ibution than Lhe logi.stic distril)lltion . 

/ktually, wlt1:n cotnp:u·eci in a tjraplt Lhe d i J'l'l:r'l !llCt ::; :lt' t' i rrt fH'r·cc•pl. i I>L'· · 

In Figure 2 . 2 v/C s hoH t he dlfl'erenccs betwecn Utc cumulativc 

distributions o f the s wn of tht·ee logistics and the nor~nal t.li:;tt'ibution 

function <P(x) . In this case 

l l•'
3

(nx) - $(x) I < O. OOS/034 for all x 
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the rna xirnum ai. t aincd at x = O. 7 . '!11 in :;llow:J Lhe I!Xpec Lcd r P:;ul t. Lha L 

the ::; um of three lo~istics ha:> Lhe d.i:..;tri llut.io n more ~;imila r Lo Utt ~ 

normal tha n thc sum of two logistics or the logist ic . 

'l'he di.ffer·t!IH~c:; hetWI!CII the norunl ;tnd l.ltc! :;uu1 oi' lo1::i. :;t.i.<.::: 

i n crc~;t :;c Wlle rt Lho! :;.;ali! or X i:; <:ltlltlt',f!rl ll.Y rnu l Liplyi.l l/', LlH' l'lti'Lor· 

'l'llt'l 'o·J'q l'<' Llli:: I H'oH'c•dll!'t• 1:: 111.!. ,.,.,. , ,llllll•'lld•·ol 1otl11·11 Wo· la:ov•· :.11111 ,,r 

logi:; Lic:; (ob::PI'Vl' l.ll!~ Íll<:l'<:a:>ill t~ dii'I'PI'<'IH:• ·:: :u·o1 111tl Ll1•· poi11L x: l . ll 

in l•'igure:; 2 . 1 and 2 . 2 . 
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t'J r;HJI·: ;> ,I - t:t 'tll'A III :'OII tW '1'11 .. ; :aqt-1 •1'-'1\IU Wt:t: :Ti r~· 11.~· . Wl'l'll '1'111·: lll111M/d, ll.l'. 

-..... 

mnx t nHI'" dffft-t'r•ft''" hntwnrn lh,.. )n,.., l ••lit• 

ciJ. n•~<l ttw ""~'~""' .t.I .:O. O:>;>n(ror· x-= , '1) 

? • m,, X'f llltt:n ctlt f r rnnc•• b••lv r-c•n l he nu•n- ol -

lwo lnp,lnll c n cl.l. nml nnnnn l d .r . r 
(1 , 01)1\ (for • • , '/) 

~- ml'xlrnurn dlff"t'P fiC" L••l"" ''n l ho • num o f 

-- -

l h r ro l oglnll cn d . f . A r~ lhe normnl d.l . 

O, OO'JO (ror x- . '1) 

- ---

~· lr:uu ;.; ?,, - r,, ,lli'AJI I:'OJI (IJ-' '1'11 ·: :;1q·1 til ' TIUI ·.·: I.(;!;I :','J'I r::: 11. 1' , WITII '1'111·: tl01t~1/ll, D.l-' . 

V (1!1( ) -~(x) 
-- ) 'I' 

__ _ ~-.,< 1'•/ 16 11 x) -1'>(x) 

111. Y-0 . 1111'1 1) 

- -- X 

........ _ ----

-- -~ 
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é:' . b CoHrlmr· l:.;on ur thc C- typc norunl witll tllc IJiv:u·iaL<! rrm·md 
dist ri butions 

~)ince the C-type distribution or f:;urface of con:;tH.nt an:;oc:i:ttlon 

tll~ corT~la.Liur l l l<.\. l"<.liiiCLt.:r' p ur Llre hlvariaL~ llül"lnal , ltaV(! appcar·t:d in 

Llw I i l.t•r'l tl.rrn ·. 

Pcar:;on ( 1913) compar e:> t h c :wrface of com;tan t a:;f;oc. i.aVi o rr ror· 

no rmal rnarL~i ns and (~ = O. G, >llrere (~i~; Y11lc ' s coc~l'fieienL or 

as~ociation , Q = <•- 1)/(.+1) , with thc bivariatc norHftl di~tribution 

wiLh pa r·;_un•!Lcr p = O. ) . ' l'llaL nrc:ur:; Lira L hc CIJrnparc:; Lhe C- Ly IH! 11\ll'rrr:t l 

wi th tjJ = lr wi L h the normal surface wi th p = O. ) . 

Placket t (1965) showl5 that thc C- type normo.l and the n o rmal 

(;· . l~) 

wllicll al::o 1·.i.vc ·: ; r= O . ~ 1"< >1' ti• ·Ir ( n r· p - -0 . ~ 1"•11· •1, .: tjir) . 

beLwec n Llt< ! Lwo d .i.:.>Lr .i.buLiun:; :;ltoulJ IH.! 

Man.lia Jli'OJ>•) : ;c~:.; , tltt~n , anotiH!r' I!Xpr·e:_;:;ion t'or r···l:tl.in~ n ;urd •1, wlri<"ll i.:: 

wlrere pU( •) .i~; t he currclation coefficient o f thc C- ty.J?e uniforrn 

distribution and is giv en by 

( ,, , 'U) ,_ . ,_ 

filurdia ( l~V() concludes LlluL Lhü; meLhod is bcLLer Lhan PlackeL L' ::; 

e xcept for the points in tlle nci~hhouri1oorl or (0 , 0 ) . lkin~ U! . l~) ror· 
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p = O. ) we have ljJ = ) o r p = - 0 . ) l'vl' ~~ = 0 . ;.2 0 . 

(2 . 2 1) 

bivar.i aL c: nonnal di:;LriuuLi.un . \·ir~ , Llu : r·c·L'o t' f• , p r upu::c· r·c· l:rl.i.rl/; ''' :t11d p 

the norma l bivar iate with p = -0 . 5 for some valucs of x and y . Wc 

t:OIIIJ I:Lff' Lllc' nonrnl. pr·u balli.l i. \.. i. c·:; wi.Lii Lltn:; c· o i' Lllt' C -L.Y t ••· I IOI'IInl 

d .istrilHJLio n l'uncLion l!(x , y ; tfJ) t'or l..ltr·ec dil'l'~ run L v: t. l.t te:; ()l' 1/J : 

a) tfJ 0 . 20 obtaine d by using CXlJreG::>ion (2 . 2 0) ror- r·e latinr, p and ~~ ; 

U. :".> ()bl.:1Í rwd l 1y c•xp n •:::;Í c> ll ( :• . 19) 1'• >1' p = - 0 . ', . 
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'l'a h L e <! . lr Cvrnpar·.i:;un or 1-lle IJLvariaL•~ nonrnl d.r . w.iLh Lh f' C-typr · 
IIV I"'IflfÜ d . l·. r o r dilT cn'n L pa l'ILIIlCl·.c· r· :; of' n:;:;o r : i ~ LL i on . 

Fi r:_; L ~~ 11 L r·y 
:.Jecond <! rrt r y 
'lh ird c~ntry 
l•'o u r· L Ir · ~ nl.t·y 

illv;!l·iat.e normal d . f. wlL ir p = - 0 . ) 
C- type no rmal d . r. with tiJ -- O . ~u 

C-type normal d . f . 1-.rith 111 -· 0 . 2?.6() 
t: - "y f\1' 11 o r trl!l l d • r . ~~ i. \.Ir ,,, :0: () • ; ) 

1
) 

----.------ · ·-- ----·------------ - · -· -· .. .. ~. -.. ... _ 
~: 

.Y 1) . ( ) l) . I 
I I . li 

-----

. 0092 . o~uo . OJlrlr 

-.1.. ) 
.o t:!O . o~~) .o_rr L 
• O L ~ :, • o: ''I ; I . O ~/I •J 
• () tlr ~ • ()' •:; ( I . Oiro ~ 

. 0 J l 3 • O(> I;> • () <)('I 

-l. O 
. t)J I B . \))'f( . !)~(,I r 

. <JJlr'( • Uh J '; . o~~, c, 

.u.rr 1 .066) . 10:.!2 

. 0817 . 1452 . 2111 

- 0. 5 . 0'(47 .u ·rG . 20<)(~ 
. OUO.L . llr jj . :> 133 
. uelrlr . l li'(U . 2lólr 

. I I >( •'( • : '. ( ~ I . )' ( ; .. , 

. I ~I r '; • ; 
1

{ ) l .: • • f( ): I 

n . u 
. lbl:l . :··r 1 , , . H h o 
• I ( J(J ' ( . 2'{ )SJ . J'fU'.> 

• ;?'( J L . l r l~.P • jlr ): • 

O. ) 
• ~ 't) () ; ~ .Ir lllr, . ')tiL· 
. :! 'f lu . lr:22U . ';l r')l) 
. 27)';) . 11 248 . ))13 

, J '( 2G • )14 )2 .()ü()) 

L U • J"( j:.! • )lrBc • (ÍBI) Ir 
• f(bü . )l 1 ~B . l.>l)lll 

, J'(U'.> . ))U • VJOI) 

I . 41r24 . 6279 -7754 

1. 5 .l1 l152 . 630b .'('('(l 

.Jr lr64 . 6:312 : rrr '4 

. 44 '"( 5 . 6318 . Frn 
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\ 'lto:;t 'll l'o r J'c•l:ll.ill/', Lltc• par·:uw·L•·r·:: , l.lt•· lciv:lt'i:J.l,c · ll<lf 'ltl:ll .tncl l.ip· 1: - L.YI"' 

n o rnul an:: :> i.rnilar . Uur :.5ut.:;gc:; Lio n (L hir·d t'nL r y in 'l'al>Lc :.! . l1) u:;ing 

the e xprc :; :Li.on p = r '(l 
• I 

for· r c LaL .i.ll/~ Lltc par·am<:Lc:r:; ol' l..l11: 

dl :..;t r·i bttl..i ()n :; lia:; Lil e advarll.agc o l' ,~ ivitlC bel..l..c r· v:LJ11t':; (m<ll 'l' :;imi l:l r 

t..o t hosc o(' ti l•~ normal :ju rrace) in U1c nf! :ighbour hood o.(' (0 , 0) comJ><ll·ed 

Lilllll l' l:t,, ·l\c•l. \. 1
:·. lllt'l.l~tlcl ( i' t)il t'\. 11 t' II LI·,y ) >'V< ' I'Y WIIt ' l ' c• c· xc ·•·J •l. 1'<11' l. lto• t•••ÍIII..: 

·' li'OIIIld (0,0) . 

::: .·r Coutl)ar ü>on o l' l..ilc C-type l o(;!;Ü:l.i.c, C - l..yp<~ :;ulrl- u l'- t...wo .Lu~,:j:;t.,jc;:; :lnd 

C-t..ypc ~ulll nr l..iln'e l oeJ. :; tic:..; wit..ll thc hiva riaLc n orunl di :;Lr·ihiiLi.nn 

lt.. In:: llc •c·n :dtown i 11 l, lt<' I : t::L ::t·t: L iort l.lt:J.l. l. lw C- l...Y p• · nur·u~1l 

Ji:;l.,r·ibttLivn i:.; vc..:t·y :;imi. lar· l..o Lhe bivarial.e IHH'HHI a11d 'vlt' ll: tv<: 

;jut.mesLed u::;i nt·~ p = r· '( l l'o t• t' e la ti.n~ tltt: par arnc Lcr:> . 1Ac :tl:;o h:wc 
• I 

::;l town Llutt l.lll ! lltart..; iwtL di::Lt".Í.llltLio rn: , l ot~i::Lic , :: tl llt-ol '-l.wo l o:~i.::l.ic: : ... 

s urn ol' t..lln:c; lot; i:;tic :.; a n ; v~ry :..; iru llar to Lhe llOI'rrl:ll dl:;l..ributi.un (:;et~ 

'l':.tble 2 . 1-1) . Wc no\v compar e t lw C- Lypc di:..;tr'i1Jttl..i. o n:: 'vti tlt tl l •' b ivar· i: t Lt~ 

the C- type family . 
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First 
Sccond 
'l'hird 

Cu ll ti"' 'I'Í :i•> ll u i' :iU III<' lll<'tll l lt't'!i 1>1' l.lw t:-t.,Yp• · di::l. t't l>t ll.i t!ll 

l':un i Jy (111 = O. :?í'(>(>) wiLit 1.111' IIOI'III:tl l>iv:u·i:tl.t• di:;l. t·i1,1ii.Ítll l 

l'tlll<.: L i o ll ( (l = - 0. ~) 

entry No rmal bivariate d . f . 
cnt. ry C-t.y pe O Or' IOcl.l d . f . 

en t. ry C -ty lHo! :.;wn 01' 3 lOtj L~ t.1.c:; d . j' • 

Fou r t ll c nt ry C-type surn o f 2 loGistics d . f . 
Jo'ii'Lh en LI·y C-Ly pc Lo1·~ Í.!i L i.c ri . r . 

.Y I o ( l . () () . ) I • O I • ') 
.Y 

------·· ---·- ----·- - - ---------~--·-- ------- ----~-· - ·.-

. O O~ i~ . u~oo . Ojltl t . U it B~ 

. OJ.J!I . o24c . OJB~ . {)~~! 13 

-1. 5 . 0 1 2 '( . 02J9 . 03Ul1 • O) L é' 
• UI;.~( • . ();2JS) . OJBll . 0~0') 

. ll)l) . O b I : ' . ()'J(>I • I : '( ,; , 

. u,.;ltll . \Jh j) • IJ' )' )'( • 1 -~nn 

-1. 0 . ()j;.;(\ . l)Ó.lj . O ~Gi t . l ~~~~ 
. OJ?.l • 060'( . O<J)j • t; ~;.~ ·r 

. OJOJ. . o)Uó • OS) .IH • UOt 

. OI\ L ·r l 11 ):' í' I 1 I : •r11 ·r 

. ullo 1 tlu:; ; ' I ~!, . ' (",I) 

- 0 . '.> . () '('( ,, I 1, Lll ;! I l J :·c ,oi, 
. O'(G~ Llt LU ~()~/) ~}) ' { J 

.o·re·r 1.5~0 í 1(J(> L :' lt<)(, ----
I f>C'( :··r .H -r r:.,) ll lt:•!l 
l blJ ;:·r 1 '.> ;,:'((Jl l tii(J ll 

o. o I (•U ;~·(()~) ~~11 t ) ,, l,l~i , 

I t) .I ~ í''(l~~ $H . .1'J ,,,,wr 
1613 ~!é3)2 JUSJ•J lt )Olt 

27Jl lt l92 c;· ')I '") 
)1. )L 6:.-n~ 

2'(16 lté'20 )lt~U 63 12 
0. ) 2765 llj/17 56Jt~ 61109 

:nu~ ltllü'( )(>()li (\) I )I . ( 

~UJ~ li'/( l ~>t)tJ G~GJ 

3'( :.-!G ) !1)2 óUó) '( )I ') )I 

~7Gl ) 4yy 6901 '('('( i, 

1. 0 3819 5638 70119 '(B'() 

3839 569) 7100 790) 
3899 5856 7253 800 4 

4424 62~(9 77)11 8665 
!~4 G4 6312 '(T(4 B6'( ) 

1.5 11484 6409 7875 8'(2) 

'~4~:n 64lt{ 790) 8733 
lt)Olt b5bl noo11 ~~·('() I 
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I n ri'ablc 2 . 5 WC show the vulucs o f the C\Unulat :ive cHstrihution 

ru nc:Linll !i ur l, l lt: C - Lyp•: l'lllllil,y lll id Ll~t · l>iv:u· i:rL• · Jll) f' lllal d . l · . ,.,,. Vlt}t J< ·:: 

l. ) ( 0 . ) ) . Ob:;el·v:i n~ llrc Lalt l 1: W<~ CO t H: Ludc• tllat llt t • C - Ly p1· 

<Ll'l'rox i 111al.iun o i' LlH ' C-Lyjll! loF.i::Li<: w• · •:ou l d uuiiLitd .Y l.l r•· v:tluc• ll l' l.lr< · 

rnaq;;i nal randorn va r· ·i<tbles !Jy 1)/lG a:; iL i.:> donc irr tlte univ:tri;Lt<' 

mar ginal di~tributions , mlxture o f dbtributions s uch as the s urn of the 

l ogistic plu:.; no r mal random va r lablcs , the :;um o r two logi.:,;Llc!5 plu:,; 

n o rmaJ. and t il .-~ :; urn o f Lwo no runl~; p lrr :: lc>/·~ i:: t, i. c: . f\ 1 1 I.Jr t ·:; t• IIHI 'J~ itl:t l 

di::l. r· ilnll.inn: : W• :r··· obl.:ti lll'ci tr::irw. rlllt:lt'r'ical inl.•'l-~ r ·:d. i nn r·orrl.irll':: in l.ltt· 

: ;: uu<! way a :: vH: •> IJL:t in• :d Llw d i :; tr·il t~ r l. i <>ll <> I' l.lw : : tll tl ti l' l.ltr·,.,. 1<>/',i:;l.i•::: . 

Cornpari.nl_j the vario uH rnembe r s of tllc C- typc fn.rni ly , com:idcri.nc thc 

rnixtu r e or di. :; Lribu l. ion a.bo ve dê~:cril>ed, vl i l.lt l.l re l> i.v:u ·iat•:: norma l, wc 

havc ob~;ervccl :;irniln.r re:.;ult s . 

Orrr· I'O trclr r ::iorr:: i rr Ll r i :; ::•:c l.i. cm tor·ov id t• a r· t ·:r rHr•: n l.:: I'Ci r· r r :: ir1 1~ l. l ~t · 

C- l.ypl..! di:; Lr·il>rtl..i.o n ;L:; an urtd ~.; rl.i.n/ ~ rnocl<:l l'or· 1-':Lt:Lor· 1\rt: tl,y::i:: ol' 

C a tcgor ica l l.la ta to be discu:.>sed in l,;haj)ter !1. 
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C IIAP'l 't;H j MJ\XlMUM LlKl·:LlllUOlJ J:;!j'l'lMI\'1' J.ON O I• ' 'l' lll•: 1'1\H/\Ml·:l'!o:l< 

OF ASSOCIATION OF 'l'HE C- TYPE DISTHIUvriON FOH DATA GIVEN IN AN RXC 'l'ABLE 

j . l ln l..roduc Llo11 
Suppose we observe two ordinal variablcs u· and v: that are elas~; if'iccl 

in H and C cate~<.> ri e:.; r especti ve}S . A c ro:;:.; - \..abulution o f U ' and v• ~i ve:.; 

thc o bscrve d f r ctluencien as denotcd in 'J.'ublc J . l. v/e fur·thcr a:.;:;UIIIC thaL 

Utlcl<·t·l.yint: u " an<l V' Lht~rc ai'C :;orne~ laLc •nL COIII.illiiOWõ v:l. rinlllc•:; X :r.nd y wiLh ;L 

.)oi rll. biv:u·ial.t • C-l.yp<' cli::l.r·illlrl.i<l!l . 

'l'abl e J . L - 1\ c r m;:; tabulation ül' t/:uHI v ~ o b: :c•rved ( ' rc;qiii~IH: i c•:: 

\v· 
u . 

' ..t. 

2 

a 
X 

I' 

y 

:• h c 

---------
-·::~-(~-1 111. li li 1 2 li t,, l 1 

n:. 11 ~· :> n2 112 I ., ll ,_ . 
b c 

I 

n 
al 

n a2 
n n 
ab :L e -----------------------------------

''I· I 
n . l n . 2 

11 
r i> 

n . b 

11 11 r· • 
J' C 

n .c n 

Suppose that F(x) and U(y) are the dist ribution functions of X and Y 

re~pectively a nd H(x , y ) i s thei r joint di~t ribution function . Suppo:H: tha t 

Lhe ro ru&: of Lhe Jo'(x) and C(y) are knowrr . 

Let p .. be the J:>robability that a n ob~;ervation falls in cell (i , j) , 
lJ 

i = 1, .•. , r ; j = 1 , • . • ,c . 

CUG!IAA 
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Le L 1' . , i = 1 , ~ , •• , }( und 1~. , j = l, ••• ,C l>c tile r:la t·t;inal p r ubab:ilitlc:; 
~ J 

in tlte coutinr;em.:y tulJlc , :;ucll Lhat 

a 
1• = E r. = P(U "' < a) u = 1 , .. . , r - 1 

u 
i=l 

1 

IJ 
I'( V ' t,) l) = í. (ç ,l = < b = 1 , . .• , e - 1 u 

,j = l 

\./ her e u and b are the categories detcrrnincd uy the cut or Lhe dist ribution 

IJy linc!à parallcl to the nxes X anti Y. ln oLhe r \./Ords , \./ (! ure SU}• I'o::;i n~ a 

fourl'old tablc d c: te r mined by the point ( x, y ) or by a dichotocy o r t.he 

. .. ~ . 
varlables U and V ut categor1es a anJ u res,)ectlvely. 'lttble J . 2 ;;r esents 

the probubilitie::; s upposing gi ve n rnar t.;in:.; J.o'(x) u nd lJ(y) . 

Let H 
ab = 

a IJ 
E f. p .. 

i =l j=l lJ 
a=l , ••• , r - 1 
b=l, ... ,c-1 

'l~lb1c j . ~ ' - 1\xC cont.inu~ llcy tuhle : J · r·ollal>ilit.it•~; !'ot· 1 )vc·n 
rnar·1; i n:; l•' (x) arad l;(y) 

~ 1 ') b r. 
. 

l p 11 p 12 ... P 1l> r 1 

c l'í'l I•? :' .. . P? t, ]' ? 

. . . 

. . . 

. . . 
a pa 1 Pa2 .. . pab r 

a 

Lf, l_ gb- 1 

l.l. a 

- ): pi 1 ... - :;:: llib 
i=l i=l 

CUGAAA 

t, 

- í. PJ .l .j= l. 
IJ 

- >: p / · 
.)=I .J 

. . 

. 
b 

- L }l . 

j = l aJ 

a b 
- L f. - í. ~ -

i=l 
l 

.J=l J 
e. IJ 

+ \. r IJ .. . ij 
i =l j =1 

b 

1 - r g. 
,j=l J 

r I 

,. 
j :> 

r 
a 

a 
1 - >: r. 

i=l ~ 

l 



'vle a r e suppo:.>i n i~ th o.t X a no Y h n. vc t.l l,i va rl atl: C-t.y pc~ di:;t.r í l>u tion <; r 

in other wordo , t hut, thc cro::;::; pro duc t r ut.ioG •!J a = 1 , • • • , r - 1 ; b = 
ab 

1 , ;~ , •• • ,c - 1 f o r d ichotomi cs at the catc~orie:; a and h o f the va r iablc:.; ü" and 

" V u r e consto.n t u nd e qual t. o •!1 , thu~; 

a b a b a b 
( >: }; p .. ) ( 1 - >: r . -
i=l,j =1 l J i=l 1 

>: G . + í. í. i' . j ) 
j =l .J i=lj=l l = ,,, 

a a b b a b 

( >~ r . - >: í. I' i J H >~ ~: l -
i =l .l .l = l.) = l. . j = l . 

.. \' ) /. •. p . ) 
l = l) ::: L 

1
' .. 

a :-: l , é.' , • • • ,r- -1 , ~,)U 

1> = L, :•, • • • , c - 1 

o r , u:.>i ng t.he no tnt ion ~;ivc r1 n bo v c 

H b( x , y ) ( l - (F (x) + v ,_(y)) + I! I ( x , y ) ) 
a a u a; 

( F ( x ) - I! 
1

( x , y) )(v
1

(y ) - lt h( x , y)) 
a a> > a 

und t h e C- t ype di:; Lr .i.l>uLion i:; then t-',ÍV<!n by 

a= l , ... , r - 1 
b = l , • • • ,c - 1 

1 

{ 
' ) 

l 
1.. 

\ ' I ' 

• • - ( <) -

ll l l llll 
! ~o;. ( .;,- 1 ) 1' ( x )<;

1 
( .v ) I ~ I / [ í ·( .•,-1 )1 , (,;,:J: J ) 

lt ) 

wl1c r c ~_j = 
ub 

J•'a ( x ) lj b ( Y ) , 

a. = 1, ••• ,r-1 
l> = 1 , •• • , <: - 1 

( j . J ) 

l t is our i.>uq,o:.;c t o estit:JUte the pararnctcr of n.usocia l ion '!• o i' th i :; 

di:;t r i butio n o n u sin!S the met hod of' mn.x imum lik•üi hood . 

we :;hul l der i vc t h c e x}; ression:.; fo r thc ·~ xpccted 1>r opo r t ions o r the C<'ll 

(i , j) i = l , • • • , r , j = l , ••• ,c , suppos i nt:a.C- t ype populalion unrlcrlying lhe 

data g iven i n a k xC contingency t a ble . 
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l•'o r BilnpJiCil.y Of notttl..i o n , Wl~ ~;hall 11:>•! Jt (x,y) = Jl , 
ab al1 

V (x) = V U {y) = U unJ 
a a ' tJ l.J 

= 

= 

and 

A = 
ab 

(~ 
ab 

1 + ( ó- 1) ( !•' +G ) 
a b 

a= 1 , • .. , r-1 
b = 1 , ... , <: - l 

IJy u:;ing the cxprc:.; s i on (J . 2) w~ can ca.lculatf! til•· <'X lli!CI..c<l proporti<JII 

in tis<: cell (1,1) 

~ 11 = I! 1 I = 
1 

( ~ 1 1 - A ) 1) I !2( ·~- 1) I ( J . 3) 

where ,. 
0 11 = 1 + h - 1) (r 1+t i 1) 

1\ 11 = ~ 11 - 4 ·~ ( ~~- 1 ) r 1 g 1 

for the cel h; (1,2) and ( 2 ,1) ·.;e hav\! 

J 

P 12 = 11 12 - 11 1 l = [ ( 0 lrA ;?) 
J. 

( ~ 11 -A~ 1) 1/ !2( w- 1) I 

P21 = H/ 1 - I! 1 1 = 
J. 

[ ( ~ / 1 - /\ ~ 1 ) 

1n c;eneral, r o r thc cells ( l , b) , b = 2 , •• • , c - 1 we have 

= 
I I 

1 < 0 11> -/\~~) - <~\ , b- l -/\L b-1>111~!< ~- 1 )1 

b=2, 3 , . •• ,c -l (J . h) 

hnd for the ccll:; (a , l) , a = 2 , .•• , r-l we havc 
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= Jl - 11 
:tl a - l , l 

::: 

I 
':t 

[(;j 1-/\ ,> 
a a 

a = :'_ ••• ,t·- 1 
( ~ . '.>) 

'1'11• : e xpcc l.ed Jll'oporl. i.on in UH~ c: c· 11 (a , h) , a = ~> , ••• , r- L and b :> ., •.. , c - 1 

i:; /'.i V<'ll l•.Y 

= H - H 
ab a - l , b 

!t + 11 n. , li- L a - L , b- J. 

:1. = ~? , • • • , r -1 
b = 2 , . . . , c-1 

Wl l<'l'l ' l i i_:; ! ',l V< ' l l l>.Y ( ) . ~ ') • 
n I> 

11 
ab 

= 
'I 1>-1 

>: >~ jl. . - )~ >: p. . -
i =lj = l lJ i=lj=l .l,J 

>: >: ". . -1 
i= lj=l l.) 

a = :.-' , •.. , r·-1 
b = 2 , ••. ,e - 1 

(3 . 6 ) 

:l- I h - 1 

>: >: j I • 

.i . i, i=lj=l . 

Finally , l.lt •: c:xpccLc:d pt"t> pu r·L i.• >n:: in L l 1" la:; L r· o w :tttd <·• >lt trrlll t>l' l.lt•· 

Prl = 

p = 
r I' 

Plc = 

1-'ac 

= 

CU(jAAA 

g l 

li 
t•h 

f 1 

f 
a 

-

-

H r-1,1 

11 
1'- I. , IJ 

11
1 c - 1 ' 

H 
a , c - 1 

a 
l - >~ f . 

i=l 1. 

l; 

li 1- l i 
l' '1>- 1 1'- l ' I>- L 

h =. I , • • • ,c·- I 

11 
a - l , c - 1 

a = l, . . . , r - 1 

r. ~ - + 11 
,i=1 J r-l , c; - 1 

= l ',h - !I +!I 
r· - 1 h r· - I , t:- I 

< j . ·n 

11F~GS 
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·. 
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'l'he expected frequencies in the c..:ells (i ,J) of an HxC contin~ency 

taule are Givcn by npij wherc n i s the sample and !-' . l, i = 
1, 

l , . . . , r , 

J = 1 , ••• ,c are given uy the cxpressions ( 3 . J) t.o u .·n and a r e function of 

lj) . 'l'he tr11.1 r ginul jJrOpor·tiom; .l'a . u = 1 , • • • ,r-1 and t ~b , b = 1 , ••• ,c-1 ur~:: 

eu t. i rrut.tc.:d l>.J' <~ qtlllL i rtt·: ok;t•rvl'd tU PI ''X I H~<:L(•d tllllr/',i nal 1•ropor·1. iu11:; . '1'11!' 

u!Jscrved IIILLr·c.utiLJ 1n·opur·t..iun~• are Lln~ I!Vt>:.t;uurrt li l•.el ilttJtJd t:::Liu·nL<: :; oi' tl1<: 

expected rna rginal p roportions (see Ke ndull and :.>tuart . 1~7~ , Vol. c, JlC 4 lrJ) . 

Con::;iuering the re:.;ul t. s p r e!.>enteti by Ol::;son ( 1~)'(~) u:.; cx1llained in scc..: tion 

::- . ;: , wc :; llall l'olluw lt t!l't-: Lhe " Lwu-:;l,t:t ' n:Ot x i rrnrm l iic•: liltcmd " t•::Lirnatíllfl 

ln ordcr to e:~til:1ate the varameter 'l• by the rnaxil:lllr.J likl!lihood JO<!Lhod 

we shnll now con:..;ider thc ue!'ivativc of li with n!~; pc:c t t o •I• · 
ab 

we trave 
_!_ 

l+(Cl-1)(F +G )-f [1+(1!J- l)(F +G )l2-lr 11,(•~-1)F (; } 2 

u tJ a b a u 
i1 = 
ub 

:.;o that 

= 

a == 1 , ••• , r·- I 
lJ 1 , ••• ,c- L 

nnd using thc s irup1 ifi<!d not u t ion wc lravc 

1 l :.:; - c( ·~ -1) 1-' ti 
ub a b 

----- l 

2( ·~-1) 2 L A2 ao 
J 
J 

a 1, . . . ,r-1 
b = 1 , . .• , c -1 

where u prime denote::; dif1'e1·en t iation with respcct t o •!1, 

= 1+(~-1)(Y +G ) a b 

= ~2 -4~(~-l)V ti 
ub a b 

C UtiJ\/V\ 

(J.U) 



j ') 
o <:. lJerivat-iun or thc Likelihood Et!Uatiun 

'lhe dat-a are g ivcn in un HxC continc,~ncy tuble wi th ouserved 

i'requencies n. us ~ivcn in 'l'uulc j .l. 
~j 

\)l):;er·vuliun l'r t l l :l llli.O <.:1:l..l (i,,)) ll.t'(: j',Í V<:!l lll ::f•C:l.ÍUil \ .1 ILbt! Vl : . 

'I'IH: r·et'or·e Lllt! I Íl\ e l il toOll o!' Ll11: :_;awplc: i: ; 

r· C 

L = c 11 11 
i=l .)=1 

ll . l l., 
p . . 
lJ 

wlwn: C Íü U COilül.anl Wlli cll <IOl!:.:O nut dept: Tld Ull Lltt! p:tnll:lt'l.l'l' ,,, Lu l1•: 

t ::; t.ianaLt:d und >: >:p. = L 
i .l l .) 

'l'ukinc .lut;u.r· i Lllm:;, w<: hu.vv 

= ~n L = .tnC+ 
H C 
r. r. 

i=lj=l 
n.j ~n v . . 

l lJ 

a nd difi'erentiuting with respect to ~ we obtain 

H H c n. J ()p .. 
= r. ): _l_~ 

di(l i=lj =l p. J I, 
;'\tj) 

(j . SJ ) 

1\lLhout~ lr wc laav t• l.lat: l'<'qui. red l'onnul n<: 1\n dt ·r·ivirw. !.111.: Lut. i.h .. l ilat>ud 

to obtuin a t~Cncra.l expre:.;siun ror t.hc 1 i.l\elihood c:quat.ion ÚH' the l<xC table 

<.:Uü C, 'fie :;laall ühow huw it lü ulJLair~t:J rr·oan Lubl\::; o J' diuw ra:;i.ura:; ;:xJ • . 5xJ 

ror cxam}Jle. 'l'h c general exprcssion ror· tire ana xirnum 1 ikc·li ilood e quaL Lon 

l'ur cstimatin(:!; ~~ from <iata t,i ven in a HxC tablc is thcn obtained by direct 

gencralization of the expression for table:; oi' lowcr dirnension:5 . 

2xj contingency tables 

'lhe necessary fornn.llac ror estimating ~~~ i' rorn 2xj conting ency t..abJ.e:.; are 

:;uuuuarised in taule j . j . 

(.; UliAAA 
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U11 u:.silll', (J . 'J) and Lht: t!Xpt' t!::::lo11:: r.ivv11 i11 Lal • l r! ~ . J wc laavt: 

éH 11 1 1 n 1 2 ' ' n/1 I I J // 

= lf 1 1 +-- < 11 1 r 11 1 1) + -- (-1111) +-- ( - li 1 7. +li I I ) + 
d~l J' 1 L p 12 P2 1 'J.Iv 

rl 12 ' 
0 23 

+ - - ( -ll 1 2 ) +-- hu 

p I 7 P;> :J 

'l'able j . J - Necc~tõu ry ror rnu1ue fo r e:.; t i~r~n.t int; •!1 1'ror:1 ~.: xJ Laulc:; 

Ubserve d Expected proportions ap .. 
f r equenc ies _2,J_ 

Tli j p,. 
~.) 

dl~ 

11 1 1 p 11 = 1111 li I I 

11 1 2 }I 1 7 = 11 tr 11 11 li 17- ll l I 

' 11 2 1 P 21 = g l-H 11 - 11 1 1 

' I 

11 22 P22 = g r 11 1 ? +!i 1 1 - ll l ?+lt 11 

0 1 3 Pn = f 1- !1 12 - ll 1 7 

/) 2 3 JJn = 1 - 1' 1+1 ; t+f.: 7 ·t-llp 11 I ~· 

uo t hat 

fli n 1 1 n1? 0 21 n7. 2 ' n 1 2 0 22 n 12 n 2 1 I 

= ( ---- + -- )ll I 1 + ( + -- )i! l? 

d l~ j) l l jJ l 2 1>;,>1 i>?? Jl l :> i>? ? i> I ? Jl') ) 

Jx J cont.in t;;cncy t.ulJlc:.; 

'lhe necessary fo r muln.e ror estimating •.!1 from Jx j contingency table are 

s w:ur.ar is cd i n t a ble 3. t, . 

The log likelihood function fo r :3x3 tables is obtaincd using the 

e xpr ession (J . Y) a nd thc i'ormulae given in t..uble J . 4. 'l'hus 

UFR GS 
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;)2 nll n l 2 ' ' n'21 ' ' 
= - ][ 11 + - (H 1 2 - H 1 1) + - (li ;n - li 1 1) 

n 22 • ' ' ' 
+ - - ( 11 z rH 1 ._,-11 2 1 +H 1 1) 

P12 

ll:-1~ 

+ l i " ' I . 

P :n 

l l i-'3 ' 
1 - -- (-l i ?.?. H I 1;>) 

~'23 

il 2 2 

n "I .> 
~ -- ' ' 

(-117211171 ) ~ 

'l'nble 3. 11- l•'ornn..tla(~ fo r c :;t imat,int~ ~~ frorn 3x3 con ti.rlt~• :ncy Lablt ~ :: 

übscrved l~x_pccted propo rt:Lo n:::; ()p. -
rrel!Uencies 

_l.J_ 

'\j pij dl~ 

n u .P u = liu 1111 

' ' 
ll 12 j> 12 = 11 17- 11 11 li l ?.-1111 

' ' fl ;n lJ21 = 11 2 i - 1111 11 21 - 11 11 

' ' nn ll2 ;> = 11 ;n-11 p - 11 :) +l i 
r I l i :,>;:.>-l i l r li :~ l I l i I I 

ll l :~ ]' 13 = J't-11 tJ - 11 1 ) 

' 
11 3 1 .P 31 = t; 1-1121 - 11 2 l 

' ' 
1123 P :H = r rl t 2 2 +1 11 2 - 1122+11 12 

11 3 2 P32 = l'; r 11 2 2 +l i 2 1 -1 1 ?.?+1 17 I 
') 

'-
') 
( ., 

tl 3 3 p .33 = 1- }= f. - 2: G . +lln 1122 
i =l ~ •"=1 J 

::)(1<..: lt Llla. t 

a-t n 1 t n t :~ u 21 u 22 ' n 12 n 2 2 n 13 u :2 3 

= ( +-- )!11 1 + ( +--

()ljl P 11 1-' 12 P:n P22 l? t?. P 22 p 13 p 23 

nJ. 1 11 ). ;,> n .ll n 3 :~ ' n .2 2 ll 2 3 n 32 n 3 3 
+ 

,. 
--+ )H 21 + ( -- - -- + l -- -

p :?.1 1>2 2 P 31 P 32 P 22 p 23 p 32 p .33 

CUGAAA 
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o r 

íH L' ' ) 
11 11 ll n '- ab l.l 'b+ 1 a+ I , b a+l,l.>·t-1 I 

= >: >: r ( + ) llu b I 
íhll a=ll.>=l pub [Ju u+ l Pa+ 1,o Pa+ 1,b+ 1 

' 

HxC continçency tul>le~ 

l n t nb l c j . ~ wc t> r csent thc : ru~ce:.:;;ary rurrnulllc r or e:.;Lirnn. t int•. •!1 l'r·urr• 

HxC conL i.tt 1,C: rl t:j I.I IIJle:;. 

'l~il> le j . ) - Nece :; ual'y r o nrulac rot• <::;tirnatint·~ 1:1 l' r'OJII i(xC talllc·:; 

Ul.>ucrveJ 
rrl!quencie~ 

nij 

11 11 

a =c, . • . ,r·-1 

l~xpec Lt::J [Jrupor·l. ion:> 

P 11 = 11 1 I 

P 1 2 = H 1 r 11 1 1 

1.> = 2 , • . • ,c -1 r , c > :! l'u iJ 

n 
ab 

n 
a c 

n lc 

n r1 

n r c 

CUGAAA 

p lc; 

P rl 

Pr c 

= H 1-H 1 1 u a - , 

- ,, -H I +11 l I 
u b r·- , t.J r - , c-

= 1'l- H1 , c - 1 

L 1-H . 1 1 
;/ - ' b 

= 1- E f. - l: g. +H 1 
1 J r -i= '=1 

, c-1 

l i l 1 

I 

11 l-d 1 I a a - , 
I 

11 1u - 11 lu- 1 

I I 

li - i ! -11 +ti au a - l , b a , b - 1 u -l, IJ 

UFRGS 

I 

- 11 1+11 1 1 a ,c- a - , c -

-ll +I ! 
r-1 , b r-l , c-1 

- I: 1 l 
r- ' 

I 

1\_1 c - l 
' 
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Sincc t ltc JH'obabilitics p. , i = 1 , ~ •.•• , r , J = l , • •• , e :u·c~ g i. v•: n i. n 
l. j 

~ Lahle 3. ) a nd nl::o i.= l , • •• , r; .l = J , ••• ,c ; Cnmt (~ . ;·) and (~.(,) 
,) ,,, 

we ltave 

( 
!..l 

11 = ~-) - [\ ,)/( ~(<11- l )) 
ali ab a,> 

L :; - :•(,1•- l)l•' ( ;I 
nll ll • 

1\ ~ 
llll 

11 ..: 
lll> 

:?( ·~- .1 ) ') 

a = 1 , . . . , r·- l 
h = l , ••• ,c: -1 

IJy IIIU.ll.lplyl rt t; a pj>I'OJII ' Í.al.< : t!l.t 'llll:lll,:; a11d :!IIIIIIIIÍ. IIt·: OV<!I' j lllltl .Í • 'J'Itt• }>:rt·:rtu•·L• · t· 

1jJ cnn t hcn he c :;ttmatcd u:.;in~ an i te r al..ivc mcthod for :.;o L virrc; Lhe l i kc:l i hood 

cquation and by c quating t he obtierved and c xpecte d ma. r c;i nal propo r· Liom; . 

l!owever, a:; we havc; :.;ccn i n c xn.rnpl.0.~; ro r srnall eont.i.nt-~r.ncy LalJl<!:: , a 

more convenicnl. expression can be obt:ürwd by ob~;~rvinc; Lha L in Lhe expans ion 

of the expre[;sion (3 . 9) the cleme nts 11 U.JlJJCars only in t h e t ennu 
ab 

co rre~;pondint~ l.cJ :t fottr·f'old Lable l'o r·mc·d IJy cc l.l :: (:t. ,l >) (:t , lr t- 1) , {:.. t i , 1,) , 

(a+l,b+l) ; a=l , •.. , r - 1 , u=l , .. • , c - 1. 'I,H.:re :trc (r-l)(e- 1) ::u<.:h fo<trrolrl 

Lal>le:; ltt !ti l l<xC conLillt ~ t ~ ttey L:ti> L•: , :;t) Wt• lt:LV<! :t i"L ••r· J>IIL I.in t-~ Íll o•vidr•fi(' o' Llr•· 

<!lerne n t I! a ljt~ ll<: ral ter rn ~i V•~n by 
ab ~ 

n 
ab n h 1 a , + 

n 1 n 
L \, c'l. + 1 }) 1- L t 

a •r ' u + -'---'--'---- ) I lu. b 

Bwnming over a a nd b and equat ing to zero 1r1e hav e the likelihood equation 

âR. r-lc-1 n 
ab 

n 
a , b + 1 

n 
a + 1 , b 

n 
a + l,b+ 1 r 

= E E ( ( + JHalJ I = o 
âtiJ a =lb=l Jlab Pa , b + 1 Jla+ 1 b J..la+ 1 b+ l 

' ' 

(3 . 1C 

CUGAAA 
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3 . 3 L)olution o f tlle l :i.l~< :l:i.lloo d cquatlon 

'l'ltc :;oJul.iu n o i' Llu: li.IH!liltuud <:qwtLi.o rt i:; oi> L:ti.ttl'd by Llu: il.t•r·:tl.jvt: 

rnethod known u~; ' thc rncthod of scor ing ror parametcrg ' (Kcndrül a nd ~~tuarL 

a~nL 
,,, = L- ( )lt, = t. +- ( ( ) • I I ) 

wltcn.! var tjJ i.:; l,lfl• a:Jympl.otic var.i.attc<~ . 'nr<' p r oee:;:; :; l.al'l.:; l'rorn ::orm: I. r i.a.l 

desi r cd degree ui' accuracy . 

Differcntiatin~ (3 . 10) with re:.;pccl. to ~~ we huvc 

r-lc- 1 
= E E (( 

n au n 
a , b+ 1 

n 
a + 1 b 

' + 
n 

a+ 1 b+ 1 ) 

a=lh=l pa+ l ,h+ l 

a n ap 
li ( 

ttb a i> +- --- --- + 
ab 

atjJ p~b aw 

n í'lp n , l>+ 1 a o+ 1 

l) 2 ()·'' a , b +l ~ 

+ 

+ na + 1, b aj) a + 1 ) h 

p~+l ,b dtp 

n 1 1 ()p 1 1 
a + , b + a + b+ )l 

p ? ()ljl 
ã + l , b+l 

'l'l re expect <~d valu r~ of' 
;),fi? 

t'i.r·:;L L•:nn tJt' l.lt•· <'XIII ' t·::::ion ( ~ . [;•) i:; l'<' thfl· t: d Lo i'.•·r·n . :;. , 

a22. r·-lc-1 
I 

1 3p l ()p 
a o+ l 1!:( ) 11 E E (lia b ( -

ab = ---- - + ' 
()ljl2 a=lb=l pélb dtjJ pa b+ 1 ()\f.! 

' 
1 i)p 1 1 apa+ l b+l a + b )1 + 

1>a + l b dljl pa+ 1 b + l dljJ 

' , 

(J . l2) 

+ 

(3 . .L3) 

'l'he r cqui r ed fo rnulnc fo r p . . and 
:t.J a z R. 

()p . . 
__u_ are :; c l. out .in 'ltLIJI.c.! 3 . ) , 

dt/1 
then the expre:..;:; ion:; and E( ) c un bt ~ calr:ulat,~d :tnd a I ::o tltc 

iterative method ~i ven by (3 . 11) . 

CUUAAA 
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'lhe numerico.l }Jroce::; s ror estimatin~ ~~ nu st sto.r t rrom ~wme trial va l ue 

t . 1\ sitn}Jle etil-irnute of ~~ can be construct-ed ::;uppouing tlrat the juint 

distribution is divided into fou r quadro.nts by lines X=x and Y=y . Lct 

A, 8 , C , D be the rre<1uencies ot' pain..: (u. , v.) in the HxC contingency table in 
1 l 

t. h e 4uadrant:.; (X<x , Y<y) , (X<x , Y>y), (X>x , Y<y ) and ( X>x , Y>y) rc: q u:c l.lvt! l,y. 

A 11/il- UI"Il L (•:.;t i UUlL C () I' •!J j :I 1'.1 Vt'll hy t. = 1\ll /l '~; . 'l1u · J'n·•ptc·r H: i r•:; 1\ , ll , l; , ll 

tiepe nd 0 11 l-he f'Olllt oi' didtOl.OI!Ji (x , ,y) . f·t.anf la ( 1 ~/( O) po Lrrt.:.; ou t Lha L 

un O~Jtimum choh:e ror· ( x, y) ü ; tlmt 1~llieil minim li!.e:..; vur( t) anJ ::.dto wl; t.fuü 

LIH~ vurianc:c i:; ruinirnlzed w.iLit r e:;pccl. Lo X llltd Y il' (x •. v ) i:; l.lw pop11lllt i o11 

medinn vector, ie., whe n Hx) = U(y) = ! . ln the nwnerical proccs~ we can 

start from some dichotorcy point as near as po:..:sible to !2 . 'lhe particular 

choi ce of the startineS value is not so important in this iterative preces::; 

because the p r ocess converges rapidl,y i n the first few iterations . (We 

have obscrved empirically , that for a startinb value t = 0.5, the iterative 

p rocess g ive::; the 5amc re:.;u.lt as i'or t = AD/ HC wilh approxi.rnatcly ttw :;;une 

numue r u r i 1.. eru.l iun:..; . ) 

3 . 4 A !:ie rie::; lii v ing 'l'he C-'l'ype Distrlbution i"unction 

ln this :-;cc tion wc sltall pre:;cnt, an nlt-~!rnut ivc expr·e:.;:.;ion t'or· tlw 

C- type distribution function H = ll(x,y) , obtainct.l by u sint;; a bino rni.<tl 

t ~ X_illln Sion 01' the o ricina.l Ú)rmulo. . 'lht~ ma i.n l"l.!tl!.iOCI ror :.;ea rchi.rlj .. ror an 

alternative ex1J r c:;sion ror li is t o a void thc munerical p r oblcum <i risint: r r·nrn 

evalua.ting the rnaxirnum lik.cli hood e s titru;.te t'or values o t' 1)1 in thc 

ne i ghbourhood of l. ( ~=1 where X a.nd Y are independent r . v . ' s). 

Let a = ;,!J - 1. 'l'he C - ty jJe dist r i bution function, il , becomes 

l I 

! 1 + nÜ'+G) - l(l+a (I-'+U) )/- l,n(n+l )t··u j ? I ! = 
., 
<..rt 

CUliJV .. A 
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1 
11 = + 

~(l 

On u:~ine, t.hc binorn:l f.Ll t!Xpan:;ion r or· LIH ~ tc:rrn (1+~'. )' wlwre 

'', -·- ~ ·,,(l•' ·t(,' - ~'1•'•~} ~ ,.,.'l(J•'-l,·) 'l , ''l.' ltllV< ~ , J' t I I i li 1' I J ' , _, ~ ~ v -. . , .. _ n .t: r :;uuu! n :c IH; • o r r , r e o u w rr re. 

exvre~sion , where F = l - F , 

li = 1 - li und 

+ ••• (j . l b) 

ln order to l:li mplify not.atiorr let 

u = and v = fU + FU = l• '+U-~FU . 

After expanding the a bove series until the tcrm of Lhe ordcr al3 and 

after tedious algebra we have 

~UUAAA 
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11 - J'(j = 

+ o(lJVü) 

- ub(UV~ + 1UU 2V3 + lUU l Vl) 

t 132U7 V0 ) - ••• • 

ln addition we know that 

(l+av) - 5 = 1 - 5aV + 15a2V2- j5a3V 3 + •• • 

Combining (3.1'{) and ( 3.lô ) we obt.:ün 

rtU a3u?. 2a5 U3 )o7U4 
li = .l'G + -- + + + 

l+aV ( l +aV)3 ( l+aV) 5 ( l +oV)7 

42a llu6 132cx l 3u7 
+ + + .. . 

(l+aV)ll (l+aV)l 3 

CUGJ\AA 

14aqU 5 
+ 

(l+av)q 

-1< rxV<l 

-l< oV< L 

-1< cxV<l 
(j . Hi ) 

+ 

(3 . 1~ ) 
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'l'his is the seri es gi ving H, where U = FGFG and V = FG + FG. He s hall 

prove now lllllt l he ccrlc:.> (j . l ~) conv\~rt~n:; to tht~ c~xpre:; ulon (s . Jll) . 

Lt!l 'I' = 

loll.! h H V t! 

( l+nV)? 

[l---
(l+aV)2 

, <..> rt u:;in1.1, lht: ldnt)rn!ILI t:XpllrlldOII oi' (1-'1')~ 

~~ = 1-
(l +aV)? ( 1+nV)4 (1+ nV) f> 

2 . 111 (l 1 ou s 
- ... 

( 1 +n V) 1 fl 

2a 2U a 7u 2a'•u? )n()U1 
= 1 - [ l+ + + + ••• 1 

(l +rxV) ? (l+rxV) ? ( 1 +a V) 11 (l+ctV) r, 

'l'hen 

l,a2u I 2a2u a2u 2a 1'U 2 ) rt 6U :l 

l - [1 - l~ = fl + + + + • • • I 
(l+nV)? ( 1 +a V) 7 (l+nV)? (1-taV)'• (l+rxV) h 

111ld wc I UiV(! 

a2U 2a4U2 5aGu3 (l+aV) 2 l, a2U 
l + + + + ... = {l - [1 -

( l +n V) 2 (l +nV)'• (l+nV) fi <!a ?tJ (l +nV)? 
( 1. :!0 ) 

Uu lhe other huno , exvre:..;:.; icm (J.l») may tJe wr·itlen a:..; 

aU a 2U 2a'• u '2 )rxbU3 lll aflU'' 

H = f(j +-- [1 + + + + + . . . l 
l +aV (1 +aV)2 (1 +nV) 11 (l+aV ) 6 (l +nV) fl 

or, on u sing (J .cü) 

nU (l+aV) 2 4a2U 
1t l l i = !'~(j +-- {l - fl 

l +aV 2a 2U (l+aV) 2 
l+aV l,a2U 

1! I = l•'G + - - {1 - fl 
( l+nV)7 

l +nV 1 
= f(j + 

ca ca 

and finally, returninG t o t he I·' and (j not ation , r cnl<! rnberi.nt: l11.tl U 

CUGAAA 
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V = F'G + fu = F + U - 2FU , we ha ve 

L 

11 = l•'(.j 
l 

+- {1 + aO'+<.; - ~fo'G)- f (l + a(ft'+(j- ::!t•'G))2 - l t a2t··c ~cq '2 l 
') 
I .ft 

.l I 

{ 1 + •t (F+G) - ((1 + .:t(F+u))2 - 4c,(n+l)Ft;r!l! = 

wl t icli L:; Llt<' t' XJII'• · :: :: Í t >lt ( ~ . I lt) t; iv • ·rr a lH>V• ' · 

'l'lt l! r·' : r() r·' . • l. l lt' : ; ' . ,. i I • : i , .. , i v i l lf'. l. ' " ' t; - l.,y I " . I I i :: L r· i l )1 1 L i "I I , . i 1111: L i I>" l l • i : : 

1; i.vc: n h.Y t'Xpn ~ ::: ; i.o n ( ~ - l ~ ) , wh i t: ll i 11 I. h •· I•' :tnd (; '"' L:t l. Í •>n •· · 

,, J 

al"uF'G (l ] ( l•'G f.'l_; ) I ' ~ ( I 't' f·(' ) ' I (l 1 J 1 I 

11 = jt'(.j + + + 
l +a (FG+F\; ) [ 1 +a ( l•'C+f."t;) 1 3 f I I a ( fo'(; I· j:'c ) l ') 

) a 7 ( l•'(j ~(;) 11 ' Llla9( !•'C PC' )-' lt ;•ull ( l•'t ;Pf:)r, 
+ + ·I· + 

r l+a( I•'G+ j:'(j ) F +.1 t· a(l•'(; l- ~t ;) ] <J f I 1-(x( l•'i: t- ~·~ ; ) 1' l 

l32a 13 ( J.o'UPG) ·r .L 
+ + ... 1 ai < ( 1 . ~.? L) 

( l+a ( f C+FG ) ]1 3 ( t··C .. rc;) 

The expr ess i on (3 . 21) may be ve r y u sef ul in situations where we want to 

a void nwne r ical p roblems , as fo r e xu mpl c , usi nu; thc C- typc dlstri bution 

f u neLi.o n r o r· a ::: O. 

decided to include this alter nativc c xpression in the cor~uter prou;ram ro r 

t he maxiJm-1m likelihoo d method described in section 3. 5 when O. 9e <: ·~ <: l. 0~. 

l k:l'<.>t't ~ t.:o rnp: t r i nt ~ t h •: rll llnt; t· i.ca l v a lllt: :: l'o t· li /', Í. v• ·•r l ,y <' XJ•r·• ·::: : i t >lt :: ( ~ . llt) 

a nel (3 . 2 1 ), we lJr e :.;ent Lll c dt:! ri. vu Llve o i' li wll. lt r e: :pe<: l. Lo 1x, \.Jh ic l! i : : a l. :;o 

necessary i n the ma xi mum l i kelihood est irnation rneLhoJ ro r values of 1j• nchr 

l. r'r orn (3 . 21) it is easily secn that 

a H FUFG 3a2(FGF<1) 2 10a11 
( FGF'Ü) 3 

!l i = - = + + + ... 
a a ( l +a( FG+FG ) )2 (l+a (F'G+Fu ) 14 [l+a(F'G+FG ) )6 

(3 . ??) 
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ln '1\.ib1e j . l> we pn:~>enL ~H>tnt ! rltllu•:rí<.:nl VllltH!:j l 'or· U~t: C-Lyp~.: 

di:.;lribution fun<.:lion for üOIIIC Vll lUt!U o i" t.lil! JliU'IlJH\!lt:r OI" u:;:.;oclul. i on 

w = a+l u.nd for Gome vulue6 or i" anel t; . \-/c ob:.;crve Lha L Lhe appr-o x i maL iou 

r;iven by the ex}Jrel>sion (J . 21) is vcry good indced , cvcn for lurge vulues 

0 . ) 
O. ) 
U. ) 
U. y 
O. ) 
U. y 
O. ) 
0 . ) 
0.5 
U. ) 

0 . 1 
0 . 1 
0 .1 
0 . 1 
0 . 1 
0 . 1 
0 . 1 
0 . 1 
0 . 1 
0 . 1 

0 . 1) 
U. l) 
U. l) 
U. l) 
0 . 1) 
0 . 9 
o. y 
u. y 
0. 9 
o.y 

'fJ\bLc; j . (> - Cül·-lPl\lU:.JON tW IIUI-1\Jo.H IC/\J. V/1LUL::~:i Ul•' 'l'Jli': C- 'l'YI'l·: 

U. ) 
O. ) 

O. y 
O. ) 
O. ) 
O. ) 
O. ) 
O. ) 
0.) 
O. ) 

0 . 1) 
u. y 
0 . 1) 
u.y 
O. ') 
o. y 
o.y 
o. y 
o.y 
O. ') 

0 . 1) 
0 . 1) 
0 .1) 
0 . 1) 
u.y 
0 . 9 
O. ') 
o. y 
o.y 
u. c.; 

IJl:.J'l'Hl BU't'lUN l•'UhC'l'lUI~ 'vll'.l'll '1'111·: 1\l' l'l<UX UvJJ\'1'1 VJ•: 1'01\t·1 Ui./\~ ; 

li! Vt;N UY '1'111:: L::X I'IU;:i!..ilUN~ ; ( :1,:'1) 1\Ni l ( :l . lti) !'UH :~UI•~ I.; 
VALU~!..i 01-' ~~ = a +l /\NU V<.m !..im•ll:: V/\LUL::G Oi" Jo' MIJ ti . 

