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We present a detailed derivation of the effective dielectric constant to be used in the dispersion relation for
electrostatic waves in the case of a plasmaimmersed in ainhomogeneous magnetic field, with inhomogeneity

perpendicular to the direction of the magnetic field.

1 Introduction

We have recently discussed the correct form of the disper-
sion relation for electrostatic waves in inhomogeneous plas-
mas, considering for simplicity the particular case in which
the magnetic field is homogeneous and other plasma param-
eters can be inhomogeneous, and deriving a general expres-
sion for the dielectric constant, valid for arbitrary direction
of propagation [1-3] The situation in which the magnetic
field is homogeneous has been chosen for these studies be-
cause it features a relatively simple geometry, which has
been useful for the discussion of basic features, like the sym-
metry properties of the effective diel ectric tensor. More gen-
eral situations which also feature inhomogeneity in the mag-
netic field introduce considerable difficulty to the derivation
of the effective dielectric tensor and to the effective dielec-
tric constant, since the inhomogeneity in the magnetic field
affects the resonance condition [4,5].

From the derivation presented in Refs. [3] and [2], it is
important to remember here that the dispersion relation for
electrostatic waves in inhomogeneous plasmas can be writ-
teninagenera form whichiswell known from the literature
(6],

ke, — ik - (v. ‘E) ~0, Q)

wherethe = isthe dielectric tensor and ¢; isthelongitudina
dielectric constant,
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It is also important to remember here that it has been
demonstrated that for an inhomogeneous plasma the dielec-
tric properties are given by the so-called effective dielectric
tensor, instead of the conventional dielectric tensor [2,7,8].
When studying electrostatic waves, therefore, Eq. (1) must
be utilized along with an effective dielectric tensor and an
effective dielectric constant, derived according to Eq. (2),
with the components of the effective dielectric tensor ap-

pearing in the right-hand side.

In the present paper we derive the effective dielectric
constant considering the case of a magnetic field featuring
perpendicular gradients, therefore complementing the for-
mulation appearing in Refs. [2,3]. The geometry to be used
is the same geometry which has been adopted in Ref. [5],
which has been concerned with the general dispersion re-
lation for electromagnetic waves. The derivation requires
a considerable amount of algebraic work whose main steps
are illustrated in the following sections. Due to the details
which must be provided, we emphasize analytical features
of the derivation, leaving detailed applications with numeri-
cal results to forthcoming publications.

The structure of the paper is the following: In section 2
the formulation employed in Ref. [5] is adopted and applied
to the derivation of a general expression for the effective di-
electric constant, and in section 111 the general expression
is particularized to the case in which the plasma particles
possess a Maxwellian distribution function.

2 Derivation of the longitudinal di-
electric constant

Let us assume a plasma immersed into an inhomogeneous
magnetic field, with weak inhomogeneity perpendicular to
the direction of B. Using Eq. (3) from Ref. [5]:
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The geometry utilized has been the following. The mag-
netic field has been considered pointing in the z direction,
and inhomogeneous in the x direction, By = By(x)e,
The waves were assumed propagating in arbitrary direc-
tions, with & and k ;. as the components of the wave vector
respectively parallel and perpendicular to the magnetic field.
The wave angular frequency has been denoted as w. 1 de-
notes the angle between the vector k; and the direction of
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theinhomogeneity. Theinhomogeneity has been assumed to
be weak, such that the cyclotron frequency has been written
as

Qo(xy) ~ Qa(@)[1 + ep(a; — o)), 4)
where Q,(z) = (goBo(x)/muc) is the particle cyclotron
angular frequency, m,, isthe particlerest mass, ¢, isthe par-
ticle charge, c isthe velocity of light, eg = [B% ‘jlf,O} s

and z, isthe unperturbed position of particle a.
We also used

u=p/(mac) S, =sign(n), K, =nepcu, /2,

= [bi + 2b, cos Y, T + ]CTQLTQ} 1/2

The longitudinal dielectric constant can be obtained
from the effective dielectric tensor as follows,
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where we did not use the indexes na in the components I1;,
for smplicity. We see that it is necessary to evaluate the
following product,
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constitutes ageneral form of the longitudinal dielectric con-
stant. An aternative form can be obtained by use of the Using this property, Eq. (6) can be written as follows,
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Thisisan alternative expression to be utilized instead of
Eqg. (6), for evaluation of the dielectric constant, given by
Eq. (5).

In the homogeneous limit, 1C,, — 0, =¥ — b,, and
F,o — b2. Inthat caseit is easy to show that Eq. (7) is
reduced to the following expression,
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where we have performed the integration over the time vari-

able,
dr€PraT — )
/0 ! Do

Equation (8) corresponds to the homogeneous contribu-
tion appearing in Ref. [2]. Itiseasy to seethat the samelimit
is obtained using the alternative form, based on Eq. (7).