O. lOUOUUO 
U. )OUUOOU 
u.yeououo 
0 . ')')')')1)1)9 
l.UUlUUOU 

l . U<:!UUUOO 
') 
'-

10 
lúü 
200 

U. lUOUUOU 
U.)UUOUUO 
O. ljüOUUúU 
o. yyyyyyy 
l. úUlUOOO 
1.0200000 

2 
lO 
100 
200 

0 . 100000 
0 .';00000 
U. I)UUOOU 
u. ':}IJ')\)1)') 

1 . 001000 
1 . 020000 

2 
lU 
100 
200 

C - '.1.'Y Pt. IJ . l<' . 
li 

U. lcUl<t( 
o. 20'( 107 
U. :.!l1!J'( jÜ 
o. ~(>li'(UG 
U . ~)UUBI) 

U. :.!)l2J'{ 

0 . 21)2UI)J 
u.:nc.;u·rJ, 
0 . 4)4)11) 
o. l, (JL>')UO 

U . U~<IU I,u 

O. UUJOI)~ 
U. OUI)UJ ) 
O. übó2::S) 
0 . 090000 
0. 0~0161 
U.OI)l\11()1 
o. o:nrre2 
O. O')YÜ'() 

0 . 099937 

U. U0121U 
ü . tlU))Jo 
u . uo~tJr 
0 . !.5:.-'J)~') 

U. UlUOIIY 
o. e10162 
O.UlGI)U) 

o. <..14ll60 
O.d'(4li'fY 
O. ddl099 

11 CilVEN 13Y 
( :I .: '1) 

0 . 1~:0'.>0~ 

O. <!O'( 10'( 

o . ~t,~nJ·r 
O. ; ~ )OOOU 

U.<! '.>UU(d 
o. ,!)l;..?JU 

o . ciJ~ô'JJ 
o . :nY498 
O.l4J'()lj 
o. 1, ,, ;..~'' c'J 

o . ú)I.H~l,;: 

U. OôJOS/) 
O. OU')IU'.> 
o. oyouoo 
O. OyúUOU 
0 . 0')01)9 
o . o~hl, ól 

u. 0l)d'(d2 
O. ü')9i5'7 ) 
0 . 0')9937 

u . uo1:2W 
u. BU))JU 
U. t)UI)UJ'( 
0 . 1\lOUUO 

o. Bluuuü 
o. U1u161 
o . 8HJ9U) 
o. t\411)8 
ü . Ü'(êO'(O 

o. tnG23) 

l! GlVEN hY 
( :,! • l i,) 

0 . 131'(6;.-. 
o. C! O'( ll, l, 
O . C:IIW( j'( 

O. ~';UOUO 

0 . :-!)0UL) 
() . (')J:•j(~ 

o . ~~)ü)J 

* 
* 
* 

u . ()~),,. rr o 
o. oU.HU 
U. UUI)UJ'.> 
0 . 0<)0000 
0.090000 
0 . 0901)1) 
O. ú<.J)Ül') 

* 
* 
* 

u .um;.!ló 
o. UU))JB 
ü . UU•Jdj'( 
U. IHOUllU 
U. blUOUO 
O. lH0161 
O. {Hl>l)05 

* 
* 
* 

* values g r catcr than one . 
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of ~' (ora) . 'lhe npproxirnn.t.io n gi ve rt lJ,Y (3 . 16) i:{ vuJ.Ld o nl,y l'or ~;rna 'll 

values of' a . For vn.lucs of' ljl vcry ncar 1 , the approximation ( ] . 21 ) ullo ll'l cl 

b e u scd i nstead of the cxvres:>ion (3 . 11~) ( ucc f or exarnvle l.l1 c ca:-;1~ 

~~ = O. YS/SISISISJ i.n Lhe taulc). 'lhblc J .G i:; presenteei hcr·c f o r ·Lllll!;t.r:tl. iv• : 

p11rpo::e:; on l,y. 

) j ll Llll' li<' Lg lliH)Il!'lltHH I I) r ,,, = I' ,,.. , .. ,, .,. arrd :ll' l.•·r· 11:: i,,,~ 1.11· · 

rti/J 
ll!JprüXÍ!nu.t.io n t_';.i Vcll l1y t:Xjl Y't..::;:; i.o n ( J . :':') oiJL:tÍll<!d t'r·orn ::•·r·i<!:; t'Xp:11r:;i1J1 1 tlt' 

11 . In this exumple , the tn.ble analy:.;ed is v;i ven by thc JxJ tablc : 

) 29 
l,y 

131 

.LO'( 
3'( 

29 

G~:d 
(,o 

1 '(2 

the row marg inal proportions are 0 . 7 295 ; 0 . 0826 a nd 0 . 187Y a nd thc colurnn 

rnart_';inal proportion3 are 0 .4012 ; O. OS/'(9 a nel 0 . )008. 'l~H~ d e! ri vati v e o f' Lltc! 

l•lL l'unction i!; plottecl for values of 'P in thc intervul O. S)U .-; •11 ..; 1. 0 2. [t 

is clear f'rom l•'ig. 3 . 1 Lhat tl1e :..; e r :i. c:; c;i vint_: thc C -tyw~ di.:.: Lr i.!Ju Li.on 

!'unction i:; very u:.;eful in :;i.t.uati.o n:J wll c r e l.lre t'lllo c: :;t,i.rnal.<! o!'·~ i:; 'i.n or" 

ncar tll is i nte r·val. Uc l'orc u:;i n(S tl1 e approxirnat..i.nn nonc;o rrv <.: r (SCnce or 

the iteration process was observed in this example. 'lhe figure shows the 

nwnerica 1 vroblems near the point of sinGUlarity of the function (a = O or 

1/1 = 1) . 

On u sing the maxirnum 1ikclihood rncthod Jc:.>igned t o e:; t i. rnatc ·~ f'or a ~a!l:. 

of empirical data where several va riab1es are practically i ndepe nd e nt 

( ljl : 1) we observed a lüGh proport i on o f cases o f e i t her a lar ge numbe r o f 

i.terations o r· no convcrgencc . /\i'tur includi.nG thc fl.!JlH'oxirnii.L .i.o n J'or· Jl 

g ive n by express i o n ( 3 . 19) the problem was so1ve <l , 1eadinG to ;l n impro vement 

o f the method . The test was perfon:~ed for s eve ral contint,;ency table s . In 
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table 3.1 we present some o f the resul ts showintS the e stima te o f tli , the 

dcrivutive o t' the loglikclihood runctiCJn and t.he nuruiJer o r iter ation:.; or ttJc 

iterutive process for the maxinnliO likelihood rnC!t hod hc f'ore a nrl a l'te r u:;inll, 

thc :a~ric~:: t·)vc: n by {j . l~) in tllc: l rll.c rva l O . ~B < t/• < Lo; ·. H" po i 11 t 011 t 

Uull, 111) lllllll t'I'Ícal p r oiJlt:nt: \.Jt•rt• DII!><!I'V t'd \.J ÍI.It 1.1 11' ll}jl,tlf'lLiuu ror l,h(• lllt't.hnd 

out::;ide thü; irrterval. 

( * ) 

'fahl~ j.'( - l)a rametc r e:;tirnatc, df! r ivn.Live o!' tltC! lot.; l.ikel'lllood 
funct.l.<)ll ·· ntuni>Cl' of iLt!I'Utiom: l'or· ll !H:t o i' '/,t :r o t;t)rrt•l~tl.o:d 

variablc3{ * ) ucfore and arte r tllt-! i ncluulon o r the :.;e r ics gl v lng li 

lJ~FOHE AF"l' J:::H 
a L é) L 

ljJ N o r ltcrutions 1~ N o f i t.crat. ion~; 
í)t!J <H• 

l.üOOOU 10ü2Ul 400 o.yyo -O.OU2U 2 

0. 99991 _ I,3930U 3 0. 997 0 .0012 3 

0 . ~~~;.?;;! o ll l> 1 .uu:rr o .ou: ·e ~ 

1. ouuuu J UG)) j 1'{() u. ~u·(l, U.UO)U J, 

u . yt}bJU O. Olltl f::)( o .~~lY O. OU)l j 

l. 00031~7 o 140 0 . ~960 o. ouoJ, 2 

o.yy12b - O. Olóü u 0 . ~~ 110 U. UOÓi! ;.> 

1. 02211 - 0 . 009U 6J 1. 017) - 0 . 00')'( ., 
r_ 

o. t.j'(J'( -0. 0102 li..l u . ~U02 U. UOlU ·r 

'l'he data used in this table a r e from thc Uata :Jet No .4 (tireek Lata) 
to be described in chapter 6. 

Finally , we might considcr thut in somt~ case:.; , the al t e rnntive 

cx1)ressions for H, may be useful for I..! Valuatill~ til ~ correlation eue rricienL 

fo r gi ven rnargins . A!> un example wc havc u:~ed the se ries t:,i ven by (J . l6) 
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for evaluating a n approximate cxpression for the corrclation coc1Ticient of 

t.lle C- t.ypc lOt!,Í:Jt i c d Lutril.Jutiu n. 

ün using the c xprc:.>sio n (:!; ÍVen l>y l 'lA.n.lia (lyG'() : 

l 1 

cordx •. v) = 
o I v:' 

anti pu ttine, I" = 1/(11-e-X) ; 1; = 1/(1 •e - .Y) and 11 l'.l vc tl I•.Y (~ . Ih) w•· ll a vc· :LI'L•· r 

C- type logis tic distribution 

3a 
= 

uo 

r 1 -

a 

. ) ,_ 

lla2 
+-

j l) 

jl>j 
n~ + -- nf• 

JY2ü 

5 137 
1'.1~ + -- ll lt -

c'• you 
'( Gl 

7 l (l .. • • • = 
lüOUO 

I ai < 1 

l"onruln ( J . cj ) t~i ve:; a very ~~oud approximatiun for ütnllll vaJ11c:ü ol' "l , 

e ven i f wc u:J<: u :;rnall nurnber o f terms . llowe vcr , ro r valucs oi' l'l > l, the 

tu l>le é!.l pre~.;entetl in c hapte r ~ s houlct b e u:;cd . 

j . ~ Conti ngency-tyve correlation coefficients for 
po .l.y tomous data 

In the preceedi ng sections we have presented t.he maximurn likeli.hood 

met.hod for est i matint;; the paramet er ~· of the C- type distribution ror data 

~iven in an HxC contingency table . 'H1e parameter o f association ·~ is the 

conuL~tn L cro:.; :;-l'roduct r·utio ror LIH: ( r-1)( c -1) rou r· ro1d \,;.tule:; in L1w l<xC 

table and may be dcfined as the global cross- product rat io when the 

underlying model i s tbe C- tyiJe distribution . 'lheref ore , the measure s of 

correlat ion as funct i on of the c r oss- product rat i o presented in section ~ . } 

for 2x2 continge ncy tables may be used in the sarne .:ay as estir:li.ltors of tnc 
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latent correlation coefficient for RxC conti ngency tables. We then have 

contingency- type cor r elation coefficients for polytornous data . 

Al t ham (l ~HO ) voints out that i t \-IOuld be convenient to have a :Jinele 

expr·e :; :.;ion i'o r tl11 ! rnea:; r1re o l' a:;:_;oc iat.ion o i' U H: r·o\-1:: anel c:nlruun:: o i' a 

l.alJ.Le , r·:tt,lrc r· Ll ran \.Ire wlru.l.r! ::cL o r· ( J:-1) (:;-1) c r <J:::;-r·:d,io:; , :urd :: I r•! 

pn>po::t•:; \.111' clt •f'Íii l\. Í.Oil ui' ll 1111'\.t'ÍC 011 l ;tp1ÍVIL] t ' 11 t:t• <: la::::t•:; :t.:: IL ron:;:;Í],)t• \~: o •• Y 

oi' f.i.rtdi. ll t:~ a :; i llt-:l•~ c<wl'l'i.c i••JIL or a::::ot:i.al.ioll . 

1\H~wning tlrc C- type dü.;tril.mtion a:; an unde rlyj 111~ rno<i<'l ror· Lwo -w:lJ 

c o n t ingcncy table:; , wc !lave a :; int~ Lc mea:Hrr· <~ o r a:;:;uc ia L i.1 >11 o L' I. IH' r·o VI:: :u1d 

<:ol.l llllll:; l)f' LI H: l.al>lt! , wlri <: l1 i:; I'.ÍVt 'fl l >y l.l 11 · p:u·;wr••l.t· r· "'' :t.::::IH: i n 1.Í olll •I'· 

Contingency - Ly pe cutTI!.l a L i.on co•: l'l'i.c i.•:lll.: ; :u··· Llw11 dt•l' i rwd a•·1:onl i 111 ~ L•> 

Lhe forrnulae chosen to Lr an:;for rn Lhe a:.;:.;oc.iaL i on rncu:;;ur·e in Lo a curr·e lat.ion 

c oeffici ent . r,or uni fo rm rna r gins we s hall use Ma r ct·i.a ' s coe f fic i ent civen 

= U . A) 
ljl-l 

p r cscnted in !.lecLion 2 . j (:.;ec a.l:;o t-1unlia , 1~6·() . 

Charnbers ' coefficient g iven by 

r = (ljlv - 1)/(~v + 1) 
v 

(3 . 2)) 

can al:.;o he u:;ed ror e:>Liuntin~ Lllc latenL co r-rcl.aL.ion cot:l'L'i.c i. <:n L. /\:; WC' 

lla v c :~t!Cn in cllapLc r ~ a n1unher u r oLhe r HH':l:;ur<~ :; ui' corn:lat ion (;:UI IH~ 

conv e n i ently approxirnu.ted by (3. 25 ) for ~owe v alues of v . For example , fo r 

v = 2/ 3 we obtain a n ap_l.l roxi wat ion t o ~-1ardia ' s coeffic i ent pu(,~); fo r 

v = 0. 64 we hav e r 0• 64 ~ pN(•) wher e pN (~) is the correlation coeffic i ent 

for thc C- type normal distribution. He have :;hown in section 2. 4 that for 
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v = 0. 61, r 0 61 = pL(w) where pL(~) is the co rrelation coefficient for the 

C-typc logistic t.li!;l.rihution . 

Plackett (1965) compar es the bivariate normal dist r ibution with the 

C- type no nn.-·:11 anrl , as we ila ve :;ecn i.n :;ccti.on ~ . (> , ile :;llo>J!; l.llat t lw l.wo 

r ( w) 
p 

In Placket t ' s fo rrrn.ü a , ~ i s the cross product ratio for 2 x2 tabl es . 

"' On taking the ML~ o f w, w, Pl ackett ' s coefficient can also be regarde d a:.> u 

cont ingency typc correlation coeff'i.ci.ent ro r· l< xC table:; . Ncv·~rth<'lc~:;:;, w c~ 

:;llall :;how i.tt tlti:; :it'c l.i o rt l.lla l. l.llt~ Cl tlttubt ·t·:; t'tH•ITi cit ·td. 

t, i.ven IJy 

ro 711 = l)/(~0 . 7~ +I) ( -; . :··() 

wltt'l 't• 1jJ t:i 1.11!' tl\1.10: n t' 1j1 l'qt ' llxC •:oi!Lillt·:• ·tll ',Y L:al•l•·::, i:: :1 I•• ·I. L•· r· •·:: l. im:al.•· ••I' 

t,lle correlation coel'l'icient oi' un undt~ r·ly ln1~ hivari.at.c no r·rna L disl.rll>uLion , 

!'tH' d a l.a t·~i v c ~ ll i. tt 1\ xC \,l t.hl.o· :; . 

Asymptotic va r iance o f t he c orrelation coeffic ient estimates 

One of thc a<.lvantages of thc tnaxirnurn lil{clihood rnetltod of c:;t irnati.on 

p r esented in this chapter is that we obl.ain tlte asymptotic va riance of ~, , 

which i.s given uy the c xpression 

"' 
1 

var( ~) 
a2~nL 

(E( 
d~2 

) ) "' 
~ 

a 2~nL 
where E( ) is g i ven by (3.13 ) . 

aw2 ,.. 
F'or a gene r a l funct i on f(~), the asymptot ic variance of f(~ ) is given 
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by 

A A 

(f ' (til) 12var( 1jJ) 

A 

where f'($) Í!3 the derivutive of f with respcct to ~~ . (K0.ndall anel t;t 11art, 

l'/(t), vol. 1 I, Pl-'. • ) n. 

'l'llerel'on.! we ~; an cu:;;iJ._y d e r· i ve Llle C XJil't::lnion:.; l'or· Llw u:;ympLoLic 

varínnce ror each oi' the cst imato rs vre!3cnted in the 1Jeginnir1~ of this 

section. 'lhus , on usin13 the notation r for the estima te, we have 

= 

which is the asymvtot ic vt:~.riance or lhe contingency-type correlatio11 

coefficient utüng 1·1nrdia ' s formula lcxpression (3. 211) I . 

'l'he asynrptotic variunce of the contingcncy- type cocfficient using 

Charnbers ' rorrnula lexvres!>ion (3 .2) ) I is given by 

A 

= 12 • varC~) 

'lhe asyr.rptotic variance ot' the contingency-typc coe1'ficient estimate using 

Plackett 's formula lexpression U . 26) I is 

.... ,.1 ... 

In :..;in( ---, )/c•~~ (1 + •1/) ?j ;>var( ,,,) • 
l+t~ 2 

::S . b Nume ri cal e xurnple s 

In this section we p resent some nune rical examples of the contingency-

type correlation coefficients for .[JOlytomous data and we cor::par e the 

estimates of the correlation coe i'ficients as function of t.he maximum 

likelihood est illl8.t e or 1!J with other raethods uvailable in t he lite rature . 
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Pear son and Heron (1913) in their :.; tudy about theories or assoe iation 

used Pearson ' s Farnily Data and urrang~d 1000 cases acco r ding to tll e 

magnitude of the stature of father and son in a 7x·r contingency tablc. We 

p r euent. 1-lle dut.n l n ' l ~ tb l t~ j . l\ , j•u r·t. (a) , (:;<: t : l'•:ur:;on llrtd ll•·r·• JJI , J •)l ~ . '11• 1• 1• · 

XV , p. ::!::!U) . 

1-'ear son a nd lleron (1 913) also pre::;ent tw() tables obtained l>y u i vidin t~ 

up a bivur inte normal dü;tribution wit.b corrl.!lation vurarneLcr:;; p = 0.) u.nu 

p = 0 . 3 into the same g r oup as the ~Ye-Colour g rouping used for Pearson's 

l"amily futa . \.Je present these urt i f'icial data in part (a) or table j . SJ 

(p =o . ~) and tnblc 3. 10 (p = 0. 3) . Wt! noLiCt! lhnt th·~ tnhll!S we n! 

mouil' i t!d Lo t:.i ve wllo l•! rJIIJIIIH·r·s I n tlte c•• ll :; . 

we have t.hus Lhrce t. uble~ , one wiLh erupirical uaLa w!J c rc lhe a;;swnpt.ion 

of an underlying bivar iate distribution is plaus i ble and two , that for 

p r actical purposes , a r e artificial dato. from norrna.l surfaces . We shall 

apply our method to these three tables and present the variou::; e st imates of 

the corr e l ation coeffi cients . 'l'lle r c sul ts can be compared wi th the product 

moment correlation coerricient as calculuteu by Pcar~:>on and llc ron (1~)13) 

f r om the origina l data in the case of' t.he empirical data or with the 

varameters in the case of the theoretical tables . 'I'he expected frc quencies 

under the C- type distribution model a re also presented for illust rative 

tlUl'J..>üSeS , l ll pa r t (b) ül' the l,abJ.cs aiJUVC Cit.c d . 

tabll.!s l'o l lowed by the ana .l,y sis, whe re wc ::;how L111 ~ J•\1,1!. oJ' ~· and , wh·~ re 

releva.nt, the standurd errar and the chi - squure :;tatistic 0f goodness of fit 

(part (c) of tables J . tl, j . y and j . lO) . '1'111.! estimai-c:> or the cont,ingency 

type cor relation coefficients are also presented , 'With thc standard erro r 

for t h e case o r em~ i ri cal da tu ( pa t·L ( d) ) • 

'l'lle chi - scluure ( x2) staListic usc d in t.ltc exumples i !:i t.he u::;uhl 

C U<.iAl\tl 
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( n - e ) 2 
i .1 i .l 

eij 

with the degrees of freedorn g iven by 

Of = (r-l)(c-1) - 1 

'l'he numerica.l e xamples conf i rrn that the coet'i'icient r 0 711 deCined hy 

( j . c6) is a verj good estima te o f the correlation coefficient o f the 

underlying bivariate normal distribution estimated from an HxC contingency 

ta.ble . TI1 e coefficient r ( ~ ) would be more appropriate wh e n a C-Lype 
u 

un iform diutribut.ion undcrlies tlle du\.11. . 'L,Ie coetTi c: i·~nL r ( •b ) ovt: r-
p 

e utirnaten thc cor-rclation coerric ient und wc ~ have alway:; Ir· ( rjJ ) I > 
I' 

lr 0 7 ~;(1)1)1. Un thc other l111nd, the cue1Ticicnt r 0 • 711 (t!J) is a. u i r11pler 

alterna tive for the polychoric co rrelation coet'ficic nt. 

'l'ublc J . U - (u) r:rnpl r i caJ. Luta: ~;La t.u r <: o t' l·'nt.llt ·r· and : ion in 
l!:y e -Colou r Groupu ror l'carson ' !> fo'arn l ly Luta 

( Pcarson and lleron, 1Y13) 

SUN ' ::> r 'J\'1'11 EH ' ::> S'l'A'l'UHJ:: CLJ\:.5~ 

G'l'A'l'UH.I!: 
CLASS 1 ~ j 4 )+6 '( t3 

1 4 ~~ 7 1 
c c3 1)4 ()4 26 b 6 
j e éY{ 75 66 ;..?~ ~4 2 
4 1 2':) j() J'( lll 14 L 

)+6 lô C!'( 2t.> ll 10 ) 

'( 9 26 19 ' ( ~':) d 
u j ':) (> () 10 . ( 

'l'otal J6 322 264 lU O 69 101 e!U 
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JOl 
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1 
~ 
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4 
) +6 
·r 
u 

'!'o tal 
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(b) Exvected rrequencies ror tab1e (a) unde r the 
C-ty pe dü;triuution U!.lÍll~ Maxi u1111n llkel.ihoo d rueLhoLI 

l'l\'1'111·~1< •:..; !j'1'1\' l'll l< 1•; C 1.1\! i ~; 

1 C! J ~ '_,+ L> '( u 

lt . '( l y. ·r '.> .·r ~ . c. o. ·r o . ~~ O. ? 
20. 3 156. 0 ·u. ·r ~y.6 U. ) 10. 11 ~ - 5 

6. ·r U9 . 4 94 . ) )3 . 3 16.1 l y. 4 4.G 
1. y 26. 3 40. 2 35. 0 12. y 16. ·r 4. 0 
1.1 1). 2 ~4 . y ;2'{ . '( 12 . 6 1B. 6 4. 1) 
0. 1) 11.3 1!3.) 23. '.> 12. 1) :n . '.> '7 . 4 
O .li l, .1 6 . ) u. ·r ) . J li.G 1, . 11 

jb 322 2ul~ lU O l>') 101 ~.'H 

{c) ~-1LI~ o r thc global cro:;s- produd. r atio ro r· Lu.lde (a) and 
Clli-square goodne:.;s o i' 1'it statistic 

'l'oi.H I 

j ll 

jOl 
2U 4 
137 
10) 

~u 
l r l 

llJOO 

MLI!: of 1!1 Chi-squarc s t atist ic :...ii~nií"icanc c 

4 . 1:>33 .:!:. 0.)0) p = 0 . 0 ) 

(d) Estima.te of correlation coeffici ents and s tandard errors 
for table (a), using the value or ~' ~iven in (c) 

Contingency type coefficie nt 
Contingency type coeffici cnt 
Contingency type coel't'icicnt 
Pr oduct nromcnt correlation 

(*) From Pearson and Heron (1913). 

C UGJ\Al3 

0. 4&5 + 0. 025 
O. ))) + 0 . 0;..>'( 
o. j 2 1, + O. O:.!(; 
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'l'able 3. 9 - (a) Artificial Data I : Bivariate Norma l Distribution 
p=0.5 adjusted to give whole units in ccll!i (fro rn Pear s on and 

llcron, lYlJ , p . ::!~~0) 

1 (:' j I, )H> '( -1) 

1 ·r cu ) 2 
2 :21 14) ·r9 J6 lO '} 1 
j l> ')4 U) )li 1 ~ ; 'l) '• ,, ., ,_ Y' . ~- YJ J l I ~· I . ( '• 

)+l> ld ;:U .,. . ) li I li ) 

·r 11 ;~ (! 2 4 1 ~-· 
'l') .. '· ·r 

u 2 (.) o ) lj . ( 

'l'ot.al 36 32::! 26ll lU O l>~ 101 co 

( b) J::xpected r'requencies fo r table (a) unde r the C- ty pe 
distribution ~odel 

1 
2 
3 
4 

) +6 

7 
e 

Total 

1 

4. ) 
:.lO .O 

7.0 
2. 0 
1.2 
o.y 
0.4 

36 

2 

19.4 
l)J . 3 

U9.9 
2 '( . 1 
15.9 
12.0 

4.4 

322 

3 

5-9 
7 4 ·'· 92. r( 
39.9 
::!5. 2 
19. 1 

6. 8 

264 

2. 4 
Jo .·r 
53. :2 
J4 . J 
27. 2 
23 . ) 

<3 . 7 

5+G 

0.7 
U.y 

16. 11 
12 . 0 
12. 3 
12 . 6 

) . 3 

·r 

0 . 9 
ll.O 
2U. U 
ló . U 
1U. 3 
22 . 8 
11. 2 

1 01 

0 . ::! 
2 . ·r 
,, . IJ 
1,.1 
4.9 
7. 1 
4. 2 

(c ) Ulobal cros!i-product ratio for tublc (a) using 
rna.x'irnlml 1 ikcl ihood lrlt!tho d 

(d) ML~ of the correl ation coefficient f o r tuble ( a ) 
supposing a underlying C- type diistribu t i o n 

Contingency type Coefficient rU('jl) 
Contingency type Coefficient r (~) 
Contingency type Coefficient rij. 74 (~) 

Correlation coefficient para~eter 

CUUAA.t; 

o. 46) 
o. )jll 
o. )Ol1 

0 .)00 

r o r 

'I'U'I'/\1. 

jll 

]01 
;..•(ll, 

I f( 

lU) 

~tl 
I, .l 

lOUU 

'l'U'l'/\L 

] li 

J Ul 
2bl1 
13'r 
105 

yU 
41 

1 000 
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•rable 3 . 10- (a ) Arti f icia l Dat a H : iliva riate No rmal Di st r ibution 
w.ith n=O . J n.d ,iu:;tcd t o 1 ~iv c wll nlc~ un i. \, :; i.n <:Pll:> 

( rr·om l 'c::u·::on :tnd llc· r·•m , I'JI ~) 

_______ .L ___ _ ;_· ___ ...:..l:_ _____ _,'_..:_ll_, ___ ...:.·r ___ .í\-·--~~~ rPÃ~._:; _-

'1'0'1'1\LU 

l 
2 
3 
4 

5+6 
7 
!3 

'l'OrALS 

4 
17 

9 
3 
') r_ 

u 

17 
12~ 

93 
3B 
?.) 
; ~ lJ 

L> 

] 

45 
52 
c'( 

I) 

tU o 

l 
15 
l i) 

I I 
I) 

lO ,, 

Jül 

(b ) l~xpP.c ted F'requenc ie~; u nller Ll1c C- type d i.nt ri hct t i.on 
f or table (a) 

1 

2. 6 
16 . 6 

y . ~~ 
j . l 
2.1 
1.7 
o . '( 

16. 4 
128. 9 

y2. 0 
Jll .I) 
23. 2 
1() . 2 
. ( . ,, 

3 22 

3 

7 - 9 
78. 3 
Uu. !3 
3 '(.) 

2'( . o 
23 . J 

1) . 2 

264 

l~ 

3. 8 
111 . 1 
)LH 
;! I) . () 

23. ] 
2l. Y 

I) . L 

11.30 

5+6 

1. 2 
13 .6 
LIL 1, 
.L L. J, 

9 -9 
l ü . l J,. ,, 

7 

1.6 
17 .9 
.. , . I) 
t ) · ( 

U >. G 
l). j 
16.'( 
·r. B 

1 01 

8 

o. l, 
l,. 6 
(, . G ,, . .,. 
J, . J, 
). 0 
'> ' '· . ) 

( c) Global c r o::;s - producL ratio {.IJ ) f o r tablc (a ) 

I = 2 . 3)3 

(d) M!.l~ o r thc correlat i on l: OCf' f'i e i.c nt fo r l,ah]r: (a ) 
suppo~inc; a.n un tlc r zying C -Lypc~ d.i:3Lrll>11üon 

Cont inge ncy t ype Coeff ic i e nt r0 ( ~ ) 
Cont i ngcncy type Coefficie nt r ( •lc) 
ConLinge ncy Lypc Coef t'iclcnL r ~ 7 ,, ( ,!,) 

0 .278 
0 . 3?5 
O. JUb 

Correlat i on Coeffic i ent par arnetcr· U. JOU 

CUGAAB 

]li 

301 
2gl, 
lJ'( 

LU) 

<;H 
l, I 

I UOO 

'l'OTALS 

] li 

501 
. •I \li 
1 )'( 

10) 
IJU 
,, l 

1 000 
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r'rom the a nul,ysis o r tables 3. U, 3 . ~ and J . l O W (.! ou::;e rve that thc dutu 

sets fit the C-type distribution well, and we no t ice that the fit for t he 

artificial data from the bi varia te normal model i s extremcl,y good , showing 

that the no rmul :.; urt'ucc can uc we.ll U}>proxirnnt.cd by u C-Ly pc no rmal 

dist r itmtio n . 

'l'he ext.Lmplc wlsich r o Llow::; compa r es thc conti nt ~<:neJ - t.Y pc corn: la L Lon 

A 

r 0 • 74 (t1J) with o t.her polychoric corr elation c oe t'f'ic ient:.; p r oposed in tl1e 

literature . \·/e tuke Lhe da tu aruüy:;;e d by l.anca!:iLt!r a.nd llamtiam ( l S)G ll) aml 

by Goodman (1 9Ul) . We shall compare our met..hod for HxC tablcs with 

Lanca:.;t..er-llu rnd um ' u coeft'icicn t.. outained by polychor ic :;crict: rueLhocl a11d wiLII 

two Goodrna.n ' s cocfficients: p<' for the local uni rortn association modcl und 
v 

PS for the Goodman 's rnodel I . 

'l'he stature o f fathers and da ug hters data were o r i g inal}.y anal.! :;cd by 

Pearson and as in our previous cxamples the ussumption of b i variate norsnul 

diutrlbution iü pl1Lu:;iblc ; it wu:; a ct..unll.y L«~:; Lcd by l~uH:a::Lcr (:;cc 

Lancas ter and llarndam, lS}64) . We :s hull considcr here onl.r the 3><j tublc 

uased on a natural g rouping of r ows a nd column:3 (n eighbouring classes bei ng 

pooled) fro rn t lle orig inal HlxliJ contingency tallle . In table 3 .l l ( a ) wc 

lJresent thc obse rved rrequencies r o r t llf! jxj tnble , in purt ( t> ) Lh e: I! Xpe<; V!d 

rrcquencie:.; undcr t.. lte C- t..ypc dis t..ri huLion !IIOll!:l , ol>Laim.:d uy Lhe lllllXiHIIJ!II 

likelihood rnethod are p rcsen t.. ed . P'<.t r t (c) oi' t.!J C l..ablC :.;hOWS t!J<~ IOilX l fOIJI!I 

likelihood estirna.te oi' the parameter 11! wi th standard e r ror and the Chi-

square statistic of goodness- of- fit . Finally part (d) shows t he est ima t es 

of the correlation coefficient obtui ned by differen t rnethods . 

C UIJAAB 
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'1':\lll. l·. 5. I l - (tt} ~;l.IL Lun: <J J' l'lll.llc:n; n nd l•LIIF)II .. •·r·n - j x S '1'/\lli.IO: 

(l'n>m Llut<;Hut.er n11d llarndam, lc;ulr) 

UI\Ul; ll'l 'E l< ' ~ .i 

ll lülill' l' c JJ\: j~) 

1 . ) ,_ 

J 

'l'U'l '/\L:; 

1 

(b) l•:xpec t.cd J•'rc"!quc:ncle:; undc:r C- t.ypc ~ dí:lt. r·L IHlLio n JIII LX ÍIIIIllll 

likel i llood tru:Litod !'or 'l'ulll<• (a) 

U/\Uli ll'l'C:H ' ~i Jo'/\'1' 111~ 1\ •:; lll•:llill'l' CLI\!.i:i 

m. llill'l' c LI\:.J::> 1 ~ J 'l'ül'/\L:.J 

1 '(2 . '( y l.u 1<) . ·r l <~l, 
') r. 1~1 . 4 ltll j . Lt L'( H . ~ ' ( llj 

J ~! j . CJ l ·r s. u ~ .'~(! . 0 1,1, () 

'l 'U'l'/\ L~> í.!W '( 015 I )U 1 j'( (J 

(c) ;.i LI:. o r ~~ and Cn i - :..;quarc :; Lati:.; t. i c ror· t.al>le (a) 

II.LI:: or ~~ Chi- s4.uarc st.atistic 

x2 = J . JJ] (UV=J) 

(d) lli timutes or corre.lution coel't'icie11t. ror t.uble ( a) 

Continbency typc coefficient 
Contint~ency ty ve coefficient 
Cont inclency t.yve coet'ricient 
l'car:.:;on cun t in1;cncy rnethod 
Lunca.stcr a nd rlamdan method 
Goodmr:~.n ' s coeiTicien-c (uni f . assoc . ) 
Goodrna.n ' s cuefficient (!'40DI::L I) 
Product !vlor:rent Corre1ation Coeí'1'icient 

( * ) 'l'aken frorn lioodman ( 1y~H) . 

C UGAAti 
llF'~Ij~ 

o. 4·ry + o. o2G 
0 . )4U + o . o2d 
o. ) 11J + o. o~·r 
u . J<H T*) 
0. 4</( (*) 
0 . 4 SJ ll (*) 
0 . 4<) 2 (*) 
() . hl'( (*) 

S. ~ ~.- r-.; ........ o-rrr ' S 

BIBLIO,E ·'· ~~.. .. Ct N_UEMATICA 



'l'he ana.lysi s o r the table :J.l l confirm::; ou r prevl ou~; conclu :;ion, lhe 

the product moment correlatio n cocfficienL. Cons idering that the product 

rn01nent corre.La tion is calculated frorn the original data und thus , t lle Lotal 

ur inro ruuLi u n t' t'U III Lhl! :;:uupl !' i:; llOL t.l l c :;: unt• a~; i 11 l.lw Lllb l.t • ~" S, 1.111' 

advunLaF;L!:J ur Lhe t:ucft'it:it: llt r 0 .1 ,, :w\: 111 Lu lw c •HillldL:r·tlhl.v . 1\f ,ILlrt , i11 

thi s example the fit to the C- type model is good. Comparing the estimate 

r 0 7 ,,(1)1) wlth thc o lller met..hod~ , in t..hü; ext.unple, we cun Bee t..haL t, hr: 111\: Lhod 

oi' IIIHXlHlUIO Ji.kt:Lihuod pruduce:; IJeLLer· l'l!!JU.lt..:;. 

'l'h e next two example:; have the pur pose o f corn}Jaring ou r met..hod wi th the 

wuxirnum likclihood cstirnat..or of the correlation coc l'l'icie rtL (tlle J;olyehuric 

c v cfficient..), proposcd by '1\ill.i:..; (l~Gê) und g eneru.li:t.ed by Ul:.;:..;url (l~H')) , 

supposing a normal bivariate s urface as the _1;a r ent d i::;tribution . 'I'he i'irst 

o r t.hc:..;e t..wo ex;wtl.le:; c o m; i:;t,:.; o f tllt: dat..u , prc:·;cnt..cd b:; 'i h l L i :~ an•l an11l,y :;t'd 

alsu by l' LHck<:LL (l~u~) •.drL' r· •· t11: c a lculllL• ·:; I ' Lackc\.1. ' :; c<wt't'iciL'Ill. a .. 

!'unc t,i on ur t.lt•: c r·o: ;:;-produ<:t.. r·a tlo u i' a ;•x, • t:tlJ I, : . In Lllblt· l .t :.•w,: 

prcs c~ nt. Lh e re:;u lt..:..; . 

'l'AHLt; j . l2 - (a) t.rnpi r i cal data taken frorn 'l'ul.lis (l ~t)2 ) 

1952 
lY)J No lambs l lamb 2 l:unbs 'l'o t al 

l~o lamb~ )Ü ) 2 l lll 
l larnb 2Ó ~ ~ j CJ7 
2 larnbs ~ 12 y 'd') 

'l'U'l'AL ~2 122 13 2'[( 

C UliAAo 
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(b) Expected F'requencies under the C-type 
cti:;t.,ribution rnodel 

l i))~· 

Nu J aml,:; l l llllil, --- __________________ ;..; ___ _ 
Nu lum!J:.; 

l lamb 
;> J:unb:; 

'l'U'L'/\ l, 

(, l . () ,, () . '; ;J - ~ 

c). L )). 1) 6. 0 
'; . ~ I •) . h I, • I 

I);~ I '''' '' l ~ 

(e ) MLJ!.: ot' w 

I)J = 3. 521 + O. l)O'( -

(d) E::itimate:.; ol' Corr elation cocl'L'icil.:nt., 

Tallis ' f"\!.1•: supposint>; Norm:.1. l Bi v:triate cli::;trib11Li.o rt 
l'lacl~·~ t.t., rn<!l, l lod c~~ x r.? l.ahle) 

~·!L I~ metllod ~ôltppo~:ing C- Lype d i.:; l,d l>tll.ion : A 

Con Vi.nt:;cncy - ty pe coe r l'ident r U ( w) A 

Contingency- type coei'ricient r ( w> A 

Conl.in1 ~cncy -type cocf'fi.ci.enl. rb 74 (1)1) 

( * ) !o'ro m Pla...:keU ( Lyó)) . 

li I 

W( 
;>~) 

; ·:,.f 

o .l1 20 + o.o·rG<*> 
O. J(>) + U. UI)(;(·*) 

u. y;U + ().U'( J 
O. 4 60 + O. o B L 
o.IIJ4 + o.o·n 

l<'r o m l.ilblc J • .l2 we can conclude tlmt l.he contingt:ncy - typc coefl'Lcienl. 

r ( 1)1) as a function of thc MLJ~ of I)J i:,; better thun Plackett ' :; mel.liod o L' 
p 

estimating I)J by thc cross product ratio of the 2x2 table . Secondly , thc 

estirnates obtained by 'l'allis ' method and by the conti.ngcncy- type coefficient 

r 0 74 (1)!) a r e s imilar , t he difference being 0 . 014 . 

Olsson (1979) a nalyses artific i al data u s ing a multinomial routine 

for generat..ine :.;arnples o f ::;ü.c )00 for variouG ::; e ts of pararneters . One oC' 

Lll<! ~;auJpll! •::;l. i.unl.<'~; 11:;.i n 1 ~ OL:;!;l>lt 1 !; IIH X i llllllrl Likt:.li hootl tlll:l.ht>d ar·t: al:;o 

shown . 'v/e anu}Sse the table using contingency-type corr elation 

CUGAAU 



90 

coefficients , cotnput-ed as runctions or t··1LI·: ot' 1!,1 . 'lhe dulu and comparl!_;on:.; 

are presented in tu~lc j . lJ. 

'l'ABLe: j . lj- (u) Artiricial data takc n !'rum Ul~;:..;on (l ~J'(S~)) 

x/y 1 c! j 

l u () () 

2 Gy 113 22 
J l, l U2 .LO!~ 

'l'otul 123 2)1 L ·!G 

(~) l·:xJ•<:c ted 1' reqllt ! IIC lC:.i lll)dr:r L h•! C-\.y pt: d i!; L r .i l1U L i o 11 

x/y l ~ j 

1 lO. t)J 6. '( 6 1. 41 
2 76 . ')2 llr:\ . 20 ~~lt • 2U 
J j). 6) 141. ül1 lOO.J1 

'l'otal 1123 251 l2o 

(c) t-1LE of w 

(d) r:stitnates of correln.tion coeff'ici.P.nt 

Ul~:_;on ' B pol,ychoric cuefi'icien l 

MLJ:.: metho<.i :.:;uppo::;in~::, C-t-ypc di~t ribution: 

Contingency-type cocfficient r (~) 
Contingency - type coeiTicicnt r~ . 74 (•1,) 

Va.lue of the correlation parameter 

(*) rrorn Ols:.:;on ( l ;)'(Y, pg . 4)G) . 

0 . 4)ü + 0.048 
o.J,y·r + o.u)o 

0.50 (*) 

'l'oLa.L 

10 
20 ll 
2'('( 

)00 

IIIUd r•l 

Total 

19 
20l~ 
2 '('( 

)00 

'l'he comparison or the resu.lts in tablc .3 . 13 :..;how~; thn.t the coeí'fi.cient 

r 0 711
(1).1) , as function of the r·I!Lt:: of t!J is a ve ry g ood eslimate or the ·true 

CU<.iAAB 
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correlat..ion p ununet..er o f tlu: t1tbl1: and i t i!; H iruilar to Ul:;,;on'u pol.ychorlc: 

coet'ficie nt. 

'1'ile num(!rleal exntnplt:~; pre:.>ented in ttü:; :.;ect..ioo ~how that.. : L i r:; t., t h c 

method or maximum likelihood for estimating the parameter 1!J of the C-typ e 

dü;triuutio n can provide u:; wit..h a rH!W correla tion coeffieient- ror 

correl1tVion coel'l'iclenL of ttrl IHHkr.ly.lnt~ l,jvuriate nonnal di:;Lr-ilnJLion . 

:Jccond.Is , tllf! C-typ(! d i:;trHHJtlon tqJ, rt: <.':; vcry wt.dl w.l tll t.ht! nornutl tll.varl, tLe 

distriuution .i n Llte e xantiJle s pre~;ented in til :il; :;cc t ü>n . 

Computer p roçram ror the max imum likelihood me thod 
of estirnating the paramet er w 

A computer p r og rurn for tllt~ muxlrnum likcl i hood e:; timator or •!1 u:;ing Lhe 

method p rese nted in this chapter is available in FOH'i 'rt.At-i . 'I'he prog ram has 

as input the dimensions R and c o r the continge ncy table and the obse rved 

frequcnci es or thc t.able in free rorrnat. 

Given the input, the start ing valu e for •'J is computed n.nd the f;coring 

rnetltod for pararnet.e r'!i is u:.>ed a~; t he iLend.ivf! mct.hüd ror· ol>tain i n, ~ Lltt! 

UU.lXÍIIIlllll .Likt:.l i ilood e:.;L Ílllll l.C of ~~. 'lhe vuLput. of til•·! (JI"D/',rUnt c.:on ~;i.~;t~; of 

final estimate , va rinnce of the estir~te and the functi on va l ue at the 

rnax irnum. 'lhe number o :· iterations and the expected proportions of t. he cells 

a t con ver<':,en c e a r e al:>o prin ted in til e o u t i>U t. 

'l'h e prog rarn a.lso c o rnpu t.en Lhe conti n(.',C OGy-Ly i ; t! COr'!'t!lnLion coe f f i e ien t~; 

vresented in ~ection j . ) with t he r espcctive standard error s . As 

addit i onal informat i on the out_~.:ut contains thc row and colurnn mar15ina l 

1-rOJ.IOrt ions fo r the HxC table and a l so the s ampl e size !-.; . 
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1\ li:..; tin e; o l' Lh•~ pro,..~rmn i:J prcul.!nL<'d irt /\ppl!rtdix l tu ad in Fi t';llr•' 

.in Lhi ~l :Jectinn Wc prea;c : rtt 1111 \'XIllllp l<: oi' Llae lllfJIIL lllld ottt.p11l or l.lw 

p r ognun. 
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ENTER MATRI X DIMENSION - R X c: 
3 4 

EN T E F: MATR! :( ' . 
.S5 ·l .!. 

_ . .., 
.) / 1 -~ 

19 ·-,c:-
-..J 4'5 ~t5 

t: J. .• ~i] ~~ I 

N= 

THE RO W MAR GINAL TOT~L S ~ P~O PORTION S ~ ~E: 

159 . 0 114. 0 1~3.0 

o .~ 

9-S . O 
o .~ 1) . : 

0.4 

t 3<5. •) 
I~) o l ' ~. I t 

EXF'ECTEit FF:EQUEN CIE S ASS UMING C-T YF'E f.tl~ -t:: :::''-' i >J~!' 
65.24 40.6? ~7.1 3 1 5 .~ 3 

18 .72 25 . 15 45. 01 25. t3 
1:.oJ 17 .1 s s:.96 ao . 94 

CH I-SQUAF:E 
0.0117? 

LIKELIHOOD RAT IQ CH I- 50 UAR E 
O, Ot1 80 

DEGREE S OF FREE~ON 
C' 
..J 

DER LOG L= !.50726 18E-04 

MAXIMUM LI KEL IHOOD E S T[~ATE 0 F THE GL OBAL CRO~~-P~~D~~T 

F: A TI O 
FINAL PSI VALUE= 5 .571 Q66 
VAP PSI= 0 . 90~~~?~ 

NO OF ITER AT [ ON~= ~ 

CONTINGENCY TYPE C OR~ELA TION COEFF! CIEN TS 
RU<PS!)= 0. 521 6669 
STD ERROR OF RU( PS ! ) = 4.021? 053E -02 

R. 74= 0.5618734 
STD ERR OF R.74= 4. 0709 01 9E-O~ 

FOF'\TRAN ST OP 
$ 
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C 11/\1 "L' (o; H lt 1•'/\C'I'UI< 1\ N/\ I.Y: i1:; 1'1L•:l'IIO U:; 

4. 1 l•'actor uno.1ysis fo r cute0orical tlal.o. : u hisLol"ical note 

Since the earl_y sl.uge:.; of' factor attal,y:;ü; in Lhe l'ir:;l, lmlf' o i' 

Llli.:; t:CIILttry , Lhe nced L'o t· md~llud:; oi' t'acl.or· analy:; i.:; l'c>r· •pt: LI i.l.:d. i v·~ 

d:d.a lt:L:; bo!l!ll •·vido•ttl. . llo wt:V•·r· , il. :;c•••111:; Lla: LI. i l. w:t:; Jll)l. lwl'111'o' IIJ'1() 

LhaL l..hc l'.it •:;l. papt:l' dc•:Llill~ c:xpl.ic:il.l,y wi 1.11 1.111: :;11l1,jc•c·l. :q•)ll':u·r:d i 11 

l.lle .l .i.l.et':ll,tlt'c! . '11ae Jl:Lper , clll.i.l,lr;d "'111<: J'acl,o r· ial an:ll.y:; i.:; oi' 

qllnl iLal.i.Vt ! dal.:t" hy lltn· l. ( LSJ:,U) dc·al :; 110 L u 11l y wi Ll1 l':u:l.u1· :u1:tl.'1:; i:: 

for tlü.:llul.otuou:.; d:tLa IHtL al:;o HiLII vat·iaiJL•;: ; ~>li.Lll " nnrri l'old 

cla ssification" (polytomous variables) . Uurt sug~ested tha t i'or 

ciichoto rnour; variable~; , the followi.ng correlution m:1.t ri.ces cou l.tl ll f"! 

factored : Plti - coel'L'i.cicnL ; Yule ' :; colLi.~al.i.on coel.'l'i.t:i<>nl..; Yul.c; ' 

a :.; :;oci:ttio n CL)crricient ; Pcat·:;on ' :.; coc~l'l'ici.cnl.. or conl.i.n~<:llcy, 

correctcd ror dcgrees of freedom by 'l'c l!uJlro w ' s forrnuln ; Pcar:~o n 1
:; 

l•'u r· l1i11: u·y v: u · i.:Lil l c::: , Ll11: Lc·Lt ' l tc'ltcll ·i c <:o•• l'l' i_<:ic:ll t. ::•'<'111:; l.•1 la·a.'l •: 

:-.;ut;gc:.;ted, a:.; l'or e xurnpl c , l>y :.:i LuLer (lSJit'(} ln Ll ae papc: r •.! ll L i LI.ed ' 'l'l1r~ 

factor analysis of a matri x of 2x2 tables '. 

l •'or· J >Olytornou ~; variables , 13ur·t (1~50) ~_;um;c~;l.e ri l'act.C) r anal.Y: ;i n ~_~ :L 

sy1nmct rical l>O~i t.. i.ve-Jcf' i.rl'i t e rnatrix o l' r elat i. vc i'requc:nc: i. c~:; . ' l1 1 i.:; 

l;;Uggcst i on is similar , in pr inciple , to lat..ent structure analy:..;J.s , 

whe r e the matrix of t he j o lnt occurrence propo r tions for pain; of item~; 

i s factored . 

'l'he relationship bet ween l atent trait theory anel factor a nal.ysis 

was cxplici.tly formulated by Grcf!n (19)2 ) a nd by lü r d and Novi. c k (l~Gg , 
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Ch . 2 4). 'lhe l'ormer C0111par eu racto t• una]_y ~; l s Yl lt~ h laten t ~>LrucLure 

a na Ly :t i : t wll i.c:lt \~a:; ('() t' lillll at. •· d 11.11<1 dc ·v •·I<> JH'd I >.Y l;a::.: u ·:: l' t • ld ( 1•)'_,() ) 1'<~ 1 ' 

ll i llll r y i. L c: n~; 1 Lt 1 d w i. \, h lt p p I. i <: 11. t. lll tl: ; i 11 : ~ 1 c i c 1 l q I·~Y • I n r· d : u t d No v i <: I\ : ; 11, >H 

t. hc :.;irnilu rL t .ie~; be t.wcun facto r analys i:; a nd l aLen L trai. t Lheor,y (a I.:.; o 

'l'ltc: t:c·nc:r·:tl llllt l l.i plc• - l':t•:l.<>l' tncHio-1 l'ot' l':tl,o·l ',<ll'i< 'l tl v:or · i:ol>l•·:: lo:o :: 

been s tudied by Chrlstoffers:;on (19'()) nntl r~ut,hen (1978) , for binary 

variables ; McDonald (1969 ) a nd Ba.rt..holomew (l9UO) ror polytomou~ 

var iahles . :.>evo~ ral ot.hcr con t.ri.btl t. i.on: ; llav e ll · ~en rnad •: •a :: i111~ l. l ~t• 

" rc~l>On~>c runcL i on apJJroach" a:.; ro r· <:x:wtplc , 0:unej).ma (1~(>~) , IX,)ck and 

Lieberman (1970) . 

1~e n era.l i. ~lng the ].deau of common factor analy:.;.i:.; to 'Lhe analy:.;i:_; o r 

c;ova r·i:ul <:<' :;l.nH;LII I 'e:; :u1d h<! t: iv c• :; :t <'•HIIplo~t<' a•·•: •H tll l. 111' l.lt•· 1'•'<'•'111. 

dt:Vo~ llljlll lt!llt:; i11 l.ltt: :tllal.y:;i;; tll' l:IJVILI'ÍIIIJI't' .:1.1'111'1. 111'< •:;, 1111i l 'i o·d Wi 1,11 

linear ~tructural ecJW1.tion:;; modeling (se<~ al:;o Hcntl·~r , 191\G) . 

1\ccordine; Lo M•tlalk t.l1 e conl.empoPu·y dcv<:lopmcnt:; ur Ll11: :;ul>ject. :tr·•: 

l(':tdillt·~ 1.•> a " ::ynl.lll::;i.:; o l' l.i.llt':ll· ::l.r'l lt'LIIr':ll •·q•t:tl.in rt 1notl•• l :: vlil.lt 

(1 98!4 ) who proposes a :.; tructurn.l e(ruation model wi th n (l;<"!n,~ ralLt.ed 

rnea~urement part , allowi ng fo r dichotomou:> and ordererl C;J.tcgori.cal 

va r iables in addition to continuous ones . Mut..hen ' s wo rk Generalizes 
.. .. 

the Jo r eskog- :::>o rbo m (1984) LISH~~L mct hodology for st ructura1 eq11aLion 

rnodels , to ucal with caLegorical var iahles . In l>'l r l. i e 11la r, I. it0. pape r 

also extends the Muthen-Christofl'er~~;on methodolgy f or f actor una],ysis 

o f dichotomous variables Ü1utlH~n ' 1978 ; IV!u thcn and Cllrü;to rrer :; :;o n' 

lY{)l) to hancl le ordercd categorici:il and contlnuo'w data . fu:cor·dlne l.o 
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I 
lv1uthen (1984 ) his method i s computationally hea vy and i t i s limited for 

po~uih :ili. t.y l'or· a l lt!l.ai.l.t!tl a na l,y:;i: ; . 

l!.'ve riVt (lyl..$4) t;i ves a uricf account. of l..lle r~ccn l.. wo r k a bout 

fac t o r a. na 1.y ~;l:; f o r' binary tlal.:L . 

dcVC.ll>jiiiiCIIl. : ; i11 l :LI,elll, V' l i'Í : t.lilt> lltlld t• l :: :tl t d :LL:',t) /' Í. Vt · : 111 :H;t ' tJI IIII, •1l ' l.lt t' 

r ecent rne thodo1oc;.ical cont r· il.Jul. lom; for- facto r a na l,y ::i:; L' o r c<Lt<'I ~ 'JI' i c;a L 

data. 

and methods . ln Cha1Jte r ) a nd ú c..:omp<tri:;on:; o f n wn<:r ka l rt!~;u I. L:; 

u:;in~ thc Ullder·lying varinbll~ tno dt:! L lm:: c!d 0 11 LIJt• C-Lyp•· di::Lt· illltl.i •> ll 

will be mn.de with Ba.rtholome w ' o modeh>. 

traditional faetor anazy sis rnc thod:; and in :;ecLi.on 11. 11, W<; pre::!! tll. l'. lll ! 

c..:ompute r yro~,;ra111 for u:;inJJ the underlyitl f.: varütble utodcl ba:;ed o rr Lhe 

C- type clist ribution as a f a ctor analysis for c;ltêiJOri.cal cht~L method . 
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l~ . 2 Uartholomcw ' s fac to r unalysis for caL (~/'Or icaJ data morlel: : 

1\::, we lJolnLed u11L ln Cll;lpter 1 , II:L r·LIIo luult~l-1 ( l'ol'l.lr<:oiiÚIIg) 

presents the moctel:.; anct 1nethod~ o r fac to r analys1. :~ l'or <.:atet~orica I d:ü.a 

u::; int; t wo approaches to t he cons t r uction of moclel:-; : t hc He~3ponsc 

l•'unction (Hlt') approach and thc Underlyin~ Varii:iblc (UV) moctcl appro ='tch . 

Ba.rtholomew (1980) lntroduced his rnodel for factor analysis for 

categorical data using tlle response funct:i.on appro:u~h . 'lhe ext. r~ n:;lon 

or Ult! IIIO<kl l' l'\>111 l.llc l>i lllll',Y t':t::t: Lo 1.11<' iH> l yl.<>!llllll:: VI I I'Íitbl<·:: ('lt:: t · :1:: 

1-1cLI a:; l.llt: ~~~·rtt:r·al iz:ll,i<>rr l'qr Lwt> nr· llr•>l '<· lal.t•nl. vari:rl>l<·:: (l':wl.<ll':;) 

1m:; al:.;o prupo:;ed in Ba.rt holumcw (.L SI HO) . ln a :;eqrtt! rlCI~ of paper:; , 

lt:;pet:L:; ol' Lltt: llltHI<-l, i.l.:; t·~• 'lll:r·ali;·.ati un:; :llld iL:: r·c·l·•l.inn::llip -..1it.!t 

<)l,her· latent vari.ab.Lc rn<Hh~L:; . 

variable:; :u;cord inr; to furLitol.omcw ( l'orl.llt;ominr;) -..ilto ~ l'•! a L:>o mct.lttJd:; l'o r 

fitting the model are considered. 

Su pposc we h;,-we a ::; ~~t o r p d .Lchotornou:_; vat· i.ablc·:; (i. l.r~rn::) 

x = ( x
1 

, x
2

, • •• xp) . hl-1.ch row of this unLrix i.:3 called :t n!~>pon:j<~ 

pattern . i"or p uinar·y vari:tbl<~:; , we ltavr; ;~P di.l'l'<:r'•..: nL r-r.;:;p<>rt::t' 

JJM. tterrts . l,(;t 1'( x) denol.e tlte ;wsociaLetl l'rob;tlJi. 1 i. Ly !'une\. i.un cJ I' ~ anel 

n. (y ) = Pr{ x. = 1/y } denote t he res~onse function gi ving the 
~ ~ 

probability of a positive response for an individual •..rith lat~nt 

po:.;ition 't.. • :Juppo:.;e y. (j= L , ;~ , •• • q) lndepend<~nt ;tnd llll i.J'o;ruly 
J 

dis tr ibutcd 0 11 (U,l ) . 

A general class of linear models ü; then define d by 

q 
u -l{n.(y)} 

~ 
= CtiO + I (l _ _ H-l(y ) 

j =l ~J J 
i=l,2, ... , p 

CXKAAO 
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wll e r e \,li<! f une\, i. om; c;-1 arad 11-1 are a rui Lr:.try bu I. :;IH; Il Lllat Lhe i r 

inverGC~ li nnJ ll are Jü;LrllJuLion runct:Lom; o l' r·uri\IOlrl v:tri.able:; 

symrnetric~:~.ll_y ul:-> 1-ribuLctl ubouL 'l..erv; ct
10 

and a
1
J ( i=l , ..• ,p) are .i Lern 

pararneters . Frorn the general moctel (4 . 1 ) threc parti.cular c:t:.;e:.; arr. 

consictcrcd . 

d.lut-r· .lln rL lo 11 J'uncL i.vrr. ln \,h l:> t:IL:II: Wl~ l liLV< ~ 

and takine; 

and 

11. 
1 

= log rn . /(1- n.)j 
.L 1 

i = l , c , .•. p 

J =l , •• • 4. 

11. 
I 

+ (1-n.) c xp 
1 

q 
( - ).a.J .. ) 

,j,; 1 L,J .} 

i = I ,: • , ••• , p 

\-lhich il:> t he rcsponse function for t he lot~i t/lotjl L rno<icl (o r ~>i.mpl.Y 

logit model). 'lh e pararneter rr. has the following interpr etation : 
1 

Suppose that y. = 4 for all ,j, thu::; z = O for n.l l j and 11. = n. (z) . 
J j .l .l ~ 

'l'herefor e n. is the probability of a positive res po n:.;c f o r an 
1 

individual at the median position on each latent dime nsion . 

(b) ~I'he logit/probit model - when G :is the logis t:Lc 

distribution function and H is the normal distribution function . In 

this c:t:;e wc liave 

l;-l( u) = lot~ iL(u) and Jl- l (u) = ·~-l(u) 

whe r e <~ is the cumulative distribution function of a standard normal 

variable . 
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11' wc malu: thc Lran:;t'o ruu l.i.on 'l.j = •1•-l (yj) and uLU = L(w,it, lli , 

t.he l 'l!U)Jull:lt: t'lltlt:l,.lun l'u1· 1.111! Lo~i.t./pr·<> t Ji. t, 1nodo:l. i.:; ~~ i.Vl!ll lJ,Y 

n.(z.) = 
l ~ 

rr. 
1. 

q 
tl. I· (l-tlj) I~XJI (- ('XJI y 11j }'1.

1
) 

I ,j - 1 , , 

i=l, 2 , •• • p 

( c) 'l'he pr·obit /probit mo<lel - wltc n U and 11 are takcn flS the 

normal distribution function. In this case G-l(u) = u-l(u):::: $- l (u) . 

If we muke the í.'ollowinu t r a ns format ion 

we huve 

'/,, = q)- l (yj) 
.J 

j::::l , ••• q 

It is shown by Uartholornew ( forthcomin~) that for binary obsc rvcd 

vuriablcs , thc rc~; pnn:;ü 1'111tc Lion approach and Llle lliHI<:r lY i r1~ v;H· i.:LIJ Lt : 

mod•~ L appnnu: l1 :u·• : • ' qlliv:Llt~ llt h1~<::u1::t: l. lw.Y lo ' ;u l t.o Lllt' ::auu· .)• JÍ IIl. 

Jli'U\.Jnl>i. LLLy di.:;l.l'i. hul.ioll:; o t'! undt : l llw o: olldil l o n :; :;la l t:d lloluw. 

'L11e undc t·Lyi n~ variuble rnode.L (UV) i:.; ~t ven by 

q 

f;. = P· + ): 1\ .. 'L. . + e. ( J, . ;~ ) 
.l :t 

j::::l lJ J I . 

{ l i f t;. > T. 

where 
l 1 x. :;:: 

l o i. f f,i < T. • 
1 

'I'he equivalence between the HF and the UV approach e xists if t he 

~ 
distribution function of ei/~i 

the sarne as G and if 

CXKAAO 
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! il tppor;lnp; Lltnl. v11,.(r.
1

) = l , w• · ltnv•· J' r·•m• l.l t• · lJV mud•· l l.l t~LI. 

thercfore 

q '> 

•P . = 1 - I À :-J 
1 j=l .l. 

l't .. = 
I, J 

>. .• 
LJ 

1\ '> I 

( 1- )' À~ ) -~ 
.) ~1 l.j 

o r À. J = 
I, 

fl. l I, 

q 'J '2 
(1 +). a~ 1 )' 

.)= 1 .L, 

'1'11 ~.: À •• tt r·e Lll c !'a<..: Lo r· Londln1r :: i.n L h• : I'ILCl<H' IUIIL l y:: i:: lllt!< l< : I lJ . 

~.jiven by (11. :.!) , t.hcre i'o r c t.he paramu.t..c:r:;; a. l can a.l: ;o lH: i.nLcqJt·c:t..cu 
l., 

us " racto r louulngu " ur weigllt.::; . ln Lhe Ll.::; t. t.lll.:or·y cont.l.:xt. u:.;ually 

the latent variable Hpacc L:> onc-diw~ n:~Lonal (q=l) nnd l, ltc : par;Lrn•:L• : r·:; 

= n. , 
L 

( l= l , ••• p) L:; t..l rc : " di:;c rími.naLi.llJ-'; pu w<: r·" •> I' t.l~o ; i. L•·ru , l l•·c:u t::•· l.l r• : 

bigger t.llc ab:~olute v:J.luc of n . , Lhe Gr<.:at.•:r· t.IH: dil'i'erell<.:<: .in tltcir· 
L 

dl:;c r·irn.i. rlltLc IH:Lwc..:<! ll l.ll<:m (:;c:<: 1\ar· l.liu l om•:w, f'o r·l.l t ~:nrui rq.~) . ·n ,c: 

pararn.~ter rt.
0 

(or n . ) are r clat.cd to thc " difricult.y lcvcl" oi' i.tcm L . 
l .L 

In t est t.heor y , thc curve rr. (y) i :.; t"eferrctl to ai:> the " i.tem 
1 

chara<.:l,c t·L :.;t.i.c eurve (ICC)" . 

We have seen that the function G in (l1. 1) plays the same role as 

the distribution of ~ in (4 . 2). Therefore the probit /probit rnodel , for 

binary variable:; , is prccise1_y equivalent l.o the "underlyin~ no rmal " 

ru.ctor analysis rnodel ~_ji v e n by (4 . 2 ) witll ~.:. u nd ~ bot h :;l,nndard norrnal 

va riables . Hcnce , fitting the model usin~ tetra<.:horic correlation 

coe fficients as input to some s tandard factor analysis progr am wil l 

provide est i rnates of aij and aiO in (t1 . 1) . 'lhe tllreshold val.ue 

estimate T . i s obtained by the expression 
1 
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Jll = I ' !'( X • = I ) = I' r-( r > T • ) ·- •I• ( ·r . ) 
1 • i. .I I. 

or -r.= ~-l (p.) 
l. l 

i.n 1-ltf! ~;;unpl0. . 

Ih r'l.holorucw (lyBü) ilu::; pr·opo:;t:J an approxj 1naLc meLitud l'or· 

e:-;t irrLH.tinG thc pa rarneter s of tllc rnodel Ut . l) wltcn G- 1 i:; ttte l OG i. L 

function a nd the iterft3 are dichotornou:; . 'Lhe rnC! I.ho d Ha:; mol. Lvatc~d l1.Y 

cru~;:; pr·odttcl. r· :t l.i.c>, wltil:lt :;ltottld t:tlltl.:tirt tiiCJ::t. t1 l' I.IH· irtl'•>t'llnl.i<lll :t.h<Jttl. 

Llte u~:.;oclaLlon~ (or covurium; e:.;) ueLwc)c! rt Llt<J uaa rti.l'c!:>L var·L:dJI.<::; . 

Ob::;er ving thal. 

wlte r e ljl . l i:; tlt1~ cro:..;:; product. ral.io :tnd 0 2 i:..; 1•:( 11-l(y )) 2 = l·:( z. 2) 
1. . .) . J 

ro r all .i , lhr·Ltrolnrnr•w p rupo:;,•:; :ur Ll.•·r·:tt. iv· · lllt'L ilqd l(:iill/', l,l r·· l'ir::l. I'•·W 

Lcnn:: <>l' l.lt1• :LIH>Vt! :;t · r·ic·: ·. :t: i ILII :t ppr·ox iunl.i•JII l,tJ t.lao: :t.::::ot: i:t.l. i •JII 

betwecn the variables , ir the a ' s are s rnall . 'lhe approxirnation is eood 

if q = l. The proGrarn fo r the rnethod, for one-factor logit rnodcl is 

~~n llt•d t4ül)lt'/\C . 

(4 . 1) ha:5 been described by Bartholomew (forthcoming) . One recent. 

approac h i:> based on t.he l~-~-1 algor-Lthrn, anel :i.t i. o :;irni. lar- \., o l.llt ! rnc:l.lrt)d 

p resented by lloc;l< and 1\it.l<in ( 19Bl) !'t>r the pt·ohi.t mo<l(~l . 1\ pr ·o1~ 1": un 

for the rnethorl , using the E-lvl o.lgori thrn for the rnaxirnurn likellhood 

est imation rnethod and fitting any of thc following rnodels : louit/loc it 

rnodel; loGit/probit rnodel a n probit/ probit model at the user ' s option, 

is called r'ACON~ (see Shea , 1984) . 'lhe program is designed for the 
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one-factor model and for binury vuriables . 

'l'he factor score (y-::;corc) of an individual for a Givcn score 

pattern XI frorn the ~) lJOt;:.;il.>le :.;core vutt.ernt; l:; cornpu t.ed by t.lte 
"-{ 

FACONI-: pro~.,;ram , R.s the posteri.o r rnean E(y/x
1 

) . 'Lh e "cornponcnts" given .-. < 

lty 

I' 

\ .= ): njl XII,) 
,)= I , 

are also providcd by the proe;ram. Jibr a complete d c:>c ription o f the 

'l'lle 1•'1\CONL·: prugnun I,;Hil IJt! u::t:d ror· :,u- uu VIl!' i.alJ Lt;:; IJII l. i. t i.:: 

corrrputationally hea vy, even for powerful rrlr:'1.infrurne cornputers (:.;cc ~jhcn., 

1954) . 

Uoodness -of-fi t 

A test of goodness of fit of the models presented in this secti.on 

can bc car·ric-d uuL lt:;i.nt: t.IH: l. il<r·l.ilu>od r·:tl.io ::Lal.i::Lic 1 ~iv•·n IJ.Y 

where ük and ~k are the observed and expected fre q11encies of the score 

pattcrns, in thc u:;ual way . A has , approximatély ' H x2 di::Lril..Htt.i.un 

wit.ll ( ~ [l-~p- L) d~'g !'t.!L!!i o r l'r•et!dom. 'llr i:; Lt!:>t. i.:: ll(IJ!I'OJ!I ' ial.t! L r I.IH· 

nwnber oi' the manife::;t va.riablcs (p) is nut very l are;c . li' 1' i:; laq~c , 

2p will be large and the expected frequencies ot' the score pattern 

will b e very small , making it nccessary to pool adjacent score 

patterns ; ' s ' in the above expression is then the number of score 

patterns (e · G· ~ = 2P if the pooling of the score patterns i s not 
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l1. 3 'l'ruull.lunul. f:tcl,or arud.,y::.i.:; uu:Lllod:; 

For continuous manifest variablcs x. (i=l, • •• p) , the factor 
l. 

analysis model is given by 

x = fl.z + e 
"' 

WIH~ re ~ · = [xl , ••• , xp l' ~ = rÀlJll:; 1.111 : p><q lll:ll.r·i.x o J' l':tcl,c)J ' luadi.llt_';!l ; 

i', ' = [:t.
1

, '1.
2

, • •• z ] r eprc:.;ent the veeLor o!' l'actor·:; and c! ' = 
.. - (! 

fe l,c!,, , •• c l 
- c. p 

is the vector of r esidual t(~ rrn: . .; , or c r ror t c rrn:_; . Wi I:. h tire u:.;ual 

spccifications of the rnodcl , a~; gi.vc n in ::>e<:tion 1.2 and ar;sumin~ 

orLilo~orml l'acton; ( <!> = [ in l.lr c: tl:lllal. nol.ati.on) wc: lt:tvc! l;lw 

t h:p c ! JHh : rtcc~ :;L J'll<:\.ul'l: c> L' Llw lfltHic : I 1-~i Vc'll I•.Y 

E = 1\11. I + ~ 

whe r e ~ is the dispersion wtl:.rix of ~ · 

~ vcral methods fo r c:.;l.imuting tlle parametcr:.; or tlle traultional 

factor analysis rnodel have been presenteei and discussed in the 

.literuturc . At the present ~>l:.rtgc o (' cornputi.ng dcvcloprncnt , almo:;t :tll 

mc thods ure u vailable in the rnost popular cornputer packages , such as 

SP'.3:.3-X ( ~:itatbtical Packagc for Social Bciences ; X series ), HMD P 

(Biomedical Computer Program~-; ; P- series ) und 0A0 (Statistical Analy::>i s 

System) . A brief description of the rnethods available in the prograrns 

i.s g iven i.n thü; section . We aL;o con:;.i.dc.:r two o f Lhe rnilÍ.ll prael.i<:: tl 

p roblems faced by the user of factor a nalysis p r ograms : the nwnber o f 

factor::; problern and the criteria for Judging th~ ndequacy of a f:tcLor 

anc..l.,y sis solution . 

Jt'acto r Ann.l.y s is rnethods 

'l'h e maxi1r1urn likelihood ractor uni.lly:;ü; rnct;IJc)d (ML o r f'.1LI•'J\) i.:; Llr e 

CXKAAP 



104 

))(!:Jt tnel.ltud l'or· e::LLulld.i rt{~ Lltc JHll'lllllcl.c:r:; CJf" Lltc• rrtodc:l f"t'CJIII l. l11• )H>Írtl. 

of vlcw u f ~;La l.l:JLkal p t'UlH.!t'L .ie:J , wlte ll t.ltc.; wtdc: r·fslng diuLrll..HtLlon ur 

Lhe vuriuble:~ l:J the ruultlvurluLc: nurnu.L d l::Lc.ll.JuLlon. .lL ~1u:: 

introducecl by l..awley (1940) (:.;cc n.1so .Lo.wley a nd Muxwcll, 1971) u nd i. t 

prOdUCC!5 estirna.tes with the propcr·ties of U:.>YIIll>Lol.ic efficiency untl 

invariance under changes of scale of the variables . 

'l'h e gcner:li.i.?.ed l.enst- squarc:> (GI..t>) rnethod tn:Lnimil'.c::: tlt e ::urn o(' 

Llte ::quun:::; of" Lhe dil'l"c; l"t!llt:t::l l>c:l..wc:t!ll l.llt' nl>:;c· r·vc·d llllcl t"t!Jll'odttc :c ·tl 

di.~;jJer::;ic)rt rnatri.cc:..; (Lgnoring the düti~O II•Ll:;) . Tn thi:~ rncthod tlt<! 

covar·i.tt tH:c::; :u·c wc•i.g ltL<:cl irrve r· :;cly by Lltt: t: r"l"u l" v:tri.:tiiC<! (llrti.cplt·rw:;::) 

ur Llt<: v:tr•i.:tblc ::: , \,ll:tl. L:: , CO I'I"t: I :Ll,iiJII:: ÍIIVt> IVil tJ-; v:u·i:t.IJic·:: wil.lt ltÍ J!.lt 

error va riance n re eiven less wci~ht than correlations involving 

variables with low error variance. 

'l'h e unweighted lenst squares (ULS ) method nlso mini.rni.zes the surn 

of the squared residuals , but the dispersion rnatrix i s unweighted . 

One of the computationa1 procedures for the MLFA, GLS and ULS 

methods a re described by Joreskog and van rl'illo (1971) . In general , 

the metho ds attempt to fit a Ji:~per~ion tnn.trix I givcn by the rnod0l 

(4 . 11) to Lhe ou:;ervcd d .L:>per:.;i.on m:ürix ~ by Llre mi. tli.miz:d,.i.on oi' :t 

l'unction l"(~,f(} ,~) ) . 'lhis runction i s different ror each or thc 

three methods . 'n1e conditional minimurn of F for given jJ i::; found, 

giving a function f(~) . Using the Newton-Haphson procedure , f(j) i::; 

then minimized numerically . Function values and derivatives of first 

and second order a re given in terrns of the eigcnvalues a nd eigenvectors 
1 I 
? ~ 

of a rnatrix .~ ' say . For the MLFA and GLS methods , ~ = ~ ~-1.1'· , fo r 

ULS, ~ = -~-:f · GLS and MLJo'A yicld csLirnate~.; wil..h tlle :.;ame a:.>ylrlpLot.le 

properties , when multivariate normality is assumed. CLS is also scale 
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f r ee. 

'l'he maxirnum likeli hood fac t o r a nazy f_; i::; meLlrod has a n au~;oc ia Leu 

Chi-Hquar<.! :;tat.i.:;ti.c ror· Lef;t :i.ng t.ll<~ IIIHIIIH!r' u r l'ncLu r·:: o f' Llw HIOci<~ L . 

Gi ven the ti\L c:;tünnteu or 1\ unct \fi it. i.:.; pof:;:;iblc t.o t.e:::t. the ltypothe:;L:.; 

the observed variables . 'lhe likelihood r atio test statistic is given by 

\o/il Cr <..: f(S , f. ,( /\, ~,) ) i s the likel.ihood criterion rrünl rniz.ed and 

n ' = n-l-( 2p+5) / 6 - 2q/3. 'lhe statistic 1' g iven in (11 . )) is testecl al:l a 

chi- :_;t}Uare varia.ble with ~r (p - q} 2-( p+<l) I dct~ren:; o r !'reedorn. 

Usually thc t.c:st il:l used a:.; u. :.;equcntial proceúurc fo [· dete r m.Lr ling <1 · 

Fo r the rnultiva.rül"te a:.;ymptotic dist ribut ion of ~et}Uen tial c hi-squa.re 

Ha.o ' :; canonic:\.l i':LcLor anal.y:;i::; (H/\0 mPI.Ilod in :;p:,;:;) wa~; 

introduced by Hao (19)5) and !Jrovidcs one oi' the possiblc solutions to 

thc rnaxilltllln lil<elihond C(}U:Ll.i.on:;; of law.l<'!Y (lyl,O) . 1\<w ' u L'acto ·:; ;Lr··~ 

-~. _!.,.! 
dcrived Cr·orn th•~ lal;<~ nL ve~.:tur o i' t.he rnaLrix 1\ = ~ ~~~ . 1\ prot~ r:un Cur 

the mcthod is a vailable in earlier versions of the SPSS packaee anct lt. 

is no longer a vailable in SPSS-X . 

Principal factor ana1.ysis (Plr'J\) or p rincipal axis factol"ing (PAF) , 

one of the popular methods of factor analysis , ewpluys an itceativc 

procedure for i rnproving t he es timate:.; of thc <.:ornrrunalitie:c: . 'H1 c 

initial trial for t he communalities is , usually, the well- known 

Guttman I s Greatest lower uound for the commlrlal.ity given by the 

square multiple correlation of each variable on thc r emaining p- 1. 'L,te 

rnain reference for the method is Harnan (1976) . PFA determines the 
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factor ma trix (mat r ix of f;=t.cto r loading:;) r ro rn t.lle ei.t~en v<!ctonj of tlle 

matrix ~-í , the rcduccd currelation mat..rix . 

Alp ha f actor analysis (ALPHA) was ~uggested by Kaiser and Caffrey 

(I SJÚ)} ILIIcl i l. i:; ll il:lc'd ll('t HI l.ltc • p:>,y t : ll () lllc ·l. r· i c: c;clltl:c · pl. IJ I' /~' 'llc: r·lt I i;·.-

r eliability coerricient (or Crornbach ' :; n.lpllti) . '111C rn.ct..or: ; ckL<! !'Hd rl <! d 

by thi ::; mei~lsod huvc tn1.:1xirnum " gene ralizah il U.y" Hll<l only ractor:; wil.h 

pos itive gene r alizability a re r etuined . It i s eltuivulent to :;;ayinG 

that the factors as sociated with the e igenva 1ues g r eater than o ne of 

the matrix ~ = [ diag( §-í) ] -~ §[diag ( §-~)1-~ a r e r etained. 'lhiti method 

has the p roperty of invariance under c hanGC! of scalf"! of Lhe variable:; 

and operutes in Lhe meLric o f thc eoJOHll ll PÜ i.tie:; . ln ALPIIJ\ f:LcLur· 

analysi s , the variables included in the anu lysis are considered a 

:;;arnplc r rom the UIIÍVet· :.;e of vari~o~.ble:; . 'l 'h L:-: invo1vc~:: u p:.;yclloJn~Lric 

i.nf'e r enCC'! , nu L : L ~;La t L:;t L(;Hl in l.'e n .: rH:c : i11 Ut•: tJ: ;tt: tl. :;c·n: ;c• . 

!muge l'actor nrtaly~i.:; (ltltJ\()E) und l.i.l,Lle Jirry (L,Jli•'I•' Y) tH<!I.Ilorl:; 

a r e b ased in the ima~e theory introduced by ()uttman . 'Ih e rnethods v1e r e 

de ve l opcd by Kai :.;e r ( 1~63, 1970) . 'lhe Litt1e JLffy met hod i s 

essentia1ly I mat;e a nalys i s wi th ::;orne rnodi ficatlons o n the rul c~ o f 

d ecision about the n umber of factor s . In Imat;e a nalysis , the number of 

factors are deterrnined by the eic;enva1ue:3 ~reute r t..llan one of t.he l1nar;e 

l , !.: 
covariance matrix , given uy fdiag ~-1 1 '2 !j fdü~~~ ~-1 1 2• Jo'o r t.hc LiLl.lc 

,Jiffy me tho d, t i l<~ Tll.Un iH~r· o l' facl.o r:.; 1 :.; d l~l.t:r'lll lll< :d l' ro111 l.lw 1111 :L I l.c ~n~d 

corre1a tion rnatrix . This nwnber is u s ually sma1ler t han fo r I mat;e 

analysis . 'lhe est imates of the factor 1oadings for the f.'n.ctor that are 

retained a r e the same in both methods , but the couununalil.ies at·e 

di ffere nt . 
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/\Jphn l'~t<:Lor· annly ::l:1 rc:llll 1.:: tlr<: di f'l"• ' r'< !lll. , i r r t..O: •'n•·r·a l, l"nllll LI!•· 

lmu~;:~c or LiLl.lc Jil"l"y r·e~;ult:; . 'lhc :;c l. l 1n~e tlleLhud:; yield con:1Ldcrn.bly 

different r esult s from MLFA , GLS , ULS or PFA and are not recommended 

for general use unle:.;l;; the user ha:;; spccifle rca:;ons for doint_: :.;o . 

f't·i.IIG ijnl Co111p011t:11L 1\r•aly:; i:; (I'Cfl.) i.:: Ll!t ' w•:ll l<lln\.lrr HICI.hod 

<.levcloped by llote ll i ll[S , where Lhe ciee!lvalue:: anti CÍtj<!IIVt!ctor·:; or l.h L~ 

unalte r c d correlation mntr"i.x are obtai.ncd . 1t i:; not JH'Opt~rl»' a racLor 

ILIIUly:;i:; lllt!LI1od , tÜLitOIIt~ll i L c:ur IH: rr:;t·d wi l.lr l.l11: ::: ull<" jll lt']'"::< : :: a:: 

factor ana\}'s is, i.n which ca:.;e, o nl_y cornponcnt :..; (l'acLo r·é:) a::: ;nclaLcd 

w·ith eir,cnvaluc:; 1-: rc~aLer l.ll;tn on<: are r·ccurmllc: rHit•d t. o IH: r<'l.airll:d . 'l'l r<! 

ln 'l'ablc lr . l we cornp:u·c Ll•c rr1cL IIo d :: wLt.ll r·t·L:r.LitHr 1.<) Llw di. !' l'• : r·•· r1L 

matrices , from which the eic;cnva lues (eir;en vec tors) ure ealculat0.d . 
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Table 4. 1 - l'Jlatrices from which the eigenvalues a r e calculated 
for each different factor a nazysis method. 

Method 

HAO 

ULS 

ALPHA 

Il4AGE/ LJin'Y 

I\.: f\ 

f'la.t rix 

I -1 I 
~,-"!! 

,. 
~~ :.! " 

1 -1 1 
tjJ!! 

.. tjl :• . ' 
tP~ s 1 tP"í 

S-l)J 

[ctiag(S-w)]~~(S-l)J)diag(S- l)J)]~~ 

!ctiag s-1 1~ s fdiag s -1 1~ 
,. ,, 

Note : S is the observed dispersion matrix . 
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'l'ltc n wn bc r o r rac Lo r:; pro I >.I. r' rn 

011e lutJ><>t'l-arll. l :::lt l<' I'•H' IL :IIH:c• ·:t:ll'lll l':u·Lo ll' l l.li1L iy :: ir : :l t>lttl.i <Jll i :: 

the dec ision rule ubout th0 numbe t· of faeto r r; . Scveral erlter l a huvc 

:; o lv• ·d . 

•:<JIIIJII II.•·t· Jll'<>t·~ r·:LIII i: : •·:qnl>l•• •>I' r·c· l i a l >l,y dc•l.•~I'IIIÍ t tÍII/·~ l.lw IIJII.im:t. l 1111111lwr· 

or factor:; :;inc<~ thc dec i s i o n .Ls u.ltirnal.ely :;; ul.Jjt!C t i ve . You !.ilwultl IIOL 

HCce1>t b lind}.y the nurnbcr of rn.ctor:.; obt.;ti.nc <l hy d cJ'n n l. t . Ut:c your own 

.Jttdl~ lll<'lll. Lu un iu : arr in l, o: ll Í.i ~<:nl. dc;c:i:;Lun". 'l'lt i: : c: i l.:tl.Í<>II 1' 1'1 1111 L\11· ;;(\ ;; 

ua:urual :-;ltow:; v cr·y well how l.lt c e rrrpl m :; i.:; t >ll t.ltc ' nwniJ<~r u I' l'ac l.tJr· ' 

JH'U b l.r:rn I li L:; <: ltanged i.n l.llc la:; L t'< :w yL:Ill':; i.n L I H~ 11::<: 1· 1-~11 i <1< : :; 

i n:; L rue l. .i.om; . A r c w y e Ut'!J IL(~U 1\:w Ujll. ll)ll!i ol.lll! l ' l.llllll 1.111: d<:l':tt l\ 1. 

criterion oi' the .packages - usually r e t a in i nt; the f actor·:; associated 

with the eigenvalues (o f the correlation mat rix) g r eate r than one -

w1~re availablc . Now, i f not completely ~>olvcd thc p r oblcrn , t.lte u:.;<:r i3 

advised to t ry different decision r ules , what is becomine easie r wi th 

('I'I H~ :; p:;:;-X p r·o,~ r·;,.m 

:L I.Lmt ~j rno r<: L IJ;Ln onr~ l<i. nd or l':u.:L.or· analy~;ú; :;olu ti.on ~aclr ti.rr1r.: wr: 11: :(: 

tiJe .v ro~rum) . 

The crite rion of retaininc the factor:;; t ha t have eigenvalues 

g reatc r t l ran o n..:: i.~; kno wn a:; l.ltc " Ka.L :.;•·r· <: ri.l...er·lon " (Kai::•:r , 1~!>0) . 

'l'his crite.rion has an i ntuitive appeal in the ~ense that only factoc!J , 

Llla l.. UCCOUIIL l'o r· al. leiL:;L a:; IIIIH.;h VIJ. I'Í.UIIt:t: I L;; doe : :; /L : : ÍII I~] o : Vl u·i ;Lill< : , 

are r e ta"i.n 0 d . 

Cattell (l y66) p r oposed a test ba~ed on t he fact t h~t the 

magnitude o f the eigenvalues would c ease to chang e very much after t he 

nontrivi a l cornrnon va ria nce had becn rernoved frorn a correlat ion 1n.atri. x. 
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Lt is callect \..lle "uercc t.eut" und con:;ü;t:; in ob:;ervi ne; \..llc p.lo\.. oi' \.. IH~ 

ule;envni.IH::l (: >c t'<:c plot..) l.ool\i. rw, l'ca· 11 lH'c·:d~:; 11 i11 l.l11: <:I II'V •: . '111• : 1111.111< : 

11 Gcrec11 COIIlt~:J l'r·om \..he r C:Jl!lllblnnce 01' :J<tcll a p\.o\.. \..o \..l1c: rock :;lopc: O I' 

a mountn'i.r1 wi.l, li a ma:;:; n r n1hble c:allt>tl Ll11' :;<:r·c : c: o r· La1 11 :; ai. LIIC~ 

t•:xp•·r·i.tllt:lll..:tl •:vi.d<: tll :t: i.ndiciLL•::; t.lla\.. l.lt• · :;cr·•·c· ,,.. /~in:: ai. l.lw 

q-1.11 l'at:Lol', wlwt' t: q wo11 ld IH: \.. l11 : L t' tle' llllttthc:r q(' ('zu:l.cJt': l . Cat. L•· II 

t;ut;•;~-~c :;L:; t.. llnL \..ltt: :a:n:e te::l.. enn 1>• : olJj•·eLLJ'led hy l..nkl!IJ.~ Llt• : J' ir· ::l. 

differential or the cur·ve and f l ndillt) a\.. wlrat llülll\.. it dcpar\..u 

:;lgnifi.canL .t_y l'ro<n ze r·o (Cutte ll n.rrd .Ju:.;per:; , \. SI(>'(, p.ltl) . 1\.Lt ltoll!.jh Lhe 

scree test may be very useful in tnany canes , it ü; ~;t.i. ll n. Sllb.jecti.vr. 

dec ision rule as we have no adequate defi.nition of what a "break" is . 

f\s we shall see in Chapter 7, the occurrcnce of imp ropcr solutions in 

ra...:Lor· IUtaly:;L:; L:: :;L I 'tJII/·~'.Y r· claLt:d wL\.11 llJI l JI:l )I)II 'OJli'Íal.·· dc·ci::ioll 

a\Jor tl. l. l 11~ JltJIItbt.:r· u l' l'ztcl.or·:;. 'L'lt•:r·•.: l'o n : <: :t l l.i.lle tt i.L• ~ IIL iun L<> t, l11· " ' '"'ll•:r· 

of factors pro blemas t.he :)!\!:>manual rJo,~ :; anti i.nclucli.ng :;cveral opl.i.On!> 

in a fl:t.Ctor unél. ly::ols progr él.tn will cert.aln ly lead t.o rnO!'l! :-.;uc...:e~;:jful 

a nalysis by the i ncreasing nwnber of users of the statist.ical analysis 

'l'h e nwnber o f factors problem i.s discussed i n sorne detail hy 

::;ever al authors as , for examp1e , •n10rndike ( 1978) , Gorsuch ( 1983) , 

Cureton a nd D' 1\t;ostino (1 983) a mong others . 'lhornuike also reviews 

:,;ever al cr it..eria to define the adequacy of a factor analysis solution . 

'l'he e r iLeri.a l'or t'a...:Lo r sol1tL.i.on:: :u·<~ r•; Lal.•!d L•> \..he tlllllll>t'r oi' L'a•:l,<H·:; 

p r·oblcm UIIU i.l. i:; u.no thcr or l.llt! pr:t.cti.c:al prohl.ccn:; [':t.(:Cd b.Y l,ltc~ tt::.:r· 

of fact.o r analysis prograrns . 
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Criteria for judgint;;; thc u.dc<luucy oi' u factor anul,ysü; solu·tion 

One o l' tlte mo:1L 111\<~d erlt•:r·Lr-l L'or· Lc::;tJntt, Lll•: 'ld< :qcul~;y nl' a 

l'actor Utlll.l,ynl:1 noL11t.lcJ n ln the (:oodneu:;-ol'-l'lL l,r~:I L tlu:;r)c;trlL<:tl wil.ll 

the maxirnum likelihood facto r anal,ysis me thod (see expression t,. 5). 

'l'hr: I.<!::L wa~: tl• ~ riv•:d und•:r r·eul.ric l,< :d cnndil.lon:; , l, llllL i:1, I'<H' 

based on the :;arnple covariance rnu.trix a:> oppo:;ed to thc :Ja mple 

corre lation rnat rix . 'l'hese condltions are ~; cldom met in lJractice . ~>ome 

a uthors (e . g . Gors uch, 1983) have pointed out that because the test is 

dependent upon ~Hlrnple ::; i~e, for large sarn1)les , a rnodel that i:; 

trivially fal:;e i s likely to b e rej ected. 

1\ccord .int-~ to 'L'ltorndike (l~.HB), a pol.entirllly •t:H!l'1tl wuy Lr) ,)ttd t~': 

whether an adtl itional facto r adds enough int'orrnation to thc pre viou:-.; 

solution is to compar e the matrix o f re:-; Lrluul correlation~; obtaincd 

wi th the e xtra facto r to the matrix obtained wi thout i t . 'lhe residual 

correhttion nvürix is the di t'f'e rencc beLween Lhe reprotlttced cur-rr:laL ion 

matrix l>y tlw rnodc l n.nrl thc obse rve <! corn:!lal.i.on matri.x . 'lhi:; m:Lt-.ri.x 

is no w avaihd>le a:.> un option in all three ructor anal,ysi ::; package~; . 

The SAS prograrn prints also the root mea n squar e residual (RMS) give n 

by 

RMS 

\.,here k is the number of off- diagonal elements of the residual 1Th1..t.rix , 

whi c h i s p(p-1) /~; r_ are thc ob:;;erved cot're lat ion coeff'icient~> anel 
1j 

rij are the correlation coefficients reproduced by the mode l . This 

meas ure is no t avl'l.ilable in the othe r programs , but SPSS-X print:> t he 

proportion of' elerncnt:; of the r esidual m:ltri.x th•.1t. are greater , i.n 
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absolute value , than 0 . 05. 'Ihis clearl,y is not an appropriate 

crlLc:r.lon l>c!L:Illl:lt~ Lhe IIULtJ;fllLudr: c) r Lhe; f't:: tl. dll!Ll:t dc:pc·nd C )fi :1/I.IIIJ!I.t: :ti i'.c: . 

Thurstone (1947) hua used the criterion or .lnsignificanL re~lduul:-; ll:J 

an index o f the adequacy of a factor ana lys i s solution . McNe1~r (1942) 

has dis cusse d the theory of residual distribution in an e ffo rt to 

provide a statistical test of when the re:>iduals a re sufficiently s rnall 

( c f . 'l1l0rndike, l978). Under McNemr.t. r' s proposal , f~Lcto r!J !Jhoulrl he 

cxtrncLed unt.l.l 1, 111! dL:tLribuL.i.on oi' tl1e rc::tidwLl:• IIILd IL ::LnndiLr·d 

d c v.iatlon 11 0 g r·eaLet' Lliun Lhc! :;Lnndard er ro t· oL' a <.c:r'cJ-onlc:r· 

correla tion. We agrce wi.th 'l'horndilce when he say:; LhaL "althou~h LhL:; 

approach would seem to merit consideration , it ha3 not l>cen w ide~ 

used" . 

The root-mea n- square residual ( RMS) is appropriate for c omparing 

different solutions (differen·t nwnber o r l'ac;to r s ) frorn the :;arne 

c o rreluti.on rnatrLx, altltou{~lt t;he eri.l.e r .i: l rnay lead Lo t.IH' .Lnelll :;i.•m or 

too many factors because the residuals approximate to zero , a s the 

number of factors increase. 

Finally, we shall quote here a comment made by Johns on and 

Wichern (1982) - unfortunately , they say , "the critcrion for jud~in~ 

the quali.ty o f any f::1.c t o r analysis has not becn well qun.nt i ficd . 

Rather it seems to depend on a ' WO\ol criterion r. lf while scrutinizing 

the factor analys i s , the investigator can shout : rHow ! I understa nd 

these factors - the application i s deerned successful r" . 'I'his shows 

that the ade<1uacy of a rnodc l mu s t be judsed by rrn..Lltiple c r iteria . 

•ro avoid the subjective element two relatively new c r iteria huve 

been introduced in the fac tor analysis progrrun of the SAS package. The 

criteria are a ssociated with the maximum likelihood factor analys i s 
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rne L I lo< I: 

1973, 1983) is a general criterion for estimating the best numbe r of 

pur amete rs t o Lnc ludc "in a modc l "i. f MLJo'/\ i. ~; u ::;cd . 'Ltw ntuni H''r c) f 

f acton; that y ields t he smallest va1ue of AI C in consider ed be:; t . 

According to the SAS (1985) u se r ' s guide , the 1\kn Lke ' s c r üer ion l lke 

the chi- square test ' " t e nds t o include r~lctors t ha t a r e r~tatistically 

Hignificant buL incon::.;equcntial Cor prac LLc ~t1 p11r·p\):;c~ :;". 

and Si ngleton , 1980) i s also a cri terion for determining the b est 

number of parameters of a mode l if ~-1LFA i s used. The nwnber of fac t o r s 

that yi elds thc sma11es t valuc o f SI3C ü; c onsülc r cd bes t . 1\c co r·di ng t o 

SAS ins t.ructio nn , SBC :>cems to bc l e ss lnclined Lo includ e LrLv ü.t.L 

r:.Lc to r:; thnn •' i. tllcr /\!C o r Lhe (: hi- :;q11ar1: L< ! :;t . 

Methods a nd options available in factor a nalysi s routines 

A comparative s t udy o f the f acto r a na lysis p rogra rns i n three 

package s : SPSS, BMPD and SAS was presented by MacCallwn (1984), 

therefo r e we o nl,y swnu~tri~e Lhe compa r ison::; in te rus of opt ion:; 

ava i lable in t he most cur·re nt a v.q_ilable vertiions o f the pFI.c kage~.; , a s 

for example the new S PSS-X, which was not inc luded in MacCallum ' s 

study . The vers ions conside r ed he r e are as follows : 

BMIJ P, 1\p r i.l 1985 ve r !.i lon 
SAU, Vers l o n 5, 1985 
SPSS- X ReleA.se 2 . 1, 1986 

SAB In:; tltutc I n c , 1913 :.> I 
[

Di xo n ct n l , l9B3l 

SPssX I n c , 1986 ; Noruti l:.; , 1985 ] 

SPSS- X :3cems s uper ior t o t he other t wo packages wi th relation to 

t he l imitation problem. In SPSS-X there is no l imi tatio ns to the 

numbe r of va r iables , thc nu.mbe r of anal,ys i s , the numhe r of extrA.ction::; 
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or the lllunl>•:r· ul' r·utlll.l o rw. 

more than one extract :ion rnethod for a e;íven 'AN/\LY0U:i ' uubcummand can 

be specified. 'lhe u ser can also spec ify more than one r o t ation method 

for a given extraction or even more than o nc a nalysü> for each proh lern. 

3P0S-X now accep t::> a cor r e lation rna trix in lowcr t r.Lun~1lar· forrn a:; 

BMlJP doeB, L>uL ~.;1\:j :iL U . L on.Ly 1u.;ccpL:; a ccJt'T'(!LstLiun rrlitLr·i. x irr :;qw.t.r·<: 

symrnetric form . SP'-JS-X does not accept a covariance rnatrix a:; input 

and this Ü> a di:;;advantn.ge of the package . 'l'hc flexihility i n m4DP 

with respect to ' input is then one point :in favour of BMDP, but the 

lirnit.ation:-> "i.n tlte nurnber of cx tntct i on me tltod:; i. n onc; ana ly :-;·i.:-; rnnkc::; 

BMDP a nd !)/\0 inl'e r·.Lor Lu ~jJ'!j:.>-X u L tlte mo rru:nl.. Ol.lrc :r corrrpsu·ino ll :> t::tll 

be rnade from the optiom5 a vailablc :i.n ench package. 'l'a.ble l~ . 2 p r e :;cnts 

the rnethods and options avai l able in en.c h package . 
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'l'ablc 4. 2 - üptlons avaihtbl0. in the c11rrent vcn;lonu of the 
IIMU I', :;1\~i nlld !~l':;:i-X l'tLt: l.•n· nn:tl,y:: i:: l"·o1 ~r·:un:l 

Ma.xirnum number of 
variables in the anazysis 

Forms of input: 
Haw duta 
Corrclat.ion Mat.rix 
Covariance Matrix 
Prior solution 

Pactoring methods: 
Principal fac to r anu \Ysis 
Maximum likelihood 
Generalized least squares 
Unweichted leaGt squares 
Alpha factor analysis 
Image factor analysis 
Kaiser ' s Little Jiffy 
Harris component analysis 
Pr incipal component analysis 

Communality est imates : 
Square rnul tiple correlat i.on 
Adjusted SMC 
Maximurn absolute correlation 
A list of values (input) 
Hundorn no. (uni t'orrn Ji:>tr . ) 

Number of ractor·~; c riter i n 
~kl.x im11rn 1111111 IH ~ r· ( lnp11 t,) 
11Ü11 .itnum ~~ i~~~nva l.th.! 
proportion of vuriunce 

Rotat ion methods 
Varimax 
Quartirnax 
Equimax 
Orthornax 
Pr ornax 
Orthoblique 
Di rect o blimi n 
Di rect Quartimin 
Procrustes 
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100 varia.blt~:-; 

(60 vti th IIJLI•'/\) 

Y. 
'i 
y 
y 

y 

'i 
N 
N 
N 
N 
N 

'i 
N 
'i 

(SMC) Y. 
N 
y 

Y. 

N 

y 

Y. 
N 

y 
y 
y 
Y. 
N 
'i 
y 
'f. 

N 

2)0 vn.r i l'l.h l<!:; 

y 

'{ 

'i 
y 

'i 
Y. 
N 
y 
y 

'i 
y 

N 

'i 
'( 

y 

'i 
Y. 
'{ 

y 

y 
y 

Y. 

'{ 

'i 
y 
'i 
y 
'{ 

N 
N 

Y. 

No lirnit 

y 

Y. 
N 
y 

Y. 
'{ 

'i 
'i 
Y. 
'{ 

y 
N 
N 
Y. 

'i 
N 
N 
Y. 
N 

y 

y 

N 

'{ 

y 

'i 
N 
N 
N 
'i 
N 
N 



Adequacy of l"A criteria 
goodness- of- fit (x2) (ML) 
Likelihood cdtr.ri.on (Ml,) 

li ') 

N 
'{ 

l<eu.lduu.l cor-re.! lntJ.un Y 
Hoot mean squure re:..üduul N 
Akaike ' s Inforrnation criter ion (ML)N 
Schwa rz ' s Baysian cri t erion (ML) N 
Mea:.m r e of sampling adequacy N 

l'.lo"Ln 
0c rcc p Lot (c.: L[·~ c:IIVIll.tiC':l) 
l•'nc \,o r load 1. n t-~ :> 

l<o tated rnc \,o r londin~.:.:; 

l•hc to r uco r e:J 

l•'actor ::;cores mct llo d 
Hegr ession method 
Bart l ett rnethod 
Andcn;on-Hullln meLitod 

Note: Y = Yes N = No. 
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y 
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'{ 

N 
N 

y 

N 
y 
y 
y 
y 
'{ 

y 
y 
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N 

'{ 

N 
N 

'{ 

N 
y 

N 
N 
N 
y 

y 

Y. 
y 

N 
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l1. 4 Factor a na1ysis for cat egorical data : t he und er1ying va riable 
modcl bnl:led o n C-type di s Lribution:.; 

datn. methorl , introducerl in Chapter 1 , which we cnll the underlsi.nr, 

vu.rio.ble factor u nuzy sis rnethod (UV!o'A) based on thc C- type 

dl:; Lr ibution . '.l1te theoreticu.l frarnework for the rnethod i:1 e;i. ven i n 

Wc then Huppo:J t ~ that thc C- typc dil:lLr l but:i.on .lH thc undr:r·ly l. ng 

dis tr.ibution and contlngency type corr eln.tion coel'l'icienL:; (funcL i.onu 

of the pl'l r a rne t e r of the n~a;ociation of the C-type dü;tril.Jiltion) ur•~ 

the n obtained. A rnaxirm11n likel ihood method fo r e:.;t i.rnat ing t he parameter 

of the association of thc C- ty_pe dbLributlon (thc global cro::;:; producL 

r atio frorn HxC contingency tables ) i s presented in Chapt e r 3. Wc the n 

Lh e LtcL<H' •.:xt.r·;tc Lion uli; Lilud: ; lt Va i l a i•L•: in 1.11• ' <:Onlpltl.o ·r· r· •••I Li.rH::; . 1\ 

cornputer p r·oe; r·u rn Lhu.L y i<~ld:5 the conLingell(;y - Ly pc corT e L;tl, i.on uvtLr i>: 

1\ 1•'01<'1'1</\N pr·oe; r :un, c aLl C HO:..; : ;P~;l , w:t: ; t i!:: ; i. p; r1 C'd f'<;r· l, IH' rrn x i lflllrll 

likel ihood method of e::;ti.mating the p::tnuneter of a::;:.wciation (I)J) of 

the C- type di:;tribution and co nt i nge ncy- type correlation coe ffi.cient s . 

rrhe prograrn r eads the r::tw datn. n. nd c r0ss- tabulates the p varütbL•~:; . 

The par ameter ~ fo r each of the p(p-l) /2 crosst ables is est i mated by 

the ML method using the i terative method of s cori.ng. 'lh e eorrela.tion 

coefficients using t-1a.rdia 1 s formula , r ( ljJ) , and Chambers 1 formula 
u 

r
0

• 711 (1)J) ( see Sectio n 2 . 3 ) are then crtlculated . '[he output of the 

CH\Jti~P~I prograrn consi:;L:.; of the conLingency - typt..: corn.:lation 

matrices in lower triangular fo rm, in appropriate format fo r :;ubsequent 
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use in fac to r analysis p rog rruns . Tne input systern o f the C HOSSP0I 

p r ogr arn i s described an<l tlle output i.s i l.lust rated wi.th :u1 cxarnplc . 

The input for C HO::>SPSI consist:-; o f the data file and some :;implc 

infornntion about Lllr. dnta file : 

l) 'l'i Ll•• oi' l,l11 : pt·()bl •·m 
;! ) NumiH; t· •JL' c.a:a::; (:;atnpl.•: :; u· .• ;) 
3 ) Nurnb e r o (' va riables 
l1) Nwnber o f categories o f each variable 
5) Input fo rmat o f the r aw data . 

Input format fo r the CROSSPSI progr am 

l) 'l'he title of the problem shoulct he i. nput nsing the f()llmri.ng 

fornvt t : 

( llt o ' I 'L' .L' L' LI•: I ) 

whe re " 'rl'L'LI::" is the title of the problem to be analysed a.nd should 

con l-a in at most ?.0 eharn.c ter:> . 

',>) NttrrliJI!I' o L' L' l' I ~ l:n:;•::; - r~.:t: •> r·nvJ. , 

3) Nurnbe r of va rütblec - free f<.>rrn;.t.t 

l..) Numb•!r' oC categorien o f cuch vur i.ul.Jle: L'ree l'orrrv.1.t, hul- one 

integer numbe r (c . ) should be input for each of the p variables . 
l 

5 ) '('he input fo r rro..t of the data to be rcad i.n should conforrn 

with a FOR'l'RAN forrna.t as fo r example (kX , plw) wh e re k means th•~ numbe r 

or space:;; (i f any) a t Lhe bcginning o f euch d: t. t:t fiü~ l Lne ; p i::; Lhe 

nwnber of variables and I w implies the variable t o be react in i:;; oC' 

type I N'l'EGE:H a nd occupies a fi eld o f width ..., in the current data l i.ne . 