Another interesting limit to be considered corresponds
to the case of propagation parallel to the magnetic field,
bo — 0, where

xf = |KnlT,
Fro — —(Kp1)? = —2F

The Bessel functions become all independent of & .
Therefore, for vanishing &, , al terms which have combi-
nations of Bessel functions multiplied by &, should vanish.
After a small amount of algebra, it is easy to show that Eq.
(5) becomes
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The last limiting case to be considered is the case of
propagation perpendicular to the direction of the magnetic
field and of the inhomogeneity.
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Thedielectric constant in these casesis given by Eq. (5),
with
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In the same limit, an alternative expression can be ob- [Fra(T )}”"H) kik:jl'[;l'[j+ 1
tained using Eq. (7), resulting the following, (zy )] _ k2 : (12)
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_2kyky : . Sha(t)
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(LGt

HTL()(( ) STLCE (t) — S’!L()é (t)
[ (B o (2
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where we have taken into account the following

Qka‘L

S’Il()t
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2]@’”]{/]_
k2
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2k
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We now introduce the definition of the ”inhomogeneous plasma dispersion function”, for the non-relativistic case [5]
1—nya)t€—uaNﬁt2/2

[ (it)r et
m,l — — dt :
Grapmi Z/o (1+ iCab)?

— (V2 X2 t2)/ (14iCat) [Hypa (8)]™ Sna(t)
“€ Sua )\ T+ Gt (@)

Eq. (26) can be prepared for the use of the inhomogeneous plasma dispersion function, as follows,
k% Spnal(t)
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+Z! (1 + Ha N (it) ) I (15102(&) )

sin 1) cos v 7 Sna(t)
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Using the definition of the inhomogeneous dispersion function, we obtain the following

w? k%
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n——oo

k2
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Vo €OSYG1 20|~ 1,[n| + 1SnVa SIN VG 2 n|—1,1n])
k%
+ﬁsn|n|Xnoc sin ¢ cos ¥ (anag2,2,\n|71,|n|

—Vq COS 1Z)gl,27‘n|_17|n| - ’L'Snlja sin 1/Jg1727‘n|_1,|n‘)
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2 2
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771’”
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This expression can be somewhat simplified, by collecting together some terms and by cancelling others

oo
1 w2 K
g =1- E *wz,ua E k:2 n g01 Jn|—1,|n|
« n——oo

]{32
5 (9o, pulpnl + Ha DGt )
K
_2FnVaXna sin wg1,2,|n|—1,|n\

k2 .
+2]T§X72w sin® ¥ [Ga . jnl, il + [71G2.2,1n -1, n|

2 2
~nlGa2nl,inl+1 = ¥aG2,3,nlnl+1 + XnaGa3,InInl+1]
QkaJ_

NyInlpd/? [SnvaGrini—1,n) — S ¥XnaG2,1,(n|-1,n/]

kL
+2 L2 NHXnaPJa SlanQ 2,|n|,|n|

+sz2ua Z / dt @a(1=nYe)t e N1 /2

— (V2 +X3 0 t?)/ (14iCat) (Inl-1)
pra (1 +i¢at) (Spa (D)7

L et us examine the terms appearing in the expression for A'. Initially we consider the following terms,

k% sint) cosyp T+ Shna(t)
L L rTny
7l (L +iCat) T ™\ T+ icat
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Now we may consider the following,
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N e e T
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|2 + 2v4 cOS P X nat + X2, 2]




R. Gaelzer, L. F. Ziebell, and R. S. Schneider 1237

This expression can be inverted, and we obtain,

T;F V2 + 206 cosYxnat + XEat2
Ty Shnal(t) '

(30)

Multiplying numerator and denominator by 7.,

T, B Tn*T* (\/’/2 — 2V, COS P Xnat + X?Lat2)
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Consider now Eq. (30),
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Taking into account the following property,

2x2 12
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we obtain,
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In analogous way,
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Collecting together these results,
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Therefore, we have,
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=3 D [Hna(t) + 2xia(t)2 4 15,2V Xnat sin w]

" Snal(t)
Using these results, a small amount of algebra transforms Eq. (29) into the following
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The next two terms in the expression for AT are the following
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Thelast two termsin AT can be written asfollows,
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Using Egs. (36), (37) and (38),
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37)

(38)
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Using thisexpression in Eqg. (28),

e 2
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Il 2
+ﬁ (QO,L\n\,\n\ + MaN\| g2,1,\n|,\n|>
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~255 WaXna SNV [G12 |1, n) = G2, nl fnf41]

2 ,
+2175X’2w sin® 9 [Ga 3. 1n | + 11G2,2,n|1,In|

2 2
_Vag2,3,\n|,\n|+1 + Xnag4737|n|7|”|+1:|

2k k1

1/2
2 VI VaG -1 ]

2
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An interesting limiting case to be considered is the case
of propagation perpendicular to the direction of the mag-
netic field and of the inhomogeneity. In this case from Eq.
(39) we obtain,

CUQ >
— « 2
er=1- E 5 Ha E {n g071,|n\—1,\n|
w

[e3% n——oo

—20WaXna [G1,2,ln1-1,ln] = G1,2,/nl,n|+1]
+2x5, [InlG +Ga:
Xna [1TY2,2,|n|-1,|n| 2,3,|nl,|n|

~V2Go3 nlinl+1 T XeaGas jnlinl+1) - (40)

which, as expected, corresponds to the expression for the
component 50 of the effective dielectric tensor, for a
Maxwellian distribution function for particles of type «, in
the non-relativistic approximation [5].
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