(The fo rmat speci ficat ion Fw.O may be used instead of Iw) . 

'.fue p r ogram is wr itten in FORTRAN 77. 'lhe input channel number is 

assumed to be 5 for the input items l to 5 g ive n above and the j.nput 

channel number 7 !;))loulcl be U!;ied fo r the <.lat;a Ci.le (r ::~.w data) . 'lh e 
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• • llE:F I NF.: FORO O 7 r r 1'\f:IIF.:L J r. I V I L , OI'\ I 
• nrrtNF. rnnooo nr:mn r .t.r n 

• • RIIN C:ROAOf"UI 

EN I ER TI f"l E OF F Il.F .us I NO liiE FOU. OW HIO FOr-H r. r I 
<JHQ'CIVIL.DAT') 

ENTF.R N OF CI'\SES ~ 

515 

F.:NfFR N OF VI'\RII'\ni F.:S• 
7 

E NT'ER N OF Cl'\lEOOR tE~ n.F FI'\Cif VARJI'\nU:: 
5 5 5 5 5 5 5 

F.:NfER INPIIT FORHAT AS JN liiF EXI'\HPLFI 
(3X•712> 

TORIRAN R lllr' 

• • 1 V r' E RF!1111 . I .L 1 9 

f:fVfl_,lll'\1 
N nr HlflOtNn ""'" N m- HlfiAINIJ ltl'\ I A 
N ur HI~!l JNfl ''"' (\ N OF HISSINO OI'\ fi'\ 
N OF HI SSI NO OI'\ lA 
N OF HISS INO DI'\ lA 
N o r HI SSJNO OI'\ TA 

nr VI'\ H ffl () 

111 ' VAil ;• 1!1 toY 
IJI ' VI'\ I~ .1 I A :C7 

n F VI'\ R 4 IS 1 
o r VAR 5 I S J (){. 
o r V ti R 6 I S 105 
OF VAR 7 IS 19~ 

HI'\ROJI'\ CORRFU\1 ION COFFFTCJF.'NT HI'\TIHX 
I .000 
0.47~ 

O. :HJI 
0,/I.JI 
o.::>nt 
(),JI:.'!"l 
0.~5:1 

I , 000 
o.~BO 

0.577 
o. :19·t 
(). Jll~9 
0.71A 

I • 000 
0.1.?~~ 

().419 
().47~ 

(),7F,J? 

I • 000 
o. :' :• ... I • 000 
0.4~() (). :~~.~; ' . ()()() 
0.?.77 o. t 7 () 0.::?4::! 

R.7JI f:ORREU\lHIN C:OEFFJr.JFNT HI'\IRJ X 
1 .ooo 
o.5t:? 
0.377 
0.291 
0.309 
0.463 
0.386 

1 . ooo 
0.57 0 
o.t.l7 
O.JI~O 

0.5:?9 
o.24t 

t. ooo 
0.667 
0.451. 
0.513 
o. :uo 

t.ooo 
0.~57 1 .ooo 
0.467 0.399 1.000 
o.~oo O. 19H 0.2t.7 

czx.t~t ? > 

I, 000 

1. 000 

( J I lO • • T l TI. f" • ) 

ltiF TfliiOI.IJNil Cfli'F I S VALffl FUR IIIF f'fiiU~FII'\TJflN HI"'IRJ rF~ I 

nn. nnn - E XI' F r: 1 r 11 rmwrm r tiiN r: nu r. r r 11 7r no 
77.77 7 - f"!H llf\!1 I Ali fll 10 CIINVrHrlF 
IIIE OIJH'IJT' FORHI'\1 OF lHF. CIJRRF.LI'\I ION HfllRICF.S 1S t ( 1 X• tlr 7.3) 

• 

l·'IGUH;:; 4 .1 - INPU'l' AND OU'l'PU'l' OF PHOGll/\[1 GHOSSPSI 
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output ls pri nted in a new file nsing the output chl'lnncl nwnbe r 8. 

Observation: Using the program on the VAX compute r at LoE , the 

cornmands for defining the input a nd outputs files hefore runni.ng the 

CROSSPSI program should be: 

DEFINE FOR007 DATA FILE NAME 

Dl!:I•'I NI!: FOH008 OU'l'PU'r trru; NI\ME 

Example 

'l'he Ci.vi.l Sc!rvice 1: data (scc Chupter G, ~)cct i0n G . ~) are u:.:c!d t.c> 

illu:.;Lnt.l.e CIH ! .L rlJlll t und output o r Lhe (Wogr·zun Clll):;:;t•:; I. 

we :.;how the sequence of corruna.nds to bc u::.;ed . 

In the example we us e on),y the seven fir s t variable s of the Civi l 

Service I data for illustrative purpose:.> . 'lh e r aw data file called 

CIVIL.DAT cons ists of s even ca tegorica l variables , each one with five 

categories and the data file format i s (3X , 712) . 'l'he input items a r e 

answered ite ratively in a computer t erminal session as illustrated in 

Figure 4. 1. The output file, which in the example i s called RESULT . LIS 

is printed and it contnins: 

1) Nurnber u r rn i:~:;Lng datn fo r eaeh variaiJlc~ . CI!O!i!>l':jl u:;c::; 

puirw.L::e de~ l eVLon:; o r rnL:;:üne data; l;l\.•t.l; ü;, i. r tlll: VIL L til~ ()r :LIIY 

variable in a case is missing or out of range , t he case is ornitted from 

the computation of the correlation coefficients of ·this variable with 

any other variable. 

2) R (tjJ) correla tion matrix, or M3.rdia correlation rnatrix which is 
u 

formed by the contingency type correlation coefficients using Mardia ' s 

formula r ( tjJ ) given in Section 2 . 3. 
u 
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3) R0•74 c orrelation matrix which is fo rme d by the contingency 

type corr elation coefficient!> using Chamber:,; ' fo rrrula r o. 74 ( t~ ) given 

in Section 2. 3 . 

'l.'ll c OttLpttL l'r) runt 0 l' the cnrn~lnt.ü>n rnnt.ri. ee!~ i:; i.n tire! lc>wr:r 

Lrlllll t:', ll11lr' l'cH' IIl llt trl t.ll• ! :; l,and:u·<J I•'UI<'J'IV\ N l'u r·unl. í:; tt : ;c:d ( I X , til•"( . }) . 

rl'he forma.t is s:tppropriat e for uslng as input for the fnctor analysis 

program of the BMDP and SPSS- X. (The current version of the SAS facto r 

p r ogr arn r e(1ui re~ the :,;quare corr elation matri.x and n :;peci:tl SA!:5 fo rrnat 

fo r thi~ vrogram, Lherei'ore Lhe whole ma Lrix ~ltoultl be .inpuL) . 

Portability o f the C ROSSPSI p rogram 

No auxiliary routine i s used in the CHOSSPt>I p rog r a m. As a 

FORTRAN progra m, i t can be used i n a ny machi ne wi t h a FORTRAN compile r, 

including the microco mputer s . The limi tations of the program depenei:; 

on the a vailable mc rno ry ~ pace o f the ma.chine . A l i.sti.nc o r thc 1n ·ogr:un 

Í.!:l i.ne Luded .in /\ppend i x l. 'l'hc ! d itlll !!l:; iorr parauu: Lc r·:; o f' Llt c! JH'!Jt-~ r·:un lll'c~ 

defined as f ollows : 

MAXl - the ma ximum value of the sarnple size to be useu fo r any 

MAX2 

MAX3 

MAX 4 

pa.rti.cular u~er 

the maximnn number of va riables 

the maximum nwnber of categories for the va riables 

the ma ximum number o f elements o f the lower trianGUlar 

correlation rlli:l.trix ( P( P-1) /2) . 1t should be ca l culat,e d ur; 

t-1AX4 = MAX2 (MAX2- l) /2 

For the particular l i sting of the p r ogrrun p r esented i n Appendix I , 

these l imi t s a re : MAXl = lHOO ; M/\X2 = 50 ; MAX3 = lO; M/\Xl1 = 1225 . 

CXKAAR 



I l I 

Ir thc machi.ne to ue uued by \..hc u:;er allow:.; an increa~>e Ln the 

on the f .lr !5 t. Llne or the mu. in prognun and in the t' i r u l. l:Lne of the 

s ubroutine I~HO , wherc t~fi.X = M/\X3. 

contingency l.ypc cor r elation rnatrices , wh.ich Hlr..ty thu~,; be u:;ed :1::; inpuL 

to the tra di tional factor e xtraction methods . 'I'h i s method allovTs u s t o 

obtain factor a na.l,ysi s results r o r categoricul va ria bles without 

restriction:;; on the nwnbe r o f va riablcs . 'l'he limitations on the numbe r 

of vari.ablcs for the unde r l.ying Vflri.able fa.ctor anal.y:üs rnethod ba:>ed 

o n the C-\..ypc di::\..ciiHJLion , a:; d c: ;<~ri.hed in Lhi:; :;cc Li.on :lr·r· , 

therc l'o n '! , t,IH! :,1 /lHIC ! l.i. mi. tation~; l l ~l roc l.IJc! Lracli.l.LIH\Ill 1'1LC L()I' llftal.y:;i.:l 

rnethods (scc Uectio n L, . 3 ) . .l.!:xamples o f the use o i' the UVL•' A method ror 

catego r icul data will be presentcd in the next Lwo chapters , f o r bina r y 

and fo r polytomous variables . Comparisons with Ba.rtholomew ' s model 

will be made . 
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C 11/\ P'I'Jo:H ) : NUMJ•:IUC/\I. /\PPJ.l.C/\'1'] t)N ~-5 Jo'OH 131 N/\HY D/\'l'/\ /\ND 

CIJMI'/\1! l:;oN:; \o/1'1'11 11/\l!'l'lllll.lll..,I·:H ' :; MU!JI•:J.: ; 

) . 1 1ntr·od1H: Li oll 

In tlli.:; elt<tj>ter wc :;h:lll rnake a COIIIll<lr:-ttivl~ :;tudy o l' clifl'e r en L 

fac t o r analysi.s methods , includinc thc &.1.rtholorne\.,r ' r:; facto r anal,y::; i.:> 

J'c)l' L:nLq.~~ll·i~:al d JtL:t modc•l:: , t.lu• 1111clo•r· l,y irtt-~ var·ittlll•• tnndo•l lt:t::o•cl ''" l.lt•· 

C-LYJll~ d.i.:;Lr·ibul.Í.IJII and l.radiLionttl l':li:LIJt' lllllll.j'::L:: ntc:Lhocl:; . H•· ::ll:tl 

apply Llte rrtc.::t llo d:; l,o :; i x da L:t ::c: I.:; J'r·orrt c•mp i t'i. l:al <'XJH:rLrrwnl.:: l.lt.<tl. 

l'o r· 1 LI I 

c a::>e:> Lhe rrnnifr.::;t vuriubl r.:; are d Lc:hoL•JHron:; . 'Lhe! dat:t ::eL:; :tr·• : 

summarized as follow~ : 

~~e t Nu 111 bc~ r:; N: LI !I(~ No o i' v ar Lah I r~ :: ~):u11plc: :; Í Y.C! 

\.Jc • i n r· c~ i.<:lt lhl.:t ) ( \() ~) 

:• /\bc>r·Linrr l.h \.:t () I llb 
j 1\r uk r·:;en U::tLa ) ( I )(J 

4 Lombard Lata I, l'(~9 

5 Mcllugh Data 4 137 
6 Goodman Ih t a ~, 1000 

Ho• ::lt:tl I. ele::;.; r· i. IJc~ :uH I :tlla Ly::1: r::t.clt d:tl,:t :;c:l, : ;c:p: r.ntl.r ~ Ly . l•'u r· • ;: te: I r 

daLa :;c : L, J'onr· cl il'l'c:r·c~llt <:orrcln.tion rnaLr·Lc:c:: ; :tr\; ll:;<:cl ;t:: i.rqu!l, 1,o Lltc• 

below . 

CASE I - lNPU'r : 'rb:THACHOR IC COEFFICIEN'l'S . In this c~se we shall 

asswne that the underlyin~ distribution o r the variables a r e rcally 

l:ont.inuou:J and normal. ' l.t1 e Pe11r~on tetn.tchor i.c corrcl:tL i.on 

coefficient is calculated usin!S a computer rontinc frorn BMPD. In thi ~ 

program the bivariate normal integral is approximated by an infinite 

ser i es and the coefficient is found impli.citly by iteration . If the 
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series does not converge wit hin 100 t e rms, Gausr;ian qnarlrnture i:~ ttsed 

t o e valuat e tltl:! :Lntegntl ( llrown and ll<..:n ed1d, L i. , ll)'('() . 

C/\SE: [! - INPU'l' : C ll/\MBI~Ht> COHHELA'l'ION CO~Jo'Ji'ICll~NTG . 'l'h'is i.!~ a 

8.StiOCÜttion or the C-type di s tribution . 'l'he cocfficient wa::; introduccd 

by Chambers ;u; an e:~ t. i tnn.tc ot' the lntent coeffieien\.. of Llt·~ hi.v;u·Late 

li O t'IIH.J . 

'111e und c r l,y ing v ~t r .i.ublc modcl approaclt, w'i tlt no rma I. rnarg irHt l 

distributions , Íti a.:>:>umect in this ca.::;e . '11tc coef'fiei.ent. b; t-~i. ven h:; 

+ l 

C M51·: L I L - IN PU'l' : M/\HO L/\ C OH lU; L/\' I' WN C Oto:l•'l•' [C [ I•:N'e) . 'L 'h i:; 

C-t..ypc u n.LJ'o r111 di.:;t. r·il.>• l l.i.on . 

und c rlying tfii:Lre;"L nn.l dist..ribution r unct ion::; corrC!:3pond t o thc unil'o rm 

distribution on (0 ,1) . It is give n by 

2tp R. tt l~ 

{.~- 1) 2 

where $ is the cro::;s product ratio estimated from the 2x2 observed 

t ables . ( Sce Chapter 2, Section 2 . 3). 

CASC: IV - INPU'r : PHI COEFFICIC:N'rS . 1\s a comparat i ve study we 

shall ul::;o use the familiar Phi-coefficient , an acceptahle measure of 

correlati on whcn the variables are purely two-valued qualitative 

product- moment cor relation coefficient evaluatecl from the binary data . 
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Manlla cut.:l'l'io:Ío'fll.:; a:; lrrpr rl. L•> 1.11•: l'tl•·l,llt' :ut:ll_y:;i: ; rno·l.lr••d::,Liw 

correlation rnatrices may not be Gramian , hut ln all 0xamplc :; to bc 

shown in this chapter , thc correlation rnaLriccs ure po::>lt-i.ve definitc . 

'lh e esL imaL•~LI pararnetcn; , compari :~on:..; and l'urt-ltc r con:;idcraLior~:; 

about ~oodness of flt of the models will be presented for each <.lata 

set . The c omparisons wil be made direct~ on bas is of the factor 

loadint;s . He have reparameteri.z.ed the paramcte r esti rn.-"Ltcs o(' 

Uarl-ltolouu~w ' ~; rnud•!l:; Ln or·cler L•J o...:urnp:u·•: w i.Lil l,llo: lrcrrr·i::Li<: c:;t.i rnal.<!:i 

( sec Section 4 . 2 ) . 

a nd o ften controversial problem of factor ana~sis . J\cain , for 

comparing wi th Ba. r tholomew ' s mouels we huve c.lec.ided to use thc 

one- ractor rnodel Cor· all rneLhod:; , but- wc! :;lrall con:;id•:r and eornrrr••nl. •>n 

by the " default c r i terion" o f each facto r analysis program. 'l'his nurnber 

general~ corresponds to the number of eieenval ues e reate r than one 

f r o rn appro1;riate matrices . 

Io'or a description of the Bart holomcw models sec Scction lr . 2 . 

l n thi.:; c h:lpl.r ~ r wc ~ :;hall u:;e two c!Li'f'e r-r! llt. c::;l.i.rr~Ll.i.on rnc! Litnd:; anel Lwc> 

IIIC>d •.! L:;: l'o r· Ll~t: l o>t~i. l. mudc! l, wc• lt:it' l.lto• !LJIJI I'OXÍ.IIt:r l.ic >n rno•Lir•H I ll:iÍII/~ :l:i 

input thc cross iJ r oduct ratio (ihrtholorncw , 1980) which pro(Srarn i.~ 

called MODf/\C . F'or the p r obit/probi t model we shall u se the maximum 

likelihood method and thc progr·arn l•'J\CONI!: ( Shen , lS)IJ l1). 

Hi th r espect t o t he tradi t ional facto r ana.lysis methods , we shall 

anulyo c ~ Lile data :~e I. o lWlntS the 1neLitod :.; a vai lau Lc! in Lhe l>t,ll>l-' anel :;p:;:; 

packages . As was pointed out in Section 4. 3 , the RAO methocl (S P~S) 

CXCAAS 



125 

yields the namc result s as MLJt,A ( BMDP) provided wc use thc H/\0 progr:un 

with a n additional input card allowin1~ :t gn'!atcr numher or i.Lc!rntion:: 

than the default crite rion ( 25 iteratlons ). We have W3 C d a " N of 

l 'l'l•:ll/\'I'ION = lOUO" c:ar·cl :t:: inp11t. , anel l'nr· :til d:d.n :·.,·1.:: nrFrl,y::•·tl in l.lri:: 

chapter wc obt:lLncd i.denti.cal solution:.; with ll/\0 a.nd t-11.1"/\ mctlrod:: . 'lhe 

<:UIIIIIIUII :;ol.rtl,iull wi I L IH ~ pn::l<'lll.c·cl a:; I.IJ<• llr:tXÍflltllll I il'.•·l iiiiJcld f':u:I.•H ' 

llllltl_y :; i.:i III<!LIInd (r~l.l•'/\). 

PL~A (llMPJJ) and PJ\2 (!:iPGG) are also C\lUivalenL rnethod:.; wi. Lh :.;rua ll 

differences between them. However , for all dat a sets of this chapter 

the two method::; yielcle d the namc r esult:; ano onl_y Pl•'/\ wi. L I. IH~ 

pre:;entcd in Llrc Lablc:..; oi' n~:;ull.:: . Wc' al:;l) ír11:lrrtl•· tire· r·c::11ll. :: r.,,, 

two other l'acl.or analysis method:.; : ALPI !/\ ( :JPtiG ) untl LJH'I•''í ( UMLJP) . Vle 

obse rve thFtt mAU!!: ( SPSS ) method i.s CllUi.valcnt t o LJH'lt'Y. l•'or· 

illustrative purposes we also include t,he FCA (Principal Compo nent 

1\nalysi s ) method . 

Al though the SAS package has rwrne ad vantFtges compared wi th the 

1\MIJI' and :;!':;:; t'ael.or· analy::L; progr·am:; :t:; poinl.t!d uttl. b.Y M:tr:C:tl.llllll 

(1 983) , we shall not u::;e !:>1\S because i t uses a more COIIIJ•lex input 

sy::;tern which i s inconvenient for deallng with too rnany differcnt dnta 

sets and various correlation rnatrices as in this s tudy . 
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5. 2 'vJeinreich data 

'l'he Weinn.:ich daLIL t:on:Ji.:;L:; o i' l'i.v• : i. l.•:r11:; c ort <: < ~ r·rtin 1.~ tLI L• : r·e: i.<: 

reuction:> and it i:-; t:Lken rr·om '.-IC!inre .icll (lSJU2 ). 'l'ltc rc:;ull; r o r cach 

item wa.s "no r eac ti.on" or "po:;il."i.vc~ r cacL i.on " rrorn an all•:rl~Y Lc: :L or 

Bü2 pat.i.cnt:; W.Í.LII l'iVC! :;orL:..; or gra:;:;e:; ; (L) On:ion CI)IICit; (~! ) l•'c :;c uc 

'l'he cross product ratios for this set are prcsentecl i n Table 5 .1 

and the correln.tlon rn:tt.rice:; :in 'lh.h lC! 5 . 2 . 

C XCA.A'r 

'I'able 5 .1 - Cross- Product Hatios; Heint·e i.ch [htn 

Item;, 1 2 

') 
<. ]11 . 9)1 

3 29. )4 32. 20 
!I 46 . 63 29 .81 
5 17. 92 31.52 

'l'able ).2 - Correlation W~t rices 

Tetrachoric Coefficients 

Itcms l 2 3 )I 

2 . 90 
3 . HU .89 
4 .91 . 87 . 813 
5 . 81 . 87 . 8) . 81 

Mardia Coefficients 

Items 1 2 3 4 

2 .t~l, 

3 • 13~2 . llJ 
4 .H'T .U3 . 82 
5 • 76 .83 -19 . 7 4 

(*) 'D1e diagonal is omitt ed 

3 

213 . 66 
~~2 . G8 

for Heinreich 

16. 25 

Data ( *) 

Chambers Coefficients 

.L 2 3 )I 

.87 

. H5 . B6 

.89 . 85 .8) 
• 79 .85 . 82 ."('( 

Phi-Coefficients 

l 2 3 4 

."(L 

. 6'( . GH 
• ·r o .65 6" • ü 

.58 . 64 .64 . 60 
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'I'able 5. 3 - Hcinreich data: Fac to r loadings obtained by differ ent 
fn.etor a naly:>is m<~thods fo r various corr(:l.ati.IHI matrice:; 
:tnd l.l iC r e j li.L!'a tru:\". t) r· i.:;cd l'ucLor lo:tcf i.r11~:; ol> l.a i li!:d l>,y 
1\u.rtil<>l.o me w' s rm!l.I IOtb . Onc - l'actot· ll lt>dt ! I. (*) 

CJ\:3E 1 - l Nl 'U'l': ' l'lr:'l'I</\C llül< !C C 01\HJ•:J ,1\'l' L<JI'l C CJio:l •'l•' l C II·:N'I ':; Ih r·Liro I t>lm: v/ 1 ~: 

111!~ l.llü<h; 

l 'l'l•:tli ~·11.1•' 1\ I 'I•' 1\ /\1.1'11/\ J,,Ji l•'I•'Y I!:,, WliJl•'fl.t : I•' /\f ; t lN 10: 

1 ~) ~I , ;yl, ~j ~'; ~(; )li 
2 95 95 95 93 96 96 95 
3 9'1 9'1 911 92 9'• ~I, 9'• 
l i \) li 93 \)3 9~~ ~') \)'; '))I 

) B9 tJ~ tl9 IW ')0 ')O ~~~ 

C A~ I~ Il - 1 N PU'l' : CIW1BI~I< <;OJ•:L•'l•'lC U•:N'l':; (r . 7 4) 

ITEM MLFA PFA ALPHA LJIFFY Fel\ lltODFAC F'ACONE 

1 93 93 93 91 911 96 9ll 
2 9 11 94 9)1 91 95 96 95 
j 92 92 92 90 9 )~ 9)4 911 ,, 92 92 92 90 9J 9) )Ir 
) u·r 13'{ B'{ 1\6 )I ')0 :~~ 

------------- ----- ------ ~ 

C /\SI~ lll - L N I'U'l' : t'lfi.IW L/\ C OI:: I•' I•' LC LJ•:N'l':; 

I TEM MLFA PFA ALPJ!A I .. HFF'Y FC A MODFAC F'/\CONE 

l 9 r~ 92 \)~2 B:> 9:3 9G 9)1 
;..~ 93 93 ;JJ ~() ;J li ')() ;J) 

3 yo 91 91 uu 93 9'1 9'1 
4 91 90 90 88 92 95 94 
5 85 85 85 81, 89 90 89 

CN3E LV - IN J>U'l' : t> l lJ.- C OE I•'i"lC .[ I•:N'i':J 

I'l'EM MLJi'A Pr,A 1\LPHA LJ IFFY FCA ['40DFAC FACONE 

l 83 83 83 r r 86 96 ~4 
2 83 83 83 TI u·r 96 9) 
3 UJ 83 lU '('{ 13'( ;yJ, ') ,, 
J, ti:! B;.? 11') ,, '( (, /1(, ') '/ o )li 

) ' ( ,, ·r )I ·r J, '{ () IH ;JO :S;J 

( *) Decimal poi nt is omittcd 
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In 'lh.ble ~ . 3 we pr·c::; e nt the frLc to r l ondi. ngs obtained by di rrerent 

inpuL t o Lhe rnc~ Lito d:; , accorulne; Lo tltc dc ~;cr·iption in t ire la~;L :;cct.iorr . 

Orr<' l'ac:l.nr· wn.: ; c xLnu:l.c>d h,y tLI I l' tte l.(Jf" tura I,Y:: i: : rn(:l.lrnd:: lt,y l.lr( ' 

matrice s ::; how a large va l ue associated with the first. f'actor and s rnall 

v ulue:~ fo r· Lhe r c rnulnder· . 'Lhb l c ) . lr :;hm1:; Llrc c lJ',I!IfV:tlru::; l'ur \.lt (! 

unultercd corr·cLation rrvtLr·ic<!:; ü1 r~tt<: lt 1;:t::r: undt ·r· <:(>n:; i.dt!ntl. i.on . 

'l'ablC 5 . 4 - J.!:i~en vn1u e:; O I' the IIIHLltc~n~d COI't'elal.i.nn 
rnu L r ice,;::; for \·lc! i 11 r i. c Ir d:d,: (, 

Correlation t·1a tri x lügenva1ue:; 

Tetrachoric 4. 41 0 . 22 0 . 12 0 . 1 2 
Chambers lr . 36 0 . 26 0 . 15 0 . 12 
Mar dia l r. 26 o. :~o 0 . 18 O. llr 
Phi 3 . 62 O . lr 5 0 . 3 4 o.:n 

0 . 08 
0 . 11 
0 . 12 
0 . 26 

Bock and Li eberman (1910) sugge:;t thaL when there in a 

well- defined 11 jump" between the va1ue o f the fi r st e i c;envalur n.nd ·t l':lt 

of the r em:üning , the result wou1ct be takec:n to jw;tlfy tire 

uniclirncn:..;ionali.ty o[ the laLcnt spac<! . /\ 1 t.hot lt~h l.lri:; r·ule i.:; Vf;t'.Y 

s ubject i v e , it seems to be useful t o help in the cteterminatiofl of the 

number of factors of the model. Also the homogeneity of the items 

together with hig h val ues of the correlation coefC'i.cient:,; as i.t i::; 

shown i n 'l'ab1e 5. 2, lead to the a.s::;umption o f unldirnc n:d.onaliL.Y oi' t.lre 

latent space in this cxamp1e . 

'vle see in Ta ble 5 . 3 that the agreement betwecn the facto r loadines 

obtained by the t'actor analysis methods : t4LF'A , PFA /\LPIIA anel 
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fu rtho l omcw' :;; modcl i.s vc r·y clo:;c for l.h·~ l,l' l,rachc>ric coc!Ti.ci • ~ nL :; ILII' l 

for Chambers coefficient cases . 'l'he agreerne nt is r eulõonable for !~ardia 

coc f"ficient.:; nnd .il, i:; i>Oor l'or l.llt: l'hi- coc f"l'ic-i.•.!n l. •::L:: , ~ . Wc al::o 

observe that fo r each o f the four cases considcr ed the solution for 

Ml,l•'/\ , Pl•'/\ and /\ 1,1'11/\ a r·•: t; ll c r; :unr• f'n l" Lhe vk i nr•·ic h d n.I,:L. 1 •. 1 r, .. i"Y 

r: :;l. iunl.c::; :u·c· I o wr: r I.II:LJI l.llc ~ Ml.l•'/\ 1:::!. i 111:LI.r::: lllld I C/\ •·::1. i rrn l. r: :: :u·• · 

h l.t-~l l t' l' ro r· :t.l I t:a::t::l t:on:ddc:r···d . ""'' JIOI.t: , hr)I-Jr•v r· r·, l.illll. 1.11<' ::IUIII' 

r·•:L:d, .l v c u n tc:1· l >•:LWI!I'II l, IH: l L•• ru:: i: ; oiJ::P r· v~·d I'CJr· a l u1o:: l. ILII rllr't.lln d:: Íll 

thc r our ca::;e:.; . 'lhe ite rn::: show approxirnat. cl_y t.he s:.une rm.t.cnituôe 

concen ri ng t ll e l'act o r .Loa dings , althougll t. iH: rifth .il.crn pr<::;ent:; 

systematical)S' the smallest . In othe r wo rd::: , we can say that the item!> 

havc 1\..LJl >rox i rHal,t• Ly l.l1t~ :;arn0. di:;crirrlinati rw; powc: r f"ur Ll 1c: Wr:i11r·r:i1·l• 

data . 

Weinreich (1982) , analysing the sA.me data set , concludes t.hat the 

data are we l l d e~:c ri1JeJ by the l<a:;ch mod (~l wh ir.h :-t::; s urne:; e <tU -'ll 

di sc rirninatinc power fo r all i t erns . 

We shall now .LJrc:;ent ~omc additional considerat.i.on:> about Lhe 

1-:oodnt~:;:; CJL' l'i. \. and Lc ~: ;l. o l' ::i, ~ni l'i c· a!LCI: ,,,. l. lit ' li l l ll iht • r· 1) 1' f':lt:l.c>r·: ; 

.LJrovided by the traditional factor ana}.Ys.i.s methods and also the 

goodness o f fi t test for the Bartholome•• ' s models . As was pointed o•lt 

in !:>ection l1. 3 , two factor a nal_y::;.i.s rnethou::.: , t<1 LFJ\ anll !<AO .LJI'OVLde t.c::.;t.:.; 

of signi fica nce fo r testi n~ the nwnber of factors . 

Wc should note , howe vc: r, that the tc~;t o f the munbcr o f ractors 

.LJr ovided by thc factor analysis met.hods i:.; dcsir;ned ror the ca:.;c or 

continuou::.: no r mal rnani fes t variables <lnd covariance rna trices u.nd :L::; not 

meaningful when the assumptions are not satisfied , as i n the case of 

the heuri stic approach . 'll1erefo r c , wc :.;ha.ll not. con!.o: ide r in L h i:; 
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chapt er the r esult s of the cht- nquare te::; L:; and o ur :waJys iu o r tile fit 

or the raetor analy:;i:: rnodt:l:; wi.ll ))I! b:t:wd 011 L.ltt: n:::idtlltl Cll l'l't !l:t.l.itHI 

ma tri. x . 

'l'he ~oodncss-of-fit test for lhrtholnrn<"'w ' s lop;i.t rno del U~ODI~/\C), 

( p<ü . OO I) . 

l•'or t.hc JH'üb.Lt./pr·ublt. nrodcL W< : obi.ILill(~d J\ =ll'( . ;.>B wii.IJ 111 d.l'. (p <O. OOI) . 

~)ec UccLion 1,. ;! ror l.ltc dc::eripL.iolt t)f' l.ltC' /';OOdnc:::r: - ol'-l' il. L.c:::t.:: ('rJt' 

llnr·t.hu l.nnrc: w 1 
:; ntodc! I . l 'f.)tll lllr HJC: ): j :tr•c• t'o•,)c•o•l.r:d i'rH' l.IIO' 'vJr• lllt'r:it·Jr (l:ll.:t . 

'l'l r i.:; rt:::ull. i:; J!t'()lr.•th ly c:ur::c·d l1y 1.111' Ir i /': Ir ctl,::•·r·v• ·d !'r·c·•tll•·rr t· i •·:: i 11 l.lw 

l ow lLIIll Ir lf.h ::t:u r·q.~t ' (J ttp:: (::cc: \~t: i lll't' i o:IJ, 11)1\;') . 

Nc x L, wc :drnll r.;o rr rl>:.tr't: t llc rm: t.lrod:; t 't ! l ~:r. rd lllt~ I. lu: r· •:: : irl 11:t I 

correlation matrix . 'Ih is matrix is supplied by t.he mcthods uvailable 

in the Ulv!DP package. Frorn thc rwl"i.<lw1.l eorr·n L:LI. i on rnaiJi z w• : oh t~t in 

the root mean ::quurc (I<I·-1S) o i' the o l'f-di:tt~onal r.lcrnent:; of thi.:: rnn.Lri.x. 

('111L:.: er • Ll.t!t~L()tl i. :: :tv:t i l:thl•· irr l.lr<: ::/\:: l'a•·l.or· :uraly::i:: rrr•:Lirod:: lurl. 

only t.hc reu .i.chml rnat.rix i:-; lJ r e:.:c rrt.ed :.t:: ou t.put. in Lhe IJMD I' var..:ka~_jc ) . 

In 'l'able 5. 5 we prcsent the HMS values for each cor r elat Lon mat.rix c;u;P. 

and for each factor anaJysis methods . MLFA and PIÕ'J\ shows the best f"Lt 

cornparing t.hc trr•!thod:: and t.lt•) tt~\..t':H : lro r·i•: t:c> rr·,~l:d. i.nn rrHLr·i x i:: l.l11· 

rno:-;t. pcrt'et..:t.ly reprur.Juced l>y t.ltc J'ac.: L<>r· :utaly:;i.:: m•>tkl. 
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Table 5.5 - 'lhe root rnean square (HI·4S) of the r es idual 
correlation matrices for the dif'ferent factor 
analysi s Jnethods . 

Heinreich dat::t 

Corre ln. t i.on Ma trix MLJ•'/\ P!t'A I ,.J li•' I•' '( K;/\ 

'J'c I, r·at..: ltori.c O. ülB o.u LB O. OJ(r o. tUlr 
C lt:urriJe r·:; t..:o<~ rt' Lclen t o . o;)t () . ()~~1 o . olrl1 () . () )') 

t·-1ardla coe ['f Lcient o. o::l, 0 . 0~.! 11 0 . 0)0 0 . 011) 

Phi - coe t'ficient 0 . 0~1 0 .0~1 O. OIJ'( o.o·r 3 
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l•'r'<)lll \,IH· di:l<:tl::::ir >n II.IJ<>Vr ·, wr : <: llf l <'<lll<'ltl<l •· l.lllt. l. 1.1!•· li•'ti i' Í : : I. Í< : 

:tppr'Ui l\:11 l:1 c r:r·l.:datl.Y ,)11:\l.i l'l•·d vl lt c' ll W<' 11::• · i. IH· l.c·l.a·:u·ll• >I'Í c· ··•ll'l'• · l : , l.i••l l 

Cha.mbcr~~ · coefl'ic:ient <1. nd ~IJ.1. rdia ' s coefficient~ i:-.; not s o good, Lhe 

r·eHults are on l y s liu;htly poore r . I•'i nn.l1,y, in case of the Phi.-

coeffi c i e nt :.; , the aE;reement between the rnetltodc.; i:; not t,J;Ood , Uw 

res ul t s l.J e:i.ng ::;y:5tcrnatically lov1er. 
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5. 3 /\bortlon daLa 

'l'h c 1\oorLlon duLa sc L i:; L:tkc n from Clogg and :jawyer (lc;i.l.l.) and LL 

is related with attitudes towards legal abortion . I t cont1tins si x 

i t erns concerning di fferent atti t udes , each \vi th ' ye:.; ' o r ' no ' respon ses 

for 12<36 inu ividua 1 s . Respondents we r e aske cl i f abortion shou1cl be 

legn.lly a val.lab l c: 

(1.) I r LIH~ WOIIVll1 1
: ; 0 \·ln ltt ~lll LIJ i:; :;<'t'ÍC)ll::l,y c : tld.'Ltl/·~ ·:n·cl ll,y Lltc· 

pr·et:;rw.rtcy; 

(4) If the f::un:i.l._y llas a very low income and eannoL :d 'L'ord tnut·<· 

ch:i.ldre n; 

{ )) l r :; lle i :; n o L mar r· i.·~d 1tr1l l dor! : ; ti ni. HanL L•> rttit.r't'.Y L IH ' nt:t.tt ; 

(t) ) LI' :; !11 : 1.:: tlt:LtTi t:d : tttd clrH::; no l. \o/ILIIL t rtu r ·r ~ clt i l.rlr·r·rt. 

'l'he cross- p roduct ratios and the correlatton matrices used a s 

input to f;:J.cto r a naly:üs rncthod::; are pre~;ented in '1 '~-tble ) . 6 an d 5. 7 

respectivc ly 

' l': L 1> L c: ) • (> - 1\h tH'\.ir lrl lh t.:t: C r· o :: :;-p t'<ll lll<' 1, r·: tl. i o:; 

- -·--
I t ern 1 2 j 4 ) 

2 59-9 
3 24 . 2 23 . 0 
)I 19. 7 1).4 42.4 
5 lÜ . ü l '( . ) .1 Ol1 . C) lu . (j 
() 14. B 1). 2 40. 2 60. 0 4 '(. 5 

C XCJV\U 
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'l'able 5. 1 - l\bortion rata: Corr elation Matrices 

'l'el.r:tdlot" ic c: o e r(' i c icnl,:; C h :uni H' r:: c:or· r r i.c· i.c: n I. 

Item 1 ~· j h ) lLern 1 ., 
o: J, ) 

2 -~~<) ') ·- . 91 
3 .'(') I''' • I• ~ . IH I''' • )o ,, .'(l) o'(: I . IH ,, . 1\ll . '('( . :IB 
., • ( J 1\ .. (' ' . 11 () • c) l I 

I .'( CJ ."(li . ' 1'1 . 1111 
() . 11) ."(U .Bo • c) ~ • ~;! lo .'(() ."(!, . d/\ • I) I . I I 'I 

!Vttrrlia cocfi'icient:; !~1 i.- coe f(' i c i.cn L !; 

Itcrn 1 ~ 3 1, 5 lt ern 1 ~~ 3 l, ) 

' ) ,_ . B<J :· • () I. 

3 . 130 .'(C) 3 • )0 • ; ·r 
I, . ·n ."(3 . 56 J, . }2 .I! O . li 6 
5 .76 .'( ';> -93 .81 ) .29 . 38 .li 3 .'(3 
6 .13 • 73 .56 . 59 .81 6 . 21 .36 . 41 . '75 ."(4 

(the dia~onal i•· ,, ornitted ) 

In '1\tl> Lc ) . B we pre:.;e nL the l'actor· lo:tcl i 111~:: obl.:tin• ' cl by va!'i.o11:: 

('l tC: l.u t' l lll lt i ,Y : : i : : IJLC'Lit CJ cl : : :tnd LI to • t '<' ( olli ' ILIII•'L< ·r · i i',o• <l < •; ;t. i rrn t. c· ;; I' r·• ''" (IJ() IW/\C 

matrix used are presented. One - factor model is used f or all meLhods . 

'l'able ) . U - 1\l>orLion ~La : l'actor loadine~ obtained hy dit't'f:rcnL 
f':tc Lo r n.na ly :; i:; rm~t llod :; (nnc-l':t<:LtH' rnnc k l.) a 11cl 

I lll t ·L I li> I • Htlc ~w ' :: tvtO IJI•'/\C me· I. hucl . 

C J\~;1~ .L - [ N PU' I' : 'I.'I•:'t'H/\C I10HlC COHH I•:I./\'1' LON 1'-1/\'1 '1< 1 X I h I' \, h o Lornc~w ' ~: 

rn<~L ltod 

Item 1>1LF'l\ PF' A ALPiiA LJI1WY R:;l\ ~·10 Dl''l\C 

l 75 81 82 19 86 95 
2 78 85 86 83 89 93 
3 89 93 93 90 93 84 
4 96 93 92 93 93 96 
) 96 93 92 C)3 C) II c;6 
6 95 90 e c; 92 92 95 

CXCMU 



134 

CASE: II - INPU'l' : C 111\ti\HEHS COHHI•:LA'L'ION tl\1\'l'IU X l~"t rt h o lomcw '::; 
fllt ·I.IJocl 

Jl.em ~1 1.1•'/\ 1'1•'/\ /\1.1'11/\ l .. J li•'Jo'Y 11 : /\ M< JIW/\C 

L l H> Bll ll •) li' ( IJ I ')'.J 
2 8) U7 U7 U7 yu ')3 
3 ')6 y6 y6 <)li 1)6 ü lt ,, 

1)3 93 ~3 9~~ I),, 96 
) ')I> <)li <)l i t)ll ')) rj(J 
() ')3 ');I ') I ')I ') ~ ~)) 

C/\:~ 1~ U:l - .lN I 'IJ'L' : M/\IWJ 1\ CUI<I<I•:I./\'I'lON M/\'I'IU X 

Item MU'A Pl•'/\ /\L PilA LJH'I•'Y FC/\ lv!OJ>FJ\C 

l 83 86 IH 8) 89 95 
2 53 8) 56 Ult BB ')3 
j <J(> ')} ')} ') $ ') •_, /ll t ,, 

') ~2 ');! ') :! ')U r;s ')I I 

) 9) 93 Y3 93 ') ,, I)(> 
ú 9 L yu 90 90 1)2 95 

------ - r--·---·-~-

c 1\:)i•; IV - lN JllJ'L': ' l'IO:'l' 11/\C I lU I< LC CUHI<IO:L/\'1' LUN t.JJ\'1'1~ I X 

li. em lv!LFA Pi"/\ Al.PI!/\ I .. J I I•' I•'Y ({; 1\ ~-10 I Jlt'/\C 

l 50 ) 'l r_ 60 46 62 ')) 
') 
r- 6L 6:.> ·r J ')) • ( .L 93 
] GL 6) 6'( )'{ '{J ült ,, IJ lt Ül ·r8 n 83 96 
) 82 '( 9 '(6 '( 6 IH ')6 
6 ü4 78 '76 76 e o 9) 

( d ec imal poi nt omi tted) 

Th e r esul t s obtained by MODFAC method are repeated i.n each case to 

cunv1:rge and ILCLu:t l.l..y l.wu ~; u lution :; werr~ u bl,ain•:d ai'Le r ;>L i L1:r·:d.ion:· . • 

'vJe c onsidered the best solution with respect to the log- likelihood 

r a tio . 'lhe FACONE p r ogr arn c oul d not b e a pplied to this data set 
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nvn i lnl> I c• l11 l.lw c: ll.t·d r···l'•·r· ·· tll'.t•:: . 

In 'l'abl c ) . 9 wc pre:3cnt the eit~cnv:J.Jue:; or the nnaltct·ed 

correlatlon rnaL r lx Cor eac h ca:>8 . 

'l'a lJ L• ! ) . ~ - /\IH) I' L lO il da La: l•:il:.'.•:flv:lltJt;:; oi' L Ir•: 

unalte reu correlation rnr.ttrix 

'1' l.!:'l'H/\C li OH I C M/\'1'1{ LX 11 . 91.3 0 . 60 O. L'( O. I I O. O'{ o. ()(J 

C ll/\MBI!:K; M/\'1'1< I X ) . ;~o () .li o o. I) O. I l () . () '{ () . (lh 

MAHOIA MA'l'IUX 5. 05 o. 46 0. 15 0 . 1 3 o.oe 0 . 06 
PHI-COC:l•'l•' IC IC:N'l' MA'rHIX 3 . ll3 1.20 o .1.15 0 . 3'( 0 . 27 0 . 211 

I n Lhi:; ex::unple it is no"t~ clear whcther :;~. single factor explé1.'i.n~ 

the da ta sufficiently well or more facto rs are r cquired . 'lhe 

Lt!LnLclror·le, Ch:uniH.: r :; and t·'lanlia col.: l'l'lelenL t.:a:;e:~ , Lltc one- l'acL<H' 

rnodel c Lc arl_y erne r·~:~e :; , but u:;lnt~ plt i.- coct'l'i.cient:; Lwo l'ael.or~ ::t)ern 

ll c~.; 1~:; :,;:.Lt'Y • 

Obt:e rv i ng 'l'ablc 5. B we can ::;ee that: Lhe loadings , c:ornp:;.r ing L h•~ 

methods a re more heterogeneous than in the previous exarnple . 'lhere is 

no closc agrecment betwecn the flr::;·t threc loading~; ror· Lhe l•>git rnodel 

and those obtained by traditional facLor analy:ü:; rncthod:; . \·li tld.rr <!:tC:h 

ca:.;e tlre re L:.; 11oL rnuch d.i. rrererH:<~ het1vcen til~ v;.L rivm.: L r-ad i.t, i.onal. 

rnethod:-; . 

The goodness o f fit test fo r- the BarLholomew ' s logi.t rnodcl is 

cornparison between the rncthods o f traditional factor ann.J._y:;is re~nrdi. ng 
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1-he rculdunl correlntion matrix . 'Lhe rooL rnc ~an ~;qw tre o(' tlw 

oi' f-el i:q .. ~onal ~~I •·rncnL:; n I' LI I<: r·<::; i_cllral t:•H·r·•· l :LI. Lon ru:tl,r· i x :u·• : (lJ'r •:;r·n l.r : rl 

i n 'lhble ) . lO ror euc lt c n:; <: . 

'l'able 5.10- Abortion l.hta: Hoot rne an square off-di<teonal 
rP.sidual corre l..Rtion for the onc-fac Lo r rnodl! I. 

Co rrelation Mutrix ML.!o'/\ Pi" 1\ L .. l ll•'l•'Y 1-C 1\ 

'L'c Lrachor .. i c o. 01)'( o. O'(G O. OB? o. ()1\'( 

Cltaurb•:r·:; 0 . 0~1 o . ollll o. o:,..o o . o~ '; 

14ar·d i a ll . ll )I\ ll . ()~, ~ 1). ())'( () . ()I ' ) 

l'lt i o . l)J o . 1~'( U • .l)O 0 . 1(·~ 

It is f;een in 'l'able ) . 10 thut thc h c:::; t ['it l>ctween t,h c oh::cr·v c~ d 

co l'rt~lalion rwttri.x llltd LltaL r·• : pr·odtH:t:d h.Y 1.11•· l':tc L<Jr' ILII:tl,y:: i :: "''·Lii•1d:: 

i:; t>bLa i.ned u :; ittt.; Clt:wd~t• r·:;' eu•: I' f' i.<: i• ·ttL. 

'l'l11: aiHH'LÍ•lll tbt l.ll lllt:: bt't'tl ::l.wlit·d in 1.111' liL•·r·al.lli 'r• I•,Y olil'l'•·r·r·r1L 

u.utlwr~J . Clogg artd !.J;twyer- (l iJÜl) ana.l_y:; c Llt<..: daL:t wil.lt rrrud•~ L:; whldt 

J11 Llti :; ::l.udy, 

oi' a :>et oi' dldtoto rnou:; .i tt:rcL<> . '1'1\cy con1: Lud1: tira L l.ltc abof'l. io11 

attitudes depart fro rn the Guttman model in important ways , although 

this model provides an acceptable summary of the attitude in question . 

Some other rnodels s ue h as Lazarsfeld ' s latent dü;tance model n.nd others 

l.hat are gt~ne ralizntions or thc G11ttrnan rnodel we re 11~:c d . None nr Lhe 

rc:.;pom; c cr·t·or modcl:; ltave rlt.ted thc data to an aceepl.:tb.l c degr-c~ t ! . 

'l'he authors conclude that the assumption o f a uni que ordering o f i terns 

fo r the entire population needs to be carefully examinecl . 
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A diff'crent cla::;s of models L:j conside rcd undcr Lhe f'acto r 

analyt ic approach, which assumes that the laten t variable (s) is 

continuous . lhrLholomew1 t> rnodel u ~;ed It e r e :.;t.ar·Ls fro rn Lll'i.~; :t :;~; umpLlon 

as well as the underlying va r iable rnorlel approac h . 

I 

t~lll l.lll' ll ( 11)1\ J) ll.IIIL I,y ::t•:; J.)p• : :lllllt' d a l.: 1. ll::i tt t'. l 1i: : l ll•>tlt · l 
I 

(r--1111.11• 'li' 

l ~)'(U ) . In Lhis rnodel norrnality ol' the laLent va r iablc:; is a:;~.;wned <.tnd 

the e s timation is ~.:an·ied out usinG gcne r a I. i6cd lea:~ t :j11u:ue~• a nd 

info rma.t ion frorn the first a nd second or·der· proport ion . In thi:~ factor 

anu.Jstlc f'ut'rnLllat ion thc Lwo-l'acto r rnod1!l wa:; c:un:.; i de r ed . 'l'I':: L:; ol' 

thc nwnbcr· o t' f:u.: Lor!..> for· the o nc -l'n.ctor mudel n. nd !'o r Llle l.wu- L'acL• >r 

model are providcd . 'I11e results s how that a l:>ingle rueLo r i u clcarly 

in s uff'icient for· tlll:> data set nnd thal'. tlr<' t.wo-L':tcLo r i:; rrltH't ! 

I 

suitablc , Givinu a good ove r all fiL . Muthc n 1 s Lwo-fucto r s soluLion ~u 

thc r efore r otated by thc Pr or(\.'tX rnPthod a:~ in t radi tinnal fa~tor 

I 

acconllng l.o 1•111 l.lte n 1 
:; :;o l11 L ion i:; uu~a::ltr · ·~d hy i l.t:m:; wlwl't: l.lr•· :u·1.-;urrwrd. :: 

ln ravuu r or aburtiun urc fo r 1 nredical 1 rea:;uns , (i.Lern:; l , ~~) and l.lte 

second .t'actor· i:.; rneasur ed by items oi' ::>uci:..ü na turc (i Lcrn::; 1,,5 anel 6 ) . 

I 

'l'he ite m 3 is r elat e d to both factor s (see Muthen , 1981, p . 206 ) . 

tV\ut.IJcn al:~o anal,y :;(•:; Lllt ~ dal.a 011 a i HH'l. i.o11 :tLL i.t.1tdc:: :; Lw t,y Lnt-~ l.lrt • 

dc vclopmcnt, ol' Llte l'at:Lor:; o v•~ r· t.illt• ~ (l't'OIIt l.ltc Ct~ lll:r·:,. l :icwi:1. l :;11r·v•:.Y 

lY72- 78 ) . Ou r a naly s is is r estricted to t,he 19'7) survey . 

Hcturning to ou r a na lysis , we had obtalned tviO t'ac to r;, ( l.>y the 

dcfault criterion of eigenvalues g reate r than one) when using the 

Phi-coefficients . '!'he rotatcd factor s were interpreted , the firs t 

facto r s howing hich loadings for the thrcc ln.st i tcrn:1 (abort ion for 

:;oe i.a.l r· ca:;nn :;) ;uHl Lht) :;c:cond I'ILt:Lc> r· lli. r.h l•>adi. rr t~:; l'or· l.lu· l'i.t ·:;l. l.ltr···· · 
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itern:; (abortio n for med .ical rea:.;on:; pl.u:; 't·:qh:'). 

It is interesting to no te tha t if t he object of the Rna.l~s i s Ls t o 

determine the dimensionality of the late nt space and to lnte rpret thesc 

dimcn:d.on~;, tlwn tl1<.! ll <~ur l :;t .i.<: approach, 11:.-i. n 1 ~ l 'i1 i -co«' Cri c i.1!11 L:; :;<·c!rn:> 

I 

t1> pr·ochrc •: rnu n~ n~nLi :;l,l c..: rc!:;ult:; :u: <:or·dirw. Lo 1~11Lit< : 11 ' :: an:L I,Yni:;, 

other correlation Ullttrix ca:;e:; had :.;howcd :u1 evjdc'IIL r·cjc~<: l,ion •>1.' Llw 

hypothesis of the one-factor model. 
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5 .1.1 Anderscn Data 

Wç nlmll now :LIIHI,y:w l.IJc 1\rrd<·r·::t·rt d tt i.IL wlli c l r <"•>rr:;l::l.:l •>I' '> i l.•·r1r:: 

from ll ~1Ludy <>r· <: o n::t!IIK: r· <:UIIIJ> la i 11 í . nt.~~ IH :I IItV L011 r :u1d i L i:; l.ni·,, ~ JI l"r•ml 

Andersen ( l9Ü2). 'l'he or:igi nal dat:1 a r e re::;pon~w:3 by 600 individuals on 

Lypü:al con::urm:r :.; i.Lu; ttiom; Lo :;ix .i. t.•.:ru: ;. 'l'\ 11~ i.rtdivLdll:tl :; wcn: a:;l\c:d 

to state Hhethe r they , under the give n cJ.rcwnstances , v1oulcl complain or 

not . We shall use only 5 variables , the 5 la.st items frorn the original 

'l'he cross-product ratio and the correlation coeffici ents for 

Anuersen data are preGcnted in 'l'able::..: ) . 11 a nd ) • .l 2 re!3J>C<.;l ,.i vel.y . 

'l'a b1<~ ~>. LI. - /\n d e n; c n Ih La : C r·u~;:;-pr·od r H: l, r·:tL iu:; 

Item l 2 3 4 

2 2 . ~.n 
j l. ;);..~ l.. ~!l i 
l., 2 . ){) :0' . '(U ~: . )B 

5 2 . 03 3-95 2 . 0él J, . '{6 

•rable 5 . 1 2 - 1\ndersen Ih ta: Co rr·elation coef ficients 

'.l'etrachori.<..: coeffic:i.ents Chambr~ ru Ct>C ['L' i c .i . t~ n t H 

Item l 2 3 4 Item 1 2 3 4 

2 .31~ 2 .38 
3 . 07 . 08 3 . 01 . 08 
L, . 32 • 31~ • 3ll I, . 33 . 35 . 34 
5 . 23 . 4 3 . 21 . 54 5 .26 . ll7 . 26 • 52 

~-1ardia coefficients Phi- coefficients 

Item 1 2 3 4 Item 1 2 3 4 

2 • 31, ') ,_ .18 
3 . 07 • o·r 3 .04 . 011 
4 . 30 . 32 . 30 J., . 17 .19 . 22 
5 . 23 .In .24 .4 8 5 . 12 .22 .17 . 34 
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I n 'fuble 5 . 13 wc consider the f actor loading estirnates according 

Lu l.lle var .iut t :l l'llt:Lor· llllltl,v:• i.:; rrt•:Li tod:l l'or tli•! l'o ttr' co r·r·• : l 1t l. l<)J t 

probi t/p r·ohil. mudc.l (1•'1\C ONI•: ) a r e prc:;enl.t!d anti t' l!peaL<!cl .in Cltt:h Cll:;e l,o 

'l'uble 5 . 13 - J\ncter5cn Ihtn: F'o.cto r loarling cst irnn.tes fo r cl i.l'fe r cnt 
l'l t (:Lo r lltlltly nl:J mcLIIud: l ( or ~e :- l'a l: L u r· mude L) 

CJ\::.>1•; l - LNI 'U'I' : 'I'I•:'I'H/\C 1101! lC C O IH <to: I ,/\'1' ll>N Ih r·tltu I •mu·w ' :; 
metltod:~ 

Item ML.I•'A Pl•'/\ 1\LPII/\ LJ I I?Ji''( R;/\ MOOF/\C I"ACONf.: 

1 40 lr.L 39 36 56 lrl lrQ 
2 53 )3 53 45 67 )Ir )~ 

3 36 Jlt 27 30 46 33 :n 
4 74 '( 4 85 57 80 75 ~( 6 

5 73 '(2 '75 57 79 74 '71 

t: /\:; 1·: L I H JI 'II'I' l:l lf\1·•11110: 1\!i l:ll l•:l•' l•' IC I I<N'I ':; 
- ----- -------

ltem i•IJ,I'J\ 1'1•'/\ 1\LI 'II/\ L.J U'!o'Y l c 1\ I'·IUIW/\C Jo'/\CUN I•: 

1 45 lr5 42 39 59 lrl '~o 
2 5U 5!3 56 I r ~ 70 )li I ') 

}I 

3 J lr j~ 26 ~~ lr ) J j .H 
lr '(O '{ 2 U4 56 'í8 '( ') '{6 

5 74 73 76 57 79 71~ '(1 

C/\SC: lli - INPUT : 1·1\ARDI/\ COI!;FFJC IF:N'l'S 

Item MLFA PFA ALPHA LJIF'FY FCA t-10DFAC FACONE 

1 41 43 40 36 57 41 40 
2 56 56 53 46 69 54 52 
3 32 30 25 26 43 33 37 
4 67 68 80 52 76 '(5 76 
5 71 70 73 )3 TT '( lr '(1 
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CASE IV I NPU'r PH I-COEFFICIENTS 

Item tv!Ll•'/\ Pfo'/\ 1\J,Pll/\ L"J J l•' I•'Y 1-\: 1\ fv!() ])[o' 1\ c 1•'/\CON I•: 

l. ;~~ { ( i(·) :?n {' () 11 ) 111 110 

c )) J'( 2G )) )li l ' > .)1: 

) w ' l ' ) ;• I 11 ) n T ( I I 

J, I . , >o (,/\ rr . (; . '( •, . ( (. 

) '_.~ (, ) '{ ~ ') . ( () . ( J, . ( I 

·-----

(*) No :;olution: the e ise n value:> oi' the r e duced co r r e la.tion matr ix 
are a ll too StnR.ll. 

Wc o b: ;e r·vc in 'lhble 5. 13 tllat the n~ i.:.; a t.:lo:; r; aer· c~(~llll !rtt h el, \o/ (;C II 

t h e loadings of t-1LI•'A, PF/\ , MODFAC and p'ACON E , >The n we m;e the 

Ld,t'ILt.:horic mrtLr· ix . /\ 1.1'11/\ , J.,J l i•' I•'Y :urd 1\ :J\ .Y i. c·l.dc ·d di l'l'c• n : rr l. r· •·: ;t t i.L:; . 

i'o r· LIH: Clr:wllH: r· :; :trrd t·:h r·di.:t • :o• ' l'l'i \~ i·· rr l. : ·. Ll t•· IL('."<'< 'I II< ' IIL h •·l.w<·•·rr f··11 .1'1\ , 

Pl"A , !v!O O!o'/\C an el 1•'1\CONE j.s also good althoul~h sl i.e;htls poor e r L IH.tn ror 

con:;.ldcntb}_y Lo VTer Lha.n Ll::trLholornew ' ~; modeü; ·~:;tirnate:;. 'lire lH'O f.iü~ ol' 

the l oadings i :..; ap!J r·o xirnal~ely thc ~;a rn<~ fo r· all catie:-; . L,J H' l•'Y rnc t llod 

u nderestirnates the l oadings cornpa r e cl Hith the othe r facto r a nalysi.s 

methods fo r all correla.tion ma Lr .ix cases . 

'l'h e eir,enva lues of the una l tered cor r e l a t'Lon rnatri x (VTi \,h o nc:; in 

the d iagonal) are presented in ~dble 5. 14 f or Anderse n Data . 

'.l'ablc ) . 14 - lü e;envalues or the una l te r ed correlati.on rna tri.x 

'l'e L racho r· i. c ma trix 2 . ;! li Lo;.: o . '( lt o. )~I () . I, ;! 

CharnlH~ l·s rna Lrix <: . <:<.1 1.0 2 () . '(2 () . )6 () . 112 

f·1ardia ma "I.: ri x 2 . 1( 1.02 0. 74 0 . 60 o. 117 
Phi-coefficients 1.71 1.03 0 . 85 0 .76 0 . 64 
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Using the cigenvalue rule , two !'ucLor~; ~1crc cx Lr:.t.c l,ed f't; r· :t.LL 

cases by the default criterion . Wit h the two- factor solution we 

obtained improper solutions : a Heywood case (a loading equal to one fo r 

item 2) was ob~erved for the tetrachoric rnatrix , Chambers matrix und 

Mardia rnn.t.rix ca::;es uslng the MLI"A method . Using thc Phi- coeffi.ci.cnt.:-; 

wc obscrvcd a vc~ry lri~h loudin~ ro r· i Lern ;.~ wi l~h l.lle ~~ 1. 1•'/\ mr~LI 1 < > <l 

(Àl
2

=0 . yJ) and no :>olution wus ol>Laincd wiLit \.111: 1'1•'1\ ruc·LIHJd f'or Llw 

ull Loo :;mall. . '11te :;ame oco..:urrcd wiLir 1.111' OII<~-1':Lo:l.o r· ::<l l trl.iun a:: :: II<>WII 

in 'l'a.blc 5. 13. 

For thc onc-ructo r solutlon wc now anal,y:w Lhe r l! :d.dual. 

correlation matrices . 'l'he root mean square for cach case is pre!.;ented 

in '1'-able 5.15 . 

'lhldo : ~~ .I ) - 1\ndo·r·:;o!ll lhl.ll: r·•u>l. llfi':LII ::optar··· 111' 1.110' 11l'l'-d i:~l~'"" ' I 
eL•.::niCllLs ol' Llte r·e:; i.du: ll <.:o r-rel: LLio n unLl'i.<..:e:; !'t; r· 
cach factor analynis rnethod 

Corre l.n.t i on M:l. t. r'i. X MLF/\ Pl''/\ LJ ll•'F'Y n:; 1\ 

'l'< ~ LnLcltoric () . 0'(0 o.o·ro O. I { I O. lltl) 
C h:llltlH! r·:; o. O'( Ir o. 0'(3 O. I J ~ o. l 511 
~h t•d i ll O. O(>(> O. U)J O. I J L O. JI11) 
Phi 0. 041 O. ll3 o. l6~ 

'l'he fit between the observed correlation matrix a nd that 

reproduced by 'the factor analysis rnethods is reasonable for MLFA and 

Pl•'A methods, Hhowing that. the onc-ractor· model f'lts thc tlat.a v ~ r·y wt.:l l. 

For Lhe :.;ame duL;.L, the value ::. of r;oodne::;:.; - ol'- fiL Le:Jt 1\, r· Lltt? 

MODFAC method was I\ = 30. 56 fo r 21 d . f . (p<O . lOO) and for thc F'AC ONI!: 

method , I\= 19 . 42 for lO d .f. (p<0.025) . 
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morlel:; : the l<a:"'ch model , the lh:;cll mndcl wi. Lh n no r·rrnl. lat-crrl. dc•n:;í Ly 

r.t nd Lhe lal.<: nL c: La:;:; rno dc·l . 'l,r c: llu:;dr mud e• ) c;orr::l::L:; c11' l,ltc : Lu1~í:;l.i•: 

laterrt trnl t rnrJdcl wlt t~ t'r> Lhe par·:uncLer·:; n. (Litc~ U.r: rn d i.:;e r·imírr:tl.ir w 
L 

powc r·) :tn: a::: ; rrurc-d t. o IJc : CIJI I:tl. l'c>r' :til. i, :1.1rd l. l w i rrdivi clru r. l l cH::r l. i•>ll 

l tt Lhe latc:nt ::pae(: i.:; trc.ated a!> a paramc:ter . 'l'lr c :;econ<l rnoc! f: l. i:; orrc~ 

o f Llre laLc:rrL vari.ablc rruJdcl:> wi. Lh Lhe laLc:rrL dcrr:;ii..Y rro nrnl witlr 

2 
parameters ~ and a • Th e pararneters a. a re again considered constant . 

~ 

l•'lnal.l,y, Lhe~ l.hi.rd urodc:L :tppli.c: d h,y 1\nd •·r .. :;•:rr i:: 1.1 11' l:t l.c•flL <' l: t:::: flll)do•l 

wltc ~ r·e a dí.:;c:r·c~ l.c : di.:; Lr·.i.brtl.i.otl i:: IL:;::uu~t : d l'ur· Llw lal.crrl. v:u· i:dll.•·· l•'q r· 

a complete de::;cription o r the:.;e modcl:-.; :;ec 1\ndcr ::;en (l. y!~2) . 1\ndc r:.;en 

concludes that the l~sch model as well as the latent class roodel with 

three latent classes g ive a r elative ly good fit to t he ohserved data. 

'I'he goodne :;s - of- fit test for the thrce- latcnt ela~;!.: rnod c 1 , llo weve r· , 

p r o vi.de:; the bc:.; t result s . 'lt re rno dcl with a l.a t c n t norrllLl.l rl c n :Jil.y Wi.J. :; 

clearly rejected . 

To make cor~arisons possible , we shall now present the goodness-

of-fit t est r esult fo r Barthol omew ' s one-factor logit tnodel consider ing 

the origi nal 6 variables . In this case a value A = 238. 46 fo r 51 d . f . 

(p<O.OOl) was obtai ned , g iving a poor fit whe n 6 items a r e consider ed . 

l~x clucti. n~ the fi r~;L item, we obtrtin a rn11c:h heU~P.r t'lt' . • CcHnp:lri.rl/~ l. hc~ 

pr·ouldJil iLy lc:Vt!L:;, Lhe t' i.L o i' l.lll ! l.c >gi L motic'L i:; :;I. i li lwl.l. •·r· l.la:ur 

thosc round by 1\.ndc r ::>en (19!..1~) . 

\~e conclude r o r the Ande r sen data t ha t the heurintic approach ü; 

ju:;Li.fied , ~_;i.vln~ equivalent re:>ulL:; to Lho0e ohl.ained uy Lhe lo1~ í.L 

rnodcl for prac L i cal pu r po se::; . 
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) . :> l.o mhnnl tL rHI l!o t · r·lne; Data 

'l'h e Lornba r d anel Doer i ng u:ü a r elat es to genr.r:ü knowlc:dt~C! o r 

cuncer ltrtd con:;i ::; t,:.; o f lr .i.tcms . I t; i.:; takc n l'ru m Lonrbaru tllHi Lloeri.n~ 

( l<)lr'{) a 11d :L :;:unpl.< ~ t>l' L'( ~~ ·indiviclwtl.:; Ha:; :;l.wli··d . '!1r i:; ::•:1. wa:: :ti: :<> 

pt•c:;cnl.t•d in !h r· t. ltolomew (19BU ) . '11r e lr i.l.t•rn:; , Ct)IICC!rl\ing :;r)I II'Gt~:; C)(' 

J:; <! llt:I'I.LI. 1\lluwl<:dt-~<: o l' <; tLriC<: r , lrllvr : I, W<> cn l. •·e.<n· i• :::: (L) r·:tdi n /tr OJ r· : r.d lq , ~ 

( 2) ncws papcr/no nc•1s pape r; ( 3) solid read i ng/no solid reacling ; 

(4) l ectures /no lectur es . 

Ln 'IILill , . ~> . L (> a nd ) . L'( vl t! pr·,·::r :n l. Llro· 1: r'l):;:;-p r·cll lrl<' I. r· :LI. i IJ:; I Lt ll l 1.11·· 

'l'a b1e 5. 16 - Lo rnbard Dn ta: Cro ss- produet r:-Lt i.os 

Item 1 ~ 3 

2 2 .81 
3 l. 68 5. 0) 
Ir 2 . 30 2 . Ir (> ~! . Ir :, 

'l'able 5. 17 - Lombard Data: Correlation coefficients 

'fet r achori.c coef ficients Cha mber s coefficients 

It e m 1 2 3 Tt e rn l ? 3 

2 . 36 2 .36 
3 . 19 . 56 3 .19 • 54 
4 .2) . 26 .27 lr . 30 . 32 . 32 

Mardia coefficients Phi-coefficients 

It em 1 2 3 Item 1 2 3 

2 . 33 2 . 20 
3 .17 . 50 3 . 11 . 38 
lr . 27 .29 . 29 Ir . l.L . 11 . 12 
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'111c ·~i~envaltw:; of t hc unalterc.Jd cor r clation rn;J.I~riccé; are :jltown tn 

'l'able ) . lU . 

'l'able ) . L8 - Lomhani Data: l~igenvaltH~:; or 1,1\e 
unu.lt.ercu corn!lat ion rrnt.r l ce:; 

'I 'I . I. ,. ; LI·. ,, () ,. i (: 11111.1.1· Í X I • <)'( 1) . 1\() () .. ('( 

C lr:tlltiJ<: t·:; 111/LI, l'l X ; ' . li 5 IJ . 1\lr lJ • . ( I 

tilurd iu. matrix 1. 911 o. U? o. ·r Ir 
Phi rnatr i x 1.55 0.95 0.89 

I J • ) I ) I 

() _,, :' 
o. 4 ·r 
0 . 61 

One factor wa::; e xtracted by all f;:j,cto r unaly s is me thod:J with t.he 

variou::; corr elation matrices u:.>cd a:; in pu t . 'lhe ractor load i.rtJj:; ror 

thc o nc-fuc t.or rnolic.l ar<~ pre:..;e n tcd l n 'Ih b k ) . L~ . 

'l'ahl•: ~ . l~ - l.oruhlll'd lht:L : fo';u·I. <H' lnadirw.:; ob i.:LÍII<'d h.Y clil'l'• ·n·111. 

('; t<;\,<H' llll:tf ,y: ; Í:; lll<~l.fl tt d:: IL IId h,y (';lf'l.)tlli()III<'W 1
:: llll'l. ltqd : ; . 

011•~ -r:lctor· mlldi'L . 

~/\::1·: I - INI'IJ'I' : olol•:ot 'li/\CIIlll ilt: t:t>Jo:fo'J•'IC:IJo:N'I':: 

l t. C!IO 1·11 'lo' f\ 1'1•'/\ /\1.1°11/\ 1,.1 II"I•'Y 

Ir o lrl !,I, ~l , 
. o l\'; IH '( ') ';'( 

~ (, ·.~ (,1, ';li o •o 
)• 

Ir ) ., )'J Ir '; -; $ 

CASE II - INPU'r : CHAMBERS COEFFI~ IENTS 

Item r11L1•'/\ PF'J\ /\L PJ!A LJH'I~Y 

lrj l rl r 11) j'( 
'I 

'· t3L ' ( l) . ( t~ )~ 

3 ()) 63 )6 )1 
)~ 1111 I lU )) Jl) 

I 1; 1\ 

( ,(} 

11; o 

'(l i 

·,•) 

H~/\ 

G<! 
IH 
'(lr 

GG 

IIFP. GS 

I''~ r·l. lt•' I <mt• ·w ' :: 

111< ·1.1 t<ld:: 

(1\0 I W/\C lo'f\C ON 1•: 

l rt ~'J 

l'.lr BB 
()', I I ~ 

Ir I ~ ~ ) 

-- -------

f'.10 IJlo' /\C [o'/\C:ONE 

lr J. j~J 

UI r I.W 
()) (>J 

111 ;;6 

""•.t.~ D;: nl"' l 10TEf" ' S 
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CJ\!)1·: III - lNPU'l' : 1\1/\IWIJ\ COI~Jo'l•' [C IEN'l'S 

ll.t •m Mt. l•' f\ I 'I•' f\ f\1.1 ' 11 1\ I,. I II•'I<'Y I C/\ ~1\tJIW/\( ; 1•'/\(; O N 1•: 

lt I J, ; · ,, ~ ~ J, ( ,() lt I ) I) .. 
c. '(!I '('( ·r'-> ')I Bo 1\lt 1111 
j ( . ' ) t ( )() ') lt I,. ( '( J (,) () ~ ,, ,, ;; ,, () ) 2 '.)(J ol1 lt l j(J 

c/\!)(~ lV - J NI'U'L' : Pll L-CO I•:I•' l•' LC H;N'l':J 

Item MLI•'J\ Pl•'J\ /\LPHA LJilo'!o'Y I{; A lvJOIJI•'/\C 1•'/\C UN L•; 

l 2'( (*) 33 20 51 ltl 39 
2 '( 2 61 36 ·n Ult BB 
3 ' ') ;.>r. ,, '7 33 '( 2 6) (;'l 

)..) ,, H3 25 .L '.> l, () I, l '51.> 

( * ) no solution : e igenvalues o f the r educed matrix , all t oo small 

Compari111·~ Lhe rt!:;ulLs i.n ' l':tl>lc ') . 1~ wt: ub~;e rvc' at~•Li.n clo:;P. 

For all cases LJIFFY yields underest imates a nd PCA yields 

syst ernati.cal.l.y hiehcr loadings . 1\LPilA me Lhod yields difl'erenL 

Bolutioll:; 1'roJn t. lle MI.F/\ und Pl•' /\ rnt~ t.hod ill Lll :b exutnplc , at lt•:L~;t., for 

the two las t iterrlS . In the tJ~ardia coefficients case , we obtained l owc r 

c:> tirnates f o r the ::;econd itero, eornp:1. red with LlartholorneH' r; model 

t..::; I.,Lma l,e:; . l•'lnn.L.I.,Y , lvl1e :;o l11l.i.un u::i.11 1 ~ l'l li-co• : l'l'i ci. •: lll, :; l lrid•·•·• ::;l,i.nnl.•·:: 

the loadin~s com1Jaring wi th 1'1\001•'/\C and 1•'1\CONE o r cornvar intj wi. th Case [ , 

I I a nd Ili. 

' l'he good ne:;:;- ul'- l'it te:;L l'o l' the Loci.L model obl.ained lJy L.ltl; 

frc cdon (p<0 . 075) . As we can ::;ee the fit of the p r obit/probit model is 

CXCAAW 



CXCAA'vl 

147 

Table 5 . 20 - Lomba rd Da t a : Hoot mean square o f the o f f - diagonal 
element~ of thc residual eor-r-elaLion mntrice:; 

'l'c : I, r·aeiH> r· i e 
C llaurht: r· :; 
J'.1rtnl.i.a 

1-'lr'i. 

!Vl l.lo'/\ 

u . o;~ 

O. Obl 
() . ()Új 

() . ()j l 

I 'I•' 1\ 

t) . ()~) 

o . o·)~ 
O. O)(> 

I .. I I I•' i"Y 

o. llr~ 
o. l'.d 
o. l~j 
o . ;> llr 

11: 1\ 

o. L'(l\ 
o. 1 ·r ~ 
U. I'(') 
() . ; •; I I 

ln 'lh.ble 5 . 20 we observe that the fit b etween l~he rCJ.>roduced 

corrcl;ttion unLrix from t h e parameLcr esLjrnatr~:; anel 1-h<! ob:;erved 

cur·r·I: I H I.i üll lilltl.r·ix 1. : ; r·c::t:;c>rl:thlc: l'q r· 1.111' ~11 ,1•'1\ l l. ll d 1'1•'1\ rru ·l.luulalld 

it i:3 1>uor i'or LJH'I•'Y and IC/\ . 
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) . 6 l'ltcllut:;h Data 

con s.l::; L:.; oi' lr LLcm:; , wlti.clt ar·c fo11r IIHCitlnc-dc:;i.~n ::llhi.I·::L:; ~iven to 

a l~w anaJy:;cd by tiJcllut:;h (1956) u~;lnt:; ;1, l.:ll,f~nL e la::;:j modc!t wi th t wo 

el:.t:;:;c:-; . J•:vcr·itt appl i.ed tl11: 1•:1·-1 :tle.oril.lun Lo l.ll! ' dal.:t 11: :j n ~; l,IIP :::unr: 

111\>d•·l . In l.lli:; ::••t:I. Í< >II W<' ::l1:tll l llllll,y:;•· l.lt•: d:1l.1t 11:: i11t; l '.•t r·L IH>I•Ifll<''w 1
:: 

llll)d•:l:; tutd l,r·: td i.ti•>rt:t. l l':u: l,o r· :u1:t. ly::i:: 1w :\.11•>d:> n.pp l i•·d L•• v:a.r· i•HI:: 

correl at i on rna.L r ice::; appr01)riate t o binrtry data. 

'l'he cro:.>:.;-prod uct ratio:-: a no thc c o rrclation coct'l'i.c.icnL:; ror 

lht: data ar·c presented in 'D_t l>lcs ) . 21 and ) . ~2. 

'l'ahlc ) . ? L - IV!ellatt ~ll d:tl.a: C r·o:;: : -pn••flt<:L r:t\. i• >:: 

Hen1 :! J 
J 

2 8 . 06 
3 3. 57 2. 90 
4 2 . :;2 ?. • J'( 11 ."(~ 

'l'a b .1. · ~ ' ,, .. .) 
) • r_ c.. - f\1c l lutjll d:t L:t: Co rT<:: L:tL ion t.:o•:l't ' Lt.:icnL:; 

Te trac horic coefficie nt s Charnbe r s C00. f' fie i.P.nt:; 

1 L •: ru I. ; ~ J 11.1'111 .. 
2 0 . 68 2 0 .65 
3 O. lt6 0. 39 3 o . 41~ 0. 38 
4 0. 32 0. 33 0. 76 l, 0 . 30 0 . 31 O . '(;~ 

Mard.i.n ~~ oc~f'fj cient:; l'lt i-coe I' f' i c ·i l!rJ L:; 

It e m 1 2 3 l.t ern 1 ;) 3 

2 o. G1 2 O.l1U 
3 o . lro o. 31~ 3 o . 31 o. 26 
1~ 0. 27 0 . 28 0.69 4 0 . 21 0. 21 0. 55 
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'l'able 5. 23 - McHugh data: eieenvalues o f the 
ttn:l.lte r·t;d <:or r·í!laLio l1 rnatri x 

'J'cLruchu r ic rnu.Lrl x ~. lt l\ o . !)'( o. jJ 

Chambers Hll:it.rix 2 . ltO o.yU o .:r r 
thrctin. rnatri.x 2 . 30 1.01 O. lt O 
Plt i-ulf.l. L r.i x 2 .00 1.02 o ,. ) 

• )J 

o. 2~) 
0 . ~!) 

0 . 2!) 
o .lt lt 

'l'hc elt.;;<:rsva1ue:; <Jl' l,lse tll tull.t..:n.:d <..:<>rn.:Lnl.ion rnat. r·ix ror· <.::t('lr ca:;•; 

are presented i n 'l'able 5. 23 . UsiniS t he " default criterion" of nwnber 

of t!igenvallle:; t:; r c!:tt.cr l.hnn onc , l'nr d<~ei.dinJ.o; tlte rnunlwr t>l' l'a<'l.c>r·: : , wo• 

wll.h l~rtholornew ' :; une factor lo~it rnodel anti probit,fl,r'l)bi.L utodt•l we 

present the o ne-factor solution for all methods. ·~ e f~ctor loartings 

e::;timates a r e presented and r epeatcd in each correlation rtrJ.trix input 

C<t:.H~ for <.:OIIlpar·i:;on:; . 

CXCAAX 

'l'uble 5. 211 - Mcllut.;;h l.hta: F'actor· loading:; e:;tirnal,f!:; for v;u·iott:; 
rac LtJr :llla ly:; i:; rn< ~ l.hod:;. Onc- l':t<:I.<H' rnntl•· I . 

C /\S I·~ I. - L N I 'IJ'l': 'L' I•:'I'H/\Ci lOI\lC cm:t•' I•'I C LIO:N'L':i I ~·t r· LI "> I t H li• • w ' : ; 

rnctltod~ 

Item fvll.l•'/\ Pl•'A /\L PilA LJ ll•'l•'Y n;A MOIJio'fi.C 1•'/\CUNI~ 

1 )1 ()• ( '(O Go '( L\ . ( () '_.,/\ 

:2 t,6 6:3 66 '; ' ( '( 6 6'( ';'; 
3 93 52 82 73 84 55 !)1 
)_. 80 69 62 68 77 ' (9 '78 

c /1.:)1~ i[ - 1 N J>U'L': C llM~B~:Im C OI!: I•' F [C 1 EN'l':; 

Itern MLFA PFA ALPH.A LJH,FY R; A f··lODfAC FACONE 

1 50 65 68 57 77 70 58 
2 45 61 64 51_. 711 67 )') 

3 91 80 51 '(0 8J l\5 !)1 
I, 78 67 61 61{ 76 '(9 ·rs 
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CASE: III - INPU'l' : MAHDIA COE:F'F'IC IEN'rS 

ltcrn MJ,J•'/\ 1'1•' 1\ 1\ 1.1'11/\ 1 •• 1 li•'Jo'Y n: 1\ ~~ti i W/\C I•' /\C() N l•: 

1 li' ( ( . ' ), () ') ')3 '( 11 '(() :_,il 
•) 
( , lU ';U ( •) )t :>I ·r:, (, '( ') '; 

1\•) · n~ o ( 11 (>(, B;• 1\ '; • ) l 
li '( () (J '; ';B ()I '(li '(') o ( 1\ 

C I\~ E lV - INPU'r : Pl l i -COEI•' l•' [CH: N'l'~:> 

Itero MLI•'J\ PI•'A /\L PilA LJH' l•'Y 1-\: J\ 1>1 o !)[o' 1\ c 1•'/\CONL-; 

1 LIJ 53 55 43 69 '70 )5 
2 40 50 5'• 41 67 6'{ ~) 

3 77 70 69 52 76 85 91 
4 66 59 52 47 70 19 78 

J\] ·1 nH'I.I1od:; y i. c·ld n hi v,h !'tt<:l.or· lo:ulint·~ l'r>r· it.••m {, f'q )J owr·rl hy 

Ll11.~ loadint~ l'or· i. Lf"m l1 anel .luw<~r · loarlirl t ::; J'o r il.•:rn l l llld :! . 'l'lt i. : ; 

j Ja tLern o r pro t'Llt~ <>L' i.Leu~:-; L:; ()\):.;c r·v<.:d t'n r uL.l me l.ilod:,;, utt l. tiH ) r·c i:; 

no close a~reemcnt be twe en the absolutc values of the loadinc;s . The 

solutions ror Case 1 , t,etrachoric eoef'l' i c i e nt:; and C: t:;r~ I[, Ch :trnht~ r· :; 

coefficie nts a r e similar . 

o f the r esidual corre l a.tlon 1nr.1.trix fo r each facto r analysis me thotl and 

i nput correlntíon tnntr-ix case i.n 'lhble ) . 2) . 

'l'able 5. 25 - ~~cHugh Data : Ht4S of the residual correlat ion 
matrices fo r fac t o r a nalysis me thods 

Correlation matrix MLFJ\ Pl•'A LJ IFFY R.; A 

'l'et rac ho d e 0 . 1513 ü. l 5B O. LH2 o. ~! 0'( 

Chamber:; O. l'('( 0 . 1 )) O. li\L () . ~·()() 

M:\rd ia o. l'( 3 O. L'; i! o. ta; U. ;! I () 
Pll i U. lJJ 0 . 12 11 o . l'(B o . 20<1 
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'I'he results in 'l'able 5 - ~5 show a poor f.it of t.he reproduccd 

corrclal.ion mal.rix with tllc ob:;erved cor r clat.ion maLrix ror aU 

rnethods . 'lhis would i ndicate that onc more factor is n eeded in the 

mod<:l. 'L'Il<~ t~<HHiru::;:; o i' t'Lt :;L:lt.LstLc ol>taincd ror t.lrt: proiJit./probLL 

rnud•·l ( 1•'/\t:UNI•: pl'"l-': t•:trll) w:L:: f\ = 1') . 1 O, l1 d •·/-~1 ·• ·•·:; ()I' l'r·•·•·dtHII 11.11<1 p< O. Oill , 

indicating t lw.t the flt to Lhe one- facLor mode l ls lJoor . 
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) . 7 Uoodman Data 

'l'lle Uoouuun ual..a l5C l.. l::; t..a l~c t l t'n.>ru Uuudrnan ( .L'f (IJ) a rrd con~;i.~;t:; u i' 

four i terns o f the La:z.arsfeld-Stouf fer ques tionnai re for noncommissioned 

() rri.(;c r:; () li :LI. L i.Ltl!lc l..owar·d L Ire 1\t ' II\Y . 'llt(' :;:unpl ,. :; i/',1• i:; I()()(), ll. nd l.lro• 

i. l.f'tn: : ;u··~ d i.t·ltotor!l i1:~; : J':.LV< >t':ti> l.t~ ( .l) ur· rr n l'avu r·:r.l> L c ( () ) . 

'l 'he cr·oc;:.;-pr·oduct r·at:i.oH anel ·thc eo rTeln.t.ion coel'f ' i e i.e nt:,; ro r Lht ! 

Uoodrnan da tu set are J.Jresented in 'l'ablc:; ) .26 u rrd ) . 2 '( . 

'l 'able 5. 26 - Goodman uata: Cross- product ratios 

J L~~~~~ l ;> 

·> 3 .o;, '-
J 3. ) ~? ;!. ·r G 
l, lt . 4) 2 . '( ') j . )) 

'l ':t.ltl•· ~, .:•'( - (;<Hldrwur d:r.t.n : C<~r · r · •· l :Lt. i. nrr <:n•· l' l'i< : it·rrt.:: 

'l'et raclroric coef1'icient~5 Charnbc r s cocri'icicnt:.; 

ltcrn L 2 3 It1~m 1 ') 
I • 3 

2 . jy;~ ') 

' · • 3BB 
3 . 11 24 . JG8 3 • ltjll • 3) SJ 

4 . 1175 . 360 .!t39 4 . 503 . 357 .4 37 

r~:u ·d .i.a 1:0el'J' .i1: i.cnl.~; 1 'Ir i. -co1~ r r i c ·i.l:rrt.:: 

Item l ~ 3 Item 1 2 3 

2 . 354 2 . 238 
3 . 398 . 327 3 .241, . 229 
4 . 4 64 .326 . 401 4 . 259 .218 . 270 
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'l'aulc ) . ~21J - (joo<lHliUI d lt l.a: (~it~<:!IVallll : : ; OI' Lllt~ 

llrtlllLc.:r•.!d CUITc:l:Ll. Í.OII Jll;d,r·i.x 

'l'ct racho r i c mutrix 2 . 23 0.66 O. )Ü 
Ch a mbc r s rnatrix 2 . 2 11 0. 67 0. 59 
Ml Lt'd .i IL IIIILL I' i X ; , • I I, O.'( I () o (,; I 

I 'll i -11m. t. ri. x l.'(j o. · r~ o . '( ) 

0 . )2 
o. t1 9 
(). 'd 
o. ' ( 2 

ln 'Jhble ) . ;.~IJ wc JH't: :Jcnt Lhe e i. t ·~c:nval.t t r::; oi' l.llc : lll liLll.c;r-c:d 

'l'hc fiLeLu r-Lunclin t·~ :; ror Lltt~ 0 111:-r:u:l.o r· IIIOrl•:l ;u·c: pn ::;t• nl.c·d i ll 'l': L(,[c' ') . ;.'') . 

ln o rder Lo compare Lhe rac tor· l oad lnl!.:; obtainc:d lJy thc r·IIJ, l•'/\ rn<: l'.l 1o d 

w i.Ll1 LI!·~ J't•pat·:un•:l.c;r· i :-'.•:d l'zu: t o r l•>ad i 111~:: I'• ,,. l':lt'l.lul I <>1111'\-1 ' :: 

Jll 'ollil./}• J' ()b i L lllt>d••l ( 1•'1\CON IO: J>l'< >t~ r ·:un) , w•· lll'c •::••rJI. :tllcl r·•·1u•al. l.lw 1•'/\<:0NIO: 

.loading:; i. n cacll par\.. o J' t. llc '.L'ab.Lc ) . (2 ~. 

'l'able 5. 29 - Goodma.n data: factor loadings estimates for various 
factor analysis methods and the r eparameterized factor 
l o<'tdines frorn FI\CON ~: method . 

CM>E L l NPU'l' 'I' 1•;'1'1 </\C I IOH lC C OJo:l•'l•' lC l l•:N'I'! i 
H/\H'J' IIOL! 11•1l•:v/ 1 :~ - : 

MO illO: I, 
ll.t:lll t-11.1•' 1\ I 'I•' 1\ I .. J ll•'Jo'Y I C 1\ I•' /\C ON I•: 

(pml> i l. IIIOdc.l) 
1 G9 69 )li Tf GU 
2 56 56 1,6 69 56 
3 61~ 64 51 75 611 
4 68 68 53 ·n 68 

CAS~ II IN PU'f CHAI-1Bl!:HS CO~l•'F ICIEN'fS 

Item f11Ll•'/\ Pl•'/\ I ,.J 1 1•' FY !\: 1\ 1•'/\C O N I•: 

l 'll 71 5) '{ 9 6e 
2 54 54 45 68 56 
3 63 63 51 74 64 
4 69 69 54 78 68 
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Item lvlLli'A Pl"A LJIFFY R; A I•'ACO NE 

1 6U GU 51 n GB 
2 51 52 42 66 56 
3 60 60 lt7 73 (;lt 
lt G·r ()6 ) L ' ( (; ()/\ 

c A: a·: lV - I N I 'U'L' : I ' li L -C OI•: 1•'1•' LC H:N'I':; 

.L L em lvlL!o'J\ Pl•'/\ t...! H'l•'Y ICA 1•'/\C ON 10: 

L )0 (*) 33 úó ()/\ 
') ,_ J, ) w (d '-' () 

J ) .L JJ (). ( () J, 
I~ ) 1 3:3 6 '( ()I\ 

(* ) e ige nvalucs of the reduced co rre1ation llli;l.trix are all too smal l 
(no soluti.on) 

\-/e observe , in 'fuble 5. 29 that for thc Goodrn_'l.n data , s i.rni lar f:tcto r 

'I'h e p ro f i le of the loA.d ings using MLFA is s i mila r for- all casec . No 

:;ol uLi.on w:L:; oiJl.aincd wi.t, ll Lll~ 1'!•'/\ uu:l.llo d f'<; t · Ll11: plti. <:<JIT•:Ial.iull 

matrix case . 

In 'lltl>L<' ) . 30 W< : prc :H! IIL l~ lt <' r ooL uto'ILII :;• pt1Lr'<' •>f' l.l t< · r·• ·:; i dtt:t l 

cor r elaLion matricc:-; t'or the l'ae tor- ana J..y:;is metltod!; . 

C XCJ\AX 

'l'a blc ) . 30 - (~ oodrn_'l.n data: Hoot - mcan-squa r e o r the re:.>iuual 
correl ati on matr i ces for factor analysis methods . 

Correlation Matr i x t4LFA PF'A LJ1FF'Y R.: A 

'L'et r ac ho ric 0 . 012 o. 01~2 0 . L ~.)1 O • .Llt8 
Chambcrs 0 . 012 0 . 012 0. 1)3 0 . 11!'( 
tila.rdia 0 . 013 0 . 012 O • .L)!t 0 . 1)) 
Phi 0. 009 O. L3SI O. LU9 

UF9tGS 
~ T"M' n!' lll~l'orrrAs 
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correlation 1~trices , a nd also for PFA , but a bad fit f or LJlVVY und 

PC/\ . 

' l'h~ gc>ndnP:;:;- o l"- l'it :;LrLti:;l;ir. t'or 1.11(' prohi. t./pr·ob il. mc>dc : l (1•'/\CONI·: ) 

1 :; 1\ = f, .lt h ha::c·d n11 '( dc·1~1'c•c::: "r l'l'c•c•d()IJI , i nd i c·:1.1. i 1 11 ~ a vc· r·,y l~''od f' i 1. 

o r Ih rLholorncw I :~ rnod() L. 
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) . 5 l•'inal Commcnt~; 

We lw.v r.: preoenl:.ed .in l:.hls clmvter severa. l examlJlc~:; oJ' e rnpirical 

cornpari:;on:: I!<:Lw<:~"'ll l'ncl.ur ana l,y: : L:; nu>d•·l :: l'nr· h i rr:u·.Y <l al.:t 11:: i. r r ,.~ I. li'· 

logit modcl ( 13nrtholornew, 1980), the probit/ probit modcl (!hrtholorncw, 

t'orthcorning) a nd the tt11der·~ing var·i:tble mod c .L ;tppro;t<:lr :t::::urui. r 1 1~: 

a ) fi r st o rde r rnarginals with normn.l dü:tribution ( l~(~tr:.t.choric 

cuerr:iclen L and Clrarnber::; ' cotT<~laLlon eo<~t'l' i. c i.e11 L c:a::eH); 

b) t'in:t, or·de r rnar,...;ir11tl :: with und(:r· ·ly i n/-~ 1:<>nL inrrow: IHli l'or·m 

Jü;l:.r·:ibutlo n (Munlla ' s coel.'flclenL ca:..;c) ; 

c) the heurisl~ic 80lution using thc Phi- cocffi.cients a:.; input l.n 

L rad i tiorm.l J'acto r anu.Js ~;ü; rncl:.lrod:; . \4t~ llu.vc cornpan:d, ror· <'11.<: h 

correlat Lon rnatrix ca:.:e , vur· iou:; racl.or lt rnll,y ~;L :; 1111~ l.hod:: 'tva i. l ;tl, 1.• : 

in B!vJDP and ! . .iP:.m . 

Con<.:<!l'llint-~ tl11~ racl.ur· llllal.y:: i. :: l"'' >l:~r ·:u 11:: av:d l.al,L•: in LI~<: 

stati stical packages , ALPHA fac t oring snethod ( SPSS) s hould be used only 

if the items includ ed in the a nazysis are considere d a::> n sarnple from a 

population ol' iterns. Ot:.herwise , the MLFA or even t he PF'A rnethods give 

mo r· •. ~ con:: i ::l.• ~ n\, r·c ::11ll.:: . 'l,11 ~ "'' ·l. ll• HI I .. J I I•'I•'Y ::11• >111 d nol. l )l' 11: ;•·d , :1.:: i 1. 

producc~ sy:;teJnal:.icu1ly lowcr estimal:.e:; for the l'actor lo<'tdlnt;~; 

compared wi th the other methods and no consistent results considering 

the profile of the loadings. vle ha ve also included in ou r comparR.ti ve 

study, l:.lic llt''ine.ipaL eornpo nenl.: ; ana]_y~;'l:; llll ~ l.llod, f' (H' .i.llll:;Lr·:tl,i.v<· 

purposes only. /\s expec·ted it yields different results a nd , in 

general , higher component coefficie nts than the loadings for the sarne 

number of factors. 

With the above considerations in mind , we shall concentrate ou r 

attention for cornparisons between the factor l oadings obtained by MLFA 
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and PF'A factor analysis methods v e r ::;u::; Lhe rcpararneterized pararneter 

estimates for Bartholome\v 1 s modcls . 

III< : LliOd:; , W•• ::li:tll fiOÍIIL 1)1 11. :IUIII<' I:Clii:IÍcl<•t'Hl.ÍOII:; ltlllllll. l.lll' c:<H't'c•l :d.i<lll 

uud .. ri~;c;:; ll::< !d :t:; i11pul .. Lu Ll1e J'ac.:l-u r· Hllltl_y:; i :; fll<·l.liu ci:J. W•.: li:wc: 

ob:;et·vecl, l'llt' :t iL :;ix d:d .. a :;t; l.:; ll:><:d zt: : cxarnpl.c:: In l.l1i:: \'laapl.• ·r·, 1.11:•1. 

the phi-coefflcients matrix yielu::; f ac Lo r loadin~::; eon:üde ral>ly luwc r· 

than the correspondent eHtimates for the other corrc lation mat ri<.: e:.; 

cases. 'Iheoretically, we had al r eady concluded that the heuri ::; tic 

method u s ing phi-coefficients , should not he uppl i.cd , becausc the re i.~; 

n o pll'lll:JLI>lc l>i.vHri1tl.•: di:;t..r'i.lutl,i.o ll 1111cl• : r·l,y in1-~ l. lli :: c:cw l'l'i c: i•·ral .. 

lt'or all dut.u ~et.:..;, we obuerv cd clu:;e a~reement betw<;en t..ll e fvll,l•'/\ 

results using tetrachoric coefficients and Bartholomew ' s probit/probit 

rnodel (l•'ACONB) . 'l'hc only e xcep tion war. with 1\bo r t :i on Data , in wllll.:h 

t::t::c • l.lic't'c• wc•t 'c• :l<llll<' di::::i111i l:u·il.ic·:; IH·I.wc·c·n l.lic' ( ll:ccl iiiJ'.:I. li. :: I " ''' I cl 

ht• Cllll:>iclc·r·o·cl , laoW<'V <'t' , l.ll:tl. :u:< ' <H 'clill t-~ l.c1 c>l.li•·a· ::I.IHlic·:; 111' l.lac· :::1111• · 

da La :;c: I., L li<' l.wo-l':tc l .. u r·:; 1110ckl i.:; IIIUI '< ~ :tppt'l)))f' i.;tl .. c · I' c >r' clc::c: r· i I> i 11/': Llac : 

correlatlon ~tructurc . 

We also observed, in general , similar result s between the Chambers 

coefficients case and the tetrachoric coefficienLs case for all faeto r 

analysis methods . 1be results for the Mardj.a ma.Lr:-ix .Lnput ca:,;e ar·1: :.t 

few lJercent.. lower than l'or thc Cfl:..unlJt~ r· :3 rn:tt..rix ca:..;e l'oll()win~ Ll ll ! 

tendency observed between the correlati.on coeffici.ents , hut Lhe profllP. 

or patte rn st ructure of the loadinGS a re the sarne for Chambers a nd 

Mardia coefficients input cases . 

lo'inall.y , we n o Llcc LlraL t.herc l:; nu :llJlJr OfH' ÜI.LI) Goodm::;:; - u f' - l'iL 

test for Lhe traditlo nal factor analy::;i::; methods applled t o l>i nu.ry 
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data. For thi:; rea:;on , wc i.ncludc in Lhe- anal_y !;i.:; LIH' rool. lltc::ut 

Stlua. re cr:i.terion for t h c rc~;i.ctual eorr-r:L:tti.on unl.ri.x . 'l1tL:; <:r.i.tr-r ion , 

i f not complel.cl_y ~•ati::;fac to ry e.L thcr , :tt lca:3 l. i.denti Cic!; i. f' thcn~ :tn: 

eon:;.Ldc~t·:dt L<: di. l'l' c•n;rtcc;:: llcl.wc:c:rt l.llt• t'<!JII"Udllt:t:d t:<I ITt: l:ll. i.t>tt m·tl.r· i x lt.Y 

the raclor anal_ynis rnodel a nd thc ob:;crved rnatrix . Wltcn no comp;trati v,: 

::;tudy i s necessary, a s im1üe ou:.;e rva.t:i.on of thc res i dual cornüatio n 

matrix should give u first idea a.bout the goodncso- of- fit of the factor 

model. 'l'he chi- squa.re test , on the other hand, is not appropri.nt(~ for· 

t. c :;t ing Lh e di.me n:~ :i.o nal i.Ly oi' l.lt c rno d1: l. wl11 :n tlt<~ rt:;:;tHnpLi•>rt:: oi' 1,111' 

normali ty a nd int erval scale f o r the variables are not ::;at i.:-; fied, :t:"> in 

ll. ::lto11l d IH: lltd,c·cl l.lt:ll. 

Llll ! Lc:;l, I)L' l. ltc• di.rnt •rt :; i.onal..ily o i' t.l11 • I:LI.t•rtl, :;pru: •• i :: :t. t:\lnl. r·ovc·t·::ial 

area in ractor analysis also for continLwus variuhle~; . Scbc r (l91Jlt) 

polnt:; out 1-hat n :.;atisf'actory rnelhod f'or· deterrni.nint~ th.~ lltunl>C:!r ol' 

t'actort.õ doe:; t i\Jl. :; ecrn Lo lll! avai l:tiJI.c:, :utd l'i('t.il.it>tJ:: l'acl.ot·:: :t.n· :t.ll 

too readily gcne r ated . Seber 1 :-3 conclusion is bc.u;ed on n. l:>irnulation 

study by Francis (1974) , which shows that the goodnes::;-of-fit test for 

the nwnber o f factors , evcn i f the assumptions o f the tnodel are mc t , 

may not lead to t he c orrect numbe r of factors in the model . 

In this chapter all data sets contain binary itcrnG and, for the 

threc first inlJut ca:::es , we ass ume that Lhcre i:; r;ornr. ln.tent. variablc 

und c r ]..y i ng <:lt<:l t d .iclto Lo rrl)', a~; t:xp l:d 11t:d bc: J.'<H·c . Nc.::v <:r·Ll t <~ Lt::;:; , f'r• tlHt t.ltc· 

observed marg inals , it is irnpossiblc to infer the form of tllc lnte nt 

continuou:..; dl::;trlbution . Con:..;c quently , wc may ~;uppo::; e dlrrc rent 

under ly i ng di s tr i bu tions for these man i fe:;;t r esllOnse::;, nnd thc ana lys b> 

of the data using the underlying variable tnodel fo r binary dR.ta b;u-;ed 

on the C- type di:--;l.ribulion i:; o ne or t.h• ' po:;:;illil.i.Li.l~ :: . 
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l.:II/\I''I'IO:H () NlJMI•:HlC/\ 1. /\PPI..[C/\ '1'.1 ON: i l•'OH I'OI. Y'L'OMOIJ:i IJ/\ '1'/\ 

6 . L IntroLitrct.ioll 

l':u·l.1>t' :111al,y::i:: lll•'l.II>HI:: l'tll' l"ll,yl.tllll<lll:: tl:1l.:t , 11::i111'. a:: i1q o11L , 

a:.;:.welaLlon ol' LIH . .! C-Lypc dü;LrilluLion , wlüch i:.; ~~:;U.unLetl by Lll<: 

maximurn likel ihoou method presenteei i n Ch;,1.p t e r 3. 'l.'wo contlnge nc,y L.Y pe 

correlaLion cocfficients will be used: Lhe coefflcienL r (~j~) u~lng 
u 

tl!a.rdia ' s f o rmula ( e xp ress i on (3 . 24 )) and the coefficient r
0

_.74 ( ljl) 

using Charnbe r s ' fo rmula (cxpr c:;!üon U .2'()l . 

!•'o u r data sets wi th difl'crc nt nurnbc r s o f variablcs (p ), d ift'ct-cnt 

:sarnllle ::i.z.cs (n) and diffc r ent numher or catc gor'ie:.; oi' Lllc: 

v :1rinblcs a r e u:;ed . 'lhe data :J<!t:; c:an lJ,~ summarizr.d a :; l'ollow:; : 

l>aLa :io:L Nar111' IIJ,) () [ ' V IL f ' i :d) I ··: : ::: uup I • · : ~ i i', I ' 

C i v i I ~ ;P r·v l t.:t ~ l.hl.a IJ ~ ~ ~ 

r' Uuo l,:; Da La Si LLB l 
J C i v i L ! ~! I'V i t.:t- I I Ih L:t 

,,, ~I r /\ 
I, ( ;,. ,~, : I\ Ih La '.J() I'( Bir 

'l'h c d ~:;cr· ipLion und unal_y s i:.; of eacll dat•t :jct w il l IJC: t~rc:.;c nL,;d 

separately . A mo r e complete analysis will be presented fo r the f' in; t 

d a ta set , i. n which case the data are anal_yseu , J'irl:>t a::; hinary d ;lLa and 

then as polytomous data . Cornpari~ons b e t w0.en factor a na ly:: ü ; rnethodn 

w i th B::u-tiJu l o mew ' :..; log i t rnodel (MODl"/\C) vlill llc pn:!:..;eJt l.ed for Lhe 

binary version of the C i vil Serviee I data . F'or all data sets , fac to r 

anal_ys i s re:sults using t he underlyinG variable approach oa~>ed on thc 

C-type d istribution , will b e compared wit h traditio nal f a ctor ana lys is 

me thods u s ing as input the p r oduct mornent correlat i on coefficient . Al l 
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data sets in thi s chapter contain pozytomous ordered variables with 

value:; X = ·1 , :) , ••• , C . , wlu :r·f' c, i:; l-ht> rtrunhcr nf" (:aL<~t~<> r it•:: o!" Lll<' i 1.11 
l 

vu r iuble urtd Lhe pruduct. mom<~rtl. cor-r-elal.io n i:; evaluat.ed rrom Lhe raw 

data . 'lhe factor anazy:;;i:; rnethod m;eJ in thir.; chapte r l:; Lhe rnax irnurn 

lrt /\pp•·rrdix li \~<· l >l'••::• : rrl. n ll ("1/ t"I"•·I:LI.iurr rrr: r.l.r·it·•·:: 11: : o·d : r.:: i11111 tl. 

ror e uch data set a naJs seu in t.ltls c llap t.er . 

Fo r al l e xamples wc :.:hnll u :;c t h e l'ollowi ne no t.at :i.on : 

I~ : L I< ( ,j,) tk rtol.c Llu~ cu rTI' l•tl .. iorr rrnt.r·Lx l'unn•:d l•.Y l.lt•· 
u 

contingency- type coefficie nts using Ma.rdia ' s formula 

con t.irrgency -ty lle coei'l'ic'i.cnt:; •r:: i.n 1~ CltarniH~ r·: ; 1 l'o rrrnll :L r· 0 _.( lr ( ,~) a:: 

function of the MLl!: of tJ!, asswning an undcrlying C- type distribution , 

whe r e 

And final]s' , let H denote the protluct momcnt co rrelation matr-ix , 

as usual. 

C XC/\AZ 



1(>1 

6 . 2 C i vil :.>e r vice 1 Uata 

t·c·I HI.cd Lu a:;po·çl.:; or tu·r· rur ·unrwo· ohi.Hitwd tlll '.11~1 individttlll:; . 'l'llo· 

unsati sfA.cto ry perfo rma.nce . Bri.efly , the varinble:3 ar·e : 

1. l<'oresir;llt (a nticipates proble ms and dcvelops solt i o ns in aclvanc c ) 

2 . Penetration (gets s trai(jht to the roo t s o f a problern) 

J . J11d1~ rnc rrL (]Jropo:;n.LH o r· d<:c i.:; ion:; ar•: con:; i.:: l,<· rrL ly ::<Hlttd) 

~ - l•:xpn~:; :; inn 011 JlllJlt'l' 

ú . Ut·al c~xpn~:;:; i o n 

'( . Nurne r i cal abili ty 

13 . Hclation:.; wil,h collea~ue~; 

9 . l<~latiom; witll othcr:; 

L o. 1\t:<:t'p l.:u r<:t~ t) r r·c: ; JIC li):; i l l i I i l •• Y 

L:. Ho: .l i:tll i. L iLy undc r· pt·o.::;:~llt't : 

13. Dri vc and de t e rtnina tio n 

Us ing the computer prognun C HOSSP~)l desc ribed in Chapter 4 , vrh ich 

e valuates the maximum likclihootl estinntc of the pRrameter of 

u.:.;socirtLlon •P or the C- typc tli:;t;r i.l)lll,ion ro r- cach pair ur v:lri:dJlt~:; or 

the data set , from the observe<.! two-way c ross tables , we obtained the 

two contin6cncy- type corrclation mfltricc~; : H ( tjJ) and R
0 

·r 1 ( ~~) • U • I 

also obtained the factor analysi::; re:.;ult.:; ror Civil 0ervice I dat~t 

u s inB the Pearson v r oduct rnoment cor r clRti.on coeffici ent . In 'Jhhle 6 . 1. 
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we :.;wnma.ri:.-.e ~orne infor mati.on about tllc thrce correla tion rnatri.cc:; 11:;c!d 

ll:l il l J'I I l, l.c> l,lll ~ fv}l. l•'l\ llll'l.il()d . 

'l'able 6 . 1 - Ci vil Se rvice I Da ta: some nume r ical aspects 
of tlrc corrclation matriee~.; 

Corrc lu.tion matrix 

Mn.xlr.jl O . ~uH(VUxV~) U. ~;!U( V BxV~) u. ·r:;·,( Vl\xV~ ) 
. .l 
~ ,J 
Min jr .. 1 0 . 16'(( V'{xV 11) O. lU)( V'(xV l l) o. L'(U( v ~xv·n 
. . ~J 
~ ,J 
dcterrn.lnan L o . '( X Hr 3 u ') . ' X w- 3 ·r . a X to- 3 

e i(.';erava ltw:; > I ~ . I)~ (, . H' ' ) . ~ ~ 
.I • ) I I. ;'1\ I • ) O 
I • O Ir I . o~ l • tJ I 

t han one , as we see in 'l'able 6 . 1 , and the fi r st e igen value or the 

cur·n~Lll. io11 unl.ric1::; .L:; Vl ~ r·y lt ít ... lt coutparc:d wí.Lit l.h•! ol.hc·a·:; . lJ: : i 111 ~ I.IH· 

" :;c a·c ·v l.c• :: l.'' I\> r· t. l w tllllnhc•r· <>I ' t':tt: l.o r· :: , I. IH· o rw- l':u •l.qr· utud•• l ::llcu r l d l11· 

factors and finally with one f ac tor . Some feat ures of the r e su1ts are 

surruna r i:l.cd in Tab1e 6 . 2 . As in the last chapter , the chi- sc1uare test 

for the MLFA method will not b e consider ed he r e because the test is 

designetl fo r continuous normal variablc:; . 

CXCI\BA 



163 

'l'able 6. 2 - Civil Service I Data : Cornpari:.;on of some factor 
anu]._ysis 1'cature8 for diffcrcnt corre.lhtion maLrlce~ 

(a) '11tree-t'ncton; ::olu Lion; Ml.l•'l\ method 

Co rrelut..ion ruaLrix H ( ljJ) 
u 

•f. var· L'X)• I ai.r11:d (Jj. ~ ()(, . '( '-' (} . ( J 

Communality: lv!in O.J.67(V7) O . 1~2 (V'() O. l. :_n(V'() 
fvhx L o ou( v 1; vB) I. 000( V I. ; VIl) o. /}()()( v /I) 

( *) ( *) 

(*) lrnpr·oper· :;ol11tion : lleywood ca~;e:; ror· variald1~ :: l ;utcl 11. 

( b) 'l'wo - factor::; ::;olution; MLJ•' /\ rncthod 

Co rrelation ma trix 

oJ. v;_u· e xpla ined )). B )U. H 

Conununal i Ly : Min O. l)O(V'7) 0 . 169(V'() 
Jv!a. X 1. 000( V8) l. OOO(V8) 

( *) (*) 

(*) I rnp r ope r solu tion : lley woocl case:.; for Vl-.trLable 13 . 

( <:) Orr e- l'ae LcH' :;o lu L inn; MI.FI\ HIC' Lhc>d 

Cot-rcltti..Lon rnatt·ix 

"/. var e xplained 

Cornrnunali Ly: rl\in 
riJa x 

C XC AbA 

O . 1116 ( V7) 
o. )J O( V U) 

48. 9 

O. l6lt(V'f) 
O . )l t ~ (VII) 

H 

) L. ~ 

U. U'( (V'() 
0. 856(V8 ) 

li 

O. UI O( V'() 
o . lt(>l( I L) 



We ob~crve in 'l'able 6 . 2 that. impropcr :;oluViom; wc n~ obtaint!d ror· 

LIH! Un·,:e und l,wo ractor·:; ::oluLi.on:.: tnd.llt; Llle conLi.rtt',t!n ey Lypc 

correlation matrice::; a~ i.nput to tlle ML!o'l\ mctllod . No irllJH"uve r· ::ol11Lion 

wa:3 ob:.;erved ror thc Peurson corrclat ion matrix ca::c . 'lhe oecur· r·cnce 

o i' : ut irn}'I"< >JH'I' :·.o}trl,i <l ll l'tn· l.llr·•· t• :tnrl Lw" l':tt•l.n r·:: : :ti/ ~I~ ·· :·.L l.lnl. l.lw::r· 

llttJdt: l:: ar·,: 11•>1. lli'JII'IIJII'Íal.t• and l.l11tl. l.t>tl ll~tllY l':u:l.tll ' :: :u·•· i 11•: l11ol•·ol 111 

the solution. 'lbe one- factor model is clea rl_y the correct factor 

nnal_ysis model fo r the Ci.vi l Servi.ce I dat 1'1. . Thc factor lon.din,;:; for· 

thc one-factor ::;olution are pre::;ented in 'l';:tble 6. 3 for eu.ch correlat i.on 

ma.trix . 

'l'nblP C1 . j - Ci.vi L :;.:r·vi ct· 1 lhl.:t : l'a<:l,or· lo:tdirw.:: 1\>r" t.llt' 

ullt ' -l'actor· ::ui11L iun 1'()1' l.l tt: 1. 111'<·• · <'<H'l't:I:1.L Í<lll 

mu.Lr ice:..; u:..;cd 1.1. : : Llll>UL - MLI•'/\ rm~Li tod 

VAH 

l o. Ô) o. GB o. 6 '( 

2 0.67 0 .'70 o. 6J 
3 o. 70 o. 73 0. 66 
4 o. G5 o .6B 0 .62 
,-
) o.lr 3 o. lr6 o. J,l, 

6 0 . 68 o. 70 0.62 
7 0. 38 0. 40 o. 42 
8 0.6) 0.6-r O . )~ 

9 0. 61:.\ o. '(O o . )'( 

10 o.GG O. ÚS) u . G~ 
11 o. 71 o. '(lr o. GG 
12 O.'( 1 o .'(Ir () . (>11 

lj o. ·r o o. '( j u. () -~ 

Fo r a better comparison of thc loadinfSS , we prese nt .in l•'ic;ure 6.1 

the profile of the factor loadi nc;::; for each correlation lil<:ttrix cn.:;e are 

presented. 
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1l'h e facto r l oadings for t he i. nput c ase u s ing H
0

• 71, ( r~) n r e a few 

l>t:r (; (!lll lt Lô u: r· l.l rl lfl lltt ~ 1oad 1 ng :; r o r Llt •: l lllJIII. Cll!l l ! rt:: i 111-~ ti re; 

correla\..ion mat rix H (tj! ), but the p r ofi.Le i s the :;;une . f\ ::.; llgiJL ly 
u 

diJ't'l'r«'lll. Jlf'OJ' j lt• Í :l o iJI.:tÍI\t !d wi\.11 \. 111 ! p r ot !llc: L IIIU III« ' III. l 'lll't'c ' lnl.i cl li 

lltal.r·Lx c :r.::t• . A:: c• xp l :tirwd IH: I'<>r ·c · , Ll11· CJIII'-I': r.c·. l.or· lftrldc· l i :: c l rro: :1 ·rr :r. tll l 

wc CUII<: Ludc : l.ltal. llllc ~ dilll<'ll::i.<Hl i: ; <: 11«1\IJ',II l'or· rlll'll! !ltr'ÍII/ ', Llw p~·r·( '• > nu:LJII'I' 

of the i ndividuals a naly sed, a nd that t he most impor tant a s pects o r the 

per for mance a r e Jud~,;ernent (Varj ) , Mti.nac;crnen t of !;taf f ( Va r l l ) and 

1\\.: l i.a l>il it.y und•~ r· pn : : ; ::11rc ~ (Vru·l :.' ) . /\1. l. lw o l.lr<' t' ~: xt. r ·c ·r ll t ·, wi l. lr 101·/1'1' 

fac Lor l u :Ldine :; , appear tire i Lt.:m:; : l•:xpr·c: :: :: i.u n 011 p:qH: r· (Va r· y ) a 11d 

Nume r:ical. abLL'it.y (Vu r·() . 1\.l. l ol.hc ~ r il.t!m:: lravr: t'ac l.o r· lor tclirr 1.~:: 

uppr·o x i un t. c:l,Y c:q ru tl Lu Lltt: Lltr' t ' t! lt Lt-~ ltc : :;t. l'acl.o r lollcl i 11 1-'.:; , :: ltu w i 111 ~ t. lta l. 

ull i t eu&; a r e equul .Js irnporLa nL, e xc epL i Le rn:; y and ·r . 

result inc; rrorn tlle p roduct moment corrc~ lat:ion rna t r ix i.np ut. e :t:H~ ~; lr ow : ; 

lowe r· .Lo 1 u l L 11 t-~ : ; l'or· il.t ! lll U :urd ') c:on rpar· i111 ~ wi. t. l r I. IJc : l.vll > c : oril . irtt ~• ·rrc::t L.YI" ' 

corre l aL iorr rnatr i x i np u t c a :.; c :; . 

/\:; a I.: OIIIJ ll ll'al.ivc: :;Lrul,y Wt: lra vc• :t} :;o tt:õt•d o l.lrc·r· c:o r·r·c: l a t. i n n 

rnaLriccs a:; Lnpu l. to racLo f' analy:; i: ; and a ll.l rouc;l r we a n : rH>L :; ilowinc; 

the details of the s olut ion h e r e , \ve shn.ll c omment br ief l,y o n t h e 

r e :.;ulL:.; r o r C"i. vi l ~ie rv.i c e 1 clat.a . \olc l r:LVC il! j(~ d ( ;oud ru:ur a nd 1\ ['ll : :l~al ' : ; 

garnrna t.:oc r ric .ient, Kcndall' :; Lau l> anel t. au c . 'L' •c rr::;uLL:; o r L':tcLc>r· 

analys i s us in~,; the Garnrna coe i'fi ci c nts are :; i mila r (al Llt oul~lt a f<~w pe r· 

c ent higher) t h an t hose u sing t h e contingency t ype cor r e l a tion 

matrices . 'vle also obtained a n imp rope r solution ( Heywooct case ) for t h e 

two and t hrec fac tor rnodel s u s i ng t h e gnmma coefficient s :ts input . On 

t h c o Lh c r hand r acLo r analysis r et;ulLs U!:iÍIIIJ t a u b a n d tau c 

c oc r ri ci. e n L:; a :.; i n ptl L y icld pr'o l ' i lc •: ; :; i uti l :u · l.u Llt ·· JI I'CJdllc : l. llllJIIII ' IIL 
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Lllll 1: \:oc•l'l'ic:ic•ffl.:: lll'c• t:CJII: I iclc-nli>I.Y lc>W••f' I.IIIUI l.l1•· !'twl.cH' lcHulitl/',:: 

for the product momcnt matrix. No impropl! r :.;oluLion wa s obtuined for 

facLut· analy:.;.i :_; tl: :.i.nt:; Lall I> ILi td Lau l: eo•: l'l'lch:nL:; . I L i.:; WIJ I'L i tw lt L Lc; 

Lo polnL u11 L LltaL ltad wc :u1al_y~;ed Lhe daLa u:.;i.ng onl~ Lllc; llf'uducL 

1nOmcnt co rrr: lation coe i'f.icient , a tlrrr~C-l'ILCtor :;oltl t..i.o n ( by 1.!11·! 

c ri tcrion o f c igcnvtüue:.; IJ reate r than one) would Hppc~:Lr appropriatl" and 

uttempts would Lhc n be mude to intcq>r c\. t.wo more factor~; ernmeutt:; ~ . 

Un u::;ing c ontingency type cocfficicnts , wc oiJLai.ncd co rrect'~ Lhe: 

one- factor solution ror the itero:.; mea::;uring per-l'or•nancc fur Ll•c Civil 

Service I data. 
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1-'ol,y tornouu ver::u:; bin:u·y V(: r:üon o r tllc <;i v i] :;,) r· v-i.<:(! I dii.Lil 

Most o!' l..he uvailubJ.e method::; of l'act..o r anuJ.,y:.;i::; for cul..egoricul 

variu bleH are d e:ügned for dealin15 with binar,y varial>lc :; . On c po:;~;ib.Le 

approach to treating categorical data is to dichotorni~e the variablcs 

and appl,y one of the rnethod ~; rLvailable for binar.Y data. [n this 

:;cc Liu11 Wt• d i.c lu >Loln i . t.t~ Llit : l: i. v i I :;,.,·v i <:•· I d:LI.n. anti 11.1'1' l y l'• u·l.l>ul t>lll•·w ' :: 

t4úDl•'/\C 1ue U1od . Hc al.:;o eval.llaLc tlll~ Ct) IT el nLi.on co• ~ l'l'i c it ' IIL: ; :1.:: 

dichotomization of the variables and ur:;e Mardia ' s correlatio n 

coefficients, r (t/J) as :input to f aeto r analysis mcthod~; . 'lhe l'acLo t· 
u 

nnalysis r·em.Ut:; l'or l.lJc binary veruion or Lhe Civ:i.l :;,:rv.i. <:c I. daLa :Lr·• : 

then compared wi th the facto r anal,ysis r esults for t l1e pol_ytornou ~3 

ve r s ion or t he same data. 'lhe r<~:5ults ror· t..he poJ.,y l.ornous vc r:.; i o n o i' 

the data wc r e al ready s hown in the l ast section . Ide r epeaL them hcre 

to faci l itate coq,arisons . l t i::; k now n t ha t whcn we d.i e ho t.o rni.1.e tl H~ 

tinta WC .lo:lt! Íllfol'IIIIll.i.oJI. '.I'IJc IJ i l t ::;LiOI I i.:; 11 /\1'<~ l'IL<: I, t H' illl:tl.,y :; i_:; n:: :11l.L:; 

for l..lw b.i.tl<u·y ve r·:..; .i.on ot' Lhe daL:L t:t>n:;i.d c r·ably di. l'l't: r·•:nL i' r o r11 Lll\' 

l'at:tor ana1y~;i:.; r'< ) :;u ltti for the ori.c;i nal poly Lornou:; <.laLa't ' l'h <~ a n:;\4(! r 

to this ques tion cn.nnot be conclusive wi t~h onJ,y one e xa.mple . Ou r 

purpose in t his section is to show the differ e nces between both 

approaches for the Civil Service I data . 

I n '.l'able 6 .l1 we prc :;e nt l;Om<! in.l'o nna l. i.o n :d,o uL l.ht~ (: o rT( ~ l.aL Lon 

matrix H (t!J) for Lhe dichotomous and poly tornom; ve rnion of the Ci vil 
u 

Service I data . 
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'l'able 6 . l1 - Cornpa r "i:Jon betwccn :;;orne a:;pec ts o f thc co rrclaL Lon 
nutLr·ü: <.!:; I! ( ,~) for thc d i c liotorn•Jll:; and pol,ytcllniJII:; 

ve rulon o1'
11

Lhe Clvll 0crvlce J. tlu.ta. 

l•'enl.ur·<! 

Corn~J.aL ion coe I' i' i.c i.e nL:; 

min lrijl 

11u t x I r i.,) I 
Octcrminunt 

Eigenvalues 
greater than one 

Di. ciJotoiHtH I: ; d:tl.!L 

0 . 102 (V5xVY) 

0. 1~ ) '( (VBxV~ ) 

1.)6 x 1o- J 

5. 66 ; 1.40 

I'•> l,y Lnuaut1:1 d:tl.:t 

0 . 16'( (V'(xVll) 

o. 1)()1\ (V II><V~) 

0 .'( 1 X 1 0- 3 

) . ~) ; 1. 31 ; 1.011 

We first a nalysed the data using the " default cri terion" of nwnber 

of fn.ctors a:,;:;ocio.terl to cie;envala1e:; l'; r eaLt! r Lhan onc (Kai:>r•r· 

v e r·:.;l.ort u r Llie d:tL:t :uad l.lan:e l'a<.:Lo r :; roa· L!lt ! puly Lo mou:; V <: l':; i ()fi . : :nllll! 

aspects of the fac t or analysis r esults usinG four differcnt factor 

analysis method::; a r e presented in 'l'able 6. 5 usÜJG the Kaiser cri terion 

CXKAAJ UFR GS 
I I r~ rtr.• IQT!.'( A.$ 

.•. , ~ ~·~ ... :.L CE ,\;: WIMICA 



170 

'l'ablc 6. 5 - Comparü;on bctween :.;o mc a:>pccL~; or the J•'uct;or 1\nals~>i.:; rnc tllod:; 
using u::; inpuL thc corre Lation rnr.t.L rix H ( 1)!) t'O I' Lhe dicho t o rnüiJ:j 
and poly tomous v ersion of the Civil Serl;j.ice I data . 

Di c hotonous data 

I" I\ rue t llod M 1.1•'/\ H/\0 

No o r 1': u: Lon; 
uy thc dcfault ~ 2 2 
cri ter ion 

% of variance 
e xpla ined by 
the factors 

CornmJ nali ty 

rnin 

rnux 

No of 
iterations 

48. 7 54. 3 

. LJH(V'(} . lJG(V'(} . J.JU(v·() 

. ~'( ) (VU) .B~O(VB) .SJB;! (VB) 

3 >25 4 

Polytornou:; 

J'l•' 1\ Ml.l•'/\ I I /\0 I '1•'/\ 

j J J 

. Lf>'((V'(} . l (llr(V'{) . V/((V'{) 
(v .L) 

I . llOO( V!I) . ~Ul l (VIl) . t;~')( VIl) 

>25 >2) 16 >2) 

Comrne nt (*) (**) (***) (****) ( *) (**) (***) 

(*) 
(**) 
(***) 
(****) 

Mo re than 2) iterati.ons i~; requi.rcd IJy 1<1\0 rne t hod (no final :;olu\'.lon ) 
PA~ method Lcrmiuate:; wlrt: n corrunJ nn L iLy ul' u ne <H' uru r·•: var·l:dJ L < ~ c: x<: t:cd 
Communali ti c::; faileú to conver ge . ProfSrum :..; Lop~; 
Cornrrunality of one o r more variable::; e xceeded one . 

() Jll ~ 

•rablc 6 . 5 is uscful for illustratint,; the diffe r cnt approachcs o f the 

va r ious factor analysis me thods from UMPIJ (MLFA anct Pl•'A ) and SPSG ( HAO and 

PA2) for dealing with l!eywood casef> . A:; wc can :.;ee .in 'lhble G. ) , i mvropc r 

solutions we r e obtained for e ither ve rsion of the <lata with the P/\2 anel PFA 

rnethods . 'l11c I<AO factorine; rne thod :.;t;op~> a L .i.Lerat. Lo n ~·) arrd , i. l' no o l.l1e r 

instruction is g iven to the program ullowing a g r cate r nwnuer of' i.tera.tions 

a misintcrpretation of the r e sults i::; eas ily obtained. 'l~1e ~ltLI•'A fac t orinc; 

in the lu::; L :.;ec tion for thc polytornous ve n;ion oi' tia La , :.;ltowint:, Lira L L Ir c 

three factors- solution is not appropria t e for thi s data set . For the 

CXKJ\AJ 



I/I 

dlclll>L<)IIIUll:l ver·:.;i.orr ul' Llll! daLa , Wt~ oi>L>Lill•·d npplll'l~trl.l~y ll p r·o Jwr · :i<lliii.Í.ntl , 

allhuugll u v e ry hlgll couummull Ly i:; ub:;e r·ved l'ur· v ar Lable B. 

Wllen tou rnnny fnctu r:.> have IH:1:11 i11<: l.11dc:d in ll no Lu L i orr , 1.11 i :1 tllllY c::ur:: e· 

irnpr OJH.! t' :;uluLiun:.> (:;ce Cllupter '{) . ücc.;urTing lrnpr·oJ>er· :;ol.trLiu11:: W< : ::ho•rld 

c xarn.i.ne rnorc careful.l_y the eigcnvalucs , thcir uifl'erence::; ol'ten provide 

pu.l ttl.c:d <) 111. i. 11 :i,· cl. inll !1. j . l•'r· o m '!'n.lllc: l1 . !1 wc o l l:lt: t·vc• LltiLL Lltc· r·c: i:: 11. 

:.;u lJ:..;tun t.inl d.i.l'l'erence IJeLween Lhe l'.i.r·:; l. and ::c:cund <: .it:~ < :ll vnlrH : :; l'u r· l>•> l. lr 

v e r:..;i o n ol' Lhe d aLa. '11 ri :; fac.; L :; u(:gc:;l.:; LII:LL l. l11: ll t llltlwr· ut: t': L(.:Lcll' Lo I>• : 

included in the a naly::;i s is only one . He Lhc:rcfore reanaly::;e the data wlth 

a one- factor model . In Ta.ble 6. 6 we present some aspects of the factor 

analysis results for the onc- factor moclcl. 

'lhbl<~ ó . (J - Curnpari.::un h•:Lwc•:rr ::orn•· :L: :p•·c:l.:: oi' l.lw l•':u:Lor· 1\nal,y::i :: 
n::;u.llr.: 11:~.i11~ :L:; inpcrL Ll11: <:ol'l·c·l:d. Í.l)ll unLr·.ix H ( tjJ) l'or· LI I<' 

ll 
diclroLouruu:; and pol,ytornuu:; vc·r·:: i.o11 oi' l,l11 : Civil ;;e:r·vic<: I d:li.:L . 

1•'/\ "'c tllod 

'1• uf V:.l. l' 

e xplained 

Communali ty: 

One- l'ac tu1· rnodel . 

Dichotomous data 

~.., 1.1•' 1\ 1</\0 

39. 2 4:;. 6 43. 6 

Polytornous dato. 

I 'lo' 1\ 1'-11.1•' 1\ I{ 1\ () I 'f\~> l 'I•' 1\ 

41.4tl 4 ) . '( '(ti . ) 

rnin . ll)(V)) . ll)(V)) . 1 (20( V)) . l~..? O(v~) . llló(V "() . llrG(V'() . Llr'((V '() . Jlr'{(" 

rnax . )B;!(Vll) . )B;!(Vll) . )'(O(VII) . :.>rotvu) . )IO(VJ I) . 'JLO(Vli) . 'JI:'(VI:•) . '.t ~~· 

No ut' 
iterations 6 15 5 5 l 10 

vlc now vrescnt the factor loadings o f Lhe onc-f:.~.c to r model ror· boLII 

versions of the data. I n Table 6.7 we also present thc r eparameterized 

factor loadings of the one- factor logit rnodel ( tvlOIJLt'AC ) for b i nary data. 
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'l'able 6.7 - r'uctor loadings obtuined by cllft"erent i'actor a nazy:; l:; 
rnethodl:> using a s in!Jut thc ~.:orrelation rnatrix H ( 1p) for 
the dichoto rnoul:> and pozyto rnow; ver:üo n of Civi.lu :-5crv-Lce I 
clal,a n nd l'llc:l.or lc>nd tll/~:; o bt.ainc·d l1y lhrl.hoi•Hnc·w ' :; IJIOIW/\C 
n~t : tlrod l'o r· l1 i ll l li'Y d l tl.ll . 

ll ic·IICJI.ci!IICIII:; dal.a 1'11 I y I.CJIIIIII I: ; dll l.l t 
--

ll.c•m MUIW/\t: Mt.!o'/\ 1\/\0 I'/\: I I '1•'/\ 1'1 1, I•' 1\ 1\/\() I'/\: , I '1'/\ 

1 '(O GH GU ú'( (/( (>) Ú) ÍJ) (J) 

2 (/( GJ G3 Ó) (>) (). ( l>' ( ( ). ( (>'( 

3 '(O '(O '(O '(L . ( () ·r() ' ( O ·r o . ( () 
J, '.>~ )'( ) ' ( )H )I\ (,) f o) li) l ,., 

) 3) Jll jll J'.> J'.> I~ J hJ llj llj 
6 G8 65 65 66 66 GU 6U GB () /..\ 

7 36 36 36 36 :n 38 513 3U 38 
8 85 66 66 6) 65 66 65 6) G) 
9 82 64 Gl, 63 63 6U GU 6'( 6'( 

lO 611 63 63 úJ (>J GG 6() (>) (,:_, 
ll 78 '{6 76 '(G '{6 '(l '( l '( 1 '( 1 
12 69 67 67 6i3 6U 71 n 72 72 
13 69 68 68 68 6U 70 '70 '(O ' (O 

(deC .llllll L JHHnt L:; OIILL l.l.r'd ) 

'l'lle una.ly:.;l:; of t.llc ractor loaJlng:; o i' 'l'ubl1~ l1 . 1 :.;trow:.; Lha t. LIH! 

agrcement betwccn the rnethods i3 very elo:;r~ . 'Jhc ~rcaLc:; t. tlil'l ·rene<~ 

betwc c n the IV\OIW/\C me·tho d anel the othe r :.; appcar ::; fo r t.h c loadinw: of 

Lhe i Lc1ns 8 and y . Comparin~ tllc dicllotornow.; and polyLornou::; ver·~;ion or 

da ta we fi nd, in general , greate r facto r loadi.ng:.; for J?O .lytornou:J data 

with the e xception of items 1 and 11. 'l'he loudin~:.; r o r items 3 anel B 

a re allprox irnately the sarne . For a vi s ua l cornpar·ison ol' Lhe loadlngf; 

for dichotomous and polytomous data , we present in Figure 6. 2, the 

profile of the factor loadings for the t4LFA method and for the MO Dr'AC 

rnethod . 'l'he othcr methods a r e not prc!;ented hecause of thc si.rnilarity 

l) !' Llll.! re:;uj_ L:; w i Llt Llt• ~ Ml.l'l\ ur. • l.llu d i. n Llt i: ; c: t: ; o; . 

CXKAAK 



I.()"OIU : 
1.0 

. ~ 

173 

( , I I• lt• 1 1 1 :. v 1111 

FJ•:U III·: r .• ;> - I'I'CH'li.E o <· Ttl t ~t.r;· • <•11 l.lll\111 11' :; ; ~'(li! II!HlF'I\C 1\1111 

1\111\ I'Ol. YT<' II()II t; VJ.;q ;; JCIJI;; f' F' r: I V 11. !:F 'lV JC: I·: I 111\'l'h 

11 - J.I Oil f'hf'; 11 1·:1'!10ll , llJ l!,A, 1l Y II.A.'rl\ 

11 - rn::.A. 11""111'0, 1\lflhliY 111\'''1\ 
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Cotllptu·lrr/-';, t'ltrrr. ll,y, 1.11!' t'rr,~l.<>t' ll.tr:rl,y:ri:t r··· :trrll. :t l'o>t' l.lw ,J io· l r•ol.••rr r•>~ t :t 

und polyt.ornL>u:.; V<~ r·:;lon or Lltc CLvil :..il: J'Vi.<.:t! 1 daLI~ .i.l . .i:; l't!l< ~ VHIIL Lu 

note t.huL Lhe ~l't:ILL<~:;L ti ll'l'•:r•~ tl ~t: la:Lwcen lhr·l.ltol llllt•·w ' :; lllt'Llrud (!<l(l iJio' /\C) 

and the traditional factor analysis is observed for iterns with high 

f:tc to r loadi.n,.~:; (L tent: B and SI) . 'lh e <:orrrJHll' i.::orr IH: Lw<·t :n Llu : n :::rr 11.:; 

for dichotomou:,; u nd lJOly tornou:.; ver:üon o f Lia ta for thc orrc-L'a<.: Lo r urud<..:l 

shows only small differences , uut when using the Kaiser criterio n for 

thc choice of number of factors , different nr11nber ol' factor~ r c:;ultcd 

for each version. 

b . 3 l.loot ::> l>nta 

of 50 items) fro m a biographicul backg round :.;urv ey and it is pat·L ol' a 

g raduate :;c lceti()n irnprovcrnent p r o,jccL c<u·r.ic ~d orrl. by Lltc lloot.:; 

Compnrry . 'l'lw :::urrpl<: ::iz•· i.:; 11111 indivicllr:ll:: ~~~~ ~~ 1.111 · iL•·rrr:: lr:Lv•· 

vu ry ing nwnber-~; ur caLq~o r.i c:; , a:.; :;wnrnar L:r.t :d Ln 'Lh h I. r; l> . ll . 

'l 'ablc 6 . 1J - Nwube r· oi' catc~oric~; oi' uaeh i.L c:m 

Boots Data 
Item Vl V2 V5 v6 V'( 

No of c ategorie:.; 6 ., 
c.. 

1\ IJr· i ef tlt::;cr·ipL.iort ol' Vl ll ' i.ahlr ·:: i.:; ;~:; l'o I l u~1:; . 

VIJ 
'( 

Vl- Extra curric1tlar activit .i. cs l (~5urnmcr· :;cltool, prut\:::.;:;Lon;d. 
conferencc , etc.) 

V2 - Number of part-time jobs during acadcmic terrn 
Vj - Extra curricular act ivities II (sport , Jebatcs , cho r a l, etc ) 
V4 - Participation in clubs or societies 
V5 - Elected off ice in a club o r society 
v6 - Prize for a competition 
V7 Or ganization of activities (sports competitio n , cha rity c a 1npaiGn, etc . ) 
V8 - Kind of hol iday taken 
V9 - Number of countries visited 
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Co n Lingeney - Lype eorr eluLlon eoel'l'L<.: LenL:; were used r o r- eaclt vuir 

of va r iables frorn t he lJoots data :iet . 'lhe global c r oss produc t ratio 

CHO!:>SPSI. 'l'wo contingency type correlation matr ices : H ( tj! ) and 
u 

H
0

• 71
1
(rjJ) werc u:;cd as h c fore . 'L'hc :;c rna tr lec~s wc r e racLor ana1y:;< ~ cl 

u :: i. rr r-~ 1. 11 <' ru: tx irurl!u I i lu· I i ll il<Jd t':u· L•II" H ll ll l,y: :i :: rr rr·l. l r<rd (MI.!o'/\- l'.tillll ') . 

Cornpa r· l:;on :; ol' Lhe l'nt:Lor analy ~; i.:; r· c~:;rrll.: ; 11::irrt·~ l,l11~ r11 :w ru~:LIIod wi IL l1•' 

made wi t h the facto r a na)_ys i s results us'Lng t hc l)ea r son rnornent JH'Oduct 

correlatLun rnaLrlx (I<) a:; i nJ •UL 

I n 'Lhblc G . ~ we p r c uent ::o rnr: relc~ v:url. a ::pc:c l, :; oi' 1'.11•· <:n r-r-<• l :l t. ·i <)ll 

HU:Lt r ice::; w;ed U!::i lnpul, to tltc L'ac·Lur anuts:;i:s III!!Llrud . 

'l'able 6. 9 - 13oots data: Extreme value::; or thc correlation 
cocfficien t :..; n nd c:igcnvalue~; t:n~aLc~r· Lllan on•: 
fo r cach correlatio n rnat ri x . 

mu. x lr .
1

1 
. l .l., ' ,, 
uü.nlr· . J I 
. . .l. 
l. , J 

e i genvalues > l 

Correlation matrix 
R o. 14 ('V) 

o . :H~ (V Jx V'() 

O. l) I I I I ( V l!x V B) 

2. 275 
1.111)1 

O. ]lr 5( V} xV'() 

~. 11 07 
l.l57 

~ . otro 
l . 1:20 

In th i s ca:-;e thc lli.Unber:; o r factor:-> in tltc ractor :uru.ly :;i ~; rnodel 

is t wo , us:ing c ither thc Kai:>er critcrion (nurnbn r· a r cigmrvalr1r!:: 

g r eater t h en onc) o r the sc r ee test . In ri'a.bl e 6 . 10 we p resen·t some 

features o f f ac tor analysis outputs for the various correlation 

coefficients . 
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'l'u.ble 6 . 10- l.loot:; data: Compari:H)fl ui' :;om<: n::p<:cl.:; oi' l'llt:L<H' 
anal,y :1 i:; Olll.plll,!; for· \,1!1· v ar i 011:: t:orTI ! I1Ll. ion IIVt. l. r· i.<:c::: 
11::• :d a:1 inp11l. I.•> l.ll<: Ml,l•'/\ rnc:Lilo d . 

Cu t't'<~ .lal. l.nn 111at.r·lec ~:l 

H (~I) H ( ~I) H 
u o.'{ 4 

Var· <~xplai 111 ~d •)') 3'1. (. ( • • ~ il :>I, • (>'f., l . ( .I, 'Y,, 

Comuu 11nl i. l.y: uli 11 O. 06l1 o . u·r 1 u. oH L 
max o . 50'( 0 . )6) O. <t(5 

No o i' i teratiorw '( B ) 

'l'hc Varirnax r·otate d factor loadin~:; ror Lhe l.wu L'acl.on,; l'ot· eac..:ll 

corr elutlon rnnl.rl.x uucd a:;; input are pre:;cn ted in 'lhblc 6 .11. 'l'll e 

Varimax rotation rnethod provide:; , in thi::; case , :1 factor pat t crrr 

easily interpretable . 

'l'u. l> .L e ll . l.l - l.loo l.:; Lb.ta: Vurirnax t' <> L:LLc:d l':lt; Lo r· l o:u l i fll~::; 
two-fuctor rnodel, MLI•'A mel.llo d. 

Cor-relation rnatrix u:;cd as input 
H ( ljl) HO • '(I, ( tj,) H 

u 

Item l" l 
1<' 

2 
F 

l F2 F 1 F2 

1 . 33 . 25 . 35 . 26 .25 . 25 
2 . 21 .14 . 22 .15 .18 . 22 
3 . 44 .18 . 46 . 19 . 46 .12 
4 . 4 5 .15 . 47 .15 . l~ 3 .1 5 
5 . 43 . 05 . 45 .05 . 29 . lO 
6 .37 . 03 -39 . 03 . 30 . 06 
1 . 56 .17 . )8 .15 • 41, . ll 
e .08 . '{1 . 09 -75 . 111 . 115 

9 . 12 .:n . 12 . 39 . 06 . )2 

F'rom Table 6 .11 we see that there a re di.fferences bctween the 

factor loadings estimates for each correlation matrix used as input , 
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'J'Iie fa~;Lur 1oadjlll-~: ; l'u r· l.lie rniLL r·i x li (111) ar·c : :; irni l tl r· Lo l.lw lc):lcli rrp;:; 
ll 

for the rnatrix H
0

• ·rtr (1)1) , althoueh a few per cent lowc r . In f'l@l r e 6. :5 

separatel.y . Although the loadin~s are not equal i n magnitude , i f the 

oscil l a t o ry movement o r Lhe " curve" i~ :..;irnilar , wc can :;ay Lhal. the r e 

is an e4uivalencc in the results , in the :jcm;e tha t , the o rder of thc 

loadint~n i:; Lhe :;ame! . 'lhat 'i.:; tnw f o r Lhe r e :;rrl 1.:; oht.ai nc'd l'n r 1.111 ~ 

ror Llle load ing:; o f thc Pe ar:;on cor n üution matrix cn~.;e . 

'l'able 6 . L2 :; lrow:; tllc ll;c rn:; wiL it Llu! lrie,lre:.;L L'acLo r Load i. n t~:; l'u r· 

e ach factor. 'lh e ordcr o f the l oadings ror the cont.int:~ency t.ype matrix 

cases are the surue arH.i a r e presenLeu Lo~.jc!L lle r . 1\ :;liehtly dlt'l'c r·cnL 

L'uctu n ; i :; Lltc! !llllllC rur Lhe Llrn.:c! c: a:;c~:; . 'l'ltc ~ f'ir·: ;L l'ac l.u r· <;Oitl.cl ,,,~ 

i nterpr eted as a factor of " Extra c ur ricular a ctivities" and the second 

factor is r elated to "Tra vel" . 
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'l'u. l>le 6 . 12 - Boo t:.; d ata: It em:; wi L h t il e llighc:;l. fac LIJ r' loac1 in~:; 
r o r t:llc h Cncto r· ILi lC I ('IL(: I r i IIJHII, c:L: : r' . Ml. l•'/\ tr lo•l. l ro d -

Vur luuLx r·o l.nl.lon . 

Contingency t y pe mat r iccs Produc t - mome nt matrix 

I t e rn Fa c t o r I Item l•'uc t o r L 

'( Orl~ll l l.i :l.a t i o n I) r ILC L i v i L Lt!:; 
l1 l"u. r· l,it:i. tJILL i.cHI i. rr c lul1:; 

O I' !lU<.; i <!I • .i c~ :; 

J l ~:x l.ra t: ttr· r·kul.ru· aeLi. v.ll.l c::; .L I 

) J~let: Led o l'.l'lce ln e l ul> o r· 
:;ocic t.y 

G Pr i'l.C ror· IL COIIII.JI~ l.'i.Liull 
1 l~tn.L c u r·r·ü:ula r a c t i. v i l.lc :; 1 

Fa c t o r 2 

e Kin d o r ho liday 
Y Nwnbe r of countr l es visit ed 

J l•:xtra cu rT i<: ll lar· :u:l. i .v il.i <: :; 

' ( ()q~I Lil i. 'l.:d. i. <HI () I ' .'L t: I. i. v i. l. i c·:; 

l r l'a r·l.lt: i jlll l. Í U I I i 11 r: l rii J:: r1 1' 
!IOC i.c: L i c: :; 

h l ' r· .i. i'.c ~ l'u r· a corrrJH• I. i l. i.u n 
~ Kl c ~el.cd o l'l' icc; L11 <: Lrllr c>r' 

:;oc i. t:l.y 
L l•:x l.e:.L curr lt.: ll l.:u · 

a~,;t iv il.ic~ I 

fthc tor 2 

9 Numbe r o r countric:; vi ::i. l.ed 
e l<ind of holidu.y 

As a. c o mpara tive a nd compl ementary a na .lysis wc havc c o mpareci t he 

f' a.cto r a nalyf;Ü; r· e::; ull.:; f or l. ilc lloot:.; data u:;i.ng l.ll<; l.lr r c:c <:CH'r'o!LLLl<>rl 

rrnl.rl cc:; : I< ( r~) , 1<
0 

'(l ( ,j, ) a nd 11 wi. Ur o l. lwr l':u: l.<H' anaL,y : ; L:; n :::11l.l,: ; 
U • I 

data us i ng garruna , tau b and tau c coeffici ents . Although the r esult:> 

a r e no t p r escnte <.l in det a i l , a conune n t o n tlw results i:; now l>r e s ente<.l. 

'l'he p rofi l e of the r ota ted f a ctor loadintjs a r e ve r y :ürni.lar· for 

all c oef f ic ients , altho ugh t he londin~JS for the uarnrrn. coefficient e:t:.;e 

a r e systematically hi~Jher t han t h c o the r s and the loadinlJ!:i ro r tau b , 

syste ma.tically lower fo r all i t e rn.s . An irnprOl)Cr :.;ol utio n wa: ; o ln;e r·ve u 

for t hc two - f actors rnodel whe n using the t au c coeffic i e nts as input t o 

t he f·1U'A method. ro r all correlati o n matrices u sed a s input we 

ol>ta'i ncd t wo eilJe nvn.lu,~s ~J r·cater than o ne and 1.he :;:un(: j n L~ r·J H'c La L i o n 
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for the rotateu ractorl:i , with tilr: excelJl,i.on or tl1c tau c ca:~c: (irnJH·uper· 

IH>Lilt .l o tl) ttlld r>f' I.IH• l 'r•:u·:ll)ll p1·od1!1:l. lllrllllt'lll. r:utTc•l:d.icJ il u~ll.rix , Íll 

Wll\r:l\ C ll!l<' ll :11\/•,lll.l,y dii'L'l'l'<'lll. Jl l'cJ!'IIc : Wll! l lllllii'I'Vc'd lll l : lll<lWII \11 I•'IF,lll't• 

l oadinl:;:; l'o r ll.r:ut; ) and (> in l•h c.: t o r L. 

t l1 c:;e .Lte rn:-.: , iL :;r~r~1n:; Lo tJ:.; t.hat tllt! prof'ile o f' Lh (~ fir:;l. l'ac l.or·, !'r~t· 

Lhe twu cunLi.nl-~<: 11ey Lypc: maLr·ix ca:;r•:• i.:1 lllllt'e "r· en:lofi/Llll•·" . 
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6. 4 Civil oer vice li Data 

'l'lt e t.lti r·d dllL:l :;c:t. 1. <> bc ara:t l:t: ;c:d in t.lti.:; clllt[ll.<:r i:; al:;o r c·l'tl.<:cl 

t.o a:; pcct:; or pcr·forllllliH:r: . 'l,IC it.c :m: l U l'l ! :1-imi.lar Lo l~ llc : Civil :;l;r·vic: · ~ 

I dat:t , httl. II O W Wl ! lt l lVI! I ') ll.l! lll! l /l llcl 11. di rl··~ r·enl. !0/llllp l c• wí Llt )lall 

i lldi.vidllal:..; . 'l 'lt•.: v:u· i.:LIJle:; are cal.q~ori.eal w.i. l.lr c:d.c•p,u ri. c:; l Lu c, , 

wl al: n: r·:d. l llt-': l'<:pr·•·::c~nl.:; onl.:; l,and l llt-': p •'l'l'u r'uULn•: c: :uacl (, :;l.:u1d:: 1'111' 

UII! .. Ht l.i:Jfne'\..ur·y lJC r ['o I'IIU lrlCC~ • 'Hrc .i. l. CHI~l ltr'C denc ri bcd ll!l I' o LlovJ:;: 

1 - l•'o r· e:.; lglr L 
2 - Penetration 
3 - Jud l.:':ment 
l t - Con::; Lruc l. i v e i dea:-; 
) - l•:xp r P.:;:;lon on pape r 
L> - Ora.l expr·c:;:.;.i.on 
"( - Nutn(~ ri<.;al ability 
U - Helations with colleague:.; 
9 - Relations with public 

10 - Relations wit h official and other bodies 
11 - Hesponsibility 
.l.c - lJ:;<' ol' :;t:ll' l' ltrtd o Llre r· l'< : :;otln:c:: ; 

l j - rv1.:tll:tt-~I!III< 'II L o i' :; l.:tl't' 
.l Ir - l<c ; 1. i:t 1J i I i l.,y 

1) - Drive 
16 - Ability to organise own work 
1 7 - Knowledge of wo rk on which engaged 
18 - Knowl edee of o wn unit genem11y 
19 Knowled~e of Mini:.:>try I Board 

'l 'he :;:une rn•: tlrod o i' 11 na.ly~;i.:-; i. :; ta::c)d I'<H' Ll1•' !:i vi I :~!t·vicc; L I <l:LI.:t . 

We s lral l collrpru'<! Lhe t'acl.ot· anuly:;i.:; l '<!::lall.:; t a:;irr t~ 1.111' corrl.i.laJ:•·rr•·:; I..YJ": 

correl ation rnat rices: Hu ( tjl ) and H
0

• 74 ( •jl ) us input wi. th t.he t raditi.onal 

factor a na1ysis results us ing the product rnoment corre lat.ion 

coefficie nts . Fo r obt aining the contingency type correlation mutrices 

for polytornous da ta we have used the pro~;;ram CROSSPSI. The factor 

a nalys i s method used in this :;ecti.on i:> the m::tx).rmun lil<el i.hooõ rncthod 

( ~-1L Jt'/\) . 

'L'ahle ú . lJ :;ltow:; :;orne rclevanL i_nl'orunt.iorr abo•rl. l.l1•: l.ltr··~': 

correl ation rnatrices for the Civil Servicc li data . 
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'fab1e 6 . 13 - Extreme va1u e:3 o f tlle correlat i.on coefl' ic:icnts and 
eigenvalues g r eat e r thun one for thrcc correlati.on 
rnatriccs . Civil Se rvLcc li data. 

Co 1'1'1: la L i 011 (vht,r·Lx 

ll <·~) H ( 1/1) I< 
u o. 7 ') 

max Ir .. 1 o.Bn (V9 xV10) 0 . !342 (V9xVlO) 0 . 626 (V9 xV10 ) 
l.J 

min I r iJ I 0 . 0)4 (V'(xV19 ) 0 . 060 (V '(xV l Y) 0 . 046 (V'( xV 1~) 

eigenvalues > 1 8 . 05 8.65 6 . 75 
l. 55 1. 57 1.43 
1.:n 1.50 .L. 2G 
L ll L. l I 1.. Cf( 

L . 0) L . Oj L. tU 

Usin~ the Kaise r criterion , five factors we r e e xtracted in the 

f irst a nal.ysis . Improper solutions - three l!e ywood cases for Lhe 

•:a~;<! - w•:n: ob:;• ~ r·ved. lnoki.111·~ /li. L111• rn: lf ~IIÍI.lrdc: o i' l. l w •:ÍJ~<:nva i •Jt•: ;, t.lt•· 

:..;cl'ee Le:;l, :; lto w:; c Lt.:ar ly Ll1al. l,l11~ o n e - ra,: Lu r· mude• L :;luHr l d b1: clto:;<•rr I'CJt' 

the Civil Se rvice II data . 'lhe first eiGe nvalu c , as :31lown in 'l'a.b1e 

6 . 13 , i:.; considerably greate r thu.n the oLhen; . '11wre fore we r<~armly~;c 

thc da t a using a one- fac to r rnodel. 'lhe ma in a;,pcc ts o f' Lhe ~JIL!o'J\ 

outputs fo r the three matrices used as input are !Shown in •1able 6 . 14 . 
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Table 6. 14 - Civil Service II data: Mai n f eatures of the factor 
a nal,y:;;is results for thrce cor-relat i.on rna tric cc u :-:; erl :u; 
input to ML~'A . 

No c li' l'ztc: I. o r·: : 

'fu V a r . ~~ xp l a i twd ~~. ~ ) 

Comrnunali ty 
mu.x o . )~'· 
rnin 0 .111 

lter·aL lon:1 (> 

Corre lation Matrix 
H ( I)J) 

o . '( '• 

'•: ' . h) 

(v l) u.GJG (v 1) 
(Vl~) O . L~lr (V19) 

I> 

R 

O. )00 (V I) 
O. U'{'( (V1 9 ) 

Th e factor loadings for the one-facto r modcl are prc~ented in 

'l'able 6. 15 for each invut case. 'l'here i s in this c a se a great 

simila rity betwec n the factor analysis r c s ults for the three 

Llte lo1.t.din~:; rur l.lte 1{
0

•
711

(1jJ ) c :t:;e are a t'cw per e e nL ltip,lte r· Lltarr ror· 

the H (rv) case . I n t his exarnpl c , the Pear:wn c:we r<!~:ulL:> are al:;o 
u 

:;irnila.r t o tlte eonti.ngency t.ype corre laLi.orr maLri.x ·i.np11t c: :t:Je:: , hut. 

lowe r 0~tor loartings a r e obscrve d . Al~o u swtll differc nce i n the 
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'l'able 6 . 1)- Civil !)crvil.:'~ li dal;a: l<'acLur lo;uli.n(~:; l'or· 
orH~-l'acLor· rnudel J'ur· Lltt: Lltr·c•: C<J t't'< :J.;tl. i.orr 
matrice:.;, ~-1Ll•'J\ mc tltotl . 

Correlation Matrix Item 
Item H ( tjJ) HO.'(II(r(!) H 

u 

. '('( . llll • '( I .. .. ( \) . ·r 1 • I I') 

."(11 ."('( . l t(J 

t, . úl . I Jj ' ' • .I.) 

) .h I, .I!'( .11 ~~ 
6 . ')'{ . C10 . )l 
'( . lu • )I '.> • )11 
u • ')L\ . Gl . ) l 
SI . Gl, .66 . )] 

10 .60 . 62 .50 
11 .69 .'( 2 . GG 
L c • 6?. • (>) • )(> 

lJ . ()~ :r :· . h li 
111 .'( '.> .'('( . (>~ 

1) ."(~~ ."(11 . ()' ( 
16 .'('J .'(ú . úB 
17 .63 . 66 . 56 
18 .11 2 . J,l, . JU 
l~ .. n . ~) . ; '/I 

'l'ltc ~ i.IILt:I'Jll't!L:LI.iull •>l' l.l11 ! l'<•::t JL1.:: l< :: t.d:t 11:; l.•> <:<JII< : Iru l•· l.lr :t!. w•· 

havc.: l)l)(.! {-';<! llt' f'ILI l':u; Lo r· or )H!I"!'t) I'IIHilt: <', wil.lt ltit•.lr lo:td:: l'o>r' i Lt:IIJ::: 

Furesight , l<eli.abiliLy, JudtJrnent, Ability Lo ortJanizc own work , Uriv<~ 

and determination, Penetration, Responsibili.ty and Managernent of staff . 

At the other e xLremc we have thc followi n(!; it:.ems with l. o w wcit~ht: 

Nurnerical abi lity, l~x prc:.;:;ion un papcr, KJ1owle<l(!;<! or o wrr urd L 

gcnerally , Knowl< ~d (!;< ! or Mi nlstry/IJoar·d • . Ll. i.:; inLen::;l.ing l,o no1.<' tlt:d. 

there are some similarities between the anaJysis fo r the Civil ::>crvice 

II data and the Civil Service I data , although a more complete set of 

i tems was analysed for Civil Service I I. 

In Figure 6 . l1 we 1Jre:;cn1; tlle J?l"ürile ol' til• ~ loadl ne: ; l'IJ r Ll1r~ Ci.v'i. L 

~ervice II data. 
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6. ) Greek Data 

1'he last data set to be a naly sed in this chapter consists of the 

Greek trunslation of a children ' s v<.: r s ion of the "C- Scnlc " , a scale for 

rm·:t:lii i ' Í il(:'; ::o<:i;tl : t LLi.l. lld<~ : : . '"r c ::<::ti<: <:orr :: i :;l.:: ui' 'J () i L<·rrr:: , '' 't<' l t 

n:q11 i.r·j 111; rto/rr•:uL.ra L /yc::, r<::;porr::<::: a<:c<>!'d i 111; L< > lll-~ r·•:<:rru·n\. w i LI! (•H· 

app r·o va.l o f, or· u e l ie t' i n , n:: appropriaLc) Lll e j l.<:rn . 'lhP Cor r::<:r·val.i.V<' 

Scale (C - &ale) for adults was devcloped l>y vlilti o n und L>eLL.<..:r:.:on (lyúU) 

and the children ' s ve r s ion wus con~;tructed hy In::el nnd Wil::on (lY7l) . 

'l'he :.;arnple size for the Greek data ü; l'(U4 . '1~-,P. ::urnplc con:ü::.L~ ; 

ol' .Lll ycarrrold boy:.; und gi.r·l:; t'rornlir·e<!l~ ltil-~11 ::c:hool:> • • ,, .. : 1)0 il.<·rrc: or 

t h e Cll iltlren ' :.; :.icu.le of !5oc:Lul 1\t..L il. tlde :: 11.drn.Lrr i.:;\.<:n:d t,u l~ r• :d~ etr i lclr·<..:n 

are r eproduced in Table 6. 16. The e - Scale for adults has b een reported 

in the liter ature as a r obust scale . According to Joe (1984), the 

factor :.;tructure tha.t e rnerged in the oriuinal :;tr rd ie:; in l•:nul:tnd .i:; 

hiuhly ::irnila.r to l.hat reporl.c d by :;tudic ~:: c:rnploy illt~ ::;unpl<::; l' r om 

1\u:.;trul.i.n , So u t l r 1\frica , Korc;: t, Ncw l'.ealand a nd lJ~t-Ll.ed !)t al.c~:; h(:t: :tl:;o 

Wi hon, 1y·u) • 
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'lhule () . lG - 'l1H! t:lli.l.dr·• !n 1
:; ~>ca l.-~ or :;uci;LI. 1\t,Li.Lwl•·:: 

adrninl:;tcrcd tu Ureek clüld rcn 

Which of the following do you p r efe r (like , agree with 
o r believe ln) ? 
Circle Yes orNo • .li' you can ' t decide , circlc (?) . 

I . llt~at.lr l.o L h Í.•:V•::r 

2 . Spnce t.ruvel 
3. Se hool u nifor ms 
lr. m.ki nis 
) • !)r tt r da y ~;c ltoo L 

G. Mt:n wl.L ll b<~an l 
. (. ltu l i 0111' i IIJ·: t.ltt: r I : lJ'. 

B. Mn(krrr /\r·t 
';) . Ulwd i c:n<.: t: 

10. Currri.t::; 
11. Miraclc:; 

12. L>ancing 
13. Military service 
14 . Mixed schools 
1). 'llen eo uullit nd rne n t:; 
lG. l<11: ;:;ian :..; 

1.'(. Wllil..c : ~;upr· ,.:macy 

U3. K i.:;:;ing 
1';) . IJcat lng chilrlren 
20. Blasphcrey 
2l. tie rvunt:; 
22. Gllort :;;kirts 
~3. Saving money 
24 . Playing pranks 
25. Police 

;•r,. Courptrl.•· r·:: 

C.'( . Pruyer:; 
28. Going barefoot 
;..~';) . l<oyalLy 
3 0 . t~ 't ; ITII L I. r: d o<: Lu r·: r 

j I • : ;<: i. c; rr c :< • 
~; 1 

• 11
• 'I' l' 

~ ~ . 1\t.oru i c: lH>tnl>:: 

~1 1 . Nrrd c• lr:LI.IIitt/·~ 
r.J . Clnrn:lr 

Jú. C h lrtt; :;c~ l'<>od 

.rr . l'ullLene:.::.; 
38. 'l'e lling fibs 
39. Corporal punishment for 

1: !" i.rrr i na I :; 
l10 . (;<: n n:ur:; 
IJL . : )l, t'i.<: l. r·r r l• : :: 
!1 ;! . l<ot:lç-and-n>ll u r· l.llt' l~·:tL I<·: ; 
l!j . DcaLII Lo UIJI" <..!rrerni 1~:; 
l1l1 . L·tnt~lrillt:; in ela:; :; 

Ir). llu nt i.ng 
46. Divot·ce 
tq . Confe::;sion 
48. l3lucks 
49. Bible reading ( Beli~ious books) 
)0. Playin~S tloc·tors 

Usi111~ lhe CHO:;:..;p:;Iprognun we ohLairiC'd l..h•· cl)rtl.i rt l~c~n•:.Y Lype 

eorrelation matricc:;; - 1 l1H: fuc to r anulys i.:; 

results u~;ing t he:;;c t wo wutrice :; a:; inp•1l "' i.11 l;c eumpan~d wi l.ll L Ir e 

r esul ts for the Pearson product rnorne nt correlat Lon rnatrix . ~3A'J rnc 

a!;pecLs or the rnatricc!:> are ~aunrn:Lr'i :t.t:d in 'lhbl(• ó . L'(. 
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Table 6 . l7 - t:xtre rne valtt r.:; o f tlte corTel at lon rnat.ri. c:c r; 
ll lld e i./~(! TIVIll tH:: : 1; rr•:d, t!r l.lli UI 0 111! . 

C r· <.: t: l~ dal.n - ~O Vllt' iat, L• !: ; 

H 

Commen t (*) 
0 . 0 00 

( *) 
0 . 000 min Ir .. 1 

~J 

max lr1JI 
e i~envulue:; > 1 

O. Uü'( ( V3 5xV2'7) 

5. 2 '( 

l, . OJ 
j . j ~ 

?. . 1'( 

2. 06 
1.6) 
l. 3U 
1.34 
1.16 
1.15 
1 . 13 
1 . 0'7 
1.0 ) 

e. <Jl 
" • J~ ? 
j . ~~ I 

?. . :.-!B 
;.2 . L6 
1. '( l) 

1.4 1 
1.3'( 
1. 17 
1.16 
1.14 
l.OB 
l. 0) 

0 . 0 0 1 

) . :n 
;> . B ~ 
; •. V) 

L. GB 
L. () L 
l.lr6 
1. 26 
l.2lr 
1.16 
1.12 
1.09 
l. O) 
I . O~ 
I • O l 

7('7.'*')-M-·t-L-r·~.i.-x-,-,o-l-. -,-,o-:-;i.-\-.i.-v-,-. -:-;<-.,-ll -i.--,-,,-. -~- -i,-, -i-l-. t-,-----------------·--------------

.for t h e Gr eek data , the corre 1a tion rnatr i c e s u s ing r ( ljl) and 
11 

prints a message and no iter ative solution i s carrie d o ut . U1e 

s o1ution yrinte d in the outvu t cor res1Jond::: t o the :;olu t l on wi t lloul. 

i teration. 'lhe main features of thc ractor analysis solution~; f'o r the 

thre e correlation mutrices used as input to thc !'<1Li"A pro~rarn a r e 

swnmrized in Ta ble 6 .18 . 
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•rable 6.18 - Greek duta: comparison of ~;orne n.r;pects of fu.cto r 
analysis results for difi'crent correlat i.on rna Lr ict!:.; . 
~-1LFA method. 

Correlation Matrix 
H ( ~~) H ( 1)1) H 

u () • . ( l, 

No. o r fac Lo r:; l3 J J J ll 

1o Var e xplained 59-5 62. 6 2Y.2 

Commurmll Ly : lll i ll () . y)ll (v j(!) 0.!1;!.1 (VJ 2 ) U.ltl3 (V)O) 
lllllX O. ~.H(l (v j'() U.l)()() <v :n U. V() (v_)~,) 

No. oi' i L c ~ r·al. Lon:; o () h 

eigenvalues greater than one. 'lhe scree _plot of the eigenvalues shows 

that three factor s s houl d be chosen (see 'l'FJ.ble 6 .17). liowevcr , <u; n.ll 

l lllal.y~; i : ; o i' Lhe <:-:;caLe~ r·c ; pcH' Lc•d in Ll tc' I iLr·r·:tl. tlr'c; :Lr·r · r: :uTi t·cl IHIL \4Í Ll1 

l.l11: tlllllihcl' oi' l'ac: l.o r·:; <'lj111Ll Lo Llit: llllllllwl' n l" I :Ll.c ·11 L IT><d.:: {'.r· · ·:~. L•· r · t.lt : u, 

onc, wc hav<: decidc d Lo rnaLntain L l1l:; er·LI.c~r.ion i n o •rr :Ln:Ll,y:;i::, !'r r· 

eventual cornpa risons . 

Cornparing the re~mlts in 'lli.blc 6. lfl it Ls i nte re~;ting t o not<' th0. 

data space associated with the r e!Jpect ive nwnber of r actor!.> ror U1 e 

Pea r:>on ca::;e . ln thi:; ca:3e 14 f: tetors accoun l~ for only r21) . 2 pe r cen L 

of the total varü1nee . l•or Lhe t·J\LI•'/\ rne l.lu)d, tot<tl varlunee i.:-> clc!Li.ncd 

as the surn of the positive eigenvalues of t he matrix. This fact - a 

lowest percentage of the variance e xplained by the factors whe n using 

the product rnoment correlation matrix - was ::üso observed in the otl1er 

product rnome nt corre l a Lion for pol.ytomous data, ].::; in general , lower 
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than for thc eont.i.np;ency type <:l)rn:Lat.inn tuat.t·i.c e:;. 

respective items) for the three correl:ttion matri.ees . 

'l':tlJle h . ll) - :;ut•l.t :d lllll'r>l.:tl.t•ol l':tt:L•JI' lt>:td lllt~ :: l'tll' Llt c: i'i_t·: ;l, 

factor - MLlo'/\ method . <ireek uat:-t. 

Correlution ~h trix H ( 1/.1) 
u 

]( 

Ho.nk Item Lond i.ng Load i. nt-~ lo1td i 1 1 1~ 

1 
2 
3 
li 

5 
6 
7 
8 
y 

lO 
ll 
1:2 
.l3 
14 
15 

Church 
Prayers 
Bi b1e reading 
Politeness 
Ten commandrnent~; 
Sunday schoo1 
Sa. ving money 
Confession 
l31a.GphCII\Y 
Lallt_;hing in cla~;:j 

:~l Lt t \. llli-~ L IH! r Lag 
OIH:d i<!IICI.: 
:)lw r L :.; I< i. r·L:j 
l-'laying p runk!3 
Nud e bathing 

. 52 
• 79 
.76 
. 71 
. 71 
. 69 
.66 
. 64 

- . 62 
-. )li 
. ~) ,, 
.:)• 

-. ~ () 
-. )0 
- . 50 

.54 

.51 
:(8 
. 74 
• 73 
:n 
.68 
. 66 

-. 61~ 
-. '/( 

• )(> 

. '/; 
-.) J 
- .)c 
-. 52 

Church 
Prayers 
!Jib1e reacling 
Sunday 0chool 
'l'e n c o mun.ndmc n t ~~ 

Confe::;sion 
Short skirts 
Laughine; i.n c.La:.;~ 

Ol>edience 
01tVi.llt~ III<HH'Y 

I ' I ll,Y i 111-~ p l' : LI ~~~ : ; 
~idtoo I 1111 L l'o 1'111:: 

Nt tdc: i): LI, li i 11 1~ 
l'oli tene:;::; 
J.UaspheHIY 

In '.fuble 6 . 19 only the fifteen hi~hest factor 1oadings are 

:rs 
:r o 
. 70 
. 62 
. 61 
. )U 

- .JU 
- .:.r r 

• ')G 

• 3(> 

- . ~(, 
. ) ) 

-. 1') 
. :5c 

- . 3' l 

presented . '111Cre is no di ffcrence in the o rde r of the item~; for Lhe 

contingency type matri.x cases . AlthouGh the o rde r of the fn.ctor 

loadings for the Pear:3on rnatrix cu~;e ls not t he :.;a1ne , al 1no~;t al..l Lho : 

fifteen items are the :;n.rne from thc :;et or )0 item:;, wi.L it e xc<~ptLon nr 

the item 11ochool uniforms " that do not ap1)ear among the i'lr~t item~ ror 

the contingency type matrix cases . 'I'o vrovide a bettcr i 11terpreLation 

of tlle factor:-;, L.he Varimax rotated i'act.or· Lo:ulinr;:; L'<>l' Lll•: fit · ~ ;l. Ll11·c<: 

factors are presented in 'lhble 6. c0. ~/e pre::;enl. onl,y thc hir;lle:5t 
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lnndiJI/-';11 In dt•t:J'< 'IL:IIIIt-~ ol'tlt·r· (: to rl.c•tl l'<d.al.c•d l'a<'l.<ll':t) . '111<' l'clltl'l.lt 

t'actor for the Lhrce ca:;c:; con:; i:;tcd of r·c:lati.vely low l.oadin1~:; , :LIIu 

could no L bc lnLt:q.weLed. 

Colltpar·i.rtl~ l.l1< ~ thr·ce I' ir:;\., rotal.cd l':u:tor:_:, f'•>r Ll11: di f'L'r~r·c•nl. 

same interpretation oi' thc fa.ctors, although diffcrent l'rtcto r loading:; 

were ob:;crvcd - the loadin~s f o r the Pear:.;on case are :;y:,;ternat i.cally 

lowcr . 'Uter·e l :; IL L::o :;ornt : d Ll'l'er·ell<.:<: i n l.lte oni<:J' o i' l.IH : i l.('m: . 'lh t: 

.int.eq; L'e Lul..ion <t:ün~ Lhe conLirt~ency t.y pc unLri.x c:o Lttrrtrr:; Ln 'l'ah I<: (, . :•o 

i s r athcr c l ear er t han the Pearson case. F'actor 1 ha:: a dcfini. tt: 

religious theme . Facto r 2 hn:;; u vrcdominuntly ::;cxua l Lhc:rne and J•hc l o r 

3 is r elated to punitiveness . 

'l'he three rotated factors und their therncs a re sirnilA.r to those 

n:por·tcd i n JH'<: V.i.ou:; :; Lt tdie:,; of' Lhe Cl tildr·cn ' :ie al.e ol' :;oc; i :LI 1\l.l. i t,u•l!::; 

(c .~ . Ni.a:: , l 1)'(J) and IL I::o :u·c ::itui.l:u· l.o l.lt<>::•: r·•·p<l l'l.t·d l'or· l.lw 

Adults ' C scale (e . g . Joe , lS/~4) . In the study presente d by Nias the 

scale wus adrninistered to 217 boys und 2211 15irls n.t n.n !ohglish 

comprchen:;i ve :;choo l . 'lhe a.nal_y:üs wa:; <..::u· ricd out :;cpar·aiJe ly J'o r boy:; 

and eirl:.; and t.ltc: mcl.lto d :tpp li,~d wa:; l 'ri. rr t: ip: tl. CourpOIII'ltl. 1\ll:t l,y:; i:: 

followe ti by a Pr·ouiUx r otaLion . 'l1H! l'.i n; t. l'our fac tur:; w~.:re ld~.:nt.ir.Lo.:tl 

as relating to religion, ethnocentrism, punit iveness and sex. ror the 

Greek data the factor related to 11 ethnocentrism" could not bc 

identified among the fi rst four factors , but the factors "reliGion 11
, 

" sex 11 and 11puni ti veness11 are ba::; ical ly thc sarne though the o rd c r is 

not the same . 'lhe correlation coefficiennt used in other studies was 

t he Pearson coeff i cient . Furtherrnore , lookin~ a t the iterns with the 

highest loadings for the first unrotated factor, prese nted in 
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'l'able 6 . 2 0 - Greek Data: the hig hest loadinfSS fo r the firs t three 
r otatcd factors (decreas i nt; ortlcr ) for the three 
correlation matrices used as inpu t to the MLFJ\ method . 

(l. I: lll loadilll-~ 

Cl llll'•: lt 

Bi.l1l •: J't!-' Ldi ng 
l ' t· ; LY e r::; 

'J'I!JI (:ornrnandrncn 1. :: 
Co n rc~:uion 

Uunuay school 
Politeness 
llu nourinc; thc ("l;L/~ 

:;av ing ruont:y 
Obt:d i....:m:c 
Miracle:> 
Blul;phcu~ 

Se hool uniforrrs 

Short skirts 
Kissing 
Bikinis 
Nud c bathing 
tJ! ixc.:d t:c hool~; 

l lc<! r· 

lllll:; plll'fl~ 

Hot:k - u n d- Holl 

Corporal puni shment 
Death to t hieves 
Oeath to enemics 
Beating children 

. 1\11 

. 11: I 

. U;.! 
• '(6 

.'(IJ 

.'(J 

. 61 

. (ü 

·'' ~ 
.l1 L 
. J6 

- . J6 
. 35 

. 78 

.76 

.60 
• )Y 
. )6 
.li 3 
. ~~ 
• J '( 

.uo 

.e o 

. 10 

. 67 

Correlatiun Coefficient 

Hu. ·r J, ( ~~) 
LL t: ln l.t >a ti i 11 /-~ 

I: I til r.,: 11 

llilllt • J' t•:u li nt-~ 

l'r ay t: r·:; 
'l'c n eornuuurdrnt~ nL :; 

Cun t't::: :l lDII 

tiun<.ILLy s chool 
Poli tcnc :;u 
llonuurint·~ thc fJ. 'LI~ 

:~L V i 11/·~ fllOfl<!Y 

Ulwd i.• :llt: t: 
IJ.l a t: pl H!IIIY 

ticllool uniforrn:; 
~J!i r ac l es 

Short skirts 
Kissing 
Bikinis 
Nuu c bathing 
tv1ixcd :;<: hool:: 
111: · ~ r 
111 a:: pl tt 'fi\Y 
Hock -and- r·o L I 

Corporal punishment 
Death to thie ve::: 
IJcath to cncmies 
Beating chi ldren 

. I\•) 

. 1\j 

. lU 
• '(B 

.'( li 

.'( ) 

. G7 

.G6 
• )li 

.llb 
- . li O 

. J~ 

. 3U 

.'fY 
-19 
.62 
.60 
. )~ 

. l i'; 

.11 0 

. ~~ 

.132 

.82 

.'ri 

.10 

H 

l l.t! ffl 

t: 11111'1 · lt 

llihlc· r·c·:ulifl /~ 

l'r-ay ~ r· :; 

'l't : ll <:orflfllilltdrrlt!rlL:; 
Co fi r c • :::I l ()f I 

:.>unuay :.;c liool 
tJ!i raclec 
:)avint.t; rnoney 

llorH>II I' illt·~ t.lw I'IILI~ 

Ollt:d i I !li C '! 

l 'o L L Lt:nc:;:;:; 
Policc 
Blasphe rey 

Short skirts 
Kissing 
Mi xed se hoo 1:; 
Bi ld.n L:; 
Nllci C! lla t.lt i n 1~ 

l'.< •t: r· 
l•u•t~l tillt ~ in •: l :l::: : 
111 a:; piii'IIIY 

.'('( 

.'(: . 
. I) () 

. )~ 

.'/ ( 
• )li 
. 2'( 

. :.?~ ... , .. ' 
• : • I 
. L~ 

• L~ 
- . 1'( 

. 60 
-55 
.11 ~ 
. li ~ 

.n 
•. 1() 
• : ·I\ 

Corpot·al punisllmcnt . 69 
Oeath to th i eve::; .66 
IJeaLh Lo encrnicf; • ~/) 
l.leatine chUrlren .1 11~ 

'l'able 6 . 1~ , and comvarin~ witl t the I•:O tjli:; h data r t:po rtt!d hy Ni:t:: 

(lY'(3) , wc notice that e leven out or thc Lifteen lLern:.; are t.lw : ;;une~ , 

although in a different order. 
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6. 6 Final Comments 

In thi:; chapt,er· we have u.ppli~d f':tclor u.naly:;i:; rncthod:; tt:ii111~ a:; 

input conLlttt;~ t : fley ty pt: curT•:laLion em: lT i c lt:ll \,:; Hlr i.l: l t I LI' • ! l'tulcl. i u n: ; o r 

thc e:; timat 1~ d pnr:ur~t:L•! r· o i' :t:~:;oci.aLinn oi' \, IH ~ C- t.ypt: di: ; t.r·ihti L i on: t.lu' 

t;lobal cross- product r atio for HxC contingency t able:-; . 'l'his apJ:> r oac h 

i :; .lu~;til'il~d tt:;ing l.llt ! tllld•·r·1y ir1 1.~ va,· i.:tlllt• rno•kl h:t:;t·d 011 C- L.Yp•· 

d i:.;Lr.ilHI L.lc..)fl:; n:; cxpla.i. r~t •d i11 Chlqd.cr· l1 . 'l'ht · maln :ulvHrrLII.f:t: ql' l.lw 

rnc thod comparcd with other rnethod:.; ol' rnc Lor unaly:;i.:; t'or· cutct-~(H'i.cal 

dnLn i:; l.ltt' 1.o; n :a L r···•llu:t.i•>ll i11 curliJlltl.irw. l.itn•: , lt ll owin t~ l.lt•· tff•·l.llt~tl l. •> 

be applied to large data ::;e ts , as in ::;orne cxample:; o f Lld.:J cltapLc t· . 

Before the advent of specific factor analys is methods for categorical 

data , thc ~r·ea L rnajority o r Lhe ~tn:tly~;l:; W!!t'(.! carr· i c d t) tiL ll!i inv, I, IIC' 

pr·odtH;l. "">lltt'lll. CO I'l't'I Hl.itlll t:tH ! ITit:i.t :tll. :t:·. illj HIL Lo l.t'ltdi l.i tlllll l l': tt:I.U J' 

l Ula ~y :; i :; lltt: t.hod:; . I•C.J ,. l.lt i :; r·• ·a:;<>n, W•: lt :t.v•· t:OIIIJ>~ll't:d l. ltt· t't •::llll.:; 11: : i IIJ.', 

L IH~ rre•w <.tlJllrQaeh wiLit thc Ln.t.dit-Lona1 rae Lu r analy:;ü; r<!:;tüL :; . lll t.itC! 

f ir·:J\, t!X:tmpl t! ol' Llti.:; <;hllpl.t~r·- Civi I. :il·r·vit:t ! I d:li.:L, tt::in t-~ 1.111' 

Pe:.t.r:;on 1W.1.lrix a :; lnput , Llt·~ tl trcc-i'ac l.<n· model wo ll l d ltav•! hecrt clto:;e n 

ll: ; illt : Llll' t:tHtl.ittt-~t'llt:y L.YI'•' t;u r·r·· ·l:ll.iurt m:l.l.r· i····:: , l.l11· 

three- factor modcl was r ejec Led becau:.;e lt yicldeu i rnprope r :.wlut,ion:.; . 

A rnore carcful a naly sis o f the magnitude o.r the eir;en valu.r::> a nd a rnore 

consistent interpretation of the r esultG s howed tha L thc o ne- factor· 

model is more appropriate for the Civil ~rvicc l data. F'o r l!oo t, :.; 

data , Lhe :; econd exampl.c~ in t.lü::; c :ltap\,t~ r , 1-1c ob~-;ervcd a di.rrc n~n t. 

p t' t)I.'L.l c vl' Lllt! !':te Lo r· Load i tiL·~:; l'o t' til•! l't•: t.r·::u tl trnt.r·i x ,.;, :; •· <:o111p:u·•·d 

with the conti.ngency type correlation mat.ri x cases . 'lhe third cxurnple , 

Civil Service II data , r esul ted in a r eul.3.rkably stable solution 
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cornpared with thc C:i. vil Service I data, for the :;ame i t e rn:; . In t.hL:; 

< !XIllll[Jl( ~ l.lu: pr-c>l'i lt· ol' l.ltt : l'aci.<H' L<liLdÍ. rl/ ·~:: :llaow•·d ::irui l: t.l' r·c ::ltr l l.:l l '<>r' 

the Lhree corTelat.Lon rnatr·.iee:J. l.•'imd . l,y, L'ol' Llre .La::l, d :Ll.:L ::. : 1. , 

simil a r r esul t :·; werc al::.o obt a.ine d, but, a.r;n.i n, u rnor<! :;atif;t'acLor·y 

definition of the number of factors (usinG the scree test ) is obta ined 

for the contingency type correlation mal., r ü.:e:.; . 
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Clll\P'l'EH '( HEY\-/001) CASlli lN UNHC.o'rHIC'l'ED l',AC 'l'OH ANALYSlS 

'( . 1 lley wood case~ a nd i 1nproper :;oluLiom; : <.~.n int r o<.luctlun :.utd n~Jatt~d 

r e:;ear c h 

{\ l lr·.v \o/t r<l rl :;r ll lll. i' li I i :: 1\l tiiWII i 11 l. lw I i l.r· t·:r l. l ll ' r. "r r:,.- t, .,,. : r fi: ti:;:; i:; 

a :; Llt •~ U I: C tll'l't~ ll l.: t ! u i' :t. llt !f,:tl.i v < ~ ~> I' '/. t'l 't> ~: : ; l.Lrrnl. t· t>l' l.l!t' t ' l'l'() l' v:u·i: rrw •· 

fo r· onc or more va ri.a blel:l ln o. n,y fac l.o r· unu ],y !;h; :;o .Lut io n . Ck: curTem:c :; 

of lleywood ea:; l!0 ltave l>ce ll I'ClHH'L c d l n Lhe: lLCc r·al.III'C! :;i.t rt;t : 1.111; n . l·:;l, 

o h: a .: I' v a L i o 11 o t' l. I rj :; I\ i 11 d o r p: u·l. i t: 11 I :1.1· : ; o I 11 I. i o r r hy llt ·.V wc 11 " I ( I 1) ~ I ) • 

llcywood c a:;e!; muy occur in u ny i'ltct or· a naly:;i:.; rrH~ Llto d, Llley :t l :;u oc<: lll ' 

i n conf lrrnat o ry fac l~o r analysis a nd t. llc r c.: i:.; some c v i de ncc lrr l.lte 

li tc r u lure Lha t 'lhe tna x irnwn llkellltood racto r a naly:-.;i::; rncthod i:; 

particularly p rone to the occurr ence of Heywood cases . The causes for 

such occurrences a r e st i ll not clenrly unrlerstooct and :~ome few ~;tuciies 

ltavc l.r icd l.o :;IJo~J, U tr'Oi ll~ ll t:mpi t·i c:ll c·v i dc>nt:c> , irt whidt :;'Ltt:tl.i CJrr:: t.lt• ' 

i mpt·op<.: t' :;olution:J l.fl fa~·tu r· l.l.ll:L ly :;i :.; . 'l'ltC l mprt)lH.: r :;o l ut .i.o rt:; in 

f act o r a nalysis that occur frequently are lleywood solut i.om; , but not 

:d.l llcywood ~;oltttio n: ; are i rnpr·ope t· :;o 'lu t. i o n :; , and nn t •:v •~ ry i rnpl'O I'•:r 

:;ollli. ÍOII i_:; :L l h•,y wut)d :;oJll \.Í Oll . 

convc r· :.;els , :;upposc onc o r rnore o r t.h c e r·ror· variancP. pu.rarncLer:; in t.h0 

facto r analy~is model a r e positive but vcry neat· ze r o . A soluti.on 

that repr oduces th i s pattern . that is , a factor analys i s solut i on that 

yields a n e xac t (a nd no neGa ti v c ) z0 r o erro r vn.rin.nce es tünte , vlhen 

LIH~ c <H·r·e :;pondi nc; pa r:unc t c r i : ; a p p r·oxi rn: t. l. t' l,y 'l. t~n> , c• Ln n o l, \)1 : Cl!ll:;id··r· · ~ d 
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an improper· :;olut.iun . ln LILi :.; p:.~.t•LicuL:tr· c n.:;c , 1-ll c...: ortl,y r::ut:;r : l'u r Lllr : 

zero variance is the ~amplinr; variation and a ny s rnal l dii'fe r ence 

betwccn the c~:1Virnate and L111: par·:uti<:l.r•r· i:; o n l ,y l.o bc r: xp•·c: l.r :d . l•'r· • 1111 

the practical point of view we can have situations in which t he 

currc~ Lal,c...:LI w.i th thc :dn!:!;le facto r , me:t~lin r; tl1:Ll~ Ll1Ü; v;u· i al> Lc i l.:;t: ll' 

coulct bc a good indicator of tllc factor. :.Juppr)~_;e :t :;"il.•utl.Lo n wl w r·· : l.l 1r: 

corresponctl.ng factor loading pnrarneter ror that v; tr·-Labl<' i. :; O. <)U, :>a,y. 

1\ :..;olu t i on l.llnl, y ield:; ll l'nc to r· lo:tdi.nt~ e:; t irnat.c lt:: L. OU i:: 11ul. :u1 

estirnate of the error terrn for tha t va riahle .L :3 z e ro. Bu t t h i. s i. ~; : t 

pr·ope I ' :;o I.11L i nn , /·~ i vc:n Lhe !ll()dr ·L. 

'l.'llcrc' lll'r• :tl.:oo i.mpr'UJH: r· :;olul.l\l!l:: in l'ltcLor· :t11:tl y ::i:o l.li!tl. : tn· II <>L 

lley Wr)Od <:a:.; c:.; . ll' Lhe L !'IH! lllllllhc r· o r l'ac l.o r·: ; i.:: 1\ !IOW I I' : t rty l':u ·l. r>r' 

analy ~ i:;.; ~;o lul.i o n , that-. lia:; not l.IH: :;: u11r : tll t111 l>0. r u i' L': tc Lo r·:.; : t:> i. :; 

assurned in the rnodel , is an " i .rnJJrope r :;ol uL i on ". Un lc:; :; Wl~ IOl O\oi l. ll r: 

rnodel for a particular factor analysis solution (as i s t h e c ase :in 

simulation st ucti e ~) , we cannot cti ~;t ·i. n t.:;u ish, j.n praeti.eal wo rl<, a n 

.irnl>r o per :~olut.ion f'rorn a llc ywood :,;oluLio n , bu t. , v1: r·y l'r·c <pr r:nl.l,y , wl11 ~ n 

the number of factors is not that of the hypothesized rnodel, a Heywood 

case will indicate an imprope r solution , a s "'e ~;hall see i n fl. 

s imulation ~;tudy to be presented in thi :~ chapi ;c r. 

/\lthour;h wc :;hall conuidc r o nly unr·c :;Lric Lc d (':tc l-.cn · :.tn•t ly :;i.:; :in 

th:i:; :;tudy , :.L r c vicw of the car l i e r r c :;carell ab0 11 L llc...:y wood ·~a :: c:; wi l l 

be rnade, considering a lso conf i r ma t.o ry f'ac to r u na l.y :; il:; . 

lvtartin and t-.1cDonald (197 5 ) distin~uish Lwo types of He,y wood 

solution : an exact Heywood so l ution Hhen at l east o nc tlniqu c va r iance 
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i:J J'.•.! r u l>ttl. JI VIIt~ :u··· llt~gnl.l vt~ rutd llft ttiLJ':l-lleywood :;olttl.ion wltt:n· :li. 

l eu:..; t onc unique Vr.J.riunce is nega tive . Ultra- lleywood ea:_;e:.; tu·e , 

oi>viou::l.v , l111pt·u pt•r· ::olttl.iott::, ll••<:ntt::•· lvt: crutnot. llltv•· tll'l·~:t l.iv•· 

v:u·i:uu:•·:: . 1'.111. :ut •·x:tt:L II<'.YWood ::nlttl.i•>Jt IIH,Y not. lu• 1111 impr·op«'r 

::oi11Li., t t :t.:: wr• •· xp l nirwd 1" · 1·,,,., . • 

l11o:..;t. or t.llc faeto r u.na.ly si:.; prograrw,; av:üJalll.e in Lil e ::LaLl:;t.ic:Ll 

unalysi:; paekat-~t::; , do not nllow Lhe <.:Oflflrtl llllll iti.c:; oi' Lllr: v:u·iahl• ::: t o 

exceed onc . 'lhaL i.::; Lhe case l'or L.lte Bf40P u nd :w:.;:.; paçk:tgc~:; . :.ioru· ~ or 

t he factor analysis programs in the SAS package have the option for 

ultra- llcywood case:.; , that i.:; , tlt<~y :tll.ow c:omHIJttalitit::; Lo t:x c:t·t~d o rw . 

'l'ller·cron: u tt 11:: i 11p, ··il.lt t 't' llt'llll' , :;t•:;:; (, , . :;t ·::: :- .\) 1ut 111 t.J·a- llo·yw•>•>d ,·:•::•· 

'W ill not l.J e ob::>ervcd , although :.; pt;:.; wi LL pr"i.nt. '1tlle c OHHTfllllali.Ly i:; 

greater than onc11 and 'Wil l stop thc iterat.ion proeess . 

In the ncxt ::;ection , we :..;llall pre~wnt a :ümulation :;tl ul,y , u:;int ~ 

LliL' l iMIJI ' Pl ' t>t-~ 1 '11.111 , ... ,. IIIIL X i llllllll I iko ·l il ltH>ol I':H'Lf>l ' l llll ll ,y::i:: ' wlto'l'o• W•· wi I 

idcntify :.;omc of tllc pos~iblc eau ~;e:; l'•H' ll<.Jy wood c :t:;c:: . 

In p:t::> 1.. researeh , there are :.;ome :; imulation ~;tudie:; n~lc van L t.o 

t he present study , although some of them a r e concernect with the 

confirmatory factor a nalysis moclel. Wc no'W revi. c 'W thesc studie:; . 

'l'umura and Fukutomi (1970) have presented some numerical 

expc rimcnt s t o investir;ate the occurrcnce o f Hey wood ca:;cs in ::;i x 

dit'l'ercnt ca:_;c:; , wiH! r·e l.lll! unlqtlenc: ::; ol' U lt ! ::ol ttLi o tJ i :: t: ilt l :>i.d•·n•d :u1d 

also 'Whe re thc given nwnber or factors ( m) ror the ::;olu tion is 

different from the true nurnber o f fac tor s o f t hc rnode l. JorcskoG ' s 

unrestricted maxirnurn likelihooct f'actor :u1a'l_y:ü:; meUH)cl W':t:> co n:~i.dered 

in Lhe :; Ludy , which ü; L i.mi ted i.n thc :;t!n::e th:tl. c) n!,y on< · o r Lwu 

cxperiment:.:,; lJC r ca:.; e 'Wu:.; analy:;et.l . 
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that for thc case wllere 1\ i:5 unique rtnd m=k , lleywood cn:;es " occnr 

t>!:CIL:ll<lllllll,y i I' {\ \!<l ttl.lti tt:l :><>111•' I"OW Vo •o :I.<H" wi l. l1 l.lto•Í I" 1•"11/'.l.lt '"'11111.1 l.11 

nenrly o ne" (: .. a:e a l:;o 'l\.11nu r a , l•'ukul.ollli and J\:;uo , l~bU) . 

J\ Monte Ca.rlo :;tudy ü; p r e:;ente<l by Boom:;rno. (l~B)) to a:;:;e:;:; the 

jJ r oblem:; or nonconvc t' t:'/!nce , imprupe r· :;oltt\.,ion:; and :;l.ar\.,inl!. va]tH!:: in 

Ll!) I<EL maximum likc liltood c:;ti mation r or con L"i n rn\.,u r.Y l"ac\.,o r· a11a I _v:; i:: . 

Hc:.wlt :> o n thc L i.ke lihood r atio chi-S<iHa r e ::tatisti.ç: for ~~oorlne:;::-or 

- l' lt. lll"< ! al::u pr·o•::<:ltl.<:d . 'I'W<!LV• : l'a\"l.UI" llttllly:;i:: llll ldt •l: : W<·l"<' ::l.<ltli<·d , 

all lwv irt1-~ t.wo l":u.:\.,ur·:; ( co r'l'elal.<:d ttrtd 11<> 1. <:u tT<:Inl.<:d l"a•:l.o r·::) . '11a•· 

fuc \.,or pal.\., e r·n A ( px~! ) , wll t.: t'< ! p i:; t.lw ll<lllll><: r· <>I' ol>:·.•·t· v•·d v:u· i:dll•·:: , 

wa s chosen such that h alf of the observed va riables had a non zer o 

loading on t.l!e f'irst factor and a z.e r o load"ing on tl11: ::eco11d on<: , und 

l.lt t: l' l: V<! t" :il~ r u r \.,h(· OLII\ '1' ltll LI' (('=() UI" 11) . '11w ::i "/.1 ' oi' 1.111' l":u·l.tl l" 

luadint-j:.i Wt; l"<.! cltu::t!ll a:; :..:rnall ( U.lt; U. ú) ; lll!: dilllll ( U. (J ; u . U) artd I.:.J.I"j~<: 

( O. U; 0 . ~) . 'lh e :;ample :azt::; w e n~ : >) , )0, lllO, ~100 a11d ltOO (wit.lt JlH) 

r eplica tions of each) . In this study , fuomsma consider:3 only til •.! 

ultra- rleywood cases (negat i ve estimates of the c rror va riance) . Shc 

: ;111a I L :;:llltpl <! :; i Z<' • lrt t.llr : ::i11P 1lal.ion r·•·::11ll.::, l.lt•· •w•:llrT•·rr<:<: .. r 

of variables in the model was si x rathe r than eight and 3) the 

population values of the error va r iance wc re close to zero . 

Anderso n a nd Gerbing (1984) also p resent a Monte Carlo study fo r 

t h e LIS HEL con f irrnr.ltory fac tor u nulysis rnethod . 'lhey analy:3e 511 

modcls , with 2 , J o r ~, fucton; , f o r· :;;unple :;ize:.: or· ~0 , "{ ) , LOO , L')O 

and JUO ( with lüll r eplicat ion s or caclr) . 'l'lle proj_Jort.l o n ol' 

nonconver gent a nd improper solutions that occurred in obtaining 100 
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F.Ood :;c>lttl.ion:; JH:r· 1'«'1.1 i:: pr·c·::«'nl.c·cl . '11t•'.Y c:nrwltul•· t.lt:t.l. :t :::tmpl•· ::i ·l.•' 

oJ' l'JU ror flll )clc !l:; wi Lll Llll't:c• O I' llll)l ' t' incli<:aLor·:: pc:r· l'llc:l.o r· ((, IH' 111111' 1' 

variublr~:; in Lhe modf! L) wi l.L u::11aLL,y IH ~ :;u l't'ici c:nt l'n r· iL conveq!,nnL and 

pt'OlJL!r' :;n l.ut. Lon . ltt tlti:; ::Ludy Lltc : :;olttLi.un:; ar·c cl•:l'inc:cl:t:: ÍIIIIII'<J IH:I' 

wl\en one o r tnore or thc uniquc variance:..; L:.: le:;:; Llt<J.n a po:;it.ivc , 

arb.i.tar·i ly :;rnall, JH'c ~ :>c r· ihc :d ntuniH~ r· ::tH:h a:; 0 . 00) . 1\ndc:r·::nll lU tei 

l;e r· bint·~ al::o ob::cr·ve Llutl. t,ltc : oc:cu t'l'c'ncc· •11' lutpt'<'i"''' :1olttl.ion:: 

lnt..: t'tJil:ll !d a:; L) :;:uuplcJ ::il'.<! dt•<: t'c:n:;c•d; ;•) l.ltc• llttlllhc·r· •>I' ittdi <:rd.o r·:: p•·r· 

r uctor (und <.:Ort:.JCI!UCnL.[J Lhe IIUifiUCr o r variu ble: ; irt l,llc : III<Jdt:l.) 

decrca:;cd ; J) corn•latlon bcLwt:en t' lt<: l. o r·:; wt:rc: O. J ntl.ltc:r· Lltlt.rl () . ~ . 

l•'o r the rnodels unuly:.;ed, they also ou:3ervc Lhn.t. wit.lt Lwo lndicat.c>r·:; pc:r· 

f'uctor ( :.;rnall numbc r of var iahlc~,; ), lo:tdlne:; o i' 0 . 9 t;i vc: Ll1<: 'lar·t~··::t 

proporl.lon or impropcr :..;olul. lon:;, wiJ<: r c a:; l.'or .La r·, ;cr· lllllribt:r:; o f' 

Vilr'ÍHhlc::; 110 liiiJl i'OpC.:t' :;oJIII.Loll:; t)C:CIII'I'I·d t'o r· llltHic•J:; WÍLlt Jwulittt~:; 0 . 1) . 

Hesults on ~oodn cs::;-of-l' it inciices are also pre:.:entcu i.n this MonLc 

Carlo s tudy . 

Seber (19Bit) report:; sorne re::;ults frorn a :;i.rnul:tl.'ion ~;tudy hy 

r 'rancis (lY'í:3, 1Y'(4) . l•'rancis I ana]._y:;is Ls oa:;cd 011 cxploratory o r 

unrestrietecl facto r a na:t_y·sis rnodel s wil.l1 two or- Lllrec racto r· ~> . ' ['IH: 

sarnple siz.e is )0. 'l'welve modcls were gt!rw rul. cd wil.lt dift'c.: t·ertl. !'l.tc l.cJr 

patterns . Again in this case the solution is snid to be lrnprope r if 

the error variances are less than an ar·b.il.ntry :;rnall posil.Lv<~ n wnl>cr 

(c . g ., 0 . 00)} . :>c v e ral. ~a:; c ! :; u i' Í.IIIJII't>JI• : r· :;ultll.i.on:; w•·r·•· tJ l >::c~ r· vc·d wl tc'lt 

l.ltc n tunb•: r· vl' l':u;l.t>l·:; t'or· a par·Lic11lar· ::ol ttLi.oll wa:: t:r·•·al.•·r· l.lt:ut Lltt· 

true nurnber o l' l'act.o r s o l' the rnodcl. 

Other rcsearcher s have proposed rnethods t o a void the occurrcnce of 

Heywood cases or for detecting the causes of Heywood cases . He now 
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n~ vicw briei'Ly t.lte~;c• rne tltod:: . 

,JU J't': I1HlfJ, ( 1 1)!1'{) Jll'll !'O!>t·: l :r Jll'tJI't•thll't• l. tJ d•·11J W i l.lt i IIIJII'f'Jn'f' 

:;u lul.Lorr:l l'or· l.1w urnxirn11111 1 i1•.c·1 i111HIII l':u: l.•n· llll : t l,y ::i:: ruc·l.lr ••<l . Jl, . 

defi ne:: 1-lle Jli'U l>L• ~m ui' impr·op~~ r· (llt·y wood) :;olrrl.ion :r.:: l't>llow:; : " :ii rr c:•· 

in the r egi o n wll c r e ::t.ll thc diagonaL e l<~rnent:; of' r!1 :tre J •tl:: it.ivr ~" (k 1:: 

the IIUmbcr of l'ul:Lor:_;) . 

parL lal d e rivuti ve:.; o i' l'k vanl:~h uL a poi.nl. wl11·r·c; : til. Ll11 : d i:t(~Ort:LI 

' J'J ti:l !111(-';/',t':; l.: ; l.lt:tl. Wt' ::lr:tJJ tlt•I'ÍIII" r,,,<•fl) 

i n the r egi o n '\: , where IJ!ii ) e: f o r a.ll i = 1 , 2 , • •• ,v a nd when; c i:; 

a p o s itive , a r bit rarily small , yrescr ibed nwnbe r . 'lhe problcm , t.hen , 

:;i. r rc:• ~ I< i:: :t ,. 
elo:wd l" C(~ i orr, t-Ire ~ ntin i nuun L:; l't>lllld o: il.ltt : r· in l.lw irrl.••r'Í III' nt' H 1)1' 

orr Lltl' bnundn r·y . lt' Llrt ~ mininn.tnl i :: I'<Jtllld in l.llo· inl. •·r· i•JI ' o( ' li, Wt• 

:;hal.l ;jllY LllaL Llte minirnrun t:; a }H'llJH: r· :;oi11Lion . LI.' <>I r l.11t ~ o l.lr•: r· 

han cl , l-he rrrí.ni.nrurn .i :; l'ou nd on Llt <! hor11 rda r·y u i' li , 1.111' :;olrtl. i on i:: 
F: 

i rnpr opcr 11
• 

Hc h:tvc transcribed Jorc:; ko~ ' :; Lexl. l>ccau:;c~ LL :;r: t:rn:: to he Ll11: 

or·i~in or Clll~ l.<:rlll 11 Í.IOJ>I"Upt !r' :;n litLiorr", wl ri ch l ta: : ')t '( 'll ll ::•·d !' t' t'fl l lt ' Jil.l y . 

Jo r eskog (1~6'(, p .lrlr 3) also ~,;ayu tlr;tt " :.:uch irnpropcr· (llt~y\o~uod) 

solutions occur more often tha n i :J u s uall y expected". •n re procedur~ 

t hat he p roposcs to avoid s uch improper solutio n:o; i s t o cl iminate 

partially the var i abl es with uniquc variances cquA.l to E: and t.he 

:..;olut.i.o n fi n•ü ly acl:ejJI.ed l11 Lltl:.; pr·oce:::.; i:; c.:uml>irwd wil,lt Llt1· 

p rincipal components o f the c lirni natcd variablcs , t o t;i ve a cornplt!te 

solutio n for all the origi nal v ariables . 
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Murt.in H.nd McDo nald (197) ) p r o po:w a l la,y e:' Ln.n proc.;ed11re l'or 

estirnation i n unre::;t.ric t cd .L'uet.or anul,y:;.i:; . 'L1l c pnx:c clure l1a:: a:; u n t: 

oi' it:.; ob,j ec tives t o avoid inadmisnablc C!Gtirnates o f unique va riancf! :>. 

A c lloicc ol' t.lle forrn ol' t.hc prior di::>Lr·i bu tion i :; j11:; ti.f'ied and 

empirical cxa1n1>le::; :.t r c :.;hown. 

l•'i na U_y , wc wi ll r c vicw thc p:lper by Van Dri.r: L (I. 97H) whic ll lla:: 

becn c .L tcrl i n almont all stud:i cs a bout llcywood ca :;es . Va n !Jriel h: L:> 

:i.de nL il'i<:d ::omc: o.L' thc: t:l lll!l< ::l o i' l l(:,y wuod :1o l 11l.i.o n::, l>,y dr·uppin1-': l.tw 

l:Oil !!l.I'IÜll l.:l <>f' (11>!1Íl, lVt' dt•l'inil.t'llt'!!!! t>t' l.llt' IIVL l, J'Í t:t•: : <:<>lll.llÍIIÍII/', l.lll' 

pararnctc r::; oi' t he factor anal_y::i:; rnodel . IIG propo:>t!:: :1 mcthod, wltü:lt 

he cal ls "thc noncla:;:;ical HJ>J>I'Oacll" anel ana l.y ::c :; ::o1nt' :lr'L i r i.r: i:ll d:d.a 

drawn from 5 population s , corresponding to five factor a nalysis modcls . 

'I'he models are called : "Clo:.; e t o zero" ( one o r til e uni<LUC va r ian<;c:; 1. :; 

close to ze r o a nd the other s a re all equal to 0. 5); "Close to one" 

(une o J' Ll11 ! 1111 ique v:lri:uu.:•~:; i:; <:lo:01· I, <> •HI<' :urd l.l~t· "LII•: r·:: :u··· • ·•pt:tl 

to O. )) ; " l.)war1'11 (all uniquc vari;wce:; are t! qual Lo O . ~ and Llt•~ :>r!cOi ld 

factor has loadings very small comparinG with thc first f'actor) ; 

" Heywood" (the classical one-facto r model e xo.rnple whe·r c u ne of the 

unl<1ue variancc:; i:.; };uppo:.;cd n cgal.ivc) and " 1\ndt.: r·:;on a11d l<11bln " (:l 

th r ee- fo.c to r model wi th uni<JUC vari.ance!; e<1ual Lo O . ~ ; thc f;~c to r 

matrix for this population is in accordance with the Ander!->on and 

Hubin identification c o ndition) . I n this study fi ve surnples a r e d r awn 

from each population, each \á th sample s i~e 800 , a nel each sample i::; 

a nalyl:.led with the cla.:.;~;ical a nd no n-cla~;~;ical approach t'o r eV<! ry 

appr opriatc numbe r of i'actor:.; . 

Van !Jriel (l97U) r ercrring to Joreskog ' s pa.per calls attention to 

thc " subtle" di f f e r cncc betwcen the terror> 11 impropcr BOllltion" a nd 
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" Heywoocl cnne:.;" , httt. !te u:;c~:> Lhe Le rrn i.lltJH·opc r· a:; urc;tn in t·~ llt·ywood 

:;ol utions (Lha L il:>, at leul:> t one tHl Lr1ue variu ncc net;a t :ive o r z.c r o -

:3mall v u.lucn o f the variance , :;ueh a:; o. oo t, a r e com;ükrcd pro per· by 

Van Dr i e l , us for c xarnple in the " clo:Je to z.cro " c xc.mplc ). Van Dr·iel 

i.dc 11L i.r i. c :; Llrn~e c au:;t !:; l'l) r l lr~ywood r;a:;c: ;: 

1) :;ILIIIJ'I irrl': l 'ltH:Lwd. i()rt :l r:omlli rw d wil.lt l.nw vrlltt<·:; .,,. •I' ··lu::•· 1.,, z,., . ., ~ 

:•) l, lw r·• : dt~<' :l rrul. •·xi:; [, llii,Y l':u·l.•>r' :ur:tly :;l:: rruHI<·l l.llnl. l'il.:; l.lw d:ol.:t ~ 

J) indefitritcne:;:..; or thc rnodel (e . ~ . Loo mu.uy Lruc far;Lot· loadillt;:; 

are ze ro) . 

StarLing frorn the re:.;ult s of the previous :>tudies two rnain 

4uestions arise : 

1) llow " close to ze ro" should be the un ir1ue var·i.uncc pararne ter:.; in 

the factor ana1ysis rnodel to cause lleywor)ri ca::;e:;'t 

2 ) llow of'ten do Hc,y woo<l case:-; occu r a ~; a c.:on :;equc ncc or ch o:-:'in l~ a 

r;ivc n numb<.:r of facLor:; lliffcn:nL L' t'<>ur l.l 11~ Lr·tu' tturniH~ r· of l'<t<:l.or·:; (>I' 

Lllt· mudc•t 't 

'l'll e fi.rst <tuc :;tio n i:; :q>p r-oached by lX.>orr};jrn:t (l 1Hl'.>) wltr :n :;ltc 

gener ates rnodels with " l arge " , " medium" and " srnall " factor loadin~!:; 

leading to dil'l'cn.:nL ural_';nitudr~:; ol' l.llt' llni.qrll' var· i.:ul<:<::: o i' Lllt· ruod•·l . 

Doornsrna ' s results are , however , for confiruw:t.ory factor analy:jiS u:>inu 

t he LISkEL p r ogram. 'de shall present some results for unrestricted 

fac·tor analysis . 

Conccr-ning the :.;ccond IJUC:;Liun , :;uppo~;(! ~ i. ~j l.lrr: (·~LVC: Il !llllrrlwr o r 

l'actors ror a particular factor analysi:.; solutlon <Mtd q i.~.; tll e Lru~ 

number o f facto r s o f the model. He obse rvetl that Tumu ra and F'ukutorni 

(19'(0) did not obtain Heywood cases whe n m>q in t hc ir nwne r-ical 

CXpt ~ r iure nl.:; , blll. 0 11 Llil~ ol. lrcr· lr :utd ::t'V/ ' 1'11. 1 c::t:;l•:; I) I' llt·.YW•Jt)rl : :rJ iti l. inn :: 
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Seber , lyU4 , p . :232, 'l'able ) . 20) . •,/c aü;o ob:.;erved Lll:d, :;t:VI~r·;Ll 

nwnel"i.cal c xarnpl c! :> JH'c:.;entcd hy <lo r c:.;kor': :;how Llrc or.cu rn~ ncr. oi' l10y woc>d 

example ( see Jorcskol.) , 1967, p . t174 , 'l'ab lc U) . He Lh en c;uppouc that 

anot her possible ca.u~c of lleywoocl ca:;es i:; thc ina.ppropriat<~rle:.;:> o i' Ll1<! 

:;olution for H g ive11 IIIU!Il>t! t' oi' l'ncl.or:; . 

'l'o a:.;:;e:.;:.:; Llic el'l'ec L oi' :.;nrnplin,.,; v:u· ia L i un and 111udc•l. drar·at:l.t· r·

istics on t h e occurrc ncc o r lle ywood ca:;e:; r or· u n re:;l. r icL•!d rac Lor· 

an alysis u s ing the rnn ximwn like.L i hooti rnct llod , a ~llontc Ca r lo :.:; t uúy wa:.; 

designed. As a by - product of the :>Ludy :;orne n~oulL:; abo•tt Llle {~ootl nc:;:;

of- f it test of the rnodel a r e als o obtaincrl . 'lhi.s si.rmtlat.ion :;t.udy i ::; 

tle:;cri.bt~d i.n t. ll e n c!x l. ::cc l.iorr . 
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'( . ~! 'l'ltc el'l' t~CL ur :;tunp) ittt:; Vlli'ÍILUOtl .'llld flil)d<·l c hll. t'!l,\: l.•·r·i:;l,ic::; l)fl L li!' 

occ urTence oi' llc ywood cn:a~r; for· rnaxinnJm llkcllhoud l'acLor· 
anulytii:;: u :;irnuJ.aL.lon :,;ludy . 

Ou r l'.i r· :;L ol.J,)ect-.lve .l:; Lo :;Lttd,y l1 uw Lll l! tH H'nH I Llwo r·,y <:~ ; I, Lrrnl.t>r·:; 

for rna xirnurn like.Lihood unre:-;trictcd facLor :.uralys.i.:; pcr·J.'unn re~;tnl.i.nt~ 

L; L .te:,; . 

analysis prograrn using an algori thJO d e vclopcd by Jenri.ch and ::nrnp:;on 

(see Dixon et a l, 1Y63) . 

'l'llc norrnal rundorn variate:; are cn.:•Ll-t!d u:; Lnt:; l.l11; l<artdorn rl~~r nl11: r 

Generator of the BMDP package . 

Sirnulution dc:;it:;n 

r'or t,his t-lonte Ca r lo study three one- factor rnodcls wc r e cho:;cn ror 

different mat.;rü tudes of the fi r !; t l'actor loactine; . 'l'hc onc - f:tc t o r· 

modcl ror vari.abl~::; wi t.ll rnean z<"!ro i.s t~i. v e n by 

X. = À Z + (' .l j .. -.i. L = L , ~.~ , • • • , I' 

::;uch tltat vu.r(x.) = J. , vu.r(t~ .) = ljJ., :;. :tnd P ;u·c l.lt< J normü t~r: t Jt:r·aLt!d 
1 L .1. -L 

v arial.Jle::; a nd 

') 

whe r e h~- is tlle cornuunality of the L- til ob:;crvcd var'i.ablt' , ;Lnd 1)1 • 
.l. L 

Ullii..J.UC vurluncc or et'l'Ur' v;.Lr.i.ance . 'l'ltc l'ir·:;L J'at;Lur pal.l.t: t'll f\ (pxl), 

wherc p is l-he nurnbe r oí' obl:>ervcd vuriablc :; wa:; elro~;f ! rt :;ud1 l-ll•tL Llr•' 

first ob::;erved variable had a " clo::;e to zero" unique variance or a very 

high loading (>..1= o. y8) and all other loadings equal to 0 . 5 (>..j= 0 . 5 , 

j H) . This model will be called t-1odel I . 

'lhe othcr mocte L:> a rc :_; irni l.n.r , bu L tltf' i.d(';t wa ~: Lo va r·y l. l tl' 
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11 
C lO~il~ l o 1. 1: n>' ' Vll l' lllrr<:c::; . 'I' I I . la:1 I. rnDd c•l II:LVillt: l':u · r r·uu• '/,<.!'C I lrtrl. 11 c >1. 

" c I o:;,· Lo lll ll." 1111 i '111•. v:u· i II tH : r• . 'l'l ie• l. l tr····· lfllidt·l :: 11.1'••: 

f\1c 1d1 ·I 
"I 

. I ÀI ; () . 
1)11 ; À. IJ . 'J (.Jti)J c H · 

- -- .. -- l 

ti> I .. I ti> I= I I . tI ~~I (' ; '''· I -· O ."( ', (.) ti ) J 

r-1odc:l li 
" li I À ..; () . ')() ; À. I I • 'J ( i I I ) I •li' 

L l 

til I I = I '''I = ti . L ~); til . 
I 

·- () . '(') (.)ti)\ 

Model lll AIH = { À = 1 
U."(U ; À. 

1 
= o . llll'( c i .tl) 1 o r 

1~Ill = f ·~ = 
o . )1 ; t)l. = o.B (j t L n l l. 

l•'or cuc h mod 0. l thrce dii'l'c rc: nt nur rrlJ<~ r: ; p ol' c)l>:;e r·vcd v:u ·i : tlll.r: :; 

we r·e analy:;ed :;o a:; lo repn;:; e11L :l nwt:<: o! ' v:llttt•:; Lypi.c:ally 

c ncountere d i n p r actice (p =5 ; p=lO a nd p=~O ) . ~5runpl<' :;iz~;:j wc rc:: <:ho~;(! ll 

uc~;ording wlLil tlle cd. t er·i o 11: :;uuül ( I~=)U ); Hll!cli11rn ( N:= l OO ) :utd Lat'{~•: 

( N=)UO) . l•'o r· c.::u:lt <:•: li o i' Llli:: clc:: :t /',11 , ;•u n·pl iC"al.in11:: .,.,, .,.,. t:• ·rp·r·:tl.•·d . 

l•'lna.ll,y , Lu a:; :; c ~ : ; :; Lhe c; l'!'c: t: L oi' I ta v i 111 ~ ru>q <Jit llc ·yw•l<)cl c::t.: :r ;: ; , 

wh e r e rn i s the r;i ve n nwnber o f facto r s in one :;o lu tion and q i:> the 

true nwnbe r of factors of t he model (q=l in th i s ca~>e) , wc chose t o 

a nalyse the correla tion matrices generate d by fv1o del Il.l (wh e r e the 

occurrence of Heywood cases is assurned to be very small or zero) with a 

t.wo- factor :.:olution. 

ad1nittct.I]S , Lhis Ü; a. ve ry Lirni tt~d t-'1onL0 Ca r lo :>L11dy , wi.U1 n:: :pc~el. Lo 

different models studied , di ffe r e nt s ample s izes und nwnbe r of 

replications . Nevertheless , the study ::;hould give a good deal of 
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important information related to the occurrence of Heywood cases , 

ct·ll.c·t·ic>tt t',ÍVt'll hy Lho· !,11.1•'/\ (III.JIIll') f'l'<>F.I'Illnltnd r·o·::11ll.:: 11looo11l. 1.111' 

erupir·ü:: tl l'r ·c:qll<'tll:y di::l,r·ilurl.íutl oi' 1.11<' ••it•,c:IIVIlllto·:· . • lhrr · r·o·::11 ll.:: :,r·•·, 

liowevcr , limi teci Lo thc cases llcre :.;tud i.ecl , no gene ral izations heyo nd 

LI H !~; c nrode L:; w i L L h e rua< i<!. 

Hcsult~1 

'l'llc Ml.l•'/\f IIMIHJ prograrn producc:> facl.ot· l.oad i. nf.~:; e:; l. i mal.<::; a nd 

unlcJUe Vilt'Í.Il!I C.: <!:; wl l.ltill Lltt: p:l.r':l.lll<!l.c! t' :;p:tc:c ~ or 011 Lhe: I>Oillttl:u·,y . Nc> 

ultra Heywood cases cun b e observetl , bc cause o f the constraint ::; in Lhe 

program. In obtaining the 720 conver gcnt a.naly:.:;es , we obscrvcd only 2 

nonconvergent cases , for Model III a nd whe n forcing a rnir;:; peci f'icat i.on 

o f the model wi th 2 facto r ::; and 20 vari ablcs . 'l'he rc::;ul ts to bc 

presenl.ed in this section ure relate~ to thc proporl.ion or c xuc t 

lley wood ca:.;es f'or cach rnodc .L . 

In 'I'a.ble '7 . 1 we present the p e rcen tage of lieywood solutions in 

each Gt!ll c>l' Lltc! :;i.rmtlal.i.~>tt dc ::;t{',tt l'or· f'lod• :L:; I :tttd 1 1. I•., ,. (' l <.<: lt ('I! I 

we observed 20 rcplicat ions . 

'l'able 7 . 1 - Proportion of lleywood :.;oltr tion:; for Modcl:: I and I L 
in thc Monte Carlo ::>tuuy (20 rcplical.iun~; per c<!ll) . 

Sample Size 

f'4odel No of var 50 100 )00 

5 .ao . Ir O . lo 
~10DI•;t, 1 10 . JO . lO .o o 
(À L= o. ~u 1 ~o • )O '" . ' - / . 00 

') • :! o .,. 
• I .) . ()() 

lv1UDI•; IJ L l 10 .oo .o o .uo 
(À 1 = o. ~o 1 ~o .oo .oo .uo 
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u nd 11n1LIIollgh wiLIIin a :;i.JI(-~1.<.: •· •:pli<:al. iull 111111 ' '' I.IIILII 0 111 : v:u·in.ll <:• · •: :til 

b c ;r.cro. 'Lhe propo 1·L ion oi' l lc ywuod :;o l~tl.i.on:; d•:c r·ea::•~:: /L:: 1.111: :;:uupl•: 

incn:a:lt::; , l 11 t-~• : ll c ral. . 1\ t;n :al.•.:r· JII'<IJHJt'l.i oll oi' li•:.Y>Iuud :;,,J,•t.L•m: : i" 

o lJ:.;e rved .['l.)r il :.> lnall fllllllb c r or Vétr'i.a l >lc:; Ln thl! lllOdeL . l• 'o r Mock L I :Uld 

:;uH! L !l lllll)l l« : ::ii'.t ; :; a 1-~ 1'1'/ll. t•t ' Jll'())'tH' I.iull o r lh:ywuod :;o)lll.i llll!! i:: 

o l>!J1:rv<.: d Wl 1e11 Ll11: IIIUIIIJ«:r· o i' vaLinhlc::: i:. ;•o r·:li.IH· r· LI11U1 10 . 1\ t~ r ···n. l.•·r· 

nwnber of r eplication s per cell would bc nece::.;:>u.ry t o confi r·m t...hl :.; 

tendency . 'lhe r esults in 'fublc '( . 1 o. r c i n a cco rda nce wiLh t he L'indi.nc;:> 

of Van Driel ( 1978 ), that is the " elos e to zer o " population is one o f 

the c a uses for Heywo od cases combined wi th sampling variatio n . 1\t this 

point , WC c a l l a t.telltion Lo Llle rae\.. LhaL ror ::nnll :::unplt: ::i.ZI: , N=~O , 

::ay , Lll" p r·oJu>t·t.i oll nl' llc .ywood ::c>llll.ior•:: i: : v•· r·.v llir•.l• ( Bo'f.,) . 

I the lleywood cu:..;e::; werc Ob$erved a .Lway:; f o r \..11!~ l'i r :.; L v:t r i .:thlc ( " e Lo:;•: 

t o zero" case) , therefore these solutions ure very ::;irnilar to the truc 

" 
model (wc ob~; erve a fac tor· .Loadi.llt:; >.

1 
= l. () wher·<: L l 1 1~ p:tr:un•·l. ·~r i.:; 

>. 1 = u . ~B . D1 1t ~ Lo : :a tnpllll~ vtu· j:ll • .i.un , ::ol11l. i.on :; wit.ll l.ltc : l'ir·::t. Jc,:ulilll~ 

ec1ual to one (and consequentl_y uni<1ue va.riance C(JUal to zero) are 

expêc\..ed Lo l )C<;UI ' a11d :;1JCI1 •t ::oLIII..i.on C:tiiiiOL IH: c:tl Lc:d "i lllf ll'l1jll' l·" . 

'l'hey a r e e xac t lleywoou cases , but the ~;o lu t..lon is proper . 

In Table 7. 2 we present the p r oport ion o f Heywood solut i ons out of 

20 replications ror Mo dcl J I.( f or di l'feren t ::;amplc ~;lze:; . \~e al::o :;llow 

thc vroportio n of lleywood solutions tha.t occcur a:..; a r<~sult or a 

sirnulnteJ uÜ !: :;pecU'icaLion or tlle rnodt~l , Lllat. i:; , W<' krww t.llat. Ll11· 

model had onc fac t or , but.. wc a:siH: d t..lle proc;r·arn t.o l H'Odltcc t..lle 

two- f a ctor solut ion. We then observed a v e r y hieh proportion of 

Heywood sol utions fo r t wo fa.ctor:J anJ e ve n tnore than onc.: vnr·iablc wi t.ll 
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zero variancc . 'lhe llcywood ca:;e :; wer·e ou:;...:r ved ror any variable , noL 

wc 1\avc improp~r :so.lu Liom; . We Lll!] ll t:o n t:ltHI<~ Lllat anoUH! I' c:uJ::c: l'o)r 

lleywood (.::t!j(!~> i:; tlH! inelu:;.ion or Loo rrnny l'acLor·:; in l.ltc: :;oiiiLLOII o lt/c; 

IH~l.L<!V<~ LltaL ru:t.ny ol' l;llu lkywood :;ol11Lion:: ob:;(:rv1:d in Llu~ I i l.er·:ll.lln: 

:u·c~ dtlc · l. q Lltc ! l'n<:l, LltaL Llt•·.Y :u·c· <>V•·r·-l':tcl.<>t'c•cl (c· . l~ · l.cHI IIHII,Y 

l'ae l.<>t':;) . ltllit• l r llllltly::ÍIII-': c:lllfllr·ic:tl clal.:t , il. t:: Í11tpo::::il1l•· l.c1 k11•M l.lw 

In 1.111: ::irrurl:tl.iun ::l.t lclic :: : Wt· l•.11uW 

the model , but this is an artificial s ituation. We ~uggest that , in 

ern1ürical si t..uat..ion:s, whe n the re:.:;careher i:.; u:.;ing fac Lo r an:.1.ly :;i:; 1111d 

obtui ns a l!eywood ::;olution , hc :;hould r eanal,yf;e the dat..a decrca:; in1.~ 

Lhe nurrriH.: r· ol' l'ru:t..or·:; uy one . 

tha.t should b e thc best solution for facto r anazysi::; . 

'l'able 'T . 2 - PrO!)Ort ion of lleywood ~:ol11Llon:; l'or ~~odc~l L ll u:: i. IIL~ 
one-fuctor solution Rnd two-fuctor tiolution ( 20 
replications per cell) . 

:5arnplc !-)i L. e 
No o r V ar )0 100 ~()() 

) • I o . O) • () lJ 

On e-l':LcLo r ::ulttl.. ion 1.0 • ou .ou . () [) 
20 . 00 .oo .uu 

5 .90 . '() • )0 

'l'wo-facto r solution 10 . )5 ) '' . ) . J) 
20 . 30 • 4 5 • 30 

1\:.; can be :;ecn in 'l'uble '(. c , Lhe !H'op•>r'l..ion ol' llc.vwoutl :;olul.i.nn:; 

indicating an improper solution for two f'ac tor l:>Olutions i::; very llir;h 

even for large sample size. The proportion seems to decrea::>e us the 

nwnber of v ariables increases . 1•1odel III is a one- factor model wlth 
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the following · crror variance~ [ ~~1 = 0.51 und $ . = O. UO , itl) . 
. 1. 

It is 

inte rc:>ting t,o observe that for thc one-factor solution a nd for rw.mple 

size 50 , vle ob~ervc caseg vrith communality very near ::-.ero , or va riances 

v ery n ear one , p roducine negative estimatcs of loadinns , which could be 

considcrcd as another kind of improper solution ; the })roportion o f 

thes·e cases was very smali"-(1 · case for- p=5 a nd p=20 and two case s fo r 

p=lO, a ll for N=50). 

As a by-product of this simulation study we shall nou prel:;ent 

r esults · about the Chi-squ a re test \fhich can be obtained from the 

likelihood cri terion (LC ) to be minimi zed. ('I'he BJv!DP/MLF'A p r ogram only 

prints the likelihood criterion) . The Chi-square statistic can then be 

2 
obta ined by x = n LC, where n ' i s given by 

n ' = N-l-(2p+5)/6- 2q/3 

'I'he x2 
statistic for the unrestricted factor analysi s mod e l is tested 

as a chi-square variable vrith degrees of freedom given by 

2 
df = ~ [ (p-q) - {p+q)]. 

In Table 7. 3 vre present the proport ion of signi!icant c hi- square 

values for a = 0 . 05 , for 20 replications in each cell for the three 
. 

models ana1ysed. \\Te als0 include in Table 7.3 the results f or the 

two-f'actor solutions for t-1odel III . 



/. lO 

'l'ablc ·r . j - Proportion or SÍ(!;nif'i.canL dl"i.- :.;quure :.; t :Lt:.is tic!; 

Mud o•( I 

f'.1odel .ll 

for a = 0.0 5 , for the thrce rnodels (20 rcplica t:.ion:; 
per eell) . 

No lll' v:u· O) () I I li) ')( )() 

-- --------· ----- -· -------

~ . () () • ()O ) • I () 
I () . () ~ . () () • I I) 

:•o • I~ • I O . u ~ 

~ .uu . (JlJ . () '; 

10 .oo . O) . O) 
~~o . jO • I O . () () 

) . 0) .l)l) . ()() 
~'lu do~l 1.11. 

(une-l'llt:Lut· :;"lul.i.utt) 
lU 

; ' l) 

. () () . () () . () ') 
•\I . ( . .) .o; . ()() 

5 .o o .o o .o o 
~'lodel lil 10 .o o .o o . 00 

( two-ractor solution) 20 .oo . 05 .oo 

\>le ot>:;e rvo: ln 'l'a iJle '( . 3 l.h:.tl. r o r· :>rua I. L :; :unp.lc:; Lhe oiJ: :• ~ r·vcd 

(li'U(H>I ' Liutt nl' ::il ~rtLI'i o::utl, o:lti.-::optill'o• ::l, at. i::t.io::;. i.:: l t i/ •,l~t : r· l.ll:o.rt I.,.. 

·~xpo~CLI.~d [li ' O [ll)t 'L iurt oi.' o.u; (\) ! ' Llw O rto •-l':u; L<H' mudo ~ ! . Wl!t •rt :l.l t:tly : : ir w. 

the two-factor solution the t es t accepts the rnodel with two r actor s , 

which shoulct not be accepted . !Jut thü; i.s a known fact oi' thl:; 

goodness- of- fi t · test , because i t depends on the re::;idua.l correla t. i.ons , 

if we incl ude more factors in the model the r esiduals bec:orne r; rnaller, 

and consequently, the chi- :,;(}Uare stati:>L.ic . 'l,te r acLo r analys.i :,; u:;e r 

should, fo r t his reason, use more than one goodness- of- f it índice , 

including in the analysis other criteria such as Akaike's Informat ion 

Criterion and Schwarz ' s Bayesia n criterion (see Section 4. 3) . 

1\notllc r interé:>t..i.ng ro ~ :;uJ t t'r·om Llt i.:; ::.i.rntt l al. i. on :; Lttd.Y i:; Ll t1: 
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thnn o n c (y>l) o r t he corre1atinn matri ce:; . In 'l hblr!; '( . lr Lo 7. 6 wc 

)lt'c ! :H~IIt l.hc~: ; c : • ~ Hipir·i. <: ILI l'r·c·q•H·rr t: i• ::;, l' tJ r· c•ztclt «JI' t.lw «Jiw-l'n.• ·L<ll' li i<Jdc·l: : 

:.; Ludicd , ztcco rd.i.ng l,l) :;: turpl.c : :; LY.c arrd rlllln l wl' •JI' v:u· i ;t !JI.c::; i 11 t.lrc : U I<Hic~ l. 

'l'al, L•! '( .lr - IO:u1pi r·i.cal di :;L r· i llrd. i IJII oi' L h• · r illltrho ·r·:; <JI' r• it~•·rtv:t l tw:: 

/ ~ I' < '11 \.1 'I' LI li UI 'lll <. i 11 ; 'li l' •·pl i t· :tl. i 1111:: q f' I, l w :: i 11111 )li t. i '111 

: ; l.ri<I.Y ; t•1udc· l 1 . 

N = )0 N ::: I 00 N = ~()() 
No oi' y>.l ''/. No o r y>l '1u No (} ( ' y> L ·t 

I. '7'.> L s>O I (H) 

p = '.> ~ '" ·- :; 
'I r_ 10 

1 1 ?.0 L 100 
') JO .. '() { , . 

I' = lU j GO 1 O) 
lr LO 

1 1 1 lro 

2 2 ~ Ir ) 
p = 20 3 3 0) 3 1) 

Ir l r ; •o 
'.> ~'.> ' ) ~ .) 

(J ';() (J w 
'( LO '( I() 

I\ O) 
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:l l:l 

'rable 7. 5 - Empirical di stribution oi.' the nwnber o f eiu;envalues 
g r eater tha n one fo r di ffr~ren t :;a rnplc :.; 1./.CS and nwnh<:r 
o r va r iablcs o f thc rnodcl - tvlodel Il ( ~o repl i eaL i.o n:: 
pe r cell) . 

N = 50 N = 100 N = 500 

No o f y>1 % No o f y-> 1 % No o r '(>l % 

1 35 1 )5 .I lO O 
p = ) 2 60 2 lrO 

j O) J U) 

1 ll) ) ()() 
., ' ) j) ;> I) (.. ,_ 

p = 10 3 ) ') ~ )O ,, lr) ,, LO 

1 l 1 
2 2 2 :'o 
3 3 3 )) 

p = 20 ,, lr ,, ;)) 

) ) O) 
(> •)I 

( . .) ( , ,,.) 
'( (> ) ·r I )() 

:~ I li 

'l'a b L c ·r. 6 - l~npi. l'i.cal d l:'>Lr· iiJIIt. .lon o !' Lhe n urn I> c r ur e igt'! rt v a Ltt( ·:; 

t';r'' !a L e r· tllan o n r . tl!odf•l I I L (;•o rt!p I i. r·:tl. i un:: (11'1' r: r · I l ) 

N = 50 N = LOO ,,, = )00 

No o f . >1 to No o f ,>1 •l •" No o r 1 >1 "/v 

.l ' (O l 90 1 100 
p = 5 2 30 r.) 

'- 10 

1 1 lO l I. OU 
2 3) 2 60 

p = 10 3 )) 3 30 
lr lO 

l 1 l ~o 

2 2 2 )) 
3 3 3 10 

p = 20 4 ,, 15 ,, 0) 
5 1) 5 )5 
6 '('j 6 20 
7 10 7 lO 

CXK.AAU 
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'l'he 'Jhbl••:; '(.11 Lo'( . (> :;how Lltal. wil.lt ::ru:LII :;:unpl •· ::iz·· lttltl I'•H' a 

numbe r of var i.: d >le:> in Lhe rnodt~l }3 11CII a:: ~_10 , ~;cv•~rnl t ~ lf~e nval.tlt!:: ol' Lltt ~ 

cOrTelaL lon ;u·c ~~ r· c11.Lr: r· Llt~lll o r11...! f'ur L l1t: o r ~t · -l': lci.<H' utu<kl: ; I, li 'LIId 

li I . li' l.lto• 1'11< : 1.•>1' a11: 1 l,y:: i:: tt::•·r· t'iltH J:: o• :: l.lw llllllllu·t' •• I' l':ll' l.<t r·:: I•.Y l.lt i:; 

t:t ' il.t: r·ion, 11. !', i :: :: l.il l Vt 'I',Y t't llll lllt ttl, VIÍI. I t ::rn: tll ::: 1.11q • l•·:: :u 1d l :t l 'l'.<' l i iUIII"·t· 

of variaule :3 , Llte incltwion ol' Loo urany f'acLon; in l.lw :;() LIILi on w•> ttld 

occnr. l~ven for a modr'r:.t L<~ :;nrnp I,. :; ize :; ll t; lt a:; 100, l.liitl. Holll ti h•· 

thc cu:::;e . On thc o Utc r· ha nd, r or zt l .l. ruod• !l :; and ca::c :: , Ll1c ::c r·t: e l.c:~l. 

would be more upproprlaLe :.;ince Llu: lll:.tJ ~ rlil.ttdt; p:tLL•:r·r, I)[' l,lr•· t:i 1 ~··fl

values alway:; t; hows a very hig h f'ir:;t (~ igcnvalue cornp:Lrt~d w il. ll l,ll c 

other s . 

l•' ina.l.ly , as anothe r· by - product of thc :Ji.rnulation :_;tudy w1: rrovl 

present the results r elated to the parametc r estimates of the moctels . 

In 'l'able 7. ·7 we prescnt the mean and st:-tndard deviation of thc fi.nrt 

CacL<H' lo: r. di111..; l'o r· 1.111~ Ll tr ' •' •' rrlfld t·l: ; , l'u r· <':r.t:lt ····1 1. •>I' l.lw ::Í rrll t l:t.l.iort 

dt~:;i.t:n , ha:;,•d <>11 :~0 r·• : )d ic:d.inn:: . \.J,. li:tv•· Íllt:lttd•·d l. l1<· II• ·.YW•Hll l 

!;oluL lon:; in al.l c aleulal.io11:; . In 'L':t.l> Lc:. ·r . B iLnd ·r.') w. · l'r···= •• ·" 1. Lll·· 

rncan and ti tandarcl devü.tt i o n oi' t llt) ~;econd :trtd th i r·d l'actor loacJ i nc l'•>r· 

each tnorlel , respectivcly . The srnall nwnbe r of replications in this 

Ml)nLt! Car·.Ln :;L ttdy :; llu 11Ld I H~ l~<:p l. in 1n i rtd wlr• •n < :•>ll::iolt· r ·i l tJ~ 1.11·· ,·, ::: ttl 1.:: 

for the case:.; studied . 

CXK/I.AU 



'l':tiJlc ·r .·r - l"i• ·a11 :ut• l ::l.:lfld:u·•l d•·vi:tl.i·••t ••I' 1,1 .,. I' i r·. :1. l': wl.·· r· l··o~olrrr;·. 

e:;t imates in cach cell of the tilmu LaU.on de:~ it;ll ( :20 
n~ rl i.eat i. o n:; p c·r· r. Pll) . 

IIJodel 

Mude L 1 
(true valuc = o. y8 ) 

t~odel li 
(tru e valuc = 0 . 90) 

l11ode I LI I 

(t-rue valrtc = U ."( O) 

Number of 
variables 

.lO 

lO 

C! O 

lO 

(!0 

50 

o. •;IHt 
(tl . 0 )1) 

() . 'f(ll 

( 0 . 03J ) 

o. I) I) j 
(0 . 0 10 ) 

0 . 1) 11\ 

( U. U(>~) 

o.8y4 
( 0 . 031)) 

O. ')lj 

( 0 .036 ) 

O. ' ( ltO 

( o . LI) H) 

{) • (I ~~~ 

( u. l :!l)) 

o. 611) 
( O. Oylt) 

!:ia.mple Si ze 
lO O 

(} • I) () 1/ 

(o . olr:•) 

IJ . 'J(t'( 

(0 . 020 ) 

() . 1)/\1) 

( O . Il i O) 

o . ·J~/1 

( u . o~B) 

0 . 895 
(0 .026 ) 

o. ~; ;.:o 

( 0 . 01 '() 

o . ' ( ' ('( 

(O . IU>) 

() .. ( : .,, 
( C) . ()(,;! ) 

o.uBl 
( u . ol1)) 

200 

o. "'( 1\ 
(:) • ( 11 (I) 

U . ')l t~ l 

( 0 . 00')) 

0 . ') 111 
( () . ( )() ' ,) 

ll . 'IO', 

( IJ .u: ·1\) 

0. 882 
( 0 . 0 1'() 

o. ') l.lt 
( O. UHJ ) 

o. ·r:", 
(IJ . <J:, r) 

O . '(lll 

( O. l)j ;!) 

O. '( t !1 
( o . m!B) 

Note : I~ I, Lrnat e::; are ba::cd in avt •t'at~int~ tlr t · ·~ : ;1, i. tn:tl.l::: i" t':L('II <: • : I 1. ltr 

part)Jil.lt t!:; i: ; l:; Ll1< ~ vmpi.t'i <" :L l :;L:l11d:u·d dc :vi: LI.in11 . 
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'l'uhle 'T . B - 1•1c an :n1d :; Landanl dt•vial.ion nr t.ltf' ::c><:ond r:u:tor· 

!11od< ·L 

Model 1 
( tru e v alue 

Model li 
(Lrue v alue 

l-1oc..lel 111 
(Lrue valuf.! 

CXKAAU 

.Loadin~ <!:;Lima te:.; i.n each r:c: I. L o r U1<: :; i 11111 l:tl.io n d<•:: i1 ~ 11 

(20 r eplications per cell) . 

N111ul>• ·r· ,, (' : ~·uul' I·· : ~ j : •, I ' 

VI li' i al•l •·:: ~ll I l H r • '(I() ____ ..,_ ., _____ .. _______ _ 

~ O. I, •Jil o. J,•n () • J I . (I) 

( o .o(,:_,) (u.L;•J ) (o .o:•;>) 

10 O. ) GSI o. )li '( (). ) 1.~ 

= 0 . 50) (o.oay) (0 . 0)1> ) ( o .o:?(J ) 

:.:o () . ~()~ o. lr'(O (J. Ir')(, 

( u. ()/\<)) (O . ll',',) (ll . ll."l) 
- -----. ·- ·----- - ..... -- ·--- -- ·- --

o . lr (3;..? o. 1u1 o.J, no 
(u . oi>J) (0 . 111) ( u.u ~l,) 

10 o. 5G·r O. )Otí <) . ) Jlr 
= 0.)0) ( 0 .096) (0 . 0'(0) (u .o:.:B) 

20 0. 486 0. 479 0. 1199 
(0 . 090) ( 0 .070) ( 0 .033) 

') li . )<)'( u. i 1
) 1) (I . l I ) l 

( 0 .1 (,;') (U . ll'}lt) (lJ . ()II,') 

10 o. )0'( o. t, ~:.! o. 1,1,1 
= o . l111f) ( 0 .16()) ( o.OG)} ( O. l)j:?) 

:.:o o. 3c~ o. j)ll O. lr'(O 
( 0 . 150) (0 . 0~9) ( o . o1,1,) 
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'l'nh L•· . ( . () - M. ·atl :ltld :: l.: tnd:u·d do •v i :ti. i 1 HI n l' 1.111' 1.11 i n I 1': 11' I. o )f' 

l.uad l 11 1~ •::; L lunL• •:1 lll I!ILC l1 •:•: I I " I' LI I< : :: i 1111 1 I : i.l. i o 111 d o•: ; i/ ',11 
( :.?0 r c pl L<:aL ion:: Jll ! t' <:t! I I) . 

Nu miJe r· o I' :.;. u11p L r~ :; i Zt! 

Model variable~ 50 100 :200 

y o . ~ )1\ o.'' 'YJ O . ~ I I 

(O . LO;J ) (o.oll:·) (( ) . ():·I~ ) 

r·-1odel I 1 0 o. 41(~ o . 4:J~ o. ')0') 
(true v alue = 0 . 5) (0. 086) ( O.O)b) ( () . 0 2() ) 

~o o. ' ~·r o. 4;JG o . ~oh 
( 0 . 111) ( 0 . 066) (0 .035) 

5 o. 571, o. 535 o. 511 
( 0 . 11'() (O .O'(G) ( o.o n) 

lvlo d•·l li LO o. l, ')0 o. lt (d 0 . ) 011 
(tru<: value = O. y ) (() . li I) (o . ()()1\) (ll . tJ:•I \) 

~o O. )UI, o. )JG O. yOO 
( o . o<n) (0 . 0')')) ( o . o~U) 

5 o. 31,13 0 . 39:.! o. l, ~>;) 
(O . L)lt) (O .O'(lt) ( O.IJJI) 

lvlod•• L I I I I () l) . : • . ( ( ) (). \I\ I 1 \l . Jl \ I 

( t.t·u e valut.: = o . t,J,·() (U . llll) ( IJ . OBI\) (u .oltf,) 

20 o . 522 o . lt36 0 . 1137 
( ü . ü;JS~) ( O. O'(J) ( O. OJit ) 

Discussion 

In this s irnulat:i o n study the effect o f sarnpline var i ation ~ln d 

rnodcl ehanu:tcri:;Lic:; on thc occu rTt:nc•· oi' ll<!ywo<>d <' :L::•::; w:L:; an:Liy::<·d . 

'l'wo mn.in causes of lleywood soltttion:..; in l'acto r :.Lnal_y ~; i. :; wecc ob:;e rvf!d 

for the models a nalysed : 

1 ) sampling variation co1nbined wi t.h unique varin nce pararnctet"s 

elos e to zero , which is in accordancc with Vun Oriel (lS~'( U ) ; 
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i- ') uri.:;:;pcc:i. l'i.c:al.itHI oi' l.ilc • mud<:l- Lnc> tti:I.II.Y l':u:L<>t':; ILr'c• 

includcd in one part icular solu t.ion cuusing irnprope r solutions . 

'.l'he occur·rence o r lleywuod ca:.:c:; t:: rt iiH:It mo r ·c ~ f'r·c: qrtc•rtl. r·o r· ::rtr:t l 

::amplc :;Lzc :: . l•'ac t.o r· :ma l_y:; L:; ba:: < ~d 0 11 f' i rt.y or l<::::: o ll::t·r·v:tl. inn:: 

::IH.>tll.d ec: r\,: t inl,y lle avoidcd , no l, <H tl,y h< : <::tu:;c ~ o r :t lli, :l~t:r J~<l:;::illi.lit.,y 

oi' lh·yWI)Dd c·a::c•:; , h trL IH•t:llt t::c• t.lw ::lllnpl i 11;.-; t'ltl<' l.rnll. icllt :: IIVL.Y I c• ttd l.< t 

:Jolut.Lon :; Ll11tl. di . .l't'c ~ r· :;ub: : \,:utl.i:tll.,y l'r·qrn t.llc· l.nl<' ttt<HI•·l. 

I t wa~ observ c d , ~cnern.ll,y , that t hc occur r cnce o f lleywood ca::c ~; 

incn.:n~:c:; a:; Lltt: tllunlH:r· t) l' Lllc : vru·i t tl>lc·:: oi' l.ll< : llt<tdt•l dc•c:n:n.::<·:: . 

Out• l't!!>ltl\,:;, ror· lllln~::l.r·i c: l.t :d I'ILI:I.<)f' llll!ll,y::i:;, ltl 'c• Íll ltl 't:ill'd:uwc· 

wil,ll \,Ire l'i.nd i. np;~; oi' l~onc:ma ( l. <JI\)) and 1\rrdct·:;un :tnd (;c•t'i>Íti(J, ( l 1)1\lr) l'c>t' 

curd'lnnat.ory l'tteLur· analy:;i:;, c:o n<: <:nl ir•1: 1.11(; tH:t:nr r· t ·nc• · q J' II<·:JW<Hld 

ca::;es . 

Fo r noriTié:l.l theory , the chi.- squarc test h~:t.s bec n :;hown Lo bchavlé! 

wcll , :tlLIJOUf·',il :t llit~il< : r propc>r·t.ion l.llan Lh<: I!Xp< ~<:L < :d r< :,jc;r: l.:; l.llc· trt<>d•·l 

l' o r· : amtL L :::unpl•· :;i :;,,::: attd utiJd•·r·:tLc: llttutlwr· o i' v: tr·i:tltl•·:: (p=:•<J) . 

'l'lle r c:wl L.:; L'ro111 thc; :>iHtu l.ati\) 11 :; l.11dy al::o :.;how l.ltaL Ll1e l<a.i. :; <: r 

c riLerion r o r c ltoo:;in~ thc nwnbc r o r l':tctor·:; :;ltot lld rt o l. !)(' u::c:d ;a:; i L 

rnay lead to the occurrence of Heywood cases, caused by the inclusion 

of toe many factors in a no luL i.on , mainl_y i.f l:.IH' :.;amplc :> i. :~.c~ i. :: :;ma ll 

and the nwnbe r o f variables lar Ge - \oli. th larc c sample r; izcs :1.nd r; rr,::tl I 

number of variables, the critc rion rno.y be u::; e fnl if tWC<l to~et.hcr· wit.h 

other criteria. 

As a fina l recomme ndat ion , we st r ongly advise tha t sarnpl e sizes of 

100 o r rnore a r e necde d for l'C:.t:;onab lr: f'actor ana ly:;i :; r(~ :; tllt:: . 

CXK.AAU ---
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'( . ~ 'l'lt~ • l'l'l >h:tll i I i.t.,y o i' <><'< '11.!_'_1_'.'..:..!.!~·-•· ~YW<><>~~:..:_~~.:_: 

1\ :; i11111l.ILI. i.o11 :;I.IHiy wi.t.il Llll' iHII'I" J:ô<' ,, , . 11.:;::•·:::; i rr1~ l.l r•· rrn i 11 <'1111::•·:: 

or ll<~y wood ca:.a~:; wa:; 1H'e :; r!ntc!d i.n til e l.a:;L :;ec l.i.on . llt•,ywoo•l <; a:;r·:: 

occurred cvcn when a f actor rno<lel wi th lar~e r cs i. dual variancc:; 

l·~· ·r ll·r·:d.t•d Llll' dai.:L . In t.lli:; :or·<: t.i <lll W•· <:1111:;itl•·r· l.lt•· •·a::•· nl' 

o ll e -J'acl,c) t' rnodt•l:; and wc :: l tuw iluw l.l1<: jtl ''llln.bi Li.t.,y ,, ,. tH:t:ll l'f'<'ll<'t' 11111,'/ ,,.. 

ca.lculatcd . Hc also ::;how that: this probab i.l i.ty r o r Lhe onc- fa<.:tor 

1110de.l dt!j)t!lld:; 0 11 :JUIIIjllC :;i.i'.t.! , .!Jill'll.lii<:Lcr· V<; <:Lor·:: :tlld IIIIIIII Jt: r· tJ(' VI Lr·i:Li1l• : :: 

in the rnodcl . We shall consiuer· Lhe Mlnrc:.; m<.:Lilod ot' l'iLLln~.j rur· 

l'actor analysis , that is , wc l->hall suppo:;e thal, Lhe facto r l oadine:.; ar·e 

e:.;L.irnated undcr Lhe condiLi.on Ll1:tL Lhe :; urn oi' :;quare:; ol' LIH! ol'l'-

d.illt:jOIItÜ rc ::;i.dual: ; i:; 111i11irni.i'.<! d . 

'l'h e rninres method was introduced by 1-larman a nd J ones (1966) 

a lthough, as they point out , the idea of ge t ting a factor solution by 

min .i.mi.;~.Lng oí'l'-Jiagonal r't::;ldllal <:<H'I't!l:LI,ion:; wa:: l'ir·:;l. p•>:;••d I•.Y 

'I'hurstone (1954) . 'l'hey rlo not consider the rninirni.;~,ation oi' th<! Lol.al 

r e:.;idual rrvlt.r·ix (includi.n~ d iat~Onul terrr~:) , wlt ic h wo t!ld l· ·:u l t r) I.IH· 

principal-factor solution . Yle do not cons ide r the nurne rical proccdur~"!s 

l'ur ol> Lai.ninl·~ Lhe rninr• ::; :;ol.lll.i.on . lt, i:; 0 11 LI)(' pr·inciplt• oi' 1.!1•' 

rnethod that we shall base our rnethod for obtaining the p r obabilitics of 

occurrence of Heywoot.i ca:;e:; . 

Con:; i. der Lhe: o nc - l'at:l.<H' rno d f:l 1;i. ven u.Y 

x. = À.r + e . 
1 .l 1 

with E(f) =~(e.)= O 
l. 

i :!:j and Var(e.) = •p .) o, 
1. 1. 

i. = L, ;\ • •• , p ('( . 1) 

~(fe.) =O. ~uppose Var(f) = l , E ( e.e .) =O , 
.l 1. J 

i=l , • • • , p . Suppose thc x . ' s are :.; tandardizcd 
l 

so that var(x. ) 
1. 

= l. llence , 

À~ + ·,p. = 1, i=l , 2 , •• • , p 
l 1. 

(7 . 2 ) 
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'l'hr.n , we lHLvr~ .. 
À'. < L, 

I 
i = I. ' ;) ' • • • ' I, ("( . ~ ) 

l•'or Lhi:1 rnc >d.-1 

co rdx.,x.) = p = À.À .• 
l. J l.í l .J 

('( . Ir ) 

:_;llpjlo::c: , l.lwl't·t'or·c: , wc: l'il. I.IIC' rrrotl•·l I1.Y mi11 irni:•.in1~ 

I' I' . ' 
:; = ): ): ( , .. ) - À . X ) )' 

i.= l .)=i+l l, I' 

wlten: r. .i.: ; LIH: ob:;er·vcd c.;u rr·e I ai. L<ilt llcL wc :<' ll v:u· ial1 I c•:: x. :t r1cl x • 
~.J l .) 

(Ar,; l..llnll,y , a:; x. :urd x ar·e ::l..a11tl:ll·d i 'l.c: d v:u· i 11.11 1•::: , 
l. j 

conside r eu as covariances) . 

,. ltlld 
i.j 

p .. 
l.,j 

1rr:• .Y I ,. . 

~'rom a purezy mathe ma. tic:tl point or vie w, thc prob lern of ri.ndi.nt~ n. 

IIILII LIIIIIIII f'tJ I' Lltt : IIUII] Ílll':tl' f'lllt t: l.i<lll :; i. :: Wt·ll dc•l'irwcl . :; i:: :1. l'liii!'I. Í illl 

upo n t..h e jl t !.lL!Illi.!IIL:; o r Lhe l';Lc:l..o r· lllill.rlx ll(px L) . 'l'ltt: llllll lllllll ll v:tlll< ) I'< J f' 

S occurs a t the point wher e its par tial derivatives with respect to 

tlrr: p c:l t! l ll< 'II L:: c) f' 11 ar·c : :l.c · ro n11d il. :; mal.r·ix <> I' ::••c:o11tl cl• •r i.v:LI.iv•·:: , .. 

po:;iLi.vc : dcl'i.rri.Lc. 'l'ltu:: , 

J ()'' 
j l 

: ; I (>. • ) 
,, 

1: --- = À ,. 
2 ;n. . . j 

.l 
j=l J .l 

1 

j :ti 

we also have , 

a2s 
p 

l = I Àj 
) o 

2 0 j=~ éÜ . 
l jt-1. 

1 a2s = -r + 2À. À. 

2 ÔÀ. dÀ. 
ij 1 J 

1. J 

If the sy~;tern o f equation:; 

o i=l, 2 , ••• , p 

C XKAAV 

+ 
}' ;• 

À. )' À. 
l. . J 

j =l 
,j :~: i 

i. = I , ;• , • • • ,p . 

( 7 . 7) 
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lt:t:\ /l ::1l1111.icllr wil.lr Ir < I, l.lrc·11 il. i:: l'lc·:rr·I .Y 11 rni11i11111111 I•.Y ( '( . '() . 
i 

llo wc•v• · r·, l.tr .. r·•· nr:L.Y ll<ll. , ,.. ::rwlr :1 ::1)1111. inn . io'n r· r i x' ·d À 
1 

, •• À. 
1 

, >. . 1 , •• >.. , 
1 - I I f ' 

S ' (>, , ) l:.; a 1 i neur increa::>ing funcLion ol' À •• 
1 1 

\oJe are lnl: e r·e:;tcci in Ll re 

: tr H I c: o Tlll:: 1 • q 1 1e 'nl. I.Y •)1 . = O. 
I 

1 ) tillppo:;t! Lltal, Llte d t: r·i vaLi.vl~ o i':; wil. lr r·,·::pi'<:L L<> À. :ti. LI"' 
.l 

poinl À. = 1 i:> nc~aLlvc , t. llat i:: :j ' (!) < O. 
1 

At À. = 1 , from (7 . 6) we hu vc 
1 

dÀ. 
1 

1 
À =l 

i 

::: 
I' 
). À • r· .. 

J= l J l.J 

,) t-l 

lf S ' (1)<0 , tlti:"> would irnpl.y lhuL ~ · (0 )<0 anu lhaL tlrercJ wl11 be rro 

inte rrnediate value of À. for which it is zero. 1he rninimwn of S will 
1 

thus occur at A.=l, b ecause S' is a l i near incr easinG function of À. · 
l L 

/1. prool' o t' Lhi.:: i:; t~ivc: rt lrc•low: 

: ;rrppo:;<: :; ' (I ) <O L ht•n 

thus 

'rherefore 

lJ 
- ). À.r. + 

j,;l J 1j 

j J ~ 

I À :<o 
j=l J 

j :~:i j:I:Í 

p p 2 
\' A.r .. >\'À . > O 
L. J lJ /. . J 

jtl j:l: l 

s ' ( O) = as 
dÀ. 

1 

] 
Ã.=O 

1 

= - E À. r .. <O 
J lJ 

We r ccall that we are asswning O~À. ü . 
1 

It is known tha t f o r Lhe 

one- factor model , A reduces t o a colwnn vecto r of p ele ments that is 
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uni que n pacL l'r·um n pu:;:; li> lt• clullt/·~'~ o I' ::i 1-:rt tJ I' a I I i 1.:: •·I •·tnt·rtl.:;, wh i t:lt 

correGpond:; rnc~rel_y to e ltane;:i.nc Lll·~ :: it~n of.' l. ltc L'ac t.ur· . 1\ccordi. n(~ L• > 

Ln.wley and t'k'txwcll (19'{1), such change:; :1rP. rnc r·el_y trivial. 

2 ) Suppo:_;c now that !..i ' (l) i:_; po::iti.vc . 'l1tt.!t't.! fure ~~ ' (O) may br-

negutive or positive and thc rnin imum of !) will not occur at the point 

À. =1. 
l 

3) l•'i.rlllll,y, i(' Li ' (1)=0, tltt! rniniJJnlln oi':; 

JJey Wt )Od Cll!IC~ O\:t;ll!' • 

wi.ll uc:<:ttt' ;d. À =I 
i 

:utd a 

We ure interestcd in c vnltlllt.ing l.ltc pro l>al>i I 'i.Ly o i' an ncc: ttrr·•·rH:c 

of a Heywood case f or variable x. . 'I'herefore we need consider only 
l. 

cases l) and 3) above . 'lhat is 

p 
Pr { S ' ( l) .:;O 1 = Pr{ ). Àj r .. 

j=~ l.J 

J I I 

p 2 
) Y. À. 
,j=l J 

, ) I 1 

i=l , 2 , ••• , p 

l~or e valu:.1.Li.ng Lhis probabili.ty l·ll! llt !<:d to lt11ow Lhe' di.::t.ri.b11t.i•>n 
p 

Oi' Y. Àjl'ij " J\11 UjJJlr'OXÍJWd,Í.Ort 11ny bt: t>b i.HÍII t!d :L:I l'olltJW:; . 

j t-1 
Since thc x ' s have ~cro means and u nit variances 

1 n 
rl.. J. = L xit/J·It 

n h=l 

where h indexe::; the sample rncrnbe r:5 . ('i'he tcru~ o f' thü; ~;wn a r e 

independent for h=l , 2 , •• • ,n; for sufficiently large n , this will be 

approximately normal by the central limit theorem) . 

Co n::.i.der 

'/, . = 
.l 

p 

} À r. 
j:::l J .l,j 

jÚ 

= 

Let us denote /. x.hÀ . by Y.h say . 'lhcrefore 
J ti J J l. 
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:-\ = 11 ). xlltyih 
h=l 

vl c shall now f'inrl the rno rnent:; o r x.t. 
11 

n.nd y • By defi n i. tion we ltavc 
"ilt 

'l'ltu::; 

Now 

E( x . ) = O , var (x. ) = .L 
.t lt .til 

E(y i. h) = O und 

vady ) 
. i h = vnr( I. x À ) 

) 
.
1 

• .l Ir .) 
• .l 

p 'J 

= Y. À<. 

.l ;: I. .) 

.) I i 

Jl p 
t· ). /. À)ÀI, <:<> v(x , x ) 

' . ) 11 li 11 • ) ;: I. li :: l . 

.) I i l1 f i 
.) /li 

('( . LO) 

thus l> jl p 2 2 
eov(yih) í. Y. 

2 
= Y. À + À j Àk 
J,;l j 

("( . Li) 

j t-i 

cov (X. l , y. I ) 
.l I .l I 

J=l k=l 
j :ti k:ti 

j :fk 

ll 
= j > . . cov(x. , x. ) = 

.),;l J tlt ,Jll 

IJ 'l 

À . ). À'· = E( x. I , y. I ) 
l . ·

1 
.)· l I I 1 

.)= 

j t.i j .t:i ('( . 1<~) 

Let us supposc that the observcd vuriabl e:> x., L=l, • •• p hav(~ a 
l 

p 
multivariate normal disl.ribution . 'lhu::; , y. k = ). x 'h À., which ü; the 

.l j,;l J J 

j :ti 
sum of p-1 depcndent no r111al va r lables , i:.; a l:;o norrna l wi Ch rnean n.nd 

dl:;Lr·lt.Htl.Lurr. l•'ruru 1\l: rrdaLl ;urd :.itu:t r· t ( . L ~/('(, Vol..l., ,, . IJ:_.,) i L i:; l•. n •>WII 

:• 
tlmt if (x.

1 
,y .

1
) are norrnn.l bivariate 

.l1 .li 
w,~ ltu.vc , u:;irtt~ l.ltc rae I. Llt:lL o = I 

X i Ir 

'lhu:..; 

CXKAAV 

2 (l + 2 p ) 
x. 1Y.h 

l 1 l 

Var(x.hy.,) = E(/ 1 y~ 1 ) - ft:(x.
1
y .

1
)( 

1111 1.1J.t J. ll1 
2 ') ') 

= o - + ;>f 1•: ( x . I y . I ) ]"- f 1·: ( x . I y . I ) r 
Y.

1 
.tl.tl ltLI 

.l 'I 

(7 .13) 
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Now 

whe re z. = x y are lndepcll\.l enL for ll=.l , • •• ,n . 'lhen: l'on: , u:;lnc ("( . L;•) 
ih ih ih 

1•: ( :,.·, . ) :.. li 1•: ( X . y . ) 
I 11 11 1 111 

p '> 

À. í. À' 
1 .1 ~ I .l 

.J I i 

and u:; i 111-~ ('( . LI) and ('( .L .)) wc· havc : 

Vur(l.,) = 
.l 

1 fl . ) p 
I í. À .. + )~ 

n j=l j j = L 
j=t:i j=t:i k=t:i 

Jik 

}~r n sufficiently large 

ll 
= J. Àj r. j 

j==l .l 

j ti 

p ') ., 
): À'T 

j = l ,) 

j =t:i 

(·r • I J, ) 

('( . l';) 

is appr oximately norrna.l , by the central 1 i.rni t the orem, wi th rncnn anrl 

l - c!> 

. ti J .l . ·ti J l
-Y. À ~ - À. ) À ~ 

+ l. 
jil 

where -~(z) i s the norrnal cti s tributio n function . 

1=1 , 2 , ... p 

('( . lb) 

'l'hc above CXl)re:.;sion gi V CS the a:.;yrnlJLo tic probahi.J.i ty O f 

occu rrcnce o f a Heywood c a::;e fo r va riahlc x . in runc t i.o n o f thc :>:unple 
l 

size , rnagni tude of the facto r loading paramet ers a nd the nwnbe r p o(' 

variables in the model . As can be seen, if n +oo, the e xp r ess i on (7 .16) 

conveq~e~; to Y.ur o . lf' À.-+1, l.ll e probab i.l.i.Ly of.' llr~ywond c: L:;c ~ c:or i V C' I"J~c · :; 
1. 

Lo O. ) r o r· any valtw:.; ur >..(Jti) • 
• J 
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considc r·ing 

.L ) À. = o . yB 
2 ) À~ = o . yu 
3) À:- = o.Ho 

1 

li) À. = À = 
)) À~ = ÀJ= 

~ J 

lllld ÀJ 
u nd À. 
and À~ 

,J 

O. )O 
0 . 90 

= O. ) 
= 0 . ) 
= 0 . 5 

(.Jt. i.) 
( j ti) 
{.)'f; i) 

L , .) = I , ;:, ••• p 

i , ,] = 1 ' ~) , •. . J.l 

i , j =l , 2 , • •• p 

'1h l> te: ·r . 1 o - /\:;y111pl.ol. ic. Jl r o lmll i li Cy o i' OCC III' I' t'lll:t: oi' ll<·,yWt)t)d I:: l:: I •:: 

r ur v ar i uu:; :.H:wtp L c ::;l~e!; ( TI) , d L 1.'1\: r·l..! n l. 11 1 •·nl "·' r· () l' 
va r iables ( J.l ) aml diff e r e n t mae;n i:tud c o r Lhe fac Lo i· 
loading paramet ers (cases l to 5 ) 

l ) Ã.=0 . 9B 
l 

À =O . ) 
.l 

(j -ti. ) i , ,) = l , • •• l> 

11 

p ~)o 100 ;•uo lr uo 'I()() I ()(H l :'t)l)( ) 'I ( )( )( ) 

) . li6)8 . 4 516 . li :nO . lrolro . J9~Y . J)04 . 2~Y.> . 1 ~) )2 
10 . 4628 . l r 4'7l~ . 4258 - 3958 . 38::SB . ·D80 • ~'('(? . 1 '() 0 

15 . lr6 Hi .lr46l .14 2 lr () . 393?. . ~lloy • 5 j lr l • ? "( ~)~) • L (Ít\t) 

;!u . Ir(, l 3 . lrlr )3 .Ir:' )() • ~· J I '( . r r·>~ . ~·;;·o . :·t,•)', . ((,','• 
JU • Ir (,<JB . Ir Ir Ir' ( . Ir;·: 'll • ) < Jl Jlr . '.'('{') . ) ~~ )() . : ' ( ,· ( () • I r,; ,. ( 
lru .Ir tJO'.> .lrlrlrJ .lt :!.L) • J/1~/( . ~'('( u • . k'l~') • ~ J () I ) I ) • 1 r, 1 r J 

50 . lr604 . 4 lrlrl . lt 2ll • JU9~? . j '(66 . J2U3 . 2Glt'( . lGOO 
100 . 4601 .lr4 38 . 4201 . JUU! . j '()9 . ]:·nlr • :..!6 3 '> . 1~.BC'J 

2) À.=0 . 90 À.=0 . 5 (j ·h.) i , ,j = l ' • •• p 
1 J 

n 
p 50 100 200 400 500 1000 2000 )000 

5 . 3293 . 2660 . 1881., • l 0)'( .otn2 . 02lrl • () ();2(; .nooo 
10 . Jl46 . 24'(3 . 1 6'(1 . OB60 . 063 11 . 01)4 . OU L;.' . 0000 
15 • 30~)7 . 2 411 . 1602 . 0800 .0)80 . 0131 . ooo~ . 0000 
cO . J070 . 2J~O . 1)()'( • 0 '('(0 . O)'J) . O l. r' L .uuull . IJIJ(}() 

30 • J Oll '( . 23l r ~ . l )j lr .o·r Ir o . ())) I • () I I :I . (lf)(f( . lJIJ()() 

ltO . jOJlr • ;!JJlr . 1 )1'( • ()'(:! '( . O)IB . I li()'( • ()l)( )(, • l )( )l j() 

) O • J o:-?u . 2J~l , . 1 )OU .o·r t~ . 0)11 . OL()l~ . ()()()) . ()()()() 

100 . 3012 . 2] 06 . 14t3'( . 0'(03 . Olt 01 . 0099 . () ()()) . 0000 
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3 ) >.. = o. Uo >..:: O. ) ( j i-i) i , j=1 , 2 , •• . p 
1 J 

n 
p 50 100 200 ltOO )00 lOOO 2000 )000 

' . liW?. . o~Bo .o J ~() • uo!, t~ . ()() l l ) . ()()()() . ()()()() . ()()()() 

lO • I '/ ( ~' .un ~ • o; •; •o . llll: ·:) . I HHl"( . I)()()() . I)(JI)(J • ()111 )( ) 

l:, . , , , ~~ . u·no . UI/\~ . OO lh . I)()() ') . I)()()() . I)I)()(J . ()()()() 

~!() .llt ) '( • Q()'( ~ .on '' . 0() 111 . UO()I I .uuuu . ()()()(} . ()IJ(J( J 

JO • ti l :~ l . OG~O . O H > l . 0013 . OUOJ . ()1)00 . ()()()() . ()()()() 

li O . 1110) . 063) . 01)5 . 0011 .o ou 3 . uooo .ouuo . uuuo 
50 . 1 392 . 0626 . 01)1 . OOll .0003 . 0000 .0000 . 0000 

100 . 1370 . 0609 . 0143 .0010 . 0003 .0000 . 0000 .0000 

li) >.. =>..= 
L .l 

0 . )0 i. ,,j= l, ? , • •• p 

·-------- --~---··• ~- - --· . 
ll 

p )U lllU :·ou 1100 )l)() ll Jl}() ; '()I )I) :1l)l H J 

) • uoG:) . ooo:~ . () ()()() . () {)()() . () ()()() . (JI)()l) . !)()()() . ()(){)() 

10 . OU~) . ouoo . 0000 . 0000 . uooo . 0000 . uuou . uuou 
15 . 001"( . 0000 . 0000 . 0000 .oooo . 0000 . 0000 .oooo 
20 . 0015 . 0000 .0000 . oouo . 0000 .o ou o .0000 • 0000 
30 . 0012 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 
4o . OOll . 0000 . 0000 .oooo . 0000 . 0000 . 0000 .0000 
50 . 0010 . 0000 . 0000 . 0000 .0000 . 0000 . 0000 . 0000 

100 . 0009 . 0000 . 0000 . oooo . 0000 . 0000 . oooo . 0000 

) ) >.. =>..= 0 . ~0 i. , J =l , :.! , .• . , ,, 
l .J 

n 
p 50 100 200 400 500 1000 2000 5000 

) . 302) • ;! 32:~ • V.N( .o·r t·r . 0) 10 . ()IOJ . 000) .0000 
lO •. NO~ . :.2303 • .LltU3 . u·rou .0 11')11 . OO)IB . uuo:, . ()()()() 

1 ) . 3004 . 2297 . l4Tr . 069 11 . o '-~ ~o . 0097 . 000) . 0000 
20 . 3002 . 2294 . 1lt'(4 . 0692 . 0488 .009G .0005 .0000 
30 . 3000 . 2292 . 1471 • 0690 • 014 (~6 . 00~) . 000) . 01)00 
L, o . 2~~~ • r!290 . llt)'( . Obl39 . Olt H) . 001)) . OUO) • ( ){J() o 
)0 . 299U . 2290 . llt)'( . u6UU .o4U'' . 00~4 . 000) • 0000 

100 . 2997 . 2288 . 14 ) '( . u687 .04U4 . Oül)lt . 000) .0000 
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I•' i nul t: ormne nt :; 

s imulatlo n s tudy of Section '7 . 2 wHh the probabillty of lley•10od (':t.: :c:; 

as obtainect in Ta.ble 7 . 10, we rnu~;t note l.haL Lhe :;innll:tti.on :;t1uly wa :; 

lt:t::t•d tlll Lllt. nnx 11111 11111 I i 1\t•l i lttltH) racl.tH' :ul:tl.v:: i:: llft•l.ltt u i 11:: i 11;~ u ... 

ea:;c ar· e uiJI..a i.ned f r·o rn eon:;ick:r·:t\,.Lnn :: a i H>I II. Ll11 : pr·inc:it'Le q J" Llr•· urirr r·c·:: 

rne thod , t ll:LI; i.:; , rnini. rn .b.int~ t il~~ :>~un or :>qll:t.rc !: : r) f" Ll1c ~ o fT-d i :tl ';t >r llt. l 

r c:;idu:.Ll eor-r-t:lal.Lo!l:; . W<! al:;o hc!ll c v c~ l..l1aL ::orne ~ o f" Ll ll' con:: t.r·a i rtl.: : in 

the ale;ori Liun for the MLI•'J\ rnethod , as ro r (.!x:unpl c ::Lopp ing Lhe 

i l.. er·:t.Lloll ror an,y p:LrLir..:ll.l: u· var·i llhL•: wl1icll •11. =0 , t:or rld lc ·:td 1.11 a 
l 

difrc r e nt propo rl..lon of llc ywoou ea:; e:~ in :Ja rr u~ :.:.LLuaLLorr:..; , IJccau::c: c1l' :t. 

possible bias in the rnethod . 

For lar ge :.Htmple :~1z.es , the 1) r obability of lleywood cases i::; vr~r ·y 

small. \ve observe in Table 7 . lO that the probability of Heywood cases 

p = lUI) f c>r· a.Ll Lable: ; . lit~ laLc : cl l.o L l ll~ rn:t. t;nil.t td t: c> l' Ll iC' l"ac; l,c >t· l CJa cl i t l/~ 

parurnete r~ , we observe that when o nl.Y o rw f'acto r· lo~ctinr~ inc:rea:> c~; (l.ltt~ 

othc:r·:; IH~int:~ cqu:Ll t.o 0 . )) , 1.1!1' p r oh;lhi I it.,y of" ll•·ywood c :a:; c~ :; :LI:;o 
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loading~ are c qual t o O. 90. 

'l'he approximate p r obabili ty o f the occurrencc o f Heywood cases for 

different pararneter vectors for the one- factor model may be easily 
